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ABSTRACT. In this article, we obtain criteria for stability of two-layer differ-
ence schemes for an abstract ill-posed Cauchy problem. Method of proof is
based on obtaining a priori difference weighted Carleman type estimates. Sta-
bility conditions for solutions of two-layer difference schemes are used to prove
the theorem of conditional stability of a solution of three-layer scheme that
approximates an ill-posed Cauchy problem for an integral-differential equation
associated with a coefficient inverse problem.

1. INTRODUCTION

In this article, stability problems of difference schemes for an ill-posed Cauchy
problem and their application to investigation of coefficient inverse problems are
considered. The applied research method is based on concept of stability of a differ-
ence scheme on functions with compact support, and in obtaining difference a priori
weighted Carleman type estimates. This concept was introduced and developed by
Bukhgeim [7, 8] in connection with construction of the theory of difference schemes
for ill-posed Cauchy problems, encompassing equations with variable coefficients.

Application of a priori estimates with weight for proof of uniqueness of a solution
of the Cauchy problem originates from the work of Carleman [I0]. Later this
method was extended to a wider class of partial differential equations by many
authors [12] 13}, [19].

To inverse problems on determining coefficients of partial differential equations,
the method of weighted a priori estimates was first applied in the work of Bukhgeim
and M.V.Klibanov [9]. They proved uniqueness theorems for solutions of multidi-
mensional inverse problems in “whole”.

Stability of difference schemes for an ill-posed Cauchy problem with constant
coefficients was first investigated by Chudov [II], by using the Fourier transform
method. The approach based on definition of p-stability, introduced by Samarskii
[20], and SM (Spectral Mimetic) stability with respect to ill-posed and inverse
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problems was investigated in the works of Vabishchevich [22] 23]. Methods of quasi-
reversibility have been discussed in [6] [I7], iterative methods have been investigated
in 2] [3].

With reduction of the method to practical numerical algorithms for solving ill-
posed inverse problems, the Carleman estimates method was first proposed by
Klibanov and Timonov [I8]. Further development and application of the method
were considered in (see [T, [, [I4] T6] and their references). Current state and
application of Carleman estimates in the theory of multidimensional coefficient
inverse problems is given in the review paper of Klibanov [15].

Conditions for conditional stability of the solution of a three-layer difference
scheme for an ill-posed Cauchy problem for an integro-differential equation are ob-
tained. This equation is associated with one-dimensional coefficient inverse problem
for the nonstationary Schrodinger equation. The stability of the difference scheme
is proved by factoring the problem into a sequence of two-layer schemes. In contrast
to [8], in which necessary and sufficient conditions for abstract two and three-layer
schemes are obtained, we apply these results to the coefficient inverse problem
and explicitly construct the spectral decomposition of the difference version of the
operator —idy, that occurs in the main part of the Schrédinger operator.

2. FINITE STABILITY AND STABILITY OF TWO-LAYER DIFFERENCE SCHEMES

Let Z={0,£1,42,...} and u : Z — H be a function of integer arguments j € Z
with values in complex Hilbert space H, with the norm ||u|| and dot product {(u,v),
7 be an arbitrary positive number. We define the difference derivatives, and use
the usual notation for difference schemes:

wp = (U1 —uy) /7 ug = (w5 — wj—1)/7,ug = (uje1 — 2uj +uj_1) /77,

V
= Uj+1, U=uj—1.

<>

Consider an abstract two-layer difference scheme with weight:

(Pu)j = (wjrr —u;) /7 — Aloujra + (1 —o)uj) = fj,

2.1
u=g, 7=01,...,N—1. (2.1)

Here A is a linear bounded operator, acting in the space H, and, possibly,
depending on j;o is a real parameter; g, f; are given elements in the space H,
TN = T — const. Using the notation introduced above, we write the difference
scheme in the compact form:

Pu=u — Aci+(1 - o)u) = f. (2.2)

Introduce the corresponding weighted norms (see [8, p.133]). Let Z) = {0,1,... N},
¢ : Z¥ — R be a real-valued monotonic decreasing weighted function, i.e. —p; > 0.
Using the function ¢ and number, we construct the function W : Zév 1 — R so that:

A
\I/t:S\IIQOt, \I]():].

The function ¥ is a discrete analogue of the weighted function exp(sp(t)). For the
function u : Z)' ™' — H we put:

lull?

N-1
IR HOL (2.3)
§=0
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The norm (2.3) is a discrete analogue:

T
/O exp(2s(t)) [u(t) | %dt, (2.4)

moreover, as 7 — 0 the expression converges to (2.4).

If we denote by l2(k, N; H) the Hilbert space of grid functions u : Z — H,
Z¥ = {k,k +1,...,N} with the norm ||“||122(k,N;H) = TZ?[:,C l|uj||?, then due to
the definition of the norm |[ulls : [|ullo = [|ul|s,0,N=1;8)-

We denote by Co(Z3') the space of functions u : Z) — H such that: uy =
uy = 0. The linear space Cy(Z") is a discrete analogue of the space Co(0,7T) of

continuous functions u(t) : u(0) = u(T") = 0 with compact support on the interval
[0, 7.

Definition. Difference scheme P of the form (2.2)) is called stable on functions with
compact support, if there exist independent from 7, ||A|| numbers sq > 0, M > 0,
such that for all s > sq, u € Co(Z{¥) the following estimate holds:

sllull} < M [|Pull?. (2.5)

To obtain a stability estimate on the whole grid ZY, it is necessary to take into
account contribution of outside integral terms that arise when we use the formula
of summation by parts, and, therefore, it is necessary to work not with functions
with compact support Cy(Z{'), but with arbitrary u : Z) — H. For brevity, we
introduce the notation

N
2
ullZeny =7 U3(s)usll*, k> 0.
j=k
Consider the difference scheme

Pu=u; — (A+iBu=f, i®=-1,

Uup = g,

(2.6)

where A, B are independent on j, selfadjoint, commuting, positive operators, i.e.
A*=A, B*=DB, [A,B]=0, A B>0.

To obtain the stable estimate we will estimate ||Pul|? below. We have
N-1
, 2
1PullZ =7 lue — (A+iB)ul¥3(s).
=0

Put Yu = v. According to the formula of difference differentiation of product:
up = (U )y = (\Il’l)ﬂ/}—i—\ll*lvt. From (2.3)) it follows that (1/¥); = (—sp;)/ ¥,
thus,

up = (vy — sy @)/\I/
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Then
| Pull?

N-1 N )
T Z vy — s v —(A +iB)v||

<
[}

=2

2
{Hvt —iB||*+ + || Av + sy $|| — 2Re(v; — iBv, Av + sy ﬁ)}

I
™

<
I
o

(2.7)

=2

T {HUt —iBv||* + ||Av + s¢y 1/>||2 — 2Re(vy, Av) — 2Re(vy, sy 1A)>

j=

(e}

6
+ 2Re(iBv, Av) + 2Re(iBv, sp; 1A1>} = ZI’“'
k=1

Here by I, we denoted 7 E;-V:_Ol, corresponding to the k-term in curly brackets of

the expression (2.7)). For numerical functions of a discrete argument, we introduce
the following notation:

N-1 N-1
[z, y) =T Z zy;, (z,y) =1 Z TjYj- (2.8)
§=0 j=1
Using this notation, from (2.7)) we obtain:
2
L =11l —iBol’) 20, Ir=[1,]|Av+sp. 0] ) >0,
Is = —[1,2Re(v, Av)), Iy = —[s¢t,2Re<vt,1A1>),

Is = [1,2Re(iBv, Av)), Is = [sgpt,QRe(ti,ﬁ)).
For functions of discrete argument v, w : Z — H the formula of difference differen-
tiation has the form:
A
8<v,w> = <Utvw> + <vat>'
In particular, when w = v, 9|[v||? = (vt,7/>> + (v — 8,1&} + <1/>,vt> = —7llvg||? +
2 Re(vy, 0), ie. 2Re(vy, 0) = 9|v]|2 + 7||vel|2. 2Re(vy, 0) = 8|[v|2 + ||ve||2. Then
for I, we obtain: Iy = —[s¢s, 2 Re(vy, 6)) = —[s¢s, O||v||*)—s7[¢r, |vel|?). According
to the formula [x,0y) = —(0z,y) + (xN—1yNn — Toyo) of summation by parts, we
obtain: Iy = (s¢yp |0]]*)— (570, [oel))— (e lon]l” = eollvol”). Suppose that
> —py > > 0. Taking this condition into account, we have
2 2 N
Li 2 (s, [[0]7) = [sTe, oell”) + sullow |* = sllvol|*. (2.9)
We now transform the expression 2Re<ti,@>. 2Re<ti,zA)> = 2Re(iBv,v +
Tvr) = 2Re(iBv,v)+71-2Re(iBv, v;). Because of self-adjointness B, Re(iBv,v) =0
for all v € H, therefore, 2Re<ti,@> = 7 - 2Re(iBv,v;). From this equality we
obtain

2 Re(iBv, 0)| = 7|2Re(iBu, v;)| < 7{a|BII*|[v]|* + o~ *[lv:|*}-

Here we used a-inequality: 2ab < aa?+a % a > 0. Since Is = s[pt, 2 Re(iBv, 1/>>),
we have |Ig| < 7s[|¢d], ol B|*|0)?) + 7s[|¢s], @ ve||*). Thus, writing |¢;| in the
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form |pi| = —pi(—¢r > 0), we obtain
Is > 7s{[1, @l B|*|[o]|*) + [1, 00 H|ve]|*) }
= 725100 B|*[voll® + 75 (1, @il BI*|[v]|*) +7s[1, 00 Hve|*)  (2.10)
> —r2sia|| BI*|[vol|* + 7s{ (1, s | BI*[0]|*) + [1, 000 Joe|*) }.

From the equality 2 Re(vy, Av) = 9(v, Av) — 7(v¢, Avy), and using the formula of
summation by parts, we obtain

Is = —[1, 0(v, Av)) + [1, (v, TAvy))
=[1, (v, TAv)) — (vN, Avn) + (vo, Avg) (2.11)
Z - <UN,AUN>.

Here we took into account the fact that A* = A, A > 0.
Compute the term Ig. From commutativity of the operators A and B, we obtain

2Re(iBv, Av) = (iBv, Av) + (Av,iBv) = (iABv,v) — (iBAv,v) = (i[A, BJv,v) =0,

then
Is = [1,2Re(iBv, Av)) = 0.

The obtained estimates yield the following result.

Lemma 2.1. Let Pu=u,—(A+iB)u,A*=A>0,B*=B>0,[A,B] =0. Then
forallu:Z)¥ — H:

6
1Pul2 = "I, I =11, |v —iBvl|®) >0,
k=1

L= [L]lAv+ s 0 )20, I > —(on, Avy), I =0,
I > (sors, [0]1%) = [, lvel®) + spllow|[* = siillvoI?,
Is = 7s{(1, 000 B|*[[0]]*) + [1, 000 H[wa|*) } = 7 szl BJI*||v]>.
Here v = Wu, —p; > 0.
This lemma implies the following theorem.

Theorem 2.2. Let in the conditions of Lemma[2.]] for all s > sy and some § > 0
the following conditions hold:

M, = (s + TS(ptOé”BHQ)E > s0E, (2.12)
My = —s1oi(1—a " HE >0,a > 0. (2.13)

Then for all u : ZY — H,s > sq for the difference scheme ([2.6) the following
stability estimate holds

_ 2
sllulla, vy < p {IPull? + spolluoll” + U3 (un, Au)}. (2.14)
Here pg, o are certain positive constants.

Proof. Discarding the quantities I;,I, > 0, and collecting separately the terms
containing v and v;, by Lemma |2.1| we obtain:

HPUHQ Z (17 <M11},’U>) + [17 <M0Ut7vt>)
— i1+ 72| BII*)[[vo])* = (vn, Avw) + spl|ow .
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Thus, from (2.12)) and (2.13)), and taking into account that v = Yu, ¥y = 1, we
have ) ) )
Osllullga,v—1) + su¥x [lun||

< | Pull? + sip(1 + 72| BI*) uoll* + U3 (un, Auy).
When 0 < 7 < 7 and pp = min(é, £), we obtain

(2.15)

sollull3 1, n—1) + spPR lun|? > spollullZq -

Taking this estimate into account, and assuming o = fi(1 + 72a||B|?), after di-
viding the inequality (2.15)) by uo, we obtain (2.14]). The proof is complete. O

Furthermore, we assume that the following conditions are satisfied:
Pt 2 17 —Pt Z 1.
Theorem 2.3. Let

7|B|? <¢, ¢>0. (2.16)
Then there exists a number ¢; = ¢(«, ¢)such that when
i Fepp > 1 (2.17)

for the difference scheme (2.6|) the estimate (2.14) holds.

Proof. By choosing sufficiently large numbers sy and «, we obtain non-negativity
of the operatorMy. Similarly, due to (2.16]) and (2.17]), we have:

(Myv,v) = s@l|v]|* + Tsgeal B |lv]|?
I?

Y

soul|v]|? + sera - cl|v
= 5(psz + Cl@t)HUHz

at a large enough number and small €. Reference to Theorem completes the
proof of the theorem. O

> s elv]?

Consider now the difference scheme:
Pu=u;+ (A+iBu=f, i* = —1,

Ug =49g-.

(2.18)
Here operators A and B satisfy the same conditions as in (2.6)). Similarly to Lemma
2.1} we establish the following result.

Lemma 2.4. Let Pu = u; + (A+iB)u, where A* = A > 0, B* = B > 0,
[A, B] = 0. Then for all u: ZY — H we have:

6
1Pull?="2" I,
k=1

L= Lo +iBv|*) >0, Lh=[1,[Av— s¢t$||2) >0,
I > —[1, (ve, TAve)) — (vo, TAvp),
I > (spes, |0]*) = [see, loel®) = siillooll® + sullon|?, Is =0,
Is > ms{(1, 00| BI|[v]I*) + [1, e uel*)} = 72sjact]| B [lv]|*.

This lemma yields the following two theorems.
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Theorem 2.5. Let in the conditions of Lemma[2.]] for all s > sy and for some
6 > 0 the following inequality hold:

M, = (seu + Ts<pta||BH2)E > s0F,

M,y = —stpi(1 —a Y )E—7A>0.

Then for all s > sqg, u : Z(J,V — H to solve the difference scheme (2.18]) we have the
stability estimate:

sllull21vy < pa  {I1Pull3 + spolluoll + (uo, Auo) }- (2.19)
Theorem 2.6. Let for some m,c > 0 the following inequality hold:
TA<mE, 7|B|*<ec. (2.20)
Then there exists a number ¢; = ¢1(a, m, ¢) such that when
i +c1pr > 1
to solve the difference scheme we have the estimate ,
Theorems and are proved simlarly to Theorems and

Remark 2.7. To obtain Lemmas we used the method of proofs of [8]
Lemma 2.1 p. 142], where it is used to obtain sufficient conditions for stability with
compact support of two-layer difference schemes.

Remark 2.8. Theorem was proved by Bukhgeim the case of functions with
compact support without assumption of positivity of the operators [§].

3. AN ILL-POSED CAUCHY PROBLEM FOR INTEGRAL-DIFFERENTIAL EQUATION

In this section we give an ill-posed Cauchy problem related to the one-dimensional
coefficient inverse problem for the Schrédinger equation. Such an ill-posed Cauchy
problem arises instudy of questions of uniqueness and stability of solutions of co-
efficient inverse problems in non-stationary formulation [5, [§]. Scheme of proof
of these theorems consists in reducing the inverse problem to an ill-posed Cauchy
problem for integral-differential equations, and the subsequent application of a pri-
ori weighted Carleman type estimates. Therefore, justifying the difference methods
for solving these inverse problems, it becomes necessary to obtain stability estimates
for solutions of difference schemes that approximate an ill-posed Cauchy problem
for the corresponding integral-differential equations or inequalities.

Let Q@ = {z,t: 2> 0,t* + (z — r) < 0} (see Figure [1)).

Consider on the domain €2 the following ill-posed Cauchy problem:

Wi + Ve = a1 () + (019 + bo) (ua(, 1) f(x)/ fo()

+ /0 K(z,t,7)v(z, 7)dT),

v(0,8) = g'(t) — g'2()g(t)/92(),  vx(0,1) =0, (3.2)

where K(z,t,7) = uz(z,t)/us(z, ), d = 8/dz,i*> = —1. Concerning to the coeffi-
cients in , we assume that they are smooth enough functions of their variables
(conclusion of the integro-differential equation (3.1)) is given in [8] p.40]). Writing
the equation in more detail, and assuming

b(x,t) = bo(x, t)yuz (@, )/ f2(2) + b1 (2, 1) (ua(, 1)/ fo())a

(3.1)
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t A

FIGURE 1. Source area.

bi(x,t) = b(z, t)us(z,t)/ f2(2),
K(z,t,7) = bo(x,t)K (2, t,7) + by (2, ) Ky (2,1, 7),
Ki(z,t,7) = by (z, ) K(z,t,7),

it can be rewritten in the form

t o 3.3
+ / (R(ost, 7)ol ) + T (o Py e )
0

We make the change of variables in the equation (3.1]). Put z = £ —¢2, t = t. Then
’U(Jf,t)ZUJ(g,t)ZUJ(ﬁ—FtQ,t), Ut:2t'w§+wt7 Vg = We, Vg = Wee-

u(To)
[P’ (70)]”
where 7j is a unique root of the equation p(7) = 0 (in our case p(7) = 72 —t24+£—n),
we obtain:

After simple transformations and using the formula [§(p(7))u(r)dr =

20twe + 1wy 4 wee
¢ f((natai 777£+t2)w(777:t 77754’152)

dn (3.4)
£—12 2yn—E+12
£ f( + _ 2 + 2
" 1(,t, /M — E+ 12w, (n, £/n€ +1 )dn-

£—t2 2y —E&+t2

Here the sign (+) corresponds to the case ¢ > 0, and the sign (-) to the case
t < 0. For convenience we rename the variables &,¢ : & := ¢, t :== x. Then the
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equation has the form
202w + 1Wy + Wiy
= ay(t, x)w(t, ) + bt z) f(t,2) + by (t, ) fi(t, )
¢ f((n,x,i n—t+x2)wn, £/n—t+z2)
t—a2 2/ —t+ a2
L[ KO£ n—t+w2)wn(n,i\/m)dn
22 20—t + a2 ’

w|7 = g.(t,x) — ggm(t,av)g(t,gc)/gg(tﬂj),wt‘,y =0 , (3.6)

+ dn (3.5)

where « : t = 22. Note that the original domain Q after the change of variables,

and renaming, goes into the domain bounded between the parabola t = x2 and line
t = r, which we also denote by  (see Figure |2).

XA

N /) S

~V

0
Y

FIGURE 2. Area after the change of variables and renaming,.

Assuming wy = w|7. and introducing a new function w = w — wy, the problem
(13.5) - (3.6)) can be reduced to a problem with homogeneous boundary conditions
on :

w|ﬂ{:0, wt|7:0. (3.8)
where F' is the right side of the equation (3.5)). We extend the function @ in (3.7)
by continuity by zero to a rectangular domain, and rename w := w. The condition
(3.8)), unbounded generality, is replaced by w(0,z) = g(x),w:(0,2) = 0. Then in

the domain we obtain the following problem:
Wy + iwy = a1 (t, v)w — 2izw; + Kw + f(t, x), (3.9)
w(0,2) = g(x),w(0,2) = 0. (3.10)

Here
Kw = Kow + Kyjw, Kow(t,x)

bR, Eyn—t+a?)w(n, £ —t+a)
b2 2\/77—75-1-1'2

==+

dn,
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bORKi(nom, £y — t+ 32) wy(n, £/ — t + 22)

b2 2v/n —t + x2

f(tv {E) = B(tv .’L')f(t, (E) + Bl(t7 x)ft(ta (E)

Our goal is to obtain an estimate of conditional stability of a solution of difference
scheme that approximates the ill-posed Cauchy problem (3.9)-(3.10). Construction
and proof of the conditional stability of difference scheme solution for this problem
are carried out in the next section. Unconditional stability of three-layer difference
scheme for the problem (3.9)-(3.10), depending on two parameters, was obtained
in [21].

Kiw(t,z) =+ dn,

4. STABILITY OF DIFFERENCE SCHEME FOR AN ILL-POSED CAUCHY PROBLEM
We associate with the problem (3.9)-(3.10) the following three-layer difference

scheme:

uje — 205 Uiy Auk
2 -1 (4.1)
= ay;_quf_y — 2ikh(uf —uf_,) /T + Ko puf_y + 1,
Upg = gka U1 = ug,
j=1,2...,.N—1, 7N=r, (4.2)
k=0,%1,...,£(N, — 1), +hN; = +yr=+T.
k+1_ k—1
Here Au;?_1 = uj’l%u”l , K p, is an approximation of the operator K = Ko+ K;
such that

[ pul| < eflul] + [[ue]])- (4.3)
Naturalness of this assumption follows from boundedness and Volterra property of
the integral operator Ky by t. We will consider the operator as an operator acting in
the complex Hilbert space. As H we take the space of grid functions u(x) defined
on the grid @, = {xx = kh, k=0,%1,...,£N;,£hN; = £T} and vanishing for
k = —Ni, k = N;. The dot product and norm in space Hare introduced in the
usual form:

Ni—1 Ni—1 )
(woy=h > Wt JuP=h Y U
k=—(N1—1) k=—(Ni—1)

Obviously, A will be a self-adjoint operator in H. Furthermore, we shall omit the
index k in all the functions. We denote the right-hand side of (4.1) by Fj, and
write the equation (4.1)) with a shift by a step to the right:

Uj+2 — 2Ujp1 + Uy

= — Auj = Fj. (4.4)

Put:
ujy1 — Ruj = 1v5, (4.5)
vjy1 — Sv; = TF}, (4.6)

and we will try to pick up the operators R and S so that after exclusion v the

system (4.5)) - (4.6) goes into equation (4.4). Eliminating v; from (4.6 with the
help of (4.5)), we obtain

ujyo — (R4 S)ujyr + SRuj = 7°Fji1;



EJDE-2018/33 CONDITIONAL STABILITY OF A SOLUTION 11

thus
R+ S =2E, (4.7)
SR=FE —12A. (4.8)

We represent the operator A in the form of difference of two nonnegative commuting
operators Ap: A=A, —A_(ApL)*=A1, A, =QA, A_ =(Q — E)A, where Q
is an orthogonal projection, projecting the space onto the subspace of eigenfunctions
corresponding to the nonnegative part of spectrum of the operatorA. Since AL > 0,
the nonnegative operators \/E are uniquely determined. By definition,

VA= \/A; +iJA_.

Since by construction A+ A+ = 0, then E — 724 = (E — 7V/A)(E + 7v/A). Assum-
ing now S = (F —1VA),R = (E + 7v/A), we find the solution of the system of
equations (4.7))-(4.8):

wjr1 — (B +7vVA)u; = 1v;, wo =g,
Vi1 — (E — T\/Z)’Uj =7Fj11, vo= —VAug,
or
w—VAu=v, uy=yg, (4.9)
v+ VAV =F, o= —VAug, (F = Fj1). (4.10)

Applying Theorem from Section 1 to the difference scheme (4.9)), and Theorem
to the scheme (4.10) with N := N — 1, and taking into account that in our case

A=,/A;, B=,/A_, and the conditions (2.16), (2.20) have the form
™AL <mE, 7|/A_|?<c, (4.11)
we obtain
2 -1 2 2 2 2
sllullZa ) < 1z {rollool* + o0 w1y + spolluo* + ¥ fun, /Aruw) }
(here we noted that ¥y =1, 7 < 79),
15 2
3||UH§(1,N—1) < Ho 1{HFH§(O,N—2) + spollvoll” + (vo, A+UO>}- (4.12)
Combining these estimates, we have
- 2 -
s llull3 1) < ska ' {spolluoll” + Wi (un, /Ayun) } + siiollvo]|?
+ 15 {1 F (1 0,5—2) + (v0, VAsvo) },

where jig = Toy - + 5 2po. Combining this inequality with (#.12), and taking into
account the fact that v = u; — \/Zu, we obtain

52”“”?(1,1\/) + slus — ‘/ZU|\§(1,N—1)
< spy {spolluoll” + W5 (un, /A un)} (4.13)
+ sca[[vol|® + {1 F 20—y + (v0, VVArv0) }-

Here ¢ = g + uz_l,uo, co = ,u2_2 + ugl. Applying Theorem to the difference
problem

w4+ VAu=v, wug=g, (R:E*T\/Z),
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and Theorem [2.3] to the difference problem
v —VAv=F, wvy=Auo, (S:E-i-T\/Z),
we obtain
sllull2,) < s H{mollvoll* + 11013, —1) + swolluoll* + (uo, /Asuo) },
SHUH?(LN—l) < (4.14)
< iy {IIF 12 0.n—2) + stollvoll” + ¥Ry (on—1, v/ Aoy )}
As above, combining these estimates, we have
$*[[ull2 1 n) < g {solluoll® + (uo, v/Ai o)} + siiollvol?
+ /1‘272{”F||§(0,N72) + ‘I’?VA@N%’ \/EUN71>}~

Combining this inequality with (4.14) and taking into account that v = u; + VAu,
we have
S2H“’”§(1,N) + sflue + \/Zu”i(l,Nfl)

< sy {spolluoll” + (uo, /Ay uo)} + scallvol® (4.15)
+ C2{HFH§(0,N—2) + 0% (on-1,VAyon-1) )

Adding now the estimate (4.15)) with the estimate (4.13)), and taking into account
the identity:

e — vV Aul|® + e + vV Au|® = 2lue|® + 20|V Aul?,
we obtain
232”“||§(1,N) + QS(HUtH?(LNA) + ||\/Zu||§(1,N71))
< sy {2spolluol® + (uo, VA uo) + U3 (un, /Ayun)} + 2sci||ul|* (4.16)
+ {2020, 5—2) + (v0, vV Ayvo) + X1 (un—1, v/ Ayon_1)}.
Estimate the term ||F||§(07N_2) in the right-hand side of (£.16). Noting that F' =
= Fj;1 in the right-hand side of (4.1)), due to the obvious inequality |lu||so,n—2) <
llulls < [|ullso,n) and the condition (4.3)), we have
2
151150, —2) < elllull3ny + lluel2 v—g) + IF1Z + [luoll) (4.17)

with some constant c¢. Here we used the condition u; = ug and ¥g =1, 7 < 79.

From (4.17) and (4.16) we obtain

C2Co C2Co
282(1 - ?)Huni(l,m +2s(1 — T)”“t”iu,z\/_n + 23||\/ZU||§(1,N—1)

< sy {2spolluol® + (uo, /A uo) + U3 (un, /A un) } + 2eac0]|uo|?
+ 2scr[|vol|* + e2{ (vo, VA vo) + WR_i (un—1, vV Arun-1) } + 2e2c0[| f]-

Choosing sq large enough, it is possible to achieve the condition 1 — % > % when
s > sg (especially 1 — <3 > %) Therefore,

s ull2, ) < sty {2spolluol® + (w0, v/Asuo) + R (un, /Ay un)}
+20260HU0”2 +CQ{<’U0,\/A+U()> (418)
+ \I’?\]71<1}N71, \/A+’UN,1>CL} + 26200||f|‘§.
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Note that vy_1 = wn—1 — VAun_1,v0 = —VAuy, by (4.9) and (4.10). Taking
into account that VA = /A, +i\/A_, (\JAL)" = /AL >0, /AL /A7 =0 it

is easy to establish the following equalities:
voll? = (A4 uo, uo) + (A_ug,uo), (vo, v/Ayvo) = (VAL VAo, /A iug),
(on—1, VAson_1) = (VAL un—1,uin 1) — 2Re(Auin 1, un—1)
+ (VA VA un 1,V Arun 1)

According to these equalities, and taking into account the obvious inequalities
Uit < ¥y, ||U||§(1,N) > Hu||§(1,N71) 2 \D?\/lequi(l,Nfl;H)’
I < WA -1,y
from (4.18) we obtain the estimate

52‘P§V—1||U||z22(1,N—1;H)
< sz {2smolluo |* + (o, /Ayuo) + Wiy (un, /Ay un) | + 2eacolluo*
+ 2sc1 ((Ayuo, uo) + (A_ug, uo)) + C2{<\/A+ Ay ug, v/ Arug)
+UR (< Ajugn—1,un—1) — 2Re(Afuin—_1,un—1)
+ (VA A un_1, A+uN,1>)} + 2¢2¢0ll F 12, 0.5 1:10)-
Assuming s > 1 and
~ 1 - 2[1,0 - 1
¢1 = max (—,02), Cy = — + 2c9c9, €3 = max (—, 2c1, c3, 26200)
P2 K2 H2
from the above estimate we have
82\11?\771”“”[22(1,N71;H)
< 851‘1’?\/71{< Ayun, un)+(\/ Ayusn 1, usN—1)
72Re<A+utN_1,uN_1>+<\/A+ A+UN_1, A+uN_1>}
+ 528 |uo|* + 853{( At ug, uo)+{Atuo, ug) + (A—uo, uo)
+ (VAL VA0, /A o) + I o) |-
Dividing both sides of this inequality by s?¥% _,, and supposing
e?=¢1/s, c*(e) =max{Eexp(2smT), ¢35~ 'exp(2smT)},
from inequality 1/¥y_1 < 1/¥y < exp(sm7) (see [8, Lemma 1.1, p.132]) we obtain
Hu||l22(1,N—1;H)
< 52{( Avun, un)+{(/Arwn_1, un_1)
— 2Re<A+utN_1,uN_1> + <\/A+ A+uN_1, A+uN_1>}
+ (@) lluoI* + (/A w0, uo)+(A o, o) + (Ao, uo)

(VAL VA o, /A ) + 1 1o 1)}
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Denoting |[u||% = (Du,u), where the operator D > 0, we rewrite the last inequality
in the form

ol -1y < {2 e el
—2Re(Ajun_1,un—1) + H\/EuNlei/Z}
+ @) ol + ol =+ 143 ol -+
1A 2ol VA w0l =+ 1 o100 )

We now turn to the construction of the operators Ay, A_, /A4, «/A_. Consider
for the operator

(4.19)

(Au)k = —i2
and the eigenvalue problem

Auf = F, k=0,%1,...,4(N; — 1), +hN, = +T,
WM =N (4.20)

By direct calculations it is not difficult to show that eigenvalues of the operator A
and the corresponding eigenfunctions are determined by the formulas

1 . m™m ik
A = —sin —,  uF ¢

Tm _ (2N, —k) Zm
m =€ M —(—1)k Nlel( ! )21\’17

k

. in the sense of

for k,m =0,+1,...,+(Ny — 1), and norm of the eigenfunctions u
the above dot product is ||uf, ||? = 4T.
Since the eigenfunctions u¥ are orthogonal, and consequently, linearly inde-

m
pendent, then the functions p¥, = ﬁufn for orthonormal basis in the space H,

consisting of eigenfunctions of the operator A, corresponding to {An}.
Since A* = A, we have spectral decomposition of the operator A:

Ni—1 Ni—1 —1
P SRRV SOV SR
m=—(N1—1) m=0 m=—(N1—1)

where P, projector, defined by the relation P,u = (u, u* \uk , u € H. Hence we
see that the operators A4 have the form:

Ni—1 -1

Ap=> MnPm, A= Y (“An)Pn.
m=0 m=1—N;
We define the operators /A4 by
Ni—1 -1
VA=Y NP, JAZ= Y ()PP,
m=0 m=1—N;
It is obvious that
1 . n(N;—=1) 1
Al =|AL]| = |[A-]| = - sin ———= < —
Al = A+l = 14— = 7 sin T <
1

(4.21)
WA = VA = mg L
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We transform the conditions

TIWVAL? < e, 7/ Ay <mE,¢e,m >0, (4.22)

under which we obtained stability of the two-layer difference schemes (4.9)), (4.10).
Note that the condition 74/A+ < mFE is satisfied if 7||y/A+| < m. Indeed,

(mE — 7/Ay)u, u) = m|jul|* — 7(/Ayu,u)
> mlul® = 7| V/Ax|[[ul?
= (m = 7l\/ALD]ul® > 0,
if 7||\/A4+| < m. By and this remark, instead of the condition we

obtain the conditions

T . w(N1—1) < < ch
—sin———=<¢, T<—F—
h 2N, - - Sinﬂ'(lel) ’
2N,
) ) (4.23)
T . w(Ny1—1) 9 9 m4h
— S ——— S m-, T S m
Since sin ”(;V]{,Il) =sin Z(£72) = O(1) at small h, from conditions (4.23) we obtain

the condition:
2<ec- h,

where ¢ = min(c, ;m), ¢ and m are constants from (4.22)). Therefore, the following
theorem of conditional stability of solution of the difference scheme (4.1)).

Theorem 4.1. Let 72 < ch and ¢ > 0. Then for all 7 € (0,70], (70 = V/ch), € > 0,
u: Z{¥ — H, to solve the difference scheme (&.1]) we have the stability estimate
@19).

Conclusions. On the basis of notion of stability of a difference scheme on func-
tions with compact support, stability criteria for two-layer difference schemes, that
approximate an ill-posed abstract Cauchy problem, are obtained. Stability of dif-
ference schemes is based on obtaining a priori difference weighted Carleman type
estimates. Obtained stability criteria are used to prove conditional stability of the
solution of a three-layer difference scheme for an ill-posed Cauchy problem. In
connection with cumbersomeness and technical complexity of obtaining a differ-
ence analogue of weighted stability estimates for three-layer schemes, preliminary
factorization of the problem into a sequence of two-layer schemes was carried out.
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