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STABILITY OF SOLITARY WAVE SOLUTIONS FOR
EQUATIONS OF SHORT AND LONG DISPERSIVE WAVES

JAIME ANGULO PAVA

ABSTRACT. In this paper, we consider the existence and stability of a novel set
of solitary-wave solutions for two models of short and long dispersive waves in a
two layer fluid. We prove the existence of solitary waves via the Concentration
Compactness Method. We then introduce the sets of solitary waves obtained
through our analysis for each model and we show that them are stable provided
the associated action is strictly convex. We also establish the existence of
intervals of convexity for each associated action. Our analysis does not depend
of spectral conditions.

1. INTRODUCTION

We study the existence and stability of solitary-wave solutions through of an
analysis of type variational for two models of interaction between long waves and
short waves under a weakly coupled nonlinearity in a two layer fluid and under
the setting of deep and shallow flows. When the fluid depth of the lower layer is
sufficiently large, in comparison with the wavelength of the internal wave, and the
fluids have different densities, we have the following nonlinear coupled system (see
Funakoshi and Oikawa [7])

Wt + Ugy = QVU,

v+ 7Dvy = B(|uf?)s, (1.1)
u(z,0) = up(x), v(x,0)=uvy(z),

where u = u(z,t) : R x R — C denotes the short wave term and v = v(z,t) :
R x R — R denotes the long wave term. Here, «, 3 are positive constants, v € R,
and D = HO, is a linear differential operator representing the dispersion of the
internal wave, where H denotes the Hilbert transform defined by

Hf(x) :p.v.% / f<y;dy.
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When the fluid depth is sufficiently small in comparison with the wavelength of the
internal wave, the model describing the interaction takes the form (see [7, 8]

U + Uy = QUU

Vg + YUz + NVgza + HOVg = ﬂ(|u|2)rv (1.2)
u(z,0) = up(x), v(x,0)=uvy(z),
where o, v,m, u, 8 € R. Equation (1.2]) is sometimes called the coupled Schrédinger
- Korteweg - de Vries equation (Schrodinger-KdV equation henceforth).
One of the interesting features of wave equations of the form (1.1)) or is

that due to nonlinearity and dispersion they often possess solitary-wave solutions.
Solitary waves for ([L.1]) or ((1.2)) are travelling-wave solutions of the form

U(ﬂi, t) — eiwtez’c(z7c7§)/2¢(aj _ Ct),
U(xat) = T/’(z - Ct)a
where w,c € R and ¢,% : R — R are typically smooth functions such that for each

neN, ¢ () — 0and ™ (€) — 0, as || — co. We will see more later that
the existence of solitary-wave solutions plays a distinguished role in the long-time

evolution of solutions of (1.1]) or (1.2)). Substituting (|1.3) in model (1.1 it follows
immediately that (¢, ) satisfies the pseudo-differential system

(1.3)

¢ —op=ayé
, 9 (1.4)
YHRY — cp = B¢
Similarly for model ([1.2]) we have that (¢, ) satisfies the differential system
¢ —op=avé
(1.5)

m' = (e =+ S = B,

where in and (LE), “"7 = d%, with { =x —ctand 0 = w — 5.

Next we establish some results known about the models and . Sys-
tem has been considered under various settings. For example, Funakoshi and
Oikawa [7]) have computed numerically solitary-wave solutions for (L.4). Recently,
Angulo and Montenegro [2] have proved the existence of even solitary-wave solu-
tions using the Concentration Compactness Method and the theory of symmetric
decreasing rearrangements. We recall that explicitly solutions for are not
know for v # 0. With regard to the initial value problem, Bekiramov,1 Ogawa and
Ponce [3] proved a well-posedness theory for in H&(R) x Hy *(R). More

s— %

precisely, if |y| < 1 and s > 0, then for any (ug,vo) € HZ(R) x Hy 2(R) there
exists 7" > 0 such that the initial value problem (1.1) admits a unique solution

(u(t),v(t)) € C([0,T); HE(R)) x C([O,T);Hﬂ“;f%(]R)). Moreover, for T' > 0 the
1

map (ug,v9) — (u(t),v(t)) is Lipschitz continuous from HE(R) x Hyp *(R) to

C([0,T); H(R)) x C([0,T); Hy ?(R)). For the case |y| = 1, we get the same

results as above, but for s > 0. We note that as a consequence of the conservation

laws (|1.14]) and (1.16]) below, we can take T'= +oc if s > 1 and v < 0.

For the system ([1.2)) we have the following results of well-posedness. Tsutsumi
mal
[17] showed a global well-posedness theory in H t2 (R)xHZ'(R) form=1,2,3...,
_1
Bekiranov, Ogawa and Ponce [5] proved a local theory in HE(R) x Hy *(R) for
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_3
s > 0, and Fernandez and Linares [6] showed a local result in L(R) x Hp T(R)
and a global result in HA(R) x Hg(R) with the parameters in (1.2) having the same
sign.
With regard to the existence and stability of solitary-wave solutions of the form
(1.3]), we have the results by Lin [I1] and by Albert and Angulo [1]. More precisely,
n [I1], the existence of solutions of the form

o(z) = £/20((c — ) — 80) sech(y/ox)
¥(z) = 20 sech(y/ax)

for witha=p8=-1,n=2, p=12,¢ >~ and o € (0, (c —v)/8), was found.
Then, using stability theory of [§], he went on to show that this solution is orbitally
stable provided ¢ — vy < 1 and o € (0,(c —7)/12). In [I], for a = g = -1, n = 2,
v = 0 and pu = 6q it was proved for a certain range of values of g, equation
has a non-empty set of ground-state solutions which is stable.

The result in the present paper are complementary to those in [II, 2, [[1], where
different techniques were used. The main purpose here is to show the existence and
stability of a novel set of solitary waves solutions for equations and (L.2). Our
approach is based essentially in variational methods and techniques of convexity
type.

Next we describe briefly our results. Our theory of existence of smooth real
solutions for follows from the work of Angulo and Montenegro [2] (a sketch
of the proof is given in Theorem below), where by using the Concentration
Compactness Method (Lions [12] 13]) and the conditions «, 3,0,¢ > 0 and v < 0,
it is obtained solutions for as minimimizer of the variational problem

Iy = inf{V(f,9)|(f.9) € HA(R) x Hg/*(R) and F(f,g) =X},  (L6)

where A > 0,
V(f.9) = /]R[(f’(ﬂc))2 —y(D'2g(x))? + o f* () + cg? (2)]da, (1.7)
F(f0) = | P@g(s (19)
So, if we denote the set of minimizers associated to Iy by G, namely,

G = {(f.9) € HL([R) x Hy*(R)| V(f.g) = I and F(f,g) = A} (1.9)

then G, # () and each element of G yields a solution of via a scaling argument.

With regard to solutions for system , we shall establish here a theory of
existence with the conditions a5 > 0, n,0 > 0, ¢ > v and p = —3a. Our argument
will be again via an compactness argument, but in this case the proof is more easy
compared with that given for the existence of solution of because we do not
have the nonlocal term D = HJ,.. Here, we will use some results from Lopes [14} [15]
for finding solutions of the minimization problem

Jx = inf{Z(f,9)|(f.g) € Ha(R) x H(R) and N(f,g) = A}, (1.10)
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where A > 0,
Z(f.g) = / (@ + (g @) +0f2@) + (e NeP@)de,  (L11)
N(f,g) = / o(0)[F(2) + g*(x)] de. (112)

We note that once established the existence of solutions for with the con-
dition 4 = —3a, we can obtain a existence result for solitary wave for under
the condition that p and o have opposite sign. In fact, under this constraint for
and «, one can multiply the second equation in by a positive constant and to
obtain a equivalent system in which the condition y = —3a holds.

The following question arising in this point is whether the following set of
solitary-wave solutions for ,

Sew = (e”em”@,wwc,w) (e Vew) € He(R) x HZ (R),

. 1 1 (1.13)
(¢c,wawc,w)— 35 ((bcw,wcw) —_ﬁ 10

with a =28 > 0, w > % and ¢ > 0, is a stable set with respect to equation ,
in the sense that if (h, g) € S¢ ., and a slight perturbation of (h, g) is taken as initial
data for , then the resulting solution of can be said to have a profile
which remains close to S, for all time. It is well known from Cazenave and Lions
[5] that we can obtain a result of stability of this type if the functionals involved
in the problem of minimization are conserved quantities for equation ,
however, we do not have this ideal situation with the functionals V" and F'. So, for
overcome this problem, we consider the following functionals

w) = / ()2 dx, (1.14)

G1(u,v) = Im/ uy () do + % v () da, (1.15)

Ei(u,v) = / [ug ()| dz + ov(z)u(z)|? — %v( x)Dv(x) dz, (1.16)
R
which are conserved quantities or invariants of motion for (1.1)), i.e., for u(z,0) =
uo(z), v(x,0) = vo(x) initial smooth functions, the solution emanating from
(ug,v0) has the property that H(u(t)) = H(ug), G1(u(t),v(t)) = G1(ug,vp) and
Eq(u(t),v(t)) = E1(up,vo) for all ¢ for which the solution exists. Next, we define
the following functional

d(e,w) = E1(Pe i, Vo) + wH (P ) + ¢G1( P, Ui ) (1.17)

for every (®¢w,¥ew) € Sew- S0, by considering the following function of variable
w,

de(w) = d(c,w),

with ¢ > 0 fixed and w > ¢2 /4, we obtain that the set of solitary waves solutions Se,w

will be stable with respect to equation ([L.1)) if d.(w) is a strictly convex function in

w. In this paper we can prove the convexity of the function d.(w) with w close to
2

/4.
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A similar result of stability is also proved for the set of solitary-wave solutions
of (1.2) obtained via the minimization problem (1.10). In this case we use the
following conserved quantities for '

(u,v —Irn/ dx—l—% v%(z) de,
Ea(u,v) = / [ua ()] + av(@)u(z)* + 2; vi(@) = 55vR() - Ggvt @ de.

(1.18)

We note that as we do not have explicit formulas for the solutions (¢¢ w, Ye,w) in
— and a argument of dilation is not available to obtain a explicit expression
for the function d in function of ¢ and w, we need to apply a Lemma of convexity
of Shatah [16] (see Lemma [2.8) below).

This paper is organized as follows. In section 2, we give a sketch of the proof of
existence of solutions for . These solutions are obtained via the Concentration
Compactness Principle. We also prove that the set of solitary waves, S, ,, defined in
is stable in HE(R) x Hﬂi/ 2(].R). In section 3, we give the corresponding theory
of existence and stability of solitary waves solutions for system following the
same ideas established in section 2.

Notation. We shall denote by ]?the Fourier transform of f, defined as f(&) =
Je f(z)e™®"dz. |f|r» denotes the LP(R) norm of f, 1 < p < oco. In particular,
|-z = - || and |- |z~ = |- |s. We denote by HE(R) the Sobolev space of all
f (tempered distributions) for which the norm [|f||2 = [; (1 + [¢[?)* 1F(&)[2 de is
finite. For s > 0, HE(R) denotes the space of all real-valued functlons in HE(R).
The product norm in HE(R) x H{(R) is denoted by || - |[sxr. We denote by Xg

the product HE(R) x Hi/>(R), Yi the product Hi(R) x HL(R), X¢ the product
HL(R) x Hl/Q(R), and Y¢ the product HL(R) x HE(R). J* = (1 — 02)*/2 and
Ds = (—83)5/ 2 are the Bessel and Riesz potentials of order —s, respectively, defined
by J*f(€) = (1+€2)*/2f(¢) and D* (&) = ¢]* ().

2. EXISTENCE AND STABILITY OF SOLITARY WAVES SOLUTIONS FOR EQUATION

(D)

In this section we give a theory of existence and stability of solitary waves so-
lutions for equation (1.1)). We begin with the problem of existence. Initially, we
give a sketch of the proof of that G defined in (1.9)) is not empty. In fact, we call
{(fnsgn)}n>1 in Xg = HE(R) x Hﬂé/z(R) a minimizing sequence for I, if it satisfies

F(fnagn) = A, foralln,
lim V(fn, gn) = Ix.

So we have the following Theorem of existence established in Angulo and Montene-
gro [2],

Theorem 2.1. Let «,5,0,c > 0, v < 0, and let A\ be any positive number.
Then any minimizing sequence {(fn,gn)} for I is relatively compact in Xg up
to translation, i.e., there are subsequences {(fn,,Gn,)} and {yn,} C R such that
(freC=Yny), 9y (- —Yn,)) converges strongly in Xg to some (f,g), which is a min-
imum of I. Therefore, Gy # 0 and there are non-trivial solitary waves solutions

for equation (L1.1)).
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Sketch of the proof. From A = [ fA(z)g(x)de < |fIillgll, < lI(f,9)]} , and
2
V(f,g9) > C||(f,g)|\f ,» we obtain 0 < Iy < oo and each minimizing sequence

2
is bounded in Xg. Then there is a subsequence, still denoted by (f,, g), such that
||(fn,gn)||f . — i > 0. We then apply the Concentration Compactness Lemma
X3

([2, Lemma I1.1]) with
pu(@) = (F1(@)* + (fu(2))? + (T2 gn(2)).

The Vanishing case does not occur because for any R > 0
y+R
lim sup/ (fn(2))?dz = 0.
n—oo y€ER y—R

Thus F(fn,gn) tends to zero as n goes to infinity. But this contradicts the fact
that F(fn,gn) = A > 0.
In the Dichotomy case, one can show as in [2] that for some 6 with 0 < § < A and

for all € > 0 there exist n(e) (with n(e) — 0 as € — 0), two sequences h = ¢,h,
and hg) = pp,h, in Xg, with ¢, ¢, € C®(R;R), 0 < ¢, ¢, <1, and an integer
k such that for n > k and h,, = (fr, gn),

IS + 0P — by, <nle),
’/ch(fn)?gn dx — 0‘ < 77(6)7
| [ A0 do = (= 0)] <o

Hence, these relations will imply that Iy > Iy + I5_g. But this is a contradiction,
since for 7 > 0 we have I,y = 72/31,, and therefore

L>Iy+Igon= P+ 1 -1 > I,

where we have used that 72/3 + (1 — 7)?/3 > 1 for 7 € (0,1) and I > 0.

Since the Vanishing and Dichotomy cases have been ruled out, it follows that
there is a sequence {yn}n>1 C R such that for any ¢ > 0, there is R > 0 large and
ng > 0 such that for n > ng,

/ pn(x)dr > p—e, / pn () dx < e.
|[z—yn|<R [z—yn|>R

Therefore
2/3
|/ 2gnde| < Cllgall |PE([ pula)da)* = 0(0).
\mfyn|2R 2 |m7yn|2R
Hence

| ffbgndx—)\} <e.
‘zfyn‘SR

Letting h;kz(x) = (f;(x)vg;;('r)) = (fn(x - yn)agn(x - yn))7 we have that {h;kL}n21
converges weakly in Xg to a vector-function h* = (fo, go). Then for n > ng,

R
A > / @) @) de 2 A= e
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Since H'((—=R, R)) and H'?((—R, R)) are compactly embedded in L?((—R, R)),
we have from the Cauchy-Schwarz inequality that

‘/_z (f2(2))?gy (x) dx — /R (fo(x))*go() dx’

-R
< C'(“f;zk — folle2(=r,r) + llgn *90||L2(_R,R)) 50, asn —oo.
Therefore,
R
3> [ B> -
-R

Thus for € = 1/j, j € N, there exists R; > j such that

R;
A> / 2 (@)go(a) de = A — .
—R; J

So, for j — oo, we finally have that F'(fo,g0) = A. Furthermore, from the weak
lower semicontinuity of V' and the invariance of V' by translations, we have

Iy =liminf V(f},g5) > V(fo,90) > Ix.
n—0o0
Thus the vector-function h* = (fy, go) € G. Moreover, since

(f2>9m)
we have that (f*,g%) — (fo,90) strongly in Xg. Thus the Theorem is proved. O

- ||(f0,90)||1X%a

[
1><§

Remark 2.2. Note that from [2, Theorem 3.5] we have that each component of
(f,g9) € Gy is even (up translations) and strictly decreasing positive function on
(0,400). More precisely, f(z) = f*(z+7r), g(x) = g*(x +r) for some r € R, where
f* and g* are the symmetric decreasing rearrangements of f and g respectively.

Our theory of stability has another variational characterization of solitary waves
solutions for (L.1). We consider the following minimization problem in X¢ =

HL(R) x Hy*(R) for A > 0,
My = inf{Weo(h, 9)(h, 9) € Xc and F(h,g) = A},

where
Wealhig) = [ W@ ~2(D"2g(a)? +ulh(w) +eg? (o) do-telm | (oo
: : (2.1)
v <0,w>c?/4, c> 0, and
Fihg) = [ he)oe) da. (22)
Also, we denote the set of minimizers for My by Gy, namely,
Gr = {(h,9) € Xc : Wew(h,g) = My and F(h, g) = A}. (2.3)

Next show that every minimizing sequence for M, converges strongly in Xc,
up to rotations and translations, to some element of Gy,. Initially, we establish a
similar result as in Theorem [2.I] but considering complex-valued functions. More
precisely, we consider the following minimization problem

I5 = inf{Vc(h, 9)|(h, g) € Xc and F(h,g) = A}, (2.4)
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where A > 0,
Ve(h, g) = /R[W(JJ)IQ —Y(DY2g(2))* + o|h(z)]* + cg*(z)|dx

and F is defined as in (2.2). So we have the following Theorem.

Theorem 2.3. Let o,c > 0, v < 0, and let A be any positive number. Then any
minimizing sequence {(hn,gn)} for I;‘\: 18 relatively compact in Xc up to transla-
tion, i.e., there are subsequences {(hn,,gn,)} and {yn,} C R such that (hy, (- —
Ynp )s Gni (- — Yny ) converges strongly in X¢ to some (h,g) which is a minimum of
IS. Moreover, (h,g) = (€ f,g), where 0 € R and (f,g) € G.

Proof. The existence of a minimum is proved as in Theorem (we apply the
Concentration Compactness Lemma to p,, () = | £, (2)|> + | fu(x) > + | T2 gn (z)]?).
Now, let (h, g) be a minimizer of the problem (2.4) and consider h = hy + ihs, then
ho = |h1| + i|hs| is a minimizer of problem n fact, from the inequality

[ @Pde = [ i @Pds
R R
and the condition F(hg,g) = F(h,g) = A, it follows that
I5 = Ve(h,g) > Ve(ho,g) > I3
Therefore, there exists K > 0 (Lagrange multiplier) such that
—hi +oh; = Khig

2.5
—|hi|”+0'|hi| :K|hi‘g, fori=1,2. ( )

Since |h;| > 0 it follows from the Sturm-Liouville Theory that —o is the smallest
eigenvalue of operator f% — K g, and therefore is simple. Hence, from there
are p; € R — {0} such that h; = p;hfj, where hf is a positive function. Therefore,
there exists a positive function f and § € R such that h = ¢ f. Moreover, from
the relations F(f,g) = F(h,g) = \, IS = Ve(h,g) = V(f,g) > I, and I, > IS, we
have that (f,g) € Gx. This finishes the proof. O

The following Theorem proves the existence a minimum for M.

Theorem 2.4. Let v < 0, ¢ > 0, w > %, and X > 0. Then, any minimiz-
ing sequence {(hpn,gn)} for My is relatively compact in Xc up to rotations and
translation, i.e., there are subsequences {(hn,,gn,)} and {yn,} C R such that
(€Y 2y (= Yni)s Gy (- — Yn,)) converges strongly in Xc to some (h,g) which

is a minimum of My. Moreover, (h,g) = (e'?e’**/2f, g) where (f,g) € G.

Proof. Let {(hn,gn)} be a minimizing sequence for M. Then we have that
limy, oo Wew (B, gn) = My and F(hy,g,) = A If f, = e~i*/2p,then we have
F(fnygn) = X and

Wc,w(hnagn) = Wc,w(eicr/anvgn) = V(C(fvugn) > If\: (26)

Since IS > M, it follows from that {(fn,gn)} is a minimizing sequence for I%.
Therefore, from Theorem there are subsequences {(fn,,gn,)} and {yn, } C R
such that (fn, (‘= Yny ), gny, (- — Yn, ) converges strongly in X¢ to some (hg, g) which
is a minimum of I. Then (hg,g) = (¢’ f, g) where 6 € R and (f,g) € Gx. Hence,
from the definition of f, we have that

(eiCyk/thk(' - ynk)agnk(' - ynk)) - (eieeiCI/2f’ g) in XC'
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So, (h,g) = (e"e**/2f, g) € Gy and this proves the Theorem. O

Corollary 2.5. Lety<0,¢c >0, w > %, and X\ > 0. Then the set Gy is nonempty.
Moreover, if {(hn,gn)} is any minimizing sequence for M, then
(i) There exist sequences {yn}, {0n} and an element (h,g) € Gx such that
{(€hp (- + yn), g (- +yn))} has a subsequence converging strongly in Xc
to (h,g).
(11) limy, o0 infﬂ,yER;Jegk ||(620hﬁ( + y)7 gn( + y)) - wulxé =0.
(1) Tty oo i0f 5 (s g) — D1y = 0.

Proof. By Theorem we have that G, is nonempty and the item (7) holds.

Now, suppose that the item (ii) does not hold; then there exist a subsequence
{(hny, gn,)} of {(hn,gn)} and a number € > 0, such that

if (€ (-t 9)s g (- +9) — By > €
0,yER;pEGA

for all k € N. But, since {(hn,,gn, )} itself is a minimizing sequence for M, from
statement (i), it follows that there exist sequences {yn, }, {#n, } and ¢ € Gy such
that

liminf —inf  [[(€ % o (- + Y ) G -+ Ui ) — ¥llicz = 0.
N0 g yeRPEG 2

This contradiction proves statement (ii).

Finally, since the functionals W, and F are invariants under rotations and
translations, G, contains any rotations and translation of 1/7, if it contains 1/7, and
hence statement (iii) follows immediately from statement (ii). This completes the
Corollary. O

In the following we establish some remarks and some sets which will be used for
the problem of stability. If we define the minimization problem

Wew(h, g)

M= B g 27
it is easy to see that for a,b € R — {0} and a? = b?, we have
Wew(ah,bg) _ Wew(h:g) (2.8)
[F(ah,bg)]>/3 [F(h, g)]*/* .
Moreover,
M.(w)= inf W,,(h,g): F(h,g) =1} (2.9)

(h,9)eXc
so, if (h,g) € Xc¢ and satisfies W, (h,g) = M.(w) and F(h,g) = 1, then from
Theorems and we obtain that there are § € R, a positive function f and
K > 0, such that h = €?e®/2f and (¢,v¢) = (£ A= f, - %g) is a solution of

V205

(L4). Hence, M¢(w) = Wew(h,g) = V(f,g) and F(f,g) =1, and so can be
written as

M) = inf {V(f,g): F(f.) =1} = . (2.10)

(f.9)€Xr
Next, for a = 283, w > ¢%/4 and ¢ > 0, we define our main set in the study of

stability,
Seww = {(€€°°/26, )  (6,1) € Xp, F(6, 1) = févw,w) —

*w[Mc(w)]g}-

(2.11)



10 J. ANGULO EJDE-2006/72

Hence, for (eei®/2¢ 1)) € S., we have that (¢, ) satisfies ([.4) with o = 23. In
fact, let F/(¢, %) = A, then since W, (ee*/2¢, 1)) = V (¢, ) it follows from (2.8)
that

e 1 1 Wesl@00) _ V(ow)
Wesl BB i) = TR - Feppr )

o, ﬁw) € Gy and therefore there is Ky € R such that

jcx /2 _1
thus (e*e*/ 173

2
4w = S = %waﬁ

K 2

Hence V (¢, ) = 23;1(})3 F(¢,v) and so it follows that —(3 = 2/\—1/3 This shows the
claim.

Now we are going to give our definition of stability used here.

Definition 2.6. Let (X, || - ||x) be a Hilbert space and Y a subspace of X. A set
S C X is X-stable with respect to (L.1)) (or to (1.2))) if for all € > 0, there is § > 0
such that for all (ug,v9) € Y with

inf o) — (B, 1) x < 6
(¢}£)€$||(Uo v) — (,¥)]|x

the solution (u(t),v(t)) of ( . or (|1.2)) with (u(0),v(0)) = (ug,vp) can be ex-
tended to a global solutlon in C(]0, oo), Y) and

Su lnf Ut - (balll < €.
S5 nf (), o(t) — (2, 9) x

Otherwise S is called X-unstable.

We shall show here that the set S., defined in is Xc-stable (Theo-
rem below). In order to prove it we need several lemmas. Initially, for
(Beo(€), Ve (8)) = (€2 (), Vew(§)) € Sew we define the following func-
tional

dle,w) = E1(Pe, Vo) +wH(Pe ) + ¢ G1(Prs Yerw), (2.12)
where F, H, and G; are defined in and (L.16). Also, we define the following

function a one parameter w,

de(w) = d(c,w) (2.13)

where ¢ > 0 is fixed and w € (% 00). So, we have the following two basic features
of the function dc, namely, ) is constant on S, and d.(-) is strictly increasing.

In fact, from (2.1)), (2.2, (2.11)) and we get that for any (., Vo) € Sew

dc((U) = Wc,w(ewf/2¢c,w7 ql}c,w) + a]:'(ech/quc’W’ ql}c,w)
1
= V(d)c,wa ¢c,w) + QF(¢C w) 7[’(: w) = 7V(¢c,w7 wc,w)

2.14
= _BF(¢c,wa¢c,w) = _Bj:( c,wH cw) ( )
_ 1 3
Now, let w < wy and let (h, g) be a minimizer for M.(w1), then it follows that
e (R h|2d
M) < Do) gyt ) L), @as)

o) VR, g P
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and so from (2.14) we obtain that d.(w) is strictly increasing.

Remark 2.7. (i) For a fixed ¢ > 0, it is easy to show that M.(w) is a continuous

function on (<

ZZ, o0). In fact, from the relations

Wy —w

0 < My(wy) — M. (w) < Yy _1 @i M. (w) forwy >w

O<M(w)—M(w)<&M(w) for w; <w
= c c\W1l) > w1 — (02/4) c 1 )

it follows the continuity.
(ii) If we consider

ac(w) = inf {/ |(I)c,w(x)|2dx : ((I)c,qulc,w) S Sc,w}
R

ﬂc(w) = sup {/ ‘(I)c,w(x”zdx : ((I)c,wa \I/c,w) € Sc,w};
R

then we get from (2.15) and (2.11)) that for w < wy,
932 (wy) < Mo(w1) — M. (w) < 9328 (w
[Me(w)]? — Wi —w T [Me(w)]*
Hence from ([2.16) it is possible to show that M, is differentiable at w; if and only

if ac(w1) = Be(wr) (see [10, Lemma 4.3]). Therefore from the last affirmation and
from (2.14]) we can conclude that d.(-) is differentiable at all but countably many

points of (%, 00).

(2.16)

From item (ii) we can assume, without losing of generality, that M., is differen-
tiable. We now state without proof a lemma due to Shatah [I6] related to strictly
convex functions.

Lemma 2.8. Let h be any function which is strictly convez in an interval I about
w. Then given € > 0, there exists N(e) > 0 such that for wy € I and |w1 —w| > €
we have

(1) For wy < w < wo, |wo — w| < €/2, wg € I, then
h(wy) — h(wo) < h(w) = hlwo) 1
wi—wo  w—uwp N(e)’

(2) Forwp < w < wy, |wo —w| < €/2, wyg € I, then
hwr) — hln) _ hw) — hlen) |1
+ .
w1 — Wo B W —wo N(G)

It follows from Lemma 2.8 and from the inequalities in (2.16) the following result
for the function d.(-).

Lemma 2.9. Suppose that d.(-) is strictly convex in an interval I around w. Then
given € > 0, there exists N(e) > 0 such that for w1 € I and |w1 — w| > € we have

de(wr) > de(w) + Be(w) (w1 —w) + ﬁ(u} —wy) forw <w,

de(wr) > de(w) + ae(w)(w) —w) + L(u}l —w) forw >w.

N(e)
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For € > 0 define the following e-neighborhood of set S, .,

UC,W,G = {(U,’U) € Xc: (@,\I}?Efsc,w ||(u,v) - (@, \II)HIX% < 6}’

then we have the following Lemma.

Lemma 2.10. Let o = 20 and a fized ¢ > 0. We consider for (P, ¥ew) € Sew
the function

dc( )__ﬁf( c,ws cw)
with w € (c?/4,00). Then, there is a small € and a C*-map p : U, , . — (c?/4,0),
defined by

p(u,v) = dg* (=BF (u,v)), (2.17)
such that p(Pew, Vo) = w for any (Pew, Yew) € Sew-
Proof. Since d.(-) is a strictly increasing continuous mapping, S, is a bounded set

in X¢ and the function (h, g) — F(h, g) is uniformly continuous on bounded set, it
follows immediately the Lemma. O

Lemma 2.11. Let a = 20 and a fized ¢ > 0. Suppose that d. is strictly convex in
an interval I around w. Then there exists € > 0 such that for all @ = (u,v) € Uecy e

and any P = (P, Yew) € Sews
B () = E0(8)-+ () () — H()) (G () = Gr () = 1ol =, (219)

where p(@) is defined in [2.17) and N(e) is given by Lemma[2.9

Proof. Let € be small enough such that p(Ue ) C (w —1,00) C (%, oo) for n >0
small. Then, since

B0 + ADHD 610 = We @ + 70 (219)
dc(p(ﬁ)) = _ﬁf(ﬁ) and d. (P( )) = _5]:((1) p(i0)> c,p(ﬁ)) (See )7 we get that
F(i@) = F(Pe,p@), Ye,p(a)). Therefore

Wc (@) (@) = We p(@y(Pe,pay, Ye,p(a))- (2.20)
Then from (2.19)), 7 the first equality in ([2.14)), Remark and Lemmait

follows

Ey (@) + p(@) H(@) 4+ cG1(1) > We, o) (Pe.pit)> Ye,p@)) + F(Pe i), Ye,pa))
= dc(p(10))

> de(w) + H(B) (o) =) + 75 10() ]
= Bi(8) + Gy (B) + o) H(B) + 510 .
This proves the Lemma. (]

Now we are ready to prove our theorem of stability of the set of travelling waves
Sc,w in X(;.

Theorem 2.12. Let o = 20 and a fixed ¢ > 0. Suppose that d. is strictly convez
in an interval I around w then the set S.,, is Xc-stable with respect to equation

[T
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Proof. Assume that S, is Xc-unstable and choose initial data @x(0) € Ue o1k,
such that

sup _inf ;||ik(t) — B, >,
0<t<oo<I>€Scw 2

where U (t) = (ux(t), vi(t)) is the solution of (1.1)) with initial data @ (0). Then,
by continuity in ¢, we can find ¢; such that

inf (@ (tg) — cf>||1x% = 4. (2.21)

By definition of U, 1/x, and since E1, H, and G are invariants of the equation
(1.1), we can find Py € Se¢.w such that

| By (i (t)) — E1(@)| = | E1 (i1 (0) — E1 (Bg)| — 0
| H (G (1)) — H(®y)| = |H(ix(0) — H(®x)| — 0
|G (i (k) — G1(Pr)| = |G (i@ (0)) — Gl(‘l’k)l —0
as k — 0o. Moreover, by choosing § small enough in Lemma [2.11] it follows that
Ex(ii(tr)) — By(®x) + pliig (b)) (H (g (tr)) — H () + (G i@k (tr)) — Gr(8y))
> %\pm(tk» 4.
Since i (tx) is uniformly bounded for k, it follows from the last inequality that
p(tg(tr)) — w, as k — oo. Hence, by and the continuity of d. we have
lim BF (g (ty)) = —de(w). (2.22)
On the other hand, for (2.1) and (2.14) (d.
We o (i (tr)) = Er (i (tr)) + wH (g ( k) + Gty (tr)) — aF (ik(tx))
= do(w) + Bx ik (t)) — B1(®r) + (G ik (tr)) — G(Py))
+w(H (iig (t)) — H(®k)) — oF (iik (),

then by (2:22) and (2.19)

kILH;o Wc,w (dk (tk)) = dc(w) + 2dc(w) = Sdc(w) =

. 1s constant on Sc,w) we have

1
97,32[Mc(w)]3'

Let wk(tk) = []:(ﬁk(tk))] l/duk(tk) then f(lﬁk(tk)) = 1, and so from " and
(2.22) we conclude that
i We o, (@i () = kli_{go[f(ﬂk(tk))]_z/?’Wc,w(ﬁk(tk))
B2 1 3
= M == MC .
(dc(w)> 952[ e(w)] (w)

Therefore, W (ty) is a mlmmlzmg sequence for M; and by Theorem H and Corol-
lary 2 . there exists wk € G such that

Jim (i (t) = G, , = 0. (2.23)

Now from Theorem Ur = (€2, gi) for (fu,gr) € Gi, hence there exists
K > 0 such that (¢, ) = (fgfk,f—gk) is a solution of (1.4). Then, since

o
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K = 2M,(w), it follows that Uy, = (e*/2¢y, ;) € S, and so from
Jim [Ji(t) — 3B(M.(w)] M|, = 0. (2:24)
Therefore, from and being S; ., a bounded set in X¢ we have
I (t) = Brll, = 1F @) ()] 2 (i () — ‘f’k)\llxé
< |F (i ()| @i (tr) = 36[Me(w)] ™ B
T AF @] + 38IM ()]
and therefore we have that ||dy (tr) — \I_};CH1X , — 0ask — oo. But by we get

2
a contradiction. This shows the Theorem. O

1
1x35

1
1x3

Next, we show the existence of intervals close to ¢?/4 where the function w —
d¢(w) is convex. In fact, for 0 = w — % > 0 define

o2 /2

A A
functions in H3(R) and Hy/*(R) respectively. Then, from [2 1 (@)]? do = koo®/2,
Joo [DV2g(@) de = kio®, [7[f(@)? de = keo™/?, [ [g(x)]? dx = k30”2, and
75 9(z) f2(z) do = kyo®, with k; > 0, we have that V(f, g) = koo®/2+ (—vk1)o® +
koo®/? + ckso®/?, where v < 0 and ¢ > 0. Therefore, from (2.7) and (2.10) it follows

V(f 9) 1/2
M, (w) < ——22 < ks(0'/? 4 0).
IN(f.P =7
Hence, (2.14]) implies the inequality
2 2
0 < do(w) < k6((w - %)3/2 +(w— %)3) = jor a(w). (2.25)

Therefore, since the function w € [¢?/4,00) — je2/4(w) vanishes to first order
at w = ¢?/4 and is convex, we obtain from (2.25) and from the positivity and
monotonicity of d. (as function of w), the existence of intervals of convexity close
to c¢?/4.

3. EXISTENCE AND STABILITY OF SOLITARY WAVES FOR THE
SCHRODINGER-KDV EQUATION

In this section, we give a theory of existence and stability of solitary waves
solutions for equation based on the same ideas exposed in the second section.
Initially, we have the results of existence, which are based essentially on the works
of Lopes [14, [15] on the Concentration Compactness Principle. In fact, if we denote
the set of minimizers in Ygp = H} (R) x H(R) for Jy (defined in (T.10)) by

Py={(f,9) € Yr:Z(f,9) = Jx and N(f,g) = A}, . (3.1)

We have the following existence theroem.

Theorem 3.1. Let aff > 0, u = —3a, o,n > 0, ¢ > ~, and let \ be any positive
number. Then, any minimizing sequence {(fn,gn)} for Jx is relatively compact
in Yr up to translation, i.e., there are subsequences {(fn,,9n.)} and {yn,} C R
such that (fn, (- — Yny)s Gni (- — Yn,,)) converges strongly in Yr to some (f,g) which
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is a minimum of Jx. Therefore, Py # () and there are non-trivial solitary waves
solutions (¢,v) = (£ \/é%gf’ f%g) for equation (1.5) with K > 0.

The proof of the above theorem is an immediate application of the results in
[14}, [15].

Remark 3.2. ;From the equality

blx) = L

3a o 2
e K (50 ) (3.2)

where K(z) = exp(— V\C/%’YM), it follows that for o > 0, we have ¢ < 0, and for
a < 0, we have ¢ > 0.

Remark 3.3. Following the same techniques used in [2], we can show that if
(f,g) € Py then (|f|,9) € Py, and therefore ¢(z) > 0 for all z, or, ¢(z) < 0 for all
x. Moreover, we can show that each component of (f,g) is even and is a strictly
decreasing positive functions on (0,400), up to translations.

Now, in the same spirit of section 2 we consider the following minimization
problem in Y¢ = HA(R) x HE(R) for A >0

I = inf{ Q. (h,g) : (h,g) € Yc and N'(h,g) = N},

where
Q..(hng) = / W () P+(g’ (1)) 2+l () P+ (c—7)g? () da+eTm / ()W (@) do,

2
n>0,w>%, c>r,and

N(hg) = [ ofa)lIb@)F +4*(a)] do (33)
Also, we denote the set of minimizers for 7, by P, namely,
Pr=A{(h,g) € Yc : Qcw(h,g) = T and N(h,g) = A} (3.4)

Next, we shall show that every minimizing sequence for J) converges strongly
in Y¢, up to rotations and translations, to some element of Py . Initially, we have a
similar result as in Theorem Let the following minimization problem be

J;[\: = lnf{Z([:(hag) : (h?g) € Y(C and N<h7g) = )‘}a
where A > 0,

Ze(h,g) = /]R[Ih'(fﬂ)l2 +0(g'(@))* + olh(@)]* + (¢ = )g*(2)]dz,

and A as in (3.3)), then we have the following results.

Lemma 3.4. Let af > 0, o, > 0, u = =3, ¢ > 7, and let A be any positive
number. Then, any minimizing sequence {(hn, gn)} for JS is relatively compact in
Yc up to translation, i.e., there are subsequences {(hn,, gn,)} and {yn,} C R such
that (hn, (+ — Yny ), Gny, (- — Yn,)) converges strongly in Y¢ to some (h,g) which is a
minimum of J5. Moreover, (h,g) = (" f,g) where 8 € R and (f,g) € Px.

The proof of the lemma above is similar to the proof of Theorem
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Theorem 3.5. Let aff >0, p=—-3a,n>0,c>v, w> % and A > 0. Then, any
minimizing sequence {(hn,gn)} for Jx is relatively compact in Y¢ up to rotations
and translation, i.e., there are subsequences {(hn,,gn,)} and {yn, } C R such that
(€Y 2y (- = Y, )s Gy (- — Yny,)) converges strongly in Y to some (h,g) which is
a minimum of Jx. Moreover, (h,g) = (e?e’*/2f, g) where (f,g) € Py.

The proof of the above theorem is similar to the proof in Theorem

Corollary 3.6. Let af >0, p = —-3a,n1>0,¢c>~v, w > % and A > 0. Then,
the set Py is nonempty. Moreover, if {(hn,gn)} is any minimizing sequence for J
then

(i) There exist sequences {yn}, {0} and an element (h,g) € Px such that
(€ (- + Yn), gn(- +yn))} has a subsequence converging strongly in Y
to (h,g).
(i) limp—oo infy | g ge 7, ||(€19hn£' +9):9n(- +¥)) = ¥ll1x1 =0.
(ili) limp—oo inf g 7 [|(fins gn) — ¥llix1 = 0.
The proof of the above corollary is similar to the proof of Corollary
Now, defining the following minimization problem

Qcw(h,g)

T =, By W, (3:9)
we have that
Te(w)= inf {Qcu(h,g): N(h,g) =1}, (3.6)
(h,g)€Ye
and therefore from Theorem it follows that can be written as
Te(w)= — Inf{Z(fg):N(fg)=1}
(f.9)€Yr
For a =248, p = —3a, w > % and ¢ > ~, we define the set
Bew = {(e*¢""/26, %) (6,1) € Yi, N(6,9) = — 2= Z(60¥) = — o5 [Tu(w)]*}.
8 ’ ’ IS 337\ 2733 ¢ o

Therefore, if (ee’*®/2¢, 1)) € B.. then (¢,1) satisfies (L.5) with a = 24 and
n=—3a.
To establish stability for ([T.2)), for (T, (£), Oc.w(€)) = (€°¢/2¢ 0 o, (€), Ve (€)) in
Be,.,, we define the following function with a parameter w,
d?(w) = d? (¢, w) (3.8)

where
d?(c,w) = By, O0) +w H(IL ) + cGa (e, Op),

with Ey, H, Gy defined in (1.14) and (1.18), ¢ > v and w € (%,oo). Therefore,

as in section 2, we get that dg) is constant on B, and is strictly increasing as a

function of w. Moreover, for any (Il. ., ©.) € Bc,, we have

1
= W[TC(Q})]S' (3.9)

So, we have the following result of nonlinear stability of the set B, . Its proof
follows the same lines of the proof of Theorem [2.12]

dg) (w) = 7/6N(Hc,w> @c,w)
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Theorem 3.7. Leta =20, p=-3a,n1>0, w > % and ¢ > ~y. Suppose that for c
fized, d? is strictly convex in an interval I around w, then the set B, s Yc-stable

with respect to (1.2)).

Finally, we note that is possible to show the existence of intervals around of ¢? /4
(2)

where the function w — d¢”’ (w) is convex. In fact, for 0 = w — % > 0 define

f(x) = eVl gin 63/2||,
g(z) = e VI2lsin 62|z

functions in Hg(R). Then from the relations

oo o / 0 o /
[irepa="0 [T wwre="

—00 —o0 2
o0 3/2 oo 5/2
/_Oo[f(x)]de:m, /_oo[g(x)]deZM’
o0 403 (03 — 27 — 402
/_Oo g(@)f*(x) dzw = T30 — 27 54(002)2 + (903(i )27 —1202)2’
0 40.4
/m g(x) do = 3(1+0%)(9+03)

we have
Z(f,9) <[+ (c—)]o*?+ 07

403
N >
(.9) 2 o3(03 — 27 — 402)2 + (903 — 27 — 1202)2’

where in the last inequality we choose o such that 27 4+ 402 — 02 > 1, for example
o < 1. Therefore, from ([3.5)),

T.() < (1 + (=)o + 0702 + 1)
< ko((1+ (c =)o + 072 + 632 4 [1 + (c — 7)]o™/2).

Hence, (3.9) implies

AP @) < ki ([1+ (e = NPw = )7+ 0= Y]

+(w— %)21/2 +(w— %)9/2> (3.10)
= hc2/4(w).

Therefore, since the function w € [¢*/4,00) +— he2/4(w) vanishes to first order
at w = c?/4 and is convex, we obtain from (3.10) and from the positivity and

monotonicity of at? (as function of w), the existence of intervals of convexity close
to ¢ /4.
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