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OSCILLATION FOR HIGHER ORDER NONLINEAR ORDINARY
DIFFERENTIAL EQUATIONS WITH IMPULSES

CHAOLONG ZHANG, WEIZHEN FENG

ABSTRACT. In this paper, we study the oscillation of solutions to higher order
nonlinear ordinary differential equations with impulses. Several criteria for
the oscillations of solutions are given. We find some suitable impulse functions
such that all solutions are oscillatory under the impulse control.

1. INTRODUCTION

There are many publication on the oscillation of solutions to classical second
order nonlinear ordinary differential equations; see for example [1I, 2, 3] [8, [9] IO}
13, (14, [15] T6]. There are also some publications on the oscillation of second order
ODEs with impulses [4, [7, 2], and some on higher order [5l [6]. In this paper, we
study higher order nonlinear ODEs with impulses. Under conditions (A) (B) (C)
stated below, we can always find some suitable impulse functions such that all the
solutions of the equation become oscillatory under the impulse control. We believe
that this oscillation result, under the impulse control, is significant both for the
theory and the applications.

2. MAIN RESULTS

We consider the system
2@V + f(t,x(t) =0, t>to, t# 1y,
:v(i)(t;) = gk(i)(x(i) (tg)), 1=0,1,....2n—1, k=1,2..., (2.1)

where

=Dty + h) — 20Dt
@) (44 — Y (b, K
vOt) = hlgg+ h ’
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O<ty<ti<to<--<tp<.. k=12 lim_otr =00, zO() = xz(t),
and n is a natural number. In this article, we assume that the following conditions:
(A) f(t,z) is continuous on [tg,+00) X (—o0,+00); zf(t,x) > 0 for z # 0;
% > p(t) for & # 0, where p(t) is positive and continuous on [tg, +00);

xp(x) >0 for z # 0; ¢'(x) > 0.
(B) gr(iy(x) is continuous on (—oo,+00), and there exist positive numbers

a,(j) , b,(ci) such that

o < 0@ i gy a1,
X

(i) MONO)

a
(t1 = to) + —gy (t2 — 1) + =y =y (t3 — t2)
bg’t ) b(’t )b(l )

Dol o

. . —— (tt1 — ) + -
—1);(i—1 -1
i Dplit) pliY

(2.2)

oot - = +o0,
Definition 2.1. A function z : [to,tp + @) — R, tg > 0, @ > 0 is said to be a
solution of (2.1)), if
() 20y =28, i=0,1,...2n -1
(ii) for t € [to,to + ) and t # ty, 2(t) satisfies 2™ (t) 4+ f(t, z(t )) 0
(ili) () (¢) is left continuous on t € [to,to + a), and = () = gz (ty),
i=0,1,...2n — 1.

Definition 2.2. A solution of (2.1)) is said to be non-oscillatory if it is eventually
positive or eventually negative. Otherwise,this solution is said to be oscillatory.

Since can be transformed into a first-order impulsive differential system,
theorems on the existence of solutions, the uniqueness of solutions and the existence
of global solutions can be seen in [II]. In the following, we always assume the
solutions of exists on [tg, +00).

Lemma 2.3. Let z(t) be a solution of (2.1), and conditions (A), (B), (C) be
satisfied. Suppose that there exists ani € {1,2,...,2n — 1} and some T > to, such
that 2 (t) > 0 (< 0), 20D (t) > 0 (< 0) for t > T. Then there exists some
Ty > T, such that x(i’l)(t) >0(<0), fort>T.
Proof. Without loss of generality, let T = tq, V() > 0, x0+1(t) > 0 for t > T.
Assume that for any t, > T, z(~V(t;) < 0. By z0tD(t) > 0, z0(t) > 0,
t € (tg,tpy1], we have that x(?)(t) is monotonically nondecreasing on (t,tpy1].
For t € (t1,t2], we have
20 (8) > 20 (¢}

Integrating the above inequality, we have

20 (ty) > 2=V (t]) + 2D () (t2 — ) (2.3)
Similarly,

20D (t3) > 20D () + 2D () (s — t2) (2.4)
From z()(t5) > 2 (t]) and (2.3), ([2:4), we have

20D (ty) 2 a7V () + 2O () (b3 — 1)
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> by D2l (ty) + a2 (t) (1 — 1)

> b5 V() + 2O () (b — 1)) + a2 D () (85 — t2)
()

i— i i a i
> 80 E) + O Nt — t) + )t — )]
2

Applying induction, we have that for any natural number m,
20D () > 0070 bSO () + 2O () [(t2 — 1)

@ GGG (2.5)
sy Qg Q3" - Qpy g
+ 2ty —to) + -+ — (tm — tm—1)]
b(;_l)b:(;_l) b(z—l) }

i—1
b~V .

By condition (C) and a,(j)
0=V (t,,) > 0. Which is contrary to the assumption. Hence, there exists some j

such that t; > T and x(i_l)(tj) > (. Then

i— i—1 i—
V() > ol Va7 (1) > 0.

> 0, b,(f*l) > 0, for all sufficiently large m, we have

Note that z(9) () > 0 yields 2~V (¢) being monotonically increasing on (¢;,;41].
For t € (tj,t;41], we have

2070(t) > 20D (h) > 0.
Especially,
2OV (t54) > x(ifl)(tj') > 0.
Similarly, for ¢ € (t;41,tj+2], we have
() > 20(t) 2 af Ve (0) > 0.
By induction,for t € (tj4m—1,tj1+m], we have 201 (¢) > 0. So for t > ¢, 1, we have
201 (1) > 0.
Summing up the above discussion, there exists some Ty > T such that 20— (t) >0,

t > T7. The proof of the other case in this theorem is similar; so we omit it. The
proof of Lemma [2.3]is complete. O

Lemma 2.4. Let x(t) be a solution of and conditions (A), (B), (C) be sat-
isfied. Suppose that there exist an i € {1,2,...,2n} and some T > ty such that
z(t) > 0, 20(t) <0, fort > T, and 2D (t) is not always equal to 0 in [t,+00).
Then =1 (t) > 0 for all sufficiently large t.

Proof. Without loss of generality, let T' = to. We claim that 2(~1)(t;) > 0 for any
ty > T. If it is not true, then there exists some ¢; > T, such that z(=1(¢;) < 0.
Since () (t) < 0, 20~V (t) is monotonically non-increasing in (t,tx11] for k > j.
Also because (V) (¢) is not always equal to 0 in [t,+00), there exists some #; > t;
such that (¥ (t) is not always equal to 0 in (;,#;,1]. Without loss of generality, we
can assume [ = j, that is, () (¢) is not always equal to 0 in (¢;,t;41]. So we have

0 (t70) <2070 (6) < af Va0 (1) <0
For t € (tj41,tj42], we have

207D (t40) < 2D (e

i—1 i—
j41) < a§‘+1 "2 (t541) < 0.
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By induction, for t € (tjm,tj+m+1], we have z0~D(¢) < 0. So we have z(—(t) <
0,z0(t) <0, t € (tj+1,+00). By Lemma for all sufficiently large ¢,we have
2(=2) (t) < 0. Similarly, we can conclude, using Lemma repeatedly, that for all
sufficiently large ¢, we have z(t) < 0. This is a contradiction to z(t) > 0 (¢t > T).
Hence, we have (=D (t;) > 0 for any t;, > T. So we have (=1 (t) > 0 for all
sufficiently large ¢. The proof of Lemma is complete. O

Lemma 2.5. Let 2(t) be a solution of (2.1) and conditions (A), (B), (C) be sat-
isfied. Suppose T > to, x(t) > 0 for t > T. Then there exist some T' > T and
1e€{1,3,...,2n — 1} such that for t > T",

D) >0, i=0,1,...,1

(=)D >0, i=1+1,...,2n—1; (2.6)
2n)( )
Proof. Let T = ty. Since z(t) > 0(t > to), by (2.1)) and that p(t) is nonnegative

t
and is not always equal to 0 in any (¢, +00), we have

)
2@ (1) = —f(t,2(1)) < —p(t)p(x(t)) <O
and 2(®™) (t) is not always equal to 0 in (¢, +00). By Lemma we have (2"~ (¢) >
0. Without loss of generality, let z?»~1V(t) > 0 for t > to. So x(?*=2)(t) > 0 is
monotonically nondecreasing on (ty,tx11]. If for any t, z("=2(t,) < 0, then
(=2 (t) < 0(t > to). If there exists some t; such that 2(?>"=2)(¢;) > 0, by that
2(?"=2)(t) is monotonically increasing and agn—?) > 0,we get 2("=2 () > 0 for
t > t;. So there exists some 17 > T', such that one of the following statements hold

D@ >0, 2 >0, fort>T @7)
@Dy >0, 2@ D) <0, fort>T (2.8)

When (2.7) holds, Lemma yields that 2("=3)(¢) > 0 for all sufficiently large .
Using Lemma [2.3] repeatedly, for all sufficiently large ¢,we can conclude that

208 >0, 2@ >0,...,2(t) >0, @(t) >0.

When (2.8) holds, by Lemma we have z(2"=3)(t) > 0, for all sufficiently large
t. Hence,there exists some Ty > T} such that

2@ >0, 2@Vt >0, fort>Th (2.9)
£(2n=3) (t) > 0, p(2n—4) (t) <0, fort>T, (2.10)

Repeating the discussion above, we can get, eventually, that there exist some T’ > T
and [ € {1,3,...,2n — 1}, such that for ¢t > T,

D) >0, i=0,1,...,1
(—) @@ >0, i=1+1,1+2,...,2n—1;
=M (1) <.
The proof of Lemma is complete. 0

We remark that if x(t) is an eventually negative solution of (2.1]), then there are
conclusions similar to Lemma [2.4] and Lemma [2.5]
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Theorem 2.6. If conditions (A),(B),(C) hold, a,(go) >1 and

[ roas ot [ T
ngn 1) ¢ ngn 1)b52n 1) t

to

(2.11)

1 tm+1
+ p(En—Dp@n=1)  @n-1) / p(t)dt +--- = +o0
: 5 .. .bm

tm

then every solution of (2.1) is oscillatory.

Proof. Let z(t) be a non-oscillatory solution of (2.1). Without loss of generality,
let z(t) > 0(t > ty), By Lemma [2.5] and (2.1), there exists 7" > ¢, such that, for
t > T, we have

2@() <0, 2@V(@) >0, 2/(t) >0, () >0.

So (2= 1)(t) is monotonically non-increasing on (¢, 1] and z(t) is monotonically
increasing on (tg,tg4+1]. Let

x(2n71)(t)

px(t)

Then w(t}) >0 (k=1,2,...), u(t) >0 (t > to). Since ' (x) > 0, for t # t,
k

u(t) =

fa@®)  z@mD)' (1)

u'(t) = — — w(x(t) < —p(t 2.12
O=-"C0) ~ ey e < -0 (2.12)

(2n—1) (4+ pl2n=1) .(2n—1) (4 p(2n=1) .(2n—1) (4 B

u(tf) == JE ) b (fg) (te) b @ (t) _ b Doy,
e(a(ty)) o(a x(ty)) p(x(tr))
(2.13)
Integrating (2.12)) from ¢y to t; we have
ty
u(t) < u(ef) - [ ple)ar, (2.14)
to
t1
w(t?) < b Du(ty) < bV [u(td) —/ p(t)dt] . (2.15)
to
Similar to the above inequality, we have
u(ty) < b5 Vults)
ta
<o Vute) - [ ploja
t1
t1 t2 2.16
<o) o [ [Cpway O
to t1

n—1), (20— " 1"
< b§2 1)b52 1)[u(tf{) _ / p(t)dt — b(2"1)/t p(t)dt]
1

to 1
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By induction, for any natural number m, we have

— _ t1 1 to
u(ty) < OB b0 V() — / p(t)dt — m/ A
to bl t1
1 tm—1
Iy ooy - p(t)dt 2.17
p{PnDpn=  p2n ) /tmz (2.17)
1 /tm
T T en-1),(2n-1 2n—1), (2n—1 p(t)dt]
p{ZrmDpnl) | pEno ) f

By (2.11) and (2.17), for all sufficiently large m, u(t}) < 0. This contradicts
u(t}) > 0. So every solution of (2.1) is oscillatory. The proof of Theorem is
complete. ([l

Theorem 2.7. If conditions (A), (B), (C) hold, bg) <1, algo) > 1, b,(co) >1
(i=1,2,...,2n—1, k=1,2,...) and f+oo t2n=1p(t)dt = 400, then every bounded
solution of (2.1) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of . Without loss of generality,
let z(t) > 0 for t > ty. By Lemma we can divided into two cases:

Case (i): If I = 1, then z(t) > 0, 2/(t) > 0, 2”(t) < 0, 2’ (t) > 0, z™)(¢) <0, ...,
(= () >0, 227 (¢) < 0.

Case (ii): If I > 3, then z(t) > 0, 2/(t) > 0, 2" (t) > 0, 2”'(t) > 0, ..., D (t) > 0,
(@) <0, ..., 2@ D) >0, 227 (t) < 0.

Both cases tells us that a/(t) > 0, t € (t,tk+1], £ = 1,2,.... So x(t) is monoton-
ically increasing on (tg,txy1]. Since aio) > 1, z(t) is monotonically increasing on
[to, +00), that is, z(t) > z(to) for t > to. By (2.I), we have

e (s) = —f(s,2(s)) < —p(s)p(a(to)) = —ep(s), s € (tr,trsa] (2.18)

where ¢ = ¢(z(tp)) > 0. Multiplying (2.18) by s?"~! and then integrating it from
tr to t, we have

t t

21 (§)ds < —¢ | P p(s)ds,  t € (i, trgi] - 2.19

+
tr tr

We will consider the following two cases:
() if the case (i) holds, then for ¢ € (¢, tx+1] we have,

t
/ 52nflx(2n) (s)ds

tr

t
_ / $2n71d‘r(2n71) (S)

tr

t
_ t2n71x(2n71)(t) o tin—lx@nfl)(t—é—) _ (2n o 1) / S2nf2m(2n71)(8)d3
tr

2n—1
tex@ ().

=> (—1)”1(2".771)!#95@) O+ (—1y @t

! 7!
i=0 i=0
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Especially, for any natural number £,

th+1
/ Sanlx(Qn)(S)dS

Ly
2n—1 2n—1
i (2n—1)! . i iCn=1,
= Z (-1) H% k+1$( )(tk+1) + Z (-1) Tth( )(tZ)
=0 ' i=0 :

No matter if 7 is odd or even, for i = 1,2,...2n — 1,
(—) @D () = 2D (1)) = (=)' (b = 1)z (1) > 0.
For any natural number m and ¢t € (¢, tm41], we have

t
/ S2n71w(2n)(s)ds

t1

t2 tS
:/ 32"_1x(2")(s)d8+/ sgn_lx(2")(s)ds

t1 t2

tm t
++/ SQn_lx(Qn)(S)dS—i-/ 82n_1$(2n)(8)d8
tm—1 tm
aCn—1) o L@n=1
=Yy B om ¢ 3y B o
! vt !

=0
£33 (2 D 0 - 0 ry))

1!

2n—1
> —(2n— Dlz(t) + Y (-1)
i=0
Combining the inequality above and (2.19)), we have
2n—1 t
(2n -1 . .
—(2n —D)lx(t) + Z (—1)1(712,7')29@(1) (th) < —c/ 2" 1p(s)ds.

i=0 ’ t1

2n—1), o
E‘AAWAAthlx()(tT).

So x(t) — 400, as t — +o00. This contradicts that z(t) is bounded.
(b) If the case (ii) holds, then z(t) is non-negative and strictly increasing on ¢ €
[t1,+00). Hence, for any natural number m, we have

z(t) = x(t)) —I—/ 2’ (s)ds, t € (tm,tmi1)s

m

E(tn) = 2(th_)) + / " 2(s)ds,

tm—1

z(ta) = z(t]) + / ’ z'(s)ds

t1
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m

z(t) = Z( () —x(ty) +2(t) + Z /t o s)ds +/ 2'(s)ds  (2.20)

k=2
Since z(t) > 0,t € (tk,tr+1], k > 1, we can get

() > 2 () > oV (t), te (bt
() > 2 () >l (t) > alP V2 (1), t € (ta,ts].
Applying induction, for any natural number k,

o' (t) > 2/ (t]) > a,il)a,gl) CaVa (), tE (b tes)].

Combining (2 and UL,(c ) > 1, we have
) > 2/ (1) Z alalV . al (b — ), € (bt
From the condition (C) and bgco) > 1, we have

+
e s )= 1

Then z(t) — +o0o (t — +00), which contradicts that x(t) is bounded. Therefore,
every solution of (2.1)) is oscillatory. The proof of Theorem is complete. O

Theorem 2.8. If conditions (A), (B), (C) hold, [];", a ) >b>0 (m=1,2,...),
b,(f" 2 <1, and for any 6 > 0,
“+o0
y/ inf  f(t,x)dt| = +oo (2.21)
5<\z|<+oo
then every solution of (2.1)) is oscillatory.

Proof. Let z(t) be a non-oscillatory solution of (2.1). Without loss of generality,
let z(t) > 0, t > to. By Lemma [2.5] 2/(t) > 0, t > to. So (t) is monotonically
nondecreasing on (tg, +00).
x(t) 2 w(t)), 2(t2) 2 a(t]) = 0;a(tr) = o a(t5),
x(ta) 2 o(t]) 2 a3 w(t) > ay” o (t)
By induction, we have
E(tmy1) > z(th) > aDx(ty,) > - > ago)aéo) L d Ozt > ba(t).
t e

We can assume that x(t) > bx(tl), t € (to, +o0). By ([2.21)), as t — +o0, we have

t

t
f(s,z(s))ds > / inf f(s,x)ds — +o0;
to to ba(td)<|z|<+o0
that is, ftto f(s,z(s))ds — +oo. Integrating (2.1)) from ¢y to ¢1, we have
t1
2P () + [ fs,x(s))ds = 2D (e

to
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Similar to the above formula, for any natural number integrating (2.1)) from ¢;_1
to tr, we have

tr
x(2”71)(tk) + / f(s,z(s))ds = x(znfl)(ti_l)
te—1

So, we have

ty
x(Q”_l)(tl) + f(s,z(s))ds = 55(2”_1)(153)7

to

ta
2B V() + [ f(s,2(s))ds = D)),

t1

1_(27171)( m)+/m f(s x( ))dS:x(Qn 1)(t;:’ 1)

2n 1) / f s, x S_l‘(Qn_l)(t;).

For t € (tm,tm+1], we have

x(2n1 +Zx(2n1 /fSZZ? dS*ZfE@nl t-‘r

Then

m

P+ 3 () a0 + [ Flsa(o)ds =D ().

i=1

Lemma shows that 2(>»~1)(t) > 0 for sufficiently large t. Hence,

() < = 37 (a-bE ) / Fls,(s))ds+a>" D (tf) (2:22)
i=1

By condition b(2n D <1 and ( [2:22), we have 2"~ (t) < —ft ))ds +

=D () — —00 as t — 4o0. So, for all sufficiently large t, x(2n= 1)( ) < O This
contradicts that x>~ (¢) > 0. So every solution of (2.1]) is oscillatory. The proof
of Theorem [2.8] is complete. O

Corollary 2.9. Assume the conditions (A), (B), (C) hold, and a,(co) >1, b;fn_l) <
1. If f+oo p(t)dt = +o0, then every solution of (2.1)) is oscillatory.

Proof. By b,(f"_l) <1, we have

t] 1 t2 1 i3

0 1 ) 2

1 tm+1
T b(12n—1)b52n—1) 2D /tm p(t)dt

tl tz t3 tm+1

> / p(t)dt + / p(t)dt + / p(t)dt + -+ / p(t)dt
to t t2 tm
tm+1

= / p(t)dt

to
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and ftm“ dt — 400 as m — +o0o0. Then ) holds. By Theorem E every
solutlon of { is oscillatory. O

Corollary 2.10. Assume conditions (A), (B), (C) hold, and that there exists a
positive number o > 0, such that a,g) >1, m > (tk+1 f f+°° tp(t)dt =

+00, then every solution of (2.1)) is osczllatory

Proof. By W > (t’;;fl)“7 we have
k

! p(t) . ’ (t) S — ; (t)
dt + / p(t)dt + / p(t)dt + ...
/ b(2n 1) . b(12n—1)b52n—1) t

to 1 1

1 /tm+1 ( )
+ — — — p(t)dt
b§2n 1)b52n 1) o bgn 1) .

m

1 t2 1 ts
> b@"—l)/t PO+ 1)/ p(t)dt + ...
1 1

1 b1
+ ngn—l)béQn—l) 2D /t p(t)dt
1 to ts tmt1
> [t [Cpder s [ 6 pod
1 t t2 tm
1 to t3 tont1
2 ol / t*p(t)dt + / tp(t)dt + - - + / t*p(t)dt]
1 Jt t ton
|l 2
=% tp(t)dt

and ftm+1 t)dt — +oo as m — —+o00. Then ) holds. By Theorem . we
every solutlon of is oscillatory.

3. EXAMPLES

subsection*Example 3.1 Consider the equation

1 1
2O+ ot =0, 12 o tEk k=12,

k 1 ) .
x(k*)=%w(k)7 x@(k*):x(”(k), i=1,....2n-1, (3.1)

where a,(co) = b,(co) = % > 1, a,(f) = b,(:) =1,4i=12....,2n— 1, p(t) = ﬁ,
p(z) = a3, f(t,x) = 23, ty = k, to = 3. It is obvious that the conditions (A) and
(B) are satisfied. For condition (C),we have For i > 1, a(l) b,(f_l) =1

b

(ty —to) + (t2 —t1) + (L3 —t2) + -+ (tmg1 —tm) + ...

1
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Fori=1,ay") =1, b = &+

1 1 1
th —t —(to — t —(t3 —t e ———(tpa1 — tm
(t1 o)+2(2 1)+3(3 2) + +m+1( +1 )+
S I
fr— — — PR —_— e e — m.
2 2 3 m+1

Therefore, condition (C) holds. Since b,(fnfl) =1, we have

[ voars s [0 T
to bg2n 1) £ bg2n l)bg2n 1) ¢

1 1
+ b(12n—1)bg2n—1) @D / p(t)dt

tm

:/tl p(t)dt—l—/tzp(t)dt—l—/tgp(t)dt—&-~-~+/tm+1 p(t)dt

to t1 to tm
tmt1 tmt+1 1
_ p(t)dt = / L
A o
1 e 1
= Zlnt\to SR Z(lntmﬂ —Intp)

Since Int,, 1 — +o00 as m — +o0, we get that the condition of Theorem hold.
So every solution of (3.1]) is oscillatory.

Example 3.2. Consider the sub-linear system

1 . 1
x<2”>(t)+t—2x§:0, tzi,t;zék7k:1,2,...,
k .
(k) = z(k), 29 (k1) = k), i=1,....2n—1, (3.2)
k41
1 a1 ;
x(3) =m0, () =qp),
where a,(co) = b,(CO) =1, a,(f) = b,(j) = ﬁ, i=1,2,....2n—1, p(t) = %, tx = k,
1 1

pla) = a3, f(t,a(t) =

tzx%(t), to = 5. It is obvious that the condition (A) and
(B) hold. For condition (C), we have: For i > 1 and a

() _ pli-1) _ &

k= % = %+1v
1
(t1—t0)+(t2—t1)+(t3—t2)+~-~+(tm+1—tm)+-~-=§+1+~-~+1+---=+oo.
For i =1 and ag) = %H,béo) =1,
(t1—t0)+1(t2—t1)+1(t3—t2)+---+L(th—tm)+...
2 3 m+1
111 1 _

So, condition (C') holds. Let & = 1. Then
1 k+1 _tgp k41 [F I A U At U
o = > St = / tp(t)dt _/ = _/ Jdt = foo.

Therefore, the conditions of Corollary 2.10] are satisfied. Then every solution of
(3.2) is oscillatory.
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