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RENORMALIZED SOLUTIONS TO A CHEMOTAXIS SYSTEM
WITH CONSUMPTION OF CHEMOATTRACTANT

HENGLING WANG, YUXIANG LI

ABSTRACT. This article concerns the high-dimensional chemotaxis system with
consumption of chemoattractant

ur = Au — V- (uVv),
vy = Av — uwv,
under homogeneous boundary conditions of Neumann type, in a bounded do-
main @ C R™ (n > 4) with smooth boundary. We prove that that if the

initial data satisfy ug € C°(Q) and vo € W9(Q) for some g > n, this model
possesses at least one global renormalized solution.

1. INTRODUCTION

In this article, we consider the existence of renormalized global solutions to the
chemotaxis system with consumption of chemoattractant
u=Au—V-(uVv), z€Q,t>0,
vp=Av—uv, x€Q t>0,
%z%zo, €00, t>0, (1.1)
u(z,0) =uo(x), v(z,0)=wvo(x), z€Q,
in a bounded domain Q C R™ (n > 4) with smooth boundary, where the scalar
functions u = u(z,t) and v = wv(z,t) denote bacterial density and the oxygen
concentration, respectively. ug and vy are given functions. % denotes the differ-
entiation with respect to the outward normal derivative on 0€2. Model was
initially introduced by Keller and Segel [I1] to describe the traveling band behavior
of chemotactic bacteria, that is, the biased movement of bacteria to the oxygen
concentration gradient. It can be regarded as the ‘fluid-free’ version of the coupled
chemotaxis-fluid model which was first presented in [19]. Aerobic bacteria such as
Bacillus subtilis often live in thin fluid layers near solid-air-water contact line, in
which the biology of chemotaxis, metabolism, and cell-cell signaling is intimately
connected to the physics of buoyancy, diffusion, and mixing [19].
In the previous few years, model has been studied by some authors. Tao [17]
showed that admits global classical bounded solutions under the assumption
that n > 2 and |lvg|| e (q) are sufficiently small. Tao and Winkler [18] proved that
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if n =2, possesses a unique global classical solution which is bounded and
satisfies u(z,t) — @ = ﬁ Jouo and v(z,t) — 0 as t — oo; in the case n = 3, for
arbitrary large initial data, this problem possesses at least one global weak solution
which becomes eventually smooth and also satisfies (u,v) — (@g,0) as t — oc.
Furthermore, Zhang and Li [28] obtained that if either n < 2 or |[lvg|lp~(q) <
6(++1)’ n > 3, the global classical solution of converges to (g, 0) exponentially
in the large time limit. The chemotaxis fluid system has been investigated by some
authors, we refer the reader to [7, 14} 15| 22, 23| 27] for further reading.

The concept of renormalized solutions was introduced by DiPerna and Lions
[, Bl [6]. Fischer [§] established the existence of global renormalized solutions to
reaction-diffusion systems with entropy-dissipating reactions. Chen and Jiingel
[3] proved the existence of global-in-time renormalized solutions to reaction-cross-
diffusion systems for an arbitrary number of variables in bounded domains with
no-flux boundary conditions. For the existence of global renormalized solutions of
the Landau equation and Boltzmann equation, see for example [I1, 2] 20]. Recently,
it was shown in [26] that the Keller-Segel system with singular sensitivity and
signal absorption admits renormalized radial solutions (u, v) which are continuous in
(2\{0}) x[0, 00) and smooth in (Q\{0}) x (0, 00), and which solve the corresponding
initial-boundary value problem in an appropriate generalized sense.

To the best of our knowledge, for arbitrarily large initial data, whether any kind
of solution to in high-dimensional domains exists globally is an open problem.
The difficulty mainly arises from the cross-diffusive term in the first equation when
considering the existence of global weak solutions. The known energy estimates
are not sufficient to guarantee the boundedness of uVv in L*(Q2 x [0,T])(s > 1).
Therefore, we consider renormalized solutions.

Main results. As usual, we shall assume that the initial data ug and vy satisfy
up € CO(Q), wg >0 inQ,

n+2 n+2
n v

vo € WH(Q)N (W2 (Q), L~

(Q))%Lﬂ for some ¢ > n, (1.2)
vo >0 in Q.

Remark 1.1. To obtain local existence of classical solution to regularized problem,
we suppose that vy belongs to W4(£2). In addition, the choice of vy depends on
the maximal Sobolev regularity [9] which plays an important role in the proof of

Lemma Here, (W25 =2

n (Q),L (Q))%M is an intermediate space between
W22 (Q) and L™ (Q).

Our main result reads as follows.

Theorem 1.2. Let Q) C R", n > 4 be a bounded domain with smooth boundary,
and assume that ug and vy satisfy (1.2). Then there exists a global renormalized

solution of (1.1)) in the sense of Deﬁm’tion below.

The rest of this paper is organized as follows. In Section 2, we introduce a
family of regularized problems and give some preliminary properties. In addition,
we obtain the global existence of the regularized problems. Based on an energy-
type inequality, a priori estimates are given in Section 3. Finally, we give the proof
of the main result in Section 4.



EJDE-2019/38 RENORMALIZED SOLUTIONS TO A CHEMOTAXIS SYSTEM 3

2. APPROXIMATE PROBLEMS

Following an idea from [I8], we consider the approximate problems
Uer = Aue — V- (ue Fl(ue)Voe), €9, >0,
Vet = Ave — Fe(ug)ve, x€Q,t>0,
ous.  Ove (2.1)
= = Q, t
ey £y 0, z€9Q,t>0,
ue(2,0) = ug(z), wve(z,0)=vo(z), x€Q,

where € € (0,1).
The approximate function F; in (2.1]) can be chosen as

1
F.(s) := B In(1+es), Vs>0.

Note that our choice of F. ensures that

1
< F./(s) = <1 < < > .
0 < F./(s) T <h and 0< F.(s)<s Vs>0, (2.2)
5 1
F(s) = < - > 2.
SEN9)= 12— S 1, Vs20, (23
F/(s) /1 and F.(s) /'s as e\0 Vs>0. (2.4)

All the above approximate problems admit local-in-time smooth solutions:

Lemma 2.1. Suppose that ug and vg satisfy (1.2)), then for any e € (0,1), there
exist Tmax, e € (0,00] and a classical solution (ue,ve) of (2.1) in Q x (0, Tmax,¢).
Moreover, if Tmax,e < oo, then

lue (-, )| Lo ) + lve (- ) lwray = 00, ast 7 Tmax,e. (2.5)

Proof. For convenience, we omit the subscript €. Existence: With R > 0 and
T € (0,1) to be fixed below, in the Banach space

X = L®((0,T); C°(Q2) x Wh9(Q)),
we consider the closed set
S = {(u,v) € X[[|u(-, )| L) + llv(-, )[[wra) < Rfor ae. t € (0,T)}
and introduce the map ¥ = (¥y, ¥3) on S by defining

¢
Uy (u,v) (1) := ePug — / =AY - (uF' (u)Vo)ds,
0

t

Wy (u,v) (-, 1) := A" Dyyg +/ =) (A=1y(1 — F(u))ds
0
for (u,v) € S and t € (0,7).

Since ¢ > n, we can pick 8 € (0,1) such that 2; < B < 1, so that D(B?) —
C%(Q), where B stands for the sectorial operator —A+1 in L4(£2) with homogeneous

Neumann boundary conditions [I0], we have

t
191, 0) ¢, )l ooy < Nl uollcoga) +/0 =92V - (uF (w) V)l oo ey ds

t
< JJuollog) + c/o 1B =AY - (wF' (u) V)| Loy ds
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t -
< ”“0”00(5) + C/ (t — s)_B_E_ ||UFI(U)V’U||Lq(Q)dS
0

¢
< lluollcogm) + CR/ (t —s)"P=37%ds
0
< ||U0||CO(§) + CRT%_ﬁ_‘S
where 0 <6 < % — 3. Similarly, we fix v € (%, 1) and estimate
W2 (u, v) (- D) [wra)

t
< [le" Vg |lwr.a(y +/ [et=ADy(1 — F(u))|lwre(a)ds
0
t
< cffvollw.ao) + C/ [B7e ANy (1 — F(u))| Lo ds
0

t
< cllvollwragay + ¢ / (t — 8)[[o(1 = F(u)) | oayds
0
< cllvollwraqq) + cR*T' 7

Considering the above estimates, we prove that ¥ maps S into itself if we pick
R > 0 large enough and T > 0 sufficiently small. In order to show that ¥ is a
contraction on S, we first estimate

|uF" (u)Vv — aF' (@) V0| La ()
= |[(u—a)F' (uw)Vv + a(F'(u) — F'(a)) Vo + aF' (a)(Vo — V)| pa(a)
< Rlju =l cogg) + eR?||u = ill comy + BIV(v = )| Lae)
< R?||(u,v) = (a,9)]x
for all (u,v), (u,v) € S. Consequently,
19, 0)(2) — W1 (5, 8) (1) | o

t
g/ €42V - (wF' (u) Vo — uF' (@) V)| co gy ds
0

t
< c/ (t — 8) B3| uF (u) Vo — TP (@) V| oy ds
0
< eR*T P70 (u,v) — (@,9)| x
and

W2 (u, v)(t) = Wa(a, 0) () lwra(e)

< / =D (1 — F(w)) — 5(1 — F(@)][lwroayds
0

<e / (t— 5 [fo(1 — F(u) — 51 — F(@))] ageyds
0
< CRT1_7||(u,v) —(4,9)]x.

Then V¥ is a contraction on S if T is sufficiently small. In view of standard bootstrap
arguments including the regularity theories for parabolic equations and semigroup
techniques [9], (u,v) is a classical solution of (2.1)).
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Positivity: By comparison we obtain u > 0 and v > 0. Since both u and v are
classical solutions of their respective equations, we now apply the strong maximum
principle to derive that both functions are strictly positive in Q x [0, Taz)-

Uniqueness: We assume that (u,v) and (4,9) are two solutions of in Q x
(0,T) for some T > 0. Letting w := u — 4, z := v — 0, we specify Ty € (0,7) and
multiply the difference of the equations satisfied by w and 4 by w to derive

/w + [ |Vw|]? = /uF’(u)vu-Vw—/aF’(a)V@-Vw
th Q Q Q Q
:/(u—ﬁ)F'(u)Vv-Vw+/ A(F (u) — F'(2))Vo - Vo
Q Q
+AaF (@)Vz - Vu
=0 +I,+ 13 forallt e (O,To)

In combination with Young’s inequality, Holder’s inequality, Ehrling’s lemma and
2
the compactness of the embedding W2(Q) < L7-2 (Q), we have

I <7/ \Vw\2+c/ W2 (1) Vo2
<55 | vul +e [ wvop
2/q 2q =2
< 2 \V4 q == q
_20/Q\Vw\+c/ﬂ|v\> (/Qw)

1
f/ Vol + clfwll? 2
20 Jq L1-2(Q)

IA

1
< = 2 2
_10/Q\Vw\ +C/Qw
and
1
I, < 7/ |Vw|2+c/ W F (u) — F'(0))*| V|
1
< 2—0/Q|Vw|2+c/9w2|Vv|2
1
< 2 2
_10/Q|Vw| +C/Qw
as well as

1
I3 < 7/ \Vw|2+c/ W2 F' ()% V2|2

1
< - 2 2
710/Q\Vw| +C/Q|VZ|

for all ¢t € (0,T}). Altogether,

1d 2, 1 2 2 2
w—i—f |[Vw| gc/w +c/|Vz|
2dt 2 Ja Q Q

for all t € (0,Tp). Slmllarly, we have

2dt/2 +/ V2 = /F(U)vz+/QF(a)vz
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_ _/Q(F(u) — F(a))vz — / Fa)(v — )2

Q

= 7/(F(u) fF(ﬂ))vzf/QF(iL)f

B Q
1
Sc/w2+c/22+7/|VZ|2
Q Q 2 Ja

forallt € (0,Tp). Allin all, we infer that y(t) := [, w?+ [, 2% satisfies y/(t) < cy(t).
On integration, this yields y = 0 and thereby proves the claim. (]

The following estimates of u. and v. are basic but important in the proof of our
result.

Lemma 2.2. For each e € (0,1), we have

/ng(-,t):/guo vt € (0, Tmax,¢), (2.6)

lve (-, )|l Lo () < llvollzoe(@)  in Q x (0, Tmax, €). (2.7)
Proof. Integrating the first equation in (2.1)), we obtain (2.6). And an application
of the maximum principle to the second equation in (2.1f) gives (2.7)). O

Now we are in position to show that the solution of the approximate problem
(2.1) is actually global in time. The idea of the proof is based on the argument in
[22]. All constants appearing in the proof of Lemma possibly depend on e.

Lemma 2.3. For each € € (0,1), we have Tmax, e = oo; that is, the solutions of
(2.1) are global in time.

Proof. Assume that Tmax, e < oo for some € € (0,1). Now pick p > n"—fq ensures

that 1 — ﬂ(% — %) > 0. Moreover,

F.(s) < 53(1 tes)i/P Vs > 0.
e

This entails that there exists a constant ¢; > 0 such that
1
| Fe(ue)ve|lproy <e1 VE € (iTmaX,E,TmaX, £) (2.8)

because of (2.6) and (2.7)). As a consequence of (2.8)), the variation-of-constants
formula and well-known smoothing estimates for the Neumann heat semigroup [21
Lemma 1.3] yield the estimate

Ve (-, )| La(e)
t

1
< ||VetAU5(§TmaX7 E)HLq(Q) + /; ||Ve(t—s)AFE(u€)v€HLq(mds
3 T'max,e
t 1_n1_1 2/q (29)
< co (1 +/ (1 + (t— 5)—5—7(5_5 ) ||FE(UE)U€||LP(Q)dS)
1

3 Tmax,e
3
<ecg Vte (szax,a,TmaX, €)

with certain positive constants co and cs.
We next use (2.9) to estimate ||uc|| = (o). Now taking any 3 € (%7 %) and letting
B denote the operator —A+1 in L9(£2) with homogeneous Neumann data, we have
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D(BP) < L>(Q) (see for example [10]) and hence we find positive constants cy, cs
and cg such that

[[ue (5 D)l Loe ()

3
< e, ZTmax, €)= ()

t
+c / BPe=(t=9B=Vyg . (y_F(u.)Vo. ds
" st [ (ueFZ(ue)Vve) || Laa) (2.10)
t
<cs (1 —|—/3 (t— s) Hu8 " (ue) VUEHLq(Q ds)
3 Tmax,e

7
<cg Vte (ngax,E,TmaX, €).

This combined with (2.9) contradicts (2.5) and thereby proves that Tmax,e =
0. (]

3. A PRIORI ESTIMATES

This section is devoted to establishing an energy-type inequality which will play
a key role in the derivation of further estimates.

Lemma 3.1 ([16, Lemma 4.2])). Suppose that Q is bounded and w € C?(Q) satis-
fying g—’lf =0 on 09, then we have

2
V| < 2k|Vw|* on 09,
ov

where kK = k() > 0 is an upper bound for the curvatures of OS).
Next, we can use Lemma [3.1] to deal with boundary term.

Lemma 3.2. For each € € (0,1), the solution of (2.1)) satisfies

d 9 |Vuc|?
7 {/uelnu5+2/|Vf| } /Qiug
2
+1/UE|DQIHUE|2+1/FE(UE)|VUE| (31)
2 Ja 2 Ja

Ve
< ClVeelliz )

for all t > 0.
Proof. Testing the first equation of (2.1) by Inu. and integrating by parts, we
obtain )
d v
yr us Inu, + / [Ve[® / F!(us)Vu, - Vo,
Q
Multiplying the second equation of ( . 2.1)) by Alnv. and

by parts, we have

_/ M = _/ UEVIHUE 'VA]D'U&"’ V,UE ~V(FE<’U/5>’U5>
Q Q

Q Ve

|Vv5|

and then integrating

1
—/ Ve (7A|Vlnv5\2 — |D? lnv5|2> —l—/ F!(ue)Vue - Voo
o 2 Q
2
+/F€(u€)|vv5|
Q

Ve
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1 Vo2 1 OV In v, |? 9 9
:_§/QAUE 2 _5/391}5751/ +/Q’U5|D In v |

2
+/ FE/(’U,E)VUE-VUE-I-/ Fa(u€)|vv€|
Q Q Ve

1 Vo2 1 1 9|V |?
:**/AUE| U25| 77\/ - | v€| +/’U€|D21H’UE|2
2 Q vz 2 o0 Ve ov Q

v 2
Fg’(ug)Vug-VvE+/FE(u5)| el
Q Q Ve

and

- [Voe|? _ |V’UE|2 7/F |V’UE|2
2 Jq 02 2 Jg

et —
d 2
(/uelnug—l—Q/ Vo )? +/ M—1—/1)5|D21r1v5\2
dt Q  Ue Q
/F |VU5|2
7/ 1 8|Vvs|2
2 90 Ve (91/
< H/ 7|VUE|2
9 Ve

—dn [ VP
o0

where we use Lemma By the trace theorem [I3] Theorem I1.9.4], it holds

1
2 o 2 1
/BQ|V\/115| < C||\/ve|] ST Vs € (0,2).

Moreover, we infer from the interpolation inequality [I3, Remark 1.9.6] that

3+s 1—s
||\/175||23J5§ ) < ClVvell gy lIvVoell 13
3+s 1—s
< CllAvell 3oy IVeell 3y + Cllivoelza )

By direct computation, we have

Hence,

Av. Vo2 Av.  |[Vu]?
AVue = ——, Alnv. = — .
Ve 2\/ Ve 41}?/2 : Ve ’Ug
Hence,
|V, |?

1
AV/v, = 5./v8A1nv€+ N
Ve

Then it follows that

1
1AV < 5 [ velBmof+
2 8 o

Along with the above estimates and Young’s inequality, we have

2
d (/uelnue—i—Q/ \V\F| —|—/ M—|—/UE|D21111)5|2
dt Q  Ue Q

|V |*
v
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1 Vou.|?
+§/F€(u5)| E|
Q 3

< 81l AVl () + CODIVYENL2 0

5 |Vv€|4
<01 [ ve|Alnwve]* + & +C(51)”\/EHL2(Q
Q Q

s&n/ﬁuD%n%F+&@+w%>/FuDﬁan+C®0MﬁJ§m>
Q Q
—difn+ 2+ V] [ welD? w4 C@) Vel

Q

where we use the pointwise inequality |Az|?> < n|D?z|? for z € C?(Q) and [22
Lemma 3.3]. Pick 0 < §; < m, we can obtain (3.1)). ]

We next collect some consequences of the above energy inequality which are
convenient for our purpose.

Corollary 3.3. For each T > 0 and all € € (0,1), there exists C(T) > 0 such that
the solution of (2.1)) satisfies

A%umm%um§aﬂ,w6wﬂ, (3.2)

Aaéwffscwx (3.3)

/ V(- )2 < C(T), Vte (O,T),/T/ F.(us)|Vve|? < C(T). (3.4)
Q 0 Q

Proof. Integrating (3.1) over ¢ € (0,00) we obtain

2 ! Vu> 1 2 2
/uglnu€+2/|vx/v5| +// +f/ /U5|D In v,
0o Jao  Ue 2Jo Ja
//F ‘V’UE‘Q

g/uolnu0+2/ \v\/%|2+0||voummt
Q Q
g/uolnu0+2/ IV/vol? + Ct

Q Q

for all € € (0,1). Since {In& > —1 for all ¢ > 0 and |V,/0:]> = |vv5‘ , this shows
that

l? 217
sup /uglnug—&—f sup / |Vv| / / \Vu| f/ /7}6|D21nv6|2
te(0,T) 2te(0T) 2)o Ja

g/uolnu0+2/ |V\/170\2+CT.
Q Q

Therefore recalling (2.7)), we obtain the desired results. [
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Lemma 3.4 ([22] Lemma 4.1])). Suppose that n > 1 and that @ C R™ is a bounded
domain with smooth boundary. Let p > 1 and r > 1 be such that

«_ " L
P=tn—2 "Tap-1

Then, for all T > 0 and each M > 0, there exists C(T,M) > 0 such that if
o € L2((0,T); WH2(Q)) is nonnegative with

(3.5)

/ o(-,t) <M  forallte (0,T), (3.6)
Q

T T 2 n(p—1)r
[Vl 2p
Pyt <o [ [ T4 . 3.7
| el < caan{ [ [ ZE 1 (37)

In view of (2.6]), Lemma implies the following result.

then

Corollary 3.5. Suppose that n > 4. Then for all T > 0, there exists C > 0 such
that for any e € (0, 1), the solution of @ satisfies

/ / = (3.8)

Proof. 1t is a consequence of Corollary E and of Lemma applied to p : i
n+2 |:|
n

and r :=

4. EXISTENCE OF RENORMALIZED SOLUTIONS

Having established the existence of solutions for our approximate problem, we
turn to the proof of the existence of renormalized solutions to the original equa-
tions (|1.1). Before going into detail, let us first give the definition of renormalized
solutions.

Definition 4.1. Assume that n > 1, that Q C R" is a bounded domain and that
up € LY(Q) and vy € L*() are nonnegative. Then a pair (u,v) of functions

u€ L (% [0,00), ve L (Qx[0,00)),

satisfying u > 0 and v > 0 almost everywhere in £ x (0, 00), will be called a global
renormalized solution of (L.1) if for all £ € C°°([0,00)) with & € C§°(]0, 00)) we

have
- [ [ st [ w0
— [ [ewrvao- [ [ ¢vu-ve (11)
+ /00/ u€” (u)(Vu - Vo) + /OOO/Qufl(U)VU -V

for all 1 € C§°(Q x [0, 00)), and moreover

/ [+ /ww A Ava¢+Amémw (42)

for any 1 € C5°(Q x [0, 00)).
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Remark 4.2. Renormalized solution, which is very weak, partially resembles the
notion of generalized solution [24],25]. In the definition of the renormalized solution,
we use some truncations of u, so if u is bounded, renormalized solution is a weak
solution. If nonnegative functions u and v belong to C°(2x [0, c0))NC?1 (2% (0, 0))
and such that (u,v) is a generalized solution in the sense of [24] 25], then (u,v) is
a classical solution.

To construct renormalized solutions, we use the notation from [§]. Let ¢p :
R{ — Ry, E € N, be truncation function subject to the following conditions:
(E1) Let pp € C%(RY).
(E2) Assume that there exists K7 > 0 so that v|¢%(v)| < K holds for all E and
all v e Ry

(E3) Suppose that for every E the set suppDyg is bounded.
(E4) Assume that limpg_,o0 ¢’z (v) = 1 holds for all v € R
(E5) Suppose that there exists Ko > 0 such that |¢/z(v)| < K3 holds for every

v € Ry and every E.
(E6) Assume that ¢z (v) = v holds for any v € R{ with v < E.
(E7) Suppose that we have limp_, 0o SUp|, < i |9 (v)| = 0 for every K € RY.

Indeed truncations ¢p satistfying (E1)-(E7) can be constructed. Let ¢ € C*(R)
be a smooth nonincreasing function taking values in [0, 1] with ¢ = 1 for z < 0 and
¢ =0 for z > 1. Define

vp(v) = v¢(%) +3E(1—¢(U;‘E)>. (4.3)

Then one verifies readily that ¢ g satisfy conditions (E1)-(ET). Note that we shall
also use the same family of truncations in the construction of our renormalized
solutions below.

In the first step, we show that a subsequence of the solutions u. to the approxi-
mate problems converges to some limit v as ¢ — 0.

Lemma 4.3. Consider a sequence ue of solutions to the approximate problems,
with € converging to zero. Then there exists a subsequence (still denoted by u.)
which converges almost everywhere on Q x [0,00) to some u € L2 ([0,00); L1 (£2))

with u|logu| € LS ([0,00); L1(Q)). Moreover, the convergence \/u: — /u weakly

loc

in L?([0,T], H*(2)) holds for all T > 0.

Proof. As a consequence of Corollary and ([2.6)), \/uc is uniformly bounded in
L2([0,T); HY(£2)). Let ¢ be as in (4.3). Noting that
Vipr(u:)] = SD/E(UE)VUE

and that supp ¢’;(v) is a compact subset of R}, we obtain that g (u.) is uniformly
bounded with respect to e in L?([0,T]; H(£2)) for every fixed T' > 0 and every fixed
EeN

Let ¢ € C°°(Q x [0,00)). Testing the first equation of (2.1)) by ¥¢’;(u.) and
integrating by parts, we have

| et 1) = [ ontupi.0 - [ ' | ertuu

= [ [ & st



12 H. WANG, Y. LI EJDE-2019/38

/ [ ettt - [ ' | o)V v

/ / ue FL(ue) o' (ue ) (Vue - Voe )
Q

+ / /Q we F(u2) s (u) Vo - Vb

= [+ I+ III+1V. (4.4)

Then we estimate each term.

1] < / [ bl el
= [ [ uetytun Ly

Vu,|?
< Ki|[Y o (xo,1) / /| d <C,

where we use Corollary and (E2).

T
1) < / / Voo (ue)| [Vl

< |Ver(ua)ll2@xp,m IVl L2 xom) < C,

11| < / / e ! (1) o (1) | Vet [V ]
SK1||¢HL<>O(Qx[0,T])/ /QFEI(UE)|VUE||VUE|
0
T 2 T
|VUs| 1/2 // / 2 21/2
- EF € €
—C</O/Q ) wereie?)
T 1/2
gc(/ /Fa(u€)|VUE|2) c
0 Q

where we use (E2), Corollary and the fact that K := supgs m is
positive and finite. Furthermore,

T
V| < / / e FL (1) Pl () [ V][ V)

T
< Kol V9 = ax(o.11) / / e P! (1) V|

2Fl 1/2
ol [[ o) ([ 7
1/2
SC’ / /uE <C
0 Q

Along with (E5), (2.6, Corollary and the definition of K, the above inequality
holds. Therefore, £ g (u.) is bounded uniformly in L*([0, T; (W' >°(€))’) for every
T > 0 and every fixed E.
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In view of H*(Q2) <> L*(Q) — (W>°(2))’, the boundedness of (¢ (ue))ec(0,1)
in L2([0,T); H*(2)) and the boundedness of (%LPE(UE))EE(O,l) in the space
LY([0,T]; (W1°(Q))"), we can obtain from the Aubin-Lions Lemma (see for ex-
ample [12]) that the sequence ¢ g (u.) is relatively compact in L2([0,T]; L*(Q)) for
every fixed T' > 0 and fixed F € N. By a diagonal sequence argument (we do
not relabel the subsequence), we may assume that for every F € N the sequence
(¢ (ue))e converges almost everywhere to some measurable limit wg. According
to Corollary ue|logue| is uniformly bounded in L*°([0,T]; L*(Q)) for every
fixed T > 0. Combining this with (E6), we deduce that g (uc)|loger(us)| is
also bounded uniformly in L>°([0, T]; L*(£2)) for every fixed T > 0. Moreover, the
boundedness is also uniform with respect to E. Thus, by Fatou’s Lemma we know
that wg is almost everywhere finite and wg|logwg| is bounded uniformly (with
respect to F) in L>([0,T]; L' (Q)).

We now prove that the pointwise limit limpg_, o, wg exists almost everywhere and
define a measurable function u with u|logu| € L>([0,T]; L*(Q2)). If for some (x,1t)
and some E we have wg(z,t) = lim. 0 ¢p(u:(z,t)) < E, then w(x,t) = wg(z,t)
holds for all E > E. If we have wg(x,t) < E, then for £ small enough it holds that
vr(us(z,t)) < E. By our choice of g we know that pg(u.(z,t)) = ¢z(u-(z,1)),
therefore we get wg(x,t) = wg(z,t) for B> E. Since s < slogs + 1 for all s > 0,
wg is bounded uniformly in L>°([0, T]; L*(Q2)). Based on this, we have

,c"“({(x,t) cQx[0,T]: wg(z,t) > E})E

<[ foren

< wellze=o,r;r1 )T < C,

and
it C
c ({(z,t)eQx[O,T]:wE(x,t)zE})SE—>O, as B — oo

Consequently, the limit limg_, o wg(z,t) exists for almost every (z,t) € Q x [0,T]
and defines a measurable function u. By Fatou’s Lemma, we have u|logu| €
L(0,T); L1(2)).

The function v is now the natural candidate for being a renormalized solution
of .

First we notice that (after possibly passing to another subsequence) u. converges
almost everywhere to u. By uniform boundedness of u. in L'(2 x [0,7]), the
measure of the set of points (x,t) with u.(x,t) > FE tends to zero as E — oo,
uniformly in ; thus the measure of the set of points (,t) for which g (u(z,t)) #
ue(x,t) holds tends to zero as E — oo, uniformly in €. We have for any § > 0

£ ({r,1) € 0 X 0.7] i) — 1) > )
< ﬁ”“({(x,t) € QX [0,T]: ue(z,t) # @E(us)(x,t)})
+£"+1({(x,t) € Qx[0,T]: [pp(u)(z,t) —wp(z,t)| > g})

+£n,+1({(x,t) €Qx[0,1]: lwg(z,t) — u(x,t)] > g}),
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where by the previous considerations the first term on the right-hand side converges
to zero as FF — oo, uniformly in € > 0. The last term tends to zero as £ — oo by
the definition of u; it is independent of . The penultimate term converges to zero
as € — 0 for fixed E. To sum up, we have shown that u. converges to v in measure,
which implies convergence almost everywhere for a subsequence.

As u, is bounded uniformly in L>([0,T]; L*(2)) for every T > 0, we deduce that
ue converges to u strongly in LP([0,T]; L*(2)) for every T' > 0 and p > 1. This, in
particular, implies convergence of \/u: to \/u in the sense of distribution, and we
obtain that \/u € L2([0,T]; H*()) with

/ [ 19V < timipe / [ 1oy

[the latter liminf being finite due to Corollary - In particular, \/u. converges
to \/u weakly in L2([0,T]; H*(Q)) for every T > 0. O

In the second step, as a preparation for the proof of Theorem [I.2] we show that
a subsequence of the solutions v. to the approximate problems converges to
some limit v as € — 0.
Lemma 4.4. Consider a sequence v. of solutions to the approrimate problems,
with & converging to zero. Then there exists a subsequence ve (not relabeled)which
converges almost everywhere on 2 x [0,00) to some limit v € L (Q x [0,00)).
Moreover, v satisfies (4.2).
Proof. Firstly, we show that v, is strongly precompact in L*([0, T]; W11(£2)). Then
since 0 < F.(u.) < ue, in view of and Corollary we can pick positive
constant C' such that

/ /|F u5v5|n <C’/ / ":2

for all ¢ € (0,1). This shows that (F.(uc)v:)ee(o,1) is bounded in L™% (9 %
(0,7)), so that standard results on Sobolev regularlty for the heat equation [9]
assert the boundedness of both (vet).c(o1) in L™ 7 (Q % (0,T)) and of (Ve)ee(o,1)
in L™ ((0,T); W27 (Q)). Again by the Aubin-Lions lemma, this shows that
(Ve)ee(0,1) is relatively compact in L*([0,T]; W1()). It is possible to pick a se-
quence of numbers (0,1) 3 ¢; N\, 0 such that as € = ¢; \, 0, the solutions v, of

(2.1) satisfy

loc

ve = v in L (Q x[0,00)) and a.e. in Q x (0,00),
Vo, — Vv in L (2 x [0,00)) and a.e. in © x (0, 00),

for some limit function v. To see that v satisfies ([4.2)), we fix ¢ € C§°(Q x [0, 00)).
Multiplying the second equation in (2.1)) by v, on integrating by parts we obtain

/w/vswﬁ/vow //WE vw+// ()t

Combined with the boundedness of F.(u.)v. in L™+ (Q x (0,T)), we derive that
- by letting ¢ — 0 and thereby completes the proof. [

In the third step we prove the existence of renormalized solutions, we show that
the “truncations” pg(u) of the limit w, which has been constructed in the first step,
satisfy a certain PDE.
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Lemma 4.5. Let u be the function constructed in the Lemma[f.3 Let o be the
function defined in [A.3)). Let 1 € C§°(Q x [0,00)). Then ¢ (u) satisfies

/ /SDE dtilfdiﬂdt*/%E(UoW( 0)dax
_—/QX[OOO wd® (z,t) / /cpE YW - Vi de dt (4.5)

/ /ug@E Wo -V dedt,

where ¥ denotes a sequence of signed Radon measures satisfying

lim [p®|(Q % [0,T)) =0 (4.6)

E—oo

for all T > 0.

Proof. Let T > 0 and ¢ € C5°(Q x [0,T)). For fixed E € N we pass to the limit
e - 0in . Convergence of the left-hand side and of the terms I1, IV is
immediate by the convergence properties proven in Lemma[£.3]and by the fact that
supp Dpp is compact.

Two terms whose convergence cannot be ensured are term I,I1I. In order to
deal with them, we intend to show that they vanish in the limit £ — oco. Consider
the signed measures

1 = (o) | Vue |* — ueFL(ue)ph(us) Vue - Vo.) da dt
(@7)
— (4ue @l (ue) [V v/ ? = 2022 FL ()l () V itz - Vo) dadt.

Note that we have

|uE|(Q x [0,T)) <C’/ /|V\/@|2dxdt+/ / L (ue) | Vo | d dt,

which follows from the definition of uZ using (E2) and Corollary m as well as
Young’s inequality. The uniform boundedness of \/u; in L?([0,T]; H'(2) for any
T > 0 implies that after passing to a subsequence we may assume that pZ weak-*
converges on {2 x [0,00) to some limit u¥ as e tends to 0.

It remains to prove . We now consider the measures

I/gK = X{|uE\E[K—1,K)}|v\/£|2 dx dt
YE = X{jue eir—1,5) } e (ue) Ve | da dt
on Q x [0,00). Using (E2) and Corollary [3.3] we deduce from (@.7) that

HE|@ x [0.T)) 02/ /XWEK Ly el () |V /i 2 de it
+CZ/ /QX{|u5\e[K_l,K)}Us|s0}§(us)|Fs(Us)|Vvs|2dmdt
0

<O vE@x[0,7)  sup  vlghv)]

K=1 lvle[K—1,K)
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o0
+OY K@% [0,T)  sup  vleh(v)|
K=1 [v|€e[K—1,K)
By (E3), for fixed E € N only finitely many terms in the series do not vanish. We
may therefore pass to the limit ¢ — 0. Using the fact that the measure of open
sets is lower semicontinuous with respect to weak-* convergence of measures, we
obtain, after passing to a subsequence (the passage to a subsequence in particular
ensuring that the limits in the last line of the next formula exist),

WP1(@ < [0.7)) < limin 2@ x 0.7) (45)
Z F@x[0,T)  sup  olpk(v)| (4.9)
lv|e[K—1,K)
Z imAf (@ x[0,T))  sup  wlpv)l. (4.10)
K— lv|e[K—1,K)

However, we have

o0 T
> vE@x :/ /\V\/@Fdxdt
K=1 0 Ja

Z VB % [0,T)) / / L (ue) | Ve | dz dt.

As the latter quantities are bounded uniformly with respect to €, we obtain, using
Fatou’s lemma (for the counting measure on N; recall that the limits in the next
formula actually exist since we have passed to an appropriate subsequence),

. K=
Z il_r%llg (Qx[0,7)) < o0
K=1

. Ko
Kz;lgg%% (@2x[0,7)) < o0

By dominated convergence applied to the counting measure on N (which is possible
by (E2) and (ET7) as well as the previous estimate), we deduce from (4.8))

limsup [1Z](Q x [0,T)) < C Z lim X (Q x [0,T)) lim sup  v|ep(v)]
E—o0o KZIE—)O E~>ool le[K—1,K)

+C lim 4% (Q x [0,7)) lim sup  v|¢m(v
O oM@ x0T fi e olo0)
=0.
This completes the proof. ([l

We can now prove our main result.

Proof of Theorem[I.4 To show that u is a renormalized solution, we apply [8|
Lemma 4] to the map v := ¢g(u) in order to approximately identify the weak time
derivative of £(pg(u)); then we pass to the limit E — oo to deduce the equation

for &£(u).
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More precisely, we choose T' > 0 arbitrary but fixed; we then prove that u is
a renormalized solution on [0,7). Let & be a smooth function with compactly
supported derivatives. Recall that ¢g(u) satisfies (4.5]), we see that in [8, Lemma
4] we need to choose
p=yp(u), v=-u" q¢=0,
w=0, z=upgu)Vv— ¢5u)Vu.

Obviously, they satisfy the assumptions of [8, Lemma 4]. Thus, we infer that for
any ¢ € C5°(2 x [0,T)) the function £(¢g(u)) must satisfy the estimate

g d
)_/0 /Qg(SDE(u))awdxdt_/Qg(@E(UO))’l/)(-,O)dx
T
*/ /5'(¢E(U))U¢};(U)Vv~v¢dxdt
0 Q
+/0 /QS(SDE(U))@'E(H)Vwdexdt
T
B /0 /Qd)g/(@E(u))u@,E (W)Vv-Vop(u)dzdt

+ [ [ v ent)eeVu- Viop(u) et
< COIl sup [DE) | @ x [0,7).

To obtain the desired equation for £(u), we now pass to the limit £ — oo. To do
S0, we use as well as ; note that due to , the left-hand side must be
zero in the limit, that is, we obtain an exact equation in the limit. Convergence of
the terms in the first line is immediate, as is convergence of the terms in the second
and the third line [observe that ¢g(u) converges pointwise almost everywhere to u
and that the ¢ is bounded by a constant by (E5)].

It remains to deal with the fourth and the fifth line. To show convergence of
the two terms, besides the fact Vy/u € L2([0,T]; L*(Q)) we need the following
assertion: there exists a constant r such that for all £ > r the estimate u > r
implies &'(pp(u(z,t))) = &'(u(z,t)) = 0 and " (pp(u(z,1)) = " (u(z,t)) = 0.
Given this assertion, convergence of the remaining terms in the previous formula
as FF — oo is also immediate since one factor in the integrals will be zero as soon
as u(x,t) becomes too large.

To show this assertion, choose r so large that supp D¢ C B,.(0). Let E > r.
Then u(x,t) > r implies pg(u(z,t)) > r and therefore &'(pg(u(z,t))) = 0 as well
as ¢’ (¢p(u(z,t))) = 0. Combining with Lemma [4.4] we finish the proof of Theorem
1.2 ([
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