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EXISTENCE AND REGULARITY OF GLOBAL SOLUTIONS
NONLINEAR HARTREE EQUATIONS WITH COULOMB
POTENTIALS AND SUBLINEAR DAMPING

YANJUN ZHAO, BINHUA FENG

Communicated by Jesus Ildefonso Diaz

ABSTRACT. In this article, we consider the nonlinear Hartree equation with a
sublinear damping and a time-dependent Coulomb potential in R3. We first
prove the existence of a global solution and then obtain the X2-regularity.

1. INTRODUCTION

Because of their important applications in physics, nonlinear Schrédinger equa-
tions with damping have been extensively studied; see [3 4, [12] [16], 22] 23]. In this
article, we consider the nonlinear Hartree equation with a time-dependent Coulomb
potential and a sublinear damping,

1 1 U
. Ay — L L 2 T
0+ Au =V (z)u+ |x—a(t)\u+>\(\x| * |ul )u zb|u‘a,
(t,2) € [0,00) x R, (1.1)
u(0) =ug € 3,

where u(t, ) is a complex-valued function in (t,2) € [0,00) x R®, A € R, b > 0,
0<a<1 ac WhH((0,00),R3), ¥ denotes the energy space associated to the
harmonic oscillator, i.e.,
Y= {uec H'(R?) : zu € L*(R%)},
equipped with the norm
lulls == llullgr + l|lzul| L2

The external potential V' is assumed to be harmonic,
3
Viz) = ijz»x?, w; > 0. (1.2)
j=1

Equation (1.1]) has many interesting applications in the quantum theory of large
systems of non-relativistic bosonic atoms and molecules. In particular, this equation
arises in the study of mean-field limit of many-body quantum systems, see, e.g.,
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[T, 2T, 25] and the references therein. An essential feature of equation is
that the convolution kernel |z|~1 still retains the fine structure of micro two-body
interactions of the quantum system. It is therefore of considerable interest to extend
mathematical methods originally develop for nonlinear Schrédinger equations with
local nonlinearities to the study of Hartree-type equation, see [I8| [19] 20} 24 13 [14].

In this article, we are interested in the existence and X2-regularity of global
solutions to . More precisely, we will prove that the solution w(t) of
satisfies: |lu(t)||s < C(|luolls) for all + > 0. Moreover, if ug € X2, then u €
L>((0,7T);%2) for any T > 0, where

»2 = {uec L?:2/VFu € LV multi-indices j and k with [j| + k| < 2},
equipped with the norm

lullsz = Y0 a? Voule.
|7]+1k|<2

To solve these problems, we mainly use the ideas from Carles et al. [7, 9]. Carles
and Gallo [7] proved that the solution for the Schrédinger equation

1O+ Au = —ibi7
||

(t,x) € [0,00) x M, (1.3)

becomes zero in finite time, where M is a compact manifold without boundary.
Carles and Ozawa [9] extended this study to the equation
U
i0pu + Au = V(z)u + AMu|*7 v — iau*2u — ibW, (t,z) € [0,00) x M, (1.4)
u
where M is either a compact manifold without boundary, or the whole space in the
presence of harmonic confinement V' (x), in space dimension one and two.
However, compared with the equations (1.3)) and (1.4) in [7, @], there exist some
major difficulties in the analysis of the global existence and regularity of ((1.1). For

example, due to the appearance of a time-dependent Coulomb potential m’

it is difficult to obtain the ¥2-regularity of by differentiating equation
two times with respect to space variable. Therefore, we use the idea due to Kato
[17] (see also [10]), based on the general idea for Schrédinger equation, that two
space derivatives cost the same as one time derivative. However, due to the same
reason, we cannot immediately calculate the time derivative of equation . To
overcome this difficulty, we will use a change of variable y = = — a(t) to avoid
the time derivative of the time-dependent Coulomb potential. This leads to a
more complicated equation . For this reason, we only prove the solution v €
L2 ((0,00); ¥2). If the initial data ug # 0, and the corresponding solution u €
L>((0,00); %2), then the solution of becomes zero in finite time. Indeed, it
follows from that

1-g%g e =y 1-g2e
lu@®)[L2 < Cllu@)ll 2o lu@) =" < Cllull 1 0,00y 1O 22"
for t > 0. This and (L.5) imply that

d
lu(t, z)|>de = — Qb/ lu(t, z)|*~“dx
R3

dt Jgs
2b 1—(a/8)
(/ |u(t7:r)\2dx) .
R3

< —
= 3a/4
Cllullz (0,002
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This differential inequality can be solved explicitly:

a ba 8/a
lu®l3: < (I3 - .

3a/4
AC 2 0 ooy

This implies that ||u(t)|| Lz vanishes in finite time T, with

4y 3a/4
4C o |7 1l 32 eyt
\ .
ba
Therefore, if u € L>((0, 00); 3?), the solution of (1.1]) becomes zero in finite time.
Before stating our main results, we give the notion of weak solution of (L.1)).

Definition 1.1. Assume 0 < a < 1 and a € W11((0,00),R?). A global weak
solution to (1.1)) is a function u € C(]0, 00); L2(R?)) N L>°((0, 00); ) solving (1.1))
in D’((0,00) x R?).

Definition 1.2. Assume a = 1 and a € W11((0,00),R?). A global weak solution
to (1.1) is a function u € C([0,00); L2(R3)) N L>((0, 00); 3) solving

1 1
' Ay = ———u+ A — 2)u — ibF
10w+ Au =V (z)u + \x—a(t)|u+ (|ac| * |ul )u i

in D’'((0,00) x R3), where F is such that

u o,
|FllLe=(0,00)xr3) < 1, and F = Tl if u##0.
Since a € W1((0,00), R?) < L>((0,00),R3), it follows that el a(t)| € L2 (R3).
This and u € C([0, 00); L2(R3))NL>((0, 00); ) imply that mu € Li .((0,00)x
R3). In addition, from Hardy’s inequality, (\wl |u|?) € L>=((0,00); L>=(R?)). This

implies that (‘ ‘  [ul*)u € Li . ((0,00) x R3).
Our main results read as follows.

Theorem 1.3. Let 0 < a<4/5 a€ WH((0,00),R3) and ug € X. Then the
Cauchy problem (1.1) has a unique, global weak solution. In addition,

/|utm|dx——2b/ lu(t, )|*~“d, (1.5)
[u®)ls < C(lluollz) vt > 0. (1.6)

Theorem 1.4. Let up € £%, a € W»°°((0,00),R?), b > 0 and 0 < o < . For
every 0 < T < oo, the solution u of (1.1)) belongs to L>((0,T),%?).

The H?®-regularity for nonlinear Schrodinger equations is well-known if the non-
linearity is sufficiently smooth, see [10]. The smooth condition on the nonlinearity
can be improved (removed, if s < 2) by estimating time derivatives of the equation
instead of space derivatives, see [I7, [I0, [I5]. Since the appearance of the time-
dependent Coulomb potential m and the sublinear term #, we will prove

the Y2-regularity for by estimating its time derivatives. However, compared
to the classical Schrodinger equation, there are two major difficulties in proving this
problem. Firstly, due to the presence of a sublinear damping term, the Strichartz’s
estimates cannot be applied to prove the X2-regularity for by the similar
method as that in [I0]. Secondly, for applying Kato’s idea, the key point is obtain
an L%-estimate for the time derivative of solution u® for the regularizing equation
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(3.1). For this aim, we will use a change of variable y = x — a(t) to avoid the time
derivative of the time-dependent Coulomb potential. This leads to a more compli-
cated equation . We finally obtain the desired estimate which is independent
of 6.

This article is organized as follows: in Section 2, we present some preliminaries
and some estimates for Hartree nonlinearity. In section 3, we prove Theorem
In section 4, we prove Theorem [T.4}

Notation. Throughout this article, we use the following notation. C > 0 will
stand for a constant that may be different from line to line when it does not cause
any confusion. Since we exclusively deal with R®, we often abbreviate L7(R3),
|- | La(rsy and H*(R?) by L7, || - ||« and H*, respectively. We recall that a pair of
exponents (g, ) is Schrédinger-admissible if % =3(3—1)and 2 <r <6. Then, for
any space-time slab I x R3, we can define the Strichartz norm

lulls(ry = sup |lullarr(n),
q,r)

where the supremum is taken over all admissible pairs of exponents (g, r). Further-
more, | fllsgry == Ifllsy + IV fllsay + 2 f s

2. PRELIMINARIES

In this section, we recall some useful results. Firstly, we recall the following
Gagliardo-Nirenberg inequality (see [10]).
Lemma 2.1. There exists a constant C' such that
I £llze < CUAIREallflGe,  Vf € L2~ N H, (2.1)
where § = 3a/(8 — «) with o € (0, 1].

The following inequalities can be viewed as dual to the Gagliardo-Nirenberg
inequalities.

Lemma 2.2. There exist some constants C' such that
-5 b
1l < CUFI" Pz flss?, vEes, (2:2)
where 6, (p) = 3(% — %) with p € [2,6).
£l < CIAI PN FIIEP, vf €52, (2.3)
where 8>(p) = 3 (% — %) with p > 2.

Proof. The proof of (2.2)) is similar to that of [8, Lemma 6.2]. We give the proof
for the reader’s convenience. Let A > 0, and write

[r@rae= [ ifepas [ isep

Estimate the first term by Holder’s inequality

’ ’ ’ 1/7‘
[ @l a<en ([ i)
lz| <A [z|<A
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and choose r = 2/p’. Estimate the second term by the same Holder’s inequality,
after inserting the factor z as follows,

/ (@) di = / 2|7 |2 P | (@) de
[z]>A |z| >\

<</fc|>)\ ‘x|_plr/dx) l/r/</z|>)\ |$f($)‘2dl‘) !

<CAT P |l f |24

In summary, we have the following estimate, for any A > 0,

£l < CATH | |2 + CATY '71||1'fHL2- (2.4)
Notice that T, - = 0(p), taking A = HﬁfH”LQ this yields (2.2]). By a similar argument,
we can obtain (2.3)). O

The following lemma is vital for proving the uniqueness for (|1.1)); it was first
proved in [5].

Lemma 2.3. Let 0 > —1. For all z1, 29 € C,

Re((|21|721 — |22|722) ;T = 72)) 2 0.

3. PROOF OF THEOREM [L.3]

By a similar idea as that in [7, @], we modify (L.1) by regularizing the singular
potential and sublinear nonlinearity:

ud

(lz —a(®)? +6)'/2

1 u’ (3.1)
A o _p—
* (|x| '“)“ e

i’ + Au’ =V (z)u’ +

u’ (0) = .
By the energy estimates, we can infer the following global existence for (3.1)).

Lemma 3.1. Let § >0 and aewh 1((O 00), ]R?’) For every ug € X, there exists
a unique global solution u® € C(]0,00); ¥) to . In addition, for everyt > 0, we
have

2 |u’ (s, )| _ 2
g |ul (t, )| dx+2b/ /RS (5. 2) ‘2+5)a/2d$ds = |luo|7 25 (3.2)

1w’ (@)l < C(Jluolls:)- (3-3)

Proof. Since the external potential V(z) is quadratic, local in time Strichartz’s
estimates hold for the Hamiltonian —A + V(x). The local existence can be proved
by applying a fixed-point argument in space of the type Sx(0,7), which can be
found for instance in [I0] in the case of V' = 0 (see [6] in the presence of a potential,
see [2, [11] for a time-dependent Coulomb potential e (t ) So we omit it.

On the other hand, multiplying . by u5, integrating on R? and taking the

imaginary part, we can obtain (3.2)).
To show (3.3), we first assume that w(¢) is sufficiently regular and decaying so
that all of the following formal manipulations can be carried out. Once the final
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result is established, a standard density argument allows to conclude that it also
holds for u € C([0,T], X).

We deduce from (3.1]) that
d
SIv )7

= —2Re [ Au®(t,z)dud(t, z)dx
R3

u®(t, = —
= —2Re /RS (V(x)ué(t, x)+ = a(t()t|’2 j_ 6)1/2>3tu5(t,x)dx

—2Re /R (A(%' « |u6(t)\2)u5(t, x) — ibfs(ud)(t, x))aﬁ(t, x)dz
d d b (£, )| (34)

=—— [ V@)t z)|?de — — d
d Jp VOt dr = | e+ 0

33 L (|i| 0 (1)) u (1, ) P

—2bIm/ f5(ud)(t, )0yl (L, z)dx

- /Rz at((lx — a(t)1|2 + 5)1/2)|“6(t»$)|2d$,

v

fs(v) = 7“”‘2 5
For the last term in (3.4]), we deduce from Hardy’s inequality that

1 da |ul (t, x)|?
/Rs o rapr ) W P S I | e

re [z —a(t)]?

& t)|/ (vl (¢, ) 2dz.
RS

where

(3.5)

In addition, using (3.1]) again, we have

- Zblm/ fs5(ud)(t, z)0pud (t, x)dx

_ 1% O(t,x)|?
= 92bRe . fg(u5)(t,x)Au5(t,x)d:r —2b /11@ (|u5§j’)r;|2(+?)a/2 dz

! WP (3.6)
ra |z —a(t)]? + 0)V/2 ([ud(t,z)|? + 0)~/?

) R P 00
w [ (G * O () + 572

where

20Re [ fs(ud)(t, x)Aud(t, z)dx
R3

[Vul (t, )| | Re(u? (1, @)Vl (¢, z)) |
—2bRe/R$ e +6)a/2dx—|—2boz o (02 1 0)7/ dx  (3.7)
_ 7%/ S|Vl (t, )2 + (1 — )| Re(ud Vud ) (t, z)|? + | Tm(ud Vul ) (¢, z)|?
R (I (t, 2)[? + )/

dz.
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Now, we define
Eo(t) = / |Vl (t, ) [2da +/ V(x)[ul (t, )| 2dx.
R3 R3
Collecting —, we derive

d
0

w(t,x)|?
= _%(/R3 (|xa(§§|216)1/2d9€+;\/ﬂ{3 (% * \u5(t)|2>|u5(t,x)|2dx>

1 2 V(@)[u’ (¢, )|
+ (e e = [ s e
S|Vud (t, )2 + (1 — )| Re(uwd Vud ) (t, z)|? + | Tm(ud Vul ) (¢, z)|?
- / ([u?(t, 2)[2 + 6)/2+T o

! (¢, ) ?
- 2b/Rg (Jz—a(t)|?+6)1/2 (Jud(t,x)[? + §)/? v (3.8)
T P i (20
_sz/RB <\m| [u? (1) )(|u6(t7x)|2+5)a/2d
d ‘ué(tvx)‘Q A 1 9 )
< _5(/]1@3 e —aP + 9172 " 5/ (5 * [ OF) o (1) P

a U§(t x)|2
—(t Vul (t, z)|2dx + C|| Vil (t 2/ LG dz.
[ 190 ) e+ CIV s [ s e

Integrating this inequality on (0,¢) with respect to time ¢, it follows that

E(t)
< B9(0) - (/R 0 |1;6(g’2xil26)1/2dx + g/R (% e (1)) [ (1, ) Pl
B a2 [ (o)
4 [ R G s+ C [ IV ()t (39)
£

0 2
5 L (G ) )
+4/| $)|IIved ||L2ds+c/ 5[Vl (s ||L2ds+c/

where

Clluollz) + =7

B [ (1, 2)]2
o=, (8 (6, 2) + )72

Using Hardy’s and Young’s inequalities, for all ¢ > 0, we have

1 (A U X x Ué 2 oo 'll/é x 2 X
L (o WO Pae < e 0Pl [ @ apar o
< el Vu ()3 + Cluol

dx.
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This and (3.9) imply

t da
IVu’ (#)]172 < C(IIuon)+4/ I@(S)IIIVué(S)IIizdS
. 0 (3.11)

+ C/O g(8) ||Vl (s)]|2ds.

In view of (3.2) and a € W1((0,00),R?), from Gronwall’s inequality we deduce
that

IV’ @)[I72 < Clluolls) ¥t >0,
which, together with (3.9)) imply

E%(t) < C(Jluolls) V¥t > 0. (3.12)

This yields
I’ (@)l < C(lluollz) vt >0, (3.13)
which implies that the solution of (3.1} exists globally. O

Proof of Theorem[I.3 Firstly, it follows from (3.2) and (3.3) that (u®)o<s<i is
uniformly bounded in L ([0, 00); ¥) N L2=%([0, 00); L2~*). Therefore, there exist
u € L*(]0,00); ¥) and a subsequence (u%») such that

' —wu inwx L2([0,00); %), as n — oo; (3.14)
this and Lemma [3.1] imply
l[ul| o< (j0,00): 1) < C([uollz)-

In addition, we infer from Hardy’s and Holder’s inequalities that

1 1
Hm * [ufPu — — x |v|2v||L2

||

1 1
< Hm * |u|2HL°0||u — ||z + Hm * |ul?

1
Tt 0| e 0]l 22

< COllulle2[|Vul[ 2 [u = vl| >
+C sup (/ (July)] + |’U§y>|)2dy) 1/2HU||L2HU — |12

zE€R® N JR3 |z =yl
Cllullfp llu = vllzz + C(IVul L2 + Vol 2)l[vll 2 lu — ]l 2
C(llullz + lollF) lu = vllze.
Thus, from and the compact embedding ¥ — L? it follows that

(o = o P )u(6) — (o ()P u(t) (3.16)
|| ||
in L? for a.e. t € [0,T], for every 0 < T' < co. Moreover, we have
1 1
(o= a@P +8)72 " Ja—a()]

in L*°([0,00); LY+ L), ¢ € (1,3) as 6 — 0.
is uniformly bounded in L*°([0, c0); L%)7 there exists I’ €

(3.15)

<
<

(3.17)

uéfl
(o2 18,072
2
L*°([0,00); LT==) such that

un

(P + 3,77

Since

—~F inwx L™([0,00); LTw), (3.18)
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< e
and F ) S Tollze
On the other hand, it follows from (3.1 that for every w € C°(R3) and 7 €
Ce([0,00)),

T 5
2 Op . /(¢ _A Sn 5 (7
/O [(iu®, wyse s/ (£) + (—Au® + V (z)ud" + CETTEEAE
1 on (3.19)
512, 6 B
i )\(|x| 2 ub b 1 gyare @)e (b))t =0.

Applying (3.14))-(3.18)), and the dominated convergence theorem, we deduce easily
that

T

[ o))+ (Cdu Vit

1
+ A (| * |u2> u — ibF,w)x+ »n(t)]dt = 0.
x
This implies that u satisfies
1 1
iug + Au = V(z)u + —————u+ \(— * |[u|?)u — ibF (3.21)
' |z — a(t)| (|11?| )

for a.e. t € [0,00). We next show that F' = u/|u|®. Fix ¢’ € [0,00) and § > 0. Tt
follows from (3.2) that for any ¢ € [0, 00),

d 3 S (4112 d J 8 (4!
— — 2 < —(— s 2
1) — (1) 3 < (2R (1), 081 )
s
- . 5 . 5 . U
= 2Re(—iAu’ + iV (z)u +Z(|x—a(t)|2+5)1/2

1 u?

. 512\, 6 §
+’L)\( *|U| )U +bW,U >L2.

||

Integrating this inequality with respect to time, applying Hardy’s inequality and
(2.2), we obtain

[u® () = u® ()72 <CJt = /(|| Au°]| oo 0,00); 1~ 1) [6° Lo (0,000 1)
5 \U6|2
+ llzu’ || Loe o,00):22) + Hilx —a(0) l[zo= (f0,00):L1)

1 —
(g 1 Pl e ot + 10 )

<Ot = || Au°[| o< (f0,00): 1) |4 | L= (f0,00):117)
1z’ [ Lo o.00022) + [V o o.00022) [ v (10,00):22)

+ HVU6||L°°([O,OO);L2)”uéHi“([O,OO)%Lz)

.14 P
1122 g0, 00y522) 1247 | o 0,005 22)):
which, together with (3.3]) imply
[’ (8) = w® (') |2 < CJt = ¢']"/2.

Therefore, for any T > 0, (u?)o<s<1 is a bounded sequence in C([0,7]; %) and
is uniformly equicontinuous from [0,7] to L?. In addition, since the embedding
¥ < L? is compact, the set {u’(t)|6 € (0,1]} is relatively compact in L. Applying
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Arzela-Ascoli Theorem, it follows that (u%") is relatively compact in C([0, T]; L?).
Thus, we deduce from ([3.14) that

u’n —u in C([0,T]; L?).

This yields that u € C([0,T]; L?) as well as u(0) = u’(0) = ug. Note that this
holds for any T > 0, therefore, u € C([0,00); L?). Finally, up to subsequence,
u® (t,x) — u(t,x) in (t,x) € [0,00) x R3. Hence, for a.e. (t,x) € [0,00) x R? such
that u(t,z) # 0, it follows

Uén

————(t,z) — L(t,m), as n — oo.
(e ]2 + by )2/2 |u]

This and imply that F(t,z) =
tence.

Next we show uniqueness. Let u and v be two solutions to with the same
initial data ug. We set w = u — v and it satisfies

(t,z). This completes the proof of exis-

- Iu\a

: _ 1 2. 1 2
z@tw—&—Aw—V(a:)w—l—|x_a()‘w+)\(| | * |ul“u z |*\v| v)
(v (3.22)
e~ )
w(0,2) = 0.

Multiplying this equation by w, integrating over R? and taking the imaginary part,

by (3.15) and Lemma we obtain

2dt/ lw(t, z)|*dx = Im/ Tl * |ul?u — ﬁ * |v|2v)wdx
—bRe/ ( u Y )wdm
we \Julo  Jole
<oy * fufu = % o2 2wl 2

||
< Clw(®)||Zs-

[ae]

This and Gronwall’s inequality impliy w(¢) = 0 for all ¢ € [0, 00). Therefore, there
exists a unique global weak solution of (1.1)). O

4. PROOF OF THEOREM [1.4]

Firstly, we have the following estimates.

Lemma 4.1. Assume 0 < o < 1/2. There exists C > 0 such that the solution u®

of (3.1)) satisfies
ud ()| g2 + ||2%ul (8) || 2 < C|| 0 (t)|| 12 + C,  for all t > 0, (4.1)

where C' depends only on ug.
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Proof. Since u® is the solution of (3.1]), it follows that for all ¢ > 0
[u® (@) 2 + la?u® (8)]| 2
< ClAd’ (#)lz2 + Cllu’ (t)l|z2 + ClIVal (1) 2
ﬂ”m
|z — a(t)]
1

+ Ol (T [P OF ) a @)l 2 + Clllu (1) 2.

]

< 8w ()2 + Clle’ )] 2 + O

Applying Hardy’s and Young’s inequalities, we obtain that for any ¢ > 0, there
exists C; > 0 such that

u’(t) 5 5 5
‘HLQ L2|Vul (#)|lpe < ellu’ @) llme + Cellu’ ()l L2, (4.3)

I =a@

and

1
Hm # [u® Pl ()| 2 < OIIVE (O] zallu® (D12 < ellw® (@)llarz + Cellu’ (#)llz2- (4.4)

When a < 1/2, we deduce from (2.3) and Young’s inequality that

e @) N2 = llu’ ()72 %

4-Ta
< Ol )15’ ()] (45)
<ellz®u ()] 2 + Cellu’ ()| 2
Taking ¢ = é in (4.3)-(4.5), (4.1) follows from (4.2)-(4.5). O
Lemma 4.2. Let ug € X2, a € W%>((0,00),R3), b >0 and 0 < a < % Then, for

every T < oo, there exists C' > 0 such that the solution u® of (3.1)) satisfies
1000’ (1) || 22 < C(||allwz.o0 ((0,00) %), T [0][z2),  for all t € [0,T).

Proof. We make the change of variables y = = — a(t) and set u’(t,x) = v°(t,y).
Then,

da
dt
and Vul(t,z) = Vvo(t,y). Therefore, v° satisfies the equation

o0 (t,y) = Ol (t, ) + — (t) - Vul (t, z), (4.6)

s
N 5 5 v 1 512,.8
100° + Av® =V (y + a(t))v +W+)\m*\v [“v
5
b %) v, (47)

Wt
(0,4) = woly +a(0)).

Now, we set w(t,y) = d;v°(t,y) and since

9 ) YV (y + alt)),

AV (y+alt) = 5
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it follows that w satisfies

10w’ + Aw® =V (y + a(t))w® + (%(t) SVV(y + a(t))®
w’ 1 52,6 ; v
+ (|y‘2 +5)1/2 +>\at<m * |U ‘ v ) +Zbat((|1}6|2 +6)a/2)
+ ﬂ() Vol + d—(t) V'
Zdt2 Yt w

; : (0
w*(0,y) = i80°(0) = iV (y +a(0))0"(0) - Z(|y|2+(5)>1/2
v°(0) da

N 5 2.4 9
—iA— * |v°(0)]v (0)+bW E(t)~Vv (0).

||
o (4.8)
Multiplying by w?, integrating on R® and taking the imaginary part we have

sar L 0t Py =1 [ (G0 TVt a)o ity

1
—I—)\Im/ t\ T

( * 0’ [Pv 5) (t,y)wd (¢, y)dy
—I—bRe/ ' v5|2+5a/2)( Yud(ty)dy — (4.9)

||

+Re/ C;?() Vol (t, y)wd (¢, y)dy

d _
+ Re —a(t) SVl (t, y)wd (t,y)dy.
rs dt

We deduce from the Holder and Hardy inequalities that

152 o
Im/RS at(lw\ * 002w )(t,y)w (t,y)dy

—tm [ (2R ) ) ) )

< cum # Re(0(t)w’ (1)) | o [0° (£) ] 2 [[w0? (8)] 2 (4.10)

< Ol + ORI Ol 01

5 5
< OV’ ()] g2 [[0° ()| 22 [[w® (£) 17 2-
After some computations, we have
s

_bRe/RSat<W)( y)wd (L, y)dy
o

w s Rev®wd
_ —b/ (1 — a)|Rev®wd [2(t,y) + [Imvdwd|?(t, y) + 8w’ |?(t,y)
RS (ot y)|? + 6)/2H

where we use the decomposing

dy,

[v°[2|w’[? = |Rev®wd|? + | Tm v’ w?|?
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In addition,

d — 1 d
Re [ S2(t)- V' (Ly)w'(ty)dy = 5 [ SH(#) VIw' (b y)Pdy =0, (4.12)
R3 dt 2 R3 dt
Collecting (4.9)-(4.12)), we have

1d s 9
537 [y

<M1W(@G%VV@+G@DW@wﬁWtw@

dt
+ CIVO ()| L2 I (£) | 2w’ (£)13 2
Pa - (4.13)
+Re | —=(t) VV(t,y)w(t, y)dy
rs dt
da
< |E|qu5(t)”L2||w5(t)||L2 + CIIVO ()| 2 [V ()| 2w (£)]]32
d%a
+ |W|||Vvé(t)|\L2||w6(t)||L2~

Integrating in the time variable on (0,t), we deduce from Lemma that
¢
da
lw® ()72 < Clluollz + C/O |25 ()’ (5) | 22w’ (5) | 2dls
t
+ C/O V0% (8)l| 2 10 (5) |2 [ ()] 72 ds

t d2q s P
+/ |52 IV (&)l 2w (s)ll 2 ds (4.14)
0 S
b da d%a
< 2, hisiad B ,
< Clluglls +C’/O (|d8(s)|+|d82 (S)DHw (5)|| p2ds

t
+ C/ |w? (s)||%2ds.
0
Thus, it follows from Gronwall’s inequality that
[w® ()]l 2 < C(T, |luollz2) ¥t € [0,T], (4.15)

for every T < oo.
Finally, it follows from (4.6)) and Theorem [L.3| that

10cu’ ()] 22 < 10:0° ()] 22 + ClIVU® ()] 22 < C(llallwe=(0,00), T [uolls2).
(]

Proof of Theorem[I.]] Combining Lemmas[d.I]and [4:2] for every 0 < T’ < oo, there
exists C' > 0 such that the solution u° of (3.1]) satisfies for all ¢ € [0, 7]

[u® ()2 + la?u® (O 22 + 10 ()] 22 < C, (4.16)

where C is independent of . This implies that there exist u € L>((0,7); %?) and
a subsequence (u’") such that, for a.e. t € [0,7]

u’ (t) — u(t), in X% asn — oo. (4.17)
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Thus, we can pass to the limit in the distributions sense in (3.1]) as § — 0. Thus, u
is the solution of (I.1)) in the sense of distributions and satisfies u € L°°((0,7); X?),
dyu € L>=((0,7T); L?) and

[u(@)lls2 + [Opu(t)]| 2 < C, ¥Vt €0, T].
This completes the proof. O
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