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EXACT FORMS OF ENTIRE SOLUTIONS FOR FERMAT TYPE
PARTIAL DIFFERENTIAL EQUATIONS IN C2

YU XIAN CHEN, HONG YAN XU

ABSTRACT. This article studies the existence and the exact form of entire so-
lutions of several Fermat type partial differential equations in C2, by utilizing
the Nevanlinna theory of meromorphic functions in several complex variables.
We obtain results about the existence and form of transcendental entire solu-
tions with finite order for some variations of Fermat type functional equations.
Our results are extensions and generalizations of the previous theorems by Xu
and Cao [29] [30], Liu and Dong [19].

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In 1939, Iyer [I0] studied solutions of the Fermat type functional equation

)+ g (2) =1, (1.1)
and proved the classical result that the entire solutions of equation are f =
cosa(z), g = sina(z), where a(z) is an entire function, no other solutions exist.
After his work, many scholars had paid considerable attention to the existence and
the form of entire and meromorphic solutions of some variations of ; for details,
we refer readers to [8] 25| 3T} [32].

In 2004, Yang and Li [31] discussed the form of solutions of the equations, where

g(z) is replaced by f’(z) in (L.1]), that is,
P+ (f'(2)° =1, (1.2)
they proved that (|1.2)) has only transcendental entire solutions of the form

£(2) = 5 (Pes + e,

where P, « are nonzero constants. They also studied the existence of solutions of
the equation when f’(z) is replaced by a differential polynomial in f and obtained
the following theorem.

Theorem 1.1 ([3I, Theorem 2]). Let b, and b,y1 be nonzero constants. Then
F2(2) + b f ™ (2) + b fOFV ()P = 1 (1.3)

has no transcendental meromorphic solutions.
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In 2015, Liu and Dong [19] further investigated the existence of solutions of the
Fermat type equation (|1.1)), when both f(z) and g(z) are replaced by differential
polynomials in f(z). they proved the following result.

Theorem 1.2 ([19, Theorem 1.7]). The equation
[f(2) + () + [f(2) + () =1 (1.4)

has no transcendental meromorphic solutions.

It is always an interesting and quite difficult problem to prove the existence and
the form of the entire or meromorphic solution of differential equation in the com-
plex plane C. In the past five or more decades, Nevanlinna theory of meromorphic
functions has been used widely to deal with these problems and derive many inter-
esting results of meromorphic solutions of differential equations in complex plane
(see, e.g.,[1, O3], I7]). Especially, Yang [33], Yi and Yang [34], and Li and Yang
[16] studied the existence and the form of the entire and meromorphic solutions
of complex Fermat type differential equations in C, by employing the Nevanlinna
theory.

Very recently, with the development of the Nevanlinna theory with several com-
plex variables (see [2] [8| 12]), Xu and Cao [29] B0], Xu and coauthors [27) 28]
investigated the existence of solutions for some Fermat type partial differential
equations with two complex variables by using the difference logarithmic derivative
lemma of several complex variables, and extended the results of Yang and Li [31]
from one complex variable to several complex variables.

Theorem 1.3 ([30, Corollary 1.4]). Any transcendental entire solution with finite
order of the partial differential equation of the Fermat type

0f(21,22)\?
2 ’ _
Pz + ( o ) =1 (1.5)
has the form of f(z1,22) = sin(z; + g(22)), where g(z2) is a polynomial in one
variable zs.

The study of complex partial differential equations has a long history, see for
example [Bl [7, 22], and for equations with several complex variables see [9] 11}, [15]
20),22]. Khavinson [I1] pointed out that any entire solution of the partial differential

equation
OFf\2 OFf\2
(8—;) +(a—zfz) =1 (1.6)

in C? is necessarily linear. This partial differential equations in the real variable case
occur in the study of characteristic surfaces and in wave propagation theory, and
it is the two dimensional eiconal equation, one of the main equations of geometric
optics (see [0} [7]). In 1999, Saleeby [22] studied the entire solution of Fermat type
partial differential equation and obtain the following result.

Theorem 1.4 ([22, Theorem 1]). If f is an entire solution of (1.6) in C2, then
f=ciz1+ cazp +c, where ¢y,c2,¢ € C and 2 +c3 = 1.

Later, Li and his coauthors [ [14], [15] discussed some variations of the partial
differential equation (|1.6)), and obtained interesting and important results, of which
we mention the following.
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Theorem 1.5 ([4, Corollary 2.3]). Let P(z1,22) and Q(z1,22) be arbitrary polyno-
mials in C2. Then f is an entire solution of the equation
Of \2 of \2
(Pazl) + (Qazg) =1

if and only if f = c121 + caz2 + c3 s a linear function, where c;’s are constants,
and exactly one of the following holds:

(i) 1 =0 and Q is a constant satisfying that (coQ)? = 1;

(ii) co =0 and P is a constant satisfying that (¢ P)? = 1;

(iii) c1co # 0 and P,Q are both constants satisfying that (c1P)? + (c2Q)? = 1.

From Theorems [1.1IH1.3] a question can be naturally raised:

What will happen to the existence and the form of the solutions
when equations ([1.3]) and ([1.4) are turned from one complex vari-
able to several complex variables?

Motivated by this question, this article considers the description of entire solutions
for some variations of the partial differential equation in more general form.
The main tool in this paper is the Nevanlinna theory with several complex variables.
Our main results generalize the previous theorems given by Xu and Cao, Liu and
Dong [19, [30]. Throughout this article, for convenience, we assume that z + w =
(21 + w1, 22 +we) for any z = (21, 22), w = (w1, wa).

Firstly, we consider the transcendental entire solution with finite order of the
first order partial differential equation of Fermat type,
of r _1

[a f(z)+a—afr+{a fz)+as=—— (1.7)
1 2 921 3 192 .
where a1, as,az,aq € C.

Theorem 1.6. Let ay,az,as,a4 € C be four nonzero constants. Then the transcen-
dental entire solution f(z1,z2) with finite order of the partial differential equation

(1.7) must be of the form

1 (91, 4 a3
f(Zl,Z2) :ii‘f'??e (a;z1+a2z2)’

\/a% +a§

or
az +ia; L(z)+B
f(ZhZQ) = el?)
2(0&1(12(13 — a2a1a4)
az — ia1 _ _ (%L a3
_ e L(z) B+77€ (a2z1+a422)’
2(041(12&3 — OLQCL1£L4)

where L(z) = ayze + aaze, ap = Z—zi, gy = —Z—ii, and n, B € C.

The following example shows that the forms of the solutions in Theorem [[.6] are
precise.

Example 1.7. Let n € C and 1 # 0, and

1 — z z
f(ZlaZ2) = j:% +ne (2z1+ 2)7
L 20y L= 2
10z 10z
Then p(f) = p(g) = 1 and f(z1, 22),9(#1, 22) are the finite order transcendental
entire solutions for (1.7) with a1 =2,a2 = a3 =a4 = 1.

g(z1, 22) = THEm2m) o pem(BatE)
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From Theorem [I.6] one can easily obtain the following corollary.

Corollary 1.8. Let f(z1,22) be a transcendental entire solution with finite order
of the partial differential equation

[+ 2] 4 [0

af 12
821 + ]
Then f(z1,22) is of the form

ol =1 (1.8)

2
f(z1,22) = ig + e~ (122

or
f(z1,29) =sin(ze — 21 + 1) — cos(ze — 21 +m1) + 77267(ZI+22),

where 1,1, m2 € C.

Secondly, we study the existence and the form of transcendental entire solutions
of several second order partial differential equations of Fermat type,

2
[17) + a2 gt ] + ass )+ 53] =1 (1.9)
1
nd
' (a ﬁ)2—1—{(1 f(z)—i—aﬁr—l (1.10)
282’1 3 482% ) .

where a1, a9, a3,a4 € C.

Theorem 1.9. Let ay,a9,a3,a4 € C be four nonzero constants such that D :=
—(a3aq +a3az) # 0. Then the partial differential equation (1.9) does not admit any
transcendental entire solution with finite order.

From Theorem [1.9] we have the following corollary.

Corollary 1.10. The partial differential equation

[f(z)+§—i]2+ [f(z)+‘;?gr =1

does not admit any transcendental entire solution with finite order.
For a; = 0 in (|1.9), we have the following result.

Theorem 1.11. Let as, a3, aq € C be three nonzero constants. Then (1.10) admits
any transcendental entire solution f(z1,z2) with finite order, and f(z1,z2) must be

of the form
a1a4 + iag
f(zlvz2) = -5
asas3

where ¢(z2) is a polynomial in zo, and

(—ag + /a3 + 4azay)i

20,4

h(aiz1 + ¢(22)),

oy =
Similar to the above argument, we discuss the transcendental entire solutions of
some second mix partial differential equations. We obtain the following theorem.
Theorem 1.12. Let as,az, ayq be three nonzero constants and ay € C, and
0%f 12
021 622] a

ar f(2) + @ﬁr + [asf (o) +as (1.11)

321
Then
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(i) if a1 # 0, then equation (L.11) has no any transcendental entire solution
with finite order;
(ii) 4f a1 = 0, then the finite order transcendental entire solution f(z1,z2) of

equation (1.11)) must be of the form

aay4 + ta
flz1,22) = _21%q T M2

sh(a1z1 + agzo + B),
a20a3
where oy, ag, B are constants and satisfy o = —

as
asagtast”

The following example shows the existence of a transcendental entire solution of
equation (1.11]).
Example 1.13. Let

Fz1,20) = _(1%\/5)1' (6<ﬁ71>m+z; _ 64@4)%%])’ neN,.

Then p(f) = n and f(21,22) is a finite order transcendental entire solution for
(T11) with as =2, a3 = a4 = 1 and oy = (v/2 — 1)i.

From Theorem we can easily obtain the following corollary.
Corollary 1.14. The partial differential equation

af 12 O2f 12
O = IRRFOR =~

does not admit any transcendental entire solution with finite order.

Finally, we can obtain the following results by using the same arguments as in
Theorem L8

Theorem 1.15. Let by and by be two nonzero constants in C. Then
af 0%f12
2
b1 =—— + bo—5
f(2)+[15'zl+ 282%

has no finite order transcendental entire solutions.

=1 (1.12)

Theorem 1.16. Let by and by be two nonzero constants in C. Then the finite order
transcendental entire solution f(z1,z2) of equation

af o2f 1

2

bij— +b =1

f (Z) * |: 182’1 + 2821622

must be of the form f = sin (izl + 77), where n € C.
Theorems and are extensions of Theorem from one complex variable

to two complex variables.

(1.13)

2. PROOF OF THEOREM
The following lemmas play the key roles in proving our results.

Lemma 2.1 ([23|24]). For an entire function F' on C™, with F(0) # 0 and p(np) =
p < co. Then there exists a canonical function fr and a function gp € C™ such
that F(z) = fr(2)e97 ). For the special case n = 1, fr is the canonical product of
Weierstrass.

Here, p(ng) denotes the order of the counting function of zeros of F.
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Lemma 2.2 ([21]). . If g and h are entire functions on the complex plane C and
g(h) is an entire function of finite order, then there are only two possible cases:
etther

(a) the internal function h is a polynomial and the external function g is of
finite order; or

(b) the internal function h is not a polynomial but a function of finite order,
and the external function g is of zero order.

Prof of Theorem[1.6] Suppose that f(z) is a transcendental entire solution with
finite order of ([1.7)). Two cases will be discussed below.
Case 1: f(z) + g—zfl is a constant. We set

0
alf(z) +ay— =K,, K;eC. (21)

021
In view of (1.7), it follows that a3 f(z) + a4§—f2 is a constant, let

z

0
CL3f(Z) + a4—f =Ky, Ky € C. (22)
822
This leads to K? + K2 = 1. In view of (2.1) and (2.2), it follows that
of of
— - — =a3K; — a1 K>. 2.
a2a3 5~ — sz = azky —ank (2.3)
The characteristic equations of (2.3)) are
d d d
% = asas, % = —aia4, d*]tc = a3k — a1 Ks.

Using the initial conditions: z; = 0,22 = s, and f = f(0, s) := ¢(s) with a parame-
ter s. Thus, we obtain the following parametric representation for the solutions of
the characteristic equations: z; = agast, 2o = —ajast + s,

t
f(ts) = / a5k — a1 Kodt + 6(s) = (asKy — arKa)t + (),
0

where ¢(s) is a transcendental entire function with finite order in s. Noting that
t=-2—and s = 2o + %21, then the solution of (2.3) is of the form

azas
+ P(22 +

On the other hand, differentiating both two sides of the equatlons ,
’f 3 f

ala
). (2.4)
azas

z
flz1,22) = (asK1 — G1K2) !

for the variables zs, 21, respectively, and noting the fact that Db = Tegdal
follows that
of w2
asa3——
2592 Moz

which implies that a3 K7 = a1 Ks. Thus, it follows that
“ Ky =+ a3 f(21,212> = (25(22 + a1aa

’ 2 )
at + a3 Vai+a3 azas

Substituting these into (2.2)) and (2.3)), we obtain

¢<z+ S+ (2

K=+

z1).

1

4 21) =4+
as
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This means that

f(z1,22) = (22 +

a104 ) ==+ 1 +776_(%121+%22)'

21
2 2
azas3 vai+az

Case 2: a1 f(2) + GQ% is not a constant. From the fact that the entire solutions
of equation f2+g? =1 are f = cosa(z), g = sina(z), we can deduce that a; f(z) +

(LQ% is transcendental, where a(z) is an entire function. Thus, we rewrite (1.7]) in

the form

(a1 f(2)+ azg—i +i(asf(2) + mgg‘;)}

X {alf(z) —|—agg—zfl —i(agf(z) —|—a4g—zf2)] =1,

Which implies that both a1 f + as gz + i(agf + ay gz ) and a1 f + a2§7 — i(agf +
Ay == az ) have no poles and zeros. Thus, by Lemmas and there thus exists a
polynomial p(z) such that

(2.5)

0 0
a1 f(z) + aga—zfl + i(agf(z) + a4a—i) = eP(?),
0 0
a1 f(z) + azafi - i(dsf(z) + a467£) =e P,
which leads to
Af(z)  er®) 4 eP(2)
= 2.6
a1 f(z) + a2 Bor 5 : (2.6)
of(z) er®) —ep(2)
= . 2.
a1 () + i B (27)
This means that
of(2) 8f( ) _aztiar piy | @3 — 901
—_ — = # _ 2, 2.8
asas 92 al 3 o 5 e + 9 € (2.8)
Differentiating on 25, z; for both two sides of equations (2.6, (2.7), respectively,
2 2
and noting the fact that 6?1 afz2 = 852 alev we can conclude that
af 8f 1 dp Op () 1, . Op dp o—p(2)
: — (= #). (2.9
a2a3(92’1 04@46 zZ9 ( 8 1+a462’2) +2( m28 1+a46 2) ( )
Thus, it follows from (2.8]) and (| . ) that
2p<a21887pl +CL4% +alz+a3) = 7&22887’51 +a4§—i + a1t — as. (210)

Suppose that agzaz + a48p +a1i+az # 0 and agzazl +a45 67:2 +ayi— a3 £ 0.
Since f(z) is a finite order transcendental entire solution of equation (L.7)), by
Lemma u n and -, we conclude that p(z) is a nonconstant polynomlal in
C2. Thus, a contradiction can be obtained from using Nevanlinna theory.
In fact, if T(r7 F') denotes the Nevanlinna characteristic function of a meromorphic
function F in C?, then by we deduce that T(r,e?’) = O{T(r,p) + logr},
outside possibly a set of finite Lebesgue measure, using the results (see e.g. [26,
p-99], [24]) that T'(r, F.;) = O{T(r, F)} for any meromorphic function F' outside a
set of finite Lebesgue measure and that T'(r, P) = O{logr} for any polynomial P.
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2
But, lim, % = +oo when p is a nonconstant polynomial. Therefore, p

must be constant, a contradiction. Thus, equation (2.10)) implies that

0 0 0 0
aQi—p—|—a4—p + a1t +as =0, —agifp-i—az;fp + a1t —az =0.
0% Oz 0z1 0z
Hence, it follows that aq := g—zpl = Z—zz and ag = % = —Z—ii, which means that

p(z1,22) = @121 + aeza + 11 = 2iz1 — glizo + B where B € C.
On the other hand, it follows from ([2.8)) that

D 2

Then the characteristic equations for this differential equation are
ClZl dZQ

—L = asa3, —2
e~ Tt
ﬁ — as + 10y ed1#z1tazza+B + as — 1t e~ (1z1tazz2+B)
dt 2 2
Using the initial conditions: z; = 0,25 = s, and f = f(0, s) := ¢o(s) with a param-
eter s. Thus, we obtain the following parametric representation for the solutions of

8f(z) _ af(z) _ az + ia’l eClClZl+a2ZQ+B + as — ial e—(alz1+agzz+B)
z

= —a10a4,

the characteristic equations: z; = asast, 20 = —ajast + s,
t N
1+2 :
t,s) = ( e(alagag—a2a1a4)t+a25+B
f(t,s) /0 5
I 1 ; ie_[(a1a2a3—a2a1a4)t+a28+3])dt 4 QDO(S)

_ az + a1 6(a1a2a37a2a1a4)t+a25+3

o 2(0&10,2@3 — a2a1a4)

as — ial

. 67[(a1a2a37a2a1a4)t+a25+3] + S0(8),
2(0&10,2@3 - a2a1a4)

where (s) is an entire function with finite order in s such that

as +iaq o5+ B as — ia1 —(az5+B)
p(s) = pols) — e + e .
() () 2(aaga3 — asaiay) 2(anaga3 — asaray)
Thus, it follows that
as +iaq L(z)+B asz —ia; —L(z)-B
f(z1,22) = e — e + ©(s).
( ’ ) 2(041&2&3 — a2a1a4) 2(0[1@2&3 — a2a1a4) ( )

Substituting this expression into (2.6)), we can deduce that ¢(s) satisfies
2
aw’(S) +¢(s) =0, (2.11)

(%21+%22)

which implies that ¢(s) = ne”
Therefore, from Case 1 and Case 2, the proof of Theorem is complete. [

3. PROOFS OF THEOREMS [LOHL. 12

Proof of Theorem[I.9 Suppose that f(z) is a transcendental entire solution with
finite order of (1.9). By using the same argument as in Case 2 of Theorem [1.8] we
can easily get that there exists a polynomial p(z) in C? such that

af  er®) 4 ep(2)

alf(z)+a2ale T S— (3.1)
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0%f  er®) —ep(2)
— = 3.2
af(:) +asgg = T (3.2
Thus, the partial derivative of (3.1)) for 27 is

6f 82f Op eP?) — g=p(2)

3.3
N T 252 T 2 (3:3)
By combining (3.2) with (3.3] -, it follows that
B eP(2) _ o= p(2) 9
azas f(z) — a1a4a—i = ———(—adji - P azay). (3.4)

2 0z
In view of D := —(a%aq + a3a3) # 0, and by combining with (3.1]) and (3.4]), we
have

2 2]
asi + a2a46—2 —amas o a3i+ a2a48 +aiaq
eP(®) _

_ —p(z) 3.5
» 2D 2D e ) ( )
. ) ; o
8f (IlCLQZ + a1a4a—i + asas ep(z) n ajazt + a1a4TZ — azas3 e_p(z). (3.6)
95 2D 2D

Obviously, p(z) is a nonconstant polynomial. Otherwise, f(z) is a constant, this
is a contradiction with the assumption. And in view of and , it follows
that

(B+7)e* =5 — 7, (3.7)

where

. 9’p Op \2 _Op
ﬁ:alagz—i—aga;;W, Y= 0204<8721) +a§z£ + azas.
Similar to the argument as in the proof of Theorem [1.6] it follows that 8+ v =0

and 8 — v = 0, which implies that § =0 and v = 0. In view of v = 0 and as # 0,

. 2 . . 2 ,

it follows that a4(§7”1) + agzg—zpl + a3z = 0, which leads to g—zlf’ =0or 3671]1 = 721%.
Combining this with 8 = 0, we have a; = 0, this is a contradiction with a; # 0.
This completes the proof. ([

Proof of Theorem [1.11. Suppose that f(z) is a transcendental entire solution with
finite order of (1.10). By using the same argument as in the proof of Theorem
we can easily obtain that there exists a nonconstant polynomial p(z) in C? such
that 5

. » _
azi + as 7, (ep(z) B e*p(Z))7 37f _ eP(2) 4 o= p(2)

= _ = 3.8
o) 2a9a3 01 2a, ’ (3.8)
and
9?p op dp op(2) 9%p dp\2 . Op
[ 15, 2+a4(a 1) +agza—1+a3 7a487zf7a4<8721> fagza—Zlfag. (3.9)
Thus, it follows that
0%p Op Op 9%p dp dp
a4ﬁ+a4(821> +a216—1—|—a3 =0, a4 15, % a4<621> —agza—l—ag = 0. (3.10)
Hence, it means that a4a p = (0 and a4(§)—p) a L + a3 = 0. Since as,as, a4

are nonzero constants, it follows that 2 —2 =0 and 687171 is a constant and a root of
1

az:t\/m)z

2ay4

the equation asw? + asiw + a3 = 0. Set ay = 8 , then oy =
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p(2) = @121 + p(22), where ¢(22) is a polynomial in z5. Substituting these into

(13.8), we have

a1a4 + iag

az20a3

f(z1,22) = —
This completes the proof. O

sh(ayz1 + p(22)).

The proof of Theorem follows the same argument as that of Theorems [1.9
and we omit it.
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