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On a mixed problem for a linear coupled system
with variable coefficients *

H. R. Clark, L. P. San Gil Jutuca, & M. Milla Miranda

Abstract

We prove existence, uniqueness and exponential decay of solutions to
the mixed problem

u(z,t) — ()Au(azt)+zzlaz (z,t) =0,
0'(2,1) — A6(x,1) + Y7, 5% (a,) =0,

with a suitable boundary damping, and a positive real-valued function p.

1 Introduction

Let Q be a bounded and open set in R (n > 1) with boundary I of class C2.
Assumed that there exists a partition {I'g,I';} of ' such that I'y and I'; each
has positive induced Lebesgue measure, and that ToNT'; is empty. We consider
the linear system

u(z,t) — pt)Au(z, t) + >0, gﬁ (z,t) =0 in Qx]0,00] (1.1)
' (z,t) — Ab(z,t) + >0, M w (2 ) =0 in 0x]0,00] (1.2)
u(z,t) =0, O(x,t) =0 on I'xx]0,00] (1.3)

( t) + a(x)u' (x,t) =0 on I';x]0,00] (1.4)

%(m,t) + 86(z,t) =0 on T'yx]0,00] (1.5)

u(z,0) = u®(z), v'(z,0)=ul(z), 0(z,0)=0%z) on (1.6)

where p is a function of VV1 >°(0, ), such that u(t) > uo > 0. By a we represent
a function of WhH(T'y) such that a(x) > ap > 0, and by S a positive real
number. The prime notation denotes time derivative, and % denotes derivative
in the direction of the exterior normal to I.

The above system is physically meaningful only in one dimension. For which
there exists an extensive literature on existence, uniqueness and stability when
p = 1. See the recent papers of Muithoz Rivera [9], Henry, Lopes, Perisinotto
[2], and Scott Hansen [10].
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The paper of Milla Miranda and L. A. Medeiros [8] on wave equations with
variable coefficients has a particular relevance to this work. In that paper, due to
the boundary condition of feedback type, the authors introduced a special basis
necessary to apply the Galerkin method. This is the natural method solving
problems with variable coefficients.

In this article, we show the existence of a strong global solution of (1.1)—
(1.6), when u°, u! and 6° satisfy additional regularity hypotheses. Then this
result is used for finding a weak global solution to (1.1)—(1.6) in the general
case. By the use of a method proposed in [4], we study the asymptotic behavior
of an energy determined by solutions.

The paper is organized as follows: In §2 notation and basic results, in §3
strong solutions, in §4 weak solutions, and in §5 asymptotic behavior.

2 Notation and Basic Results

Let the Hilbert space
V={ve H(Q);v=0 onTy}

be equipped with the inner product and norm given by

() =3 [ S @@ s, ] - (; [(2w) dx) -

While in L2(€2), (.,.) and |.| represent the inner product and norm, respectively.

Remark 2.1 Milla Miranda and Medeiros [8] showed that in V N H2(Q) the

1/2
norm (|Au|2 + ||%||21/2(F1)) is equivalent to the norm ||| g2(q)-

We assume that
n
B> .
2010

To obtain the strong solution and consequently weak solution for system (1.1)—
(1.6), we need the following results.

(2.1)

Proposition 2.1 Let u; € VN H?(Q), us € V and 0 € VN H%(Q) satisfy

o 00
% +a@)uz=0 onTy and By +80=0 onTy. (2.2)

Then, for each & > 0, there exist w, y and z in V N H?(Q), such that

f|lw — u1||VmH2(Q) <e, |lz—ul <e, [ly— 6’||VmHz(Q) <eg,

with
ow oy
i — d ==
+a(z)z=0 onli an »

By +,8y:0 onT.
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Proof. We assume the conclusion of Proposition 3 in [8]. So, it suffices to
prove the existence of y.

By the hypothesis A9 € L?(Q2), for each € > 0 there exists y € D(Q2) such
that |y — Af| < €. Let q be solution of the elliptic problem

—Ag=-y in{
q=0 only
% 4 Bg=0 onTy.

On the other hand, we observe that € is the solution of the above problem
with y = Af. Using results of elliptic regularity, cf. H. Brezis [1], we conclude
that ¢ — 0 € V N H?(Q) and that there exists a positive constant C such that

lg = Ollvamz) < Cly — Ad.

Proposition 2.2 If § € V, then for each ¢ > 0 there exists ¢ € V N H%()
satisfying % +Bq =0 on Ty such that ||0 — q|| <e.

Proof. Observe that the set

W:{quﬂHQ(Q); 8q+ﬁq=0 onFl}

v
is dense in V. This is so because W is the domain of the operator A = —A
determined by the triplet {V, L?(Q),a(u, v)}, where

a(u’ ”U) = ((uv 1))) + (/Bu7 v)L2(F1) .

See for example J. L. Lions [5]. Hence, the result follows.

3 Strong Solutions

In this section, we prove existence and uniqueness of a solution to (1.1)—(1.6)
when u°, u! and 0° are smooth. First, we have the following result.

Theorem 3.1 Suppose that u® € VN H3(Q), u! € V, and 0° € V N H3(Q)
satisfy

0 0
aaiy—i—a(x)ulzo onT1 and %%—h@’&o:o onTy.

Then there exists a unique pair of real functions {u,0} such that

u € L

loc

(0,00; VN H2(Q)), v’ € L

loc

u” € LEe (0,00; L2(Q))

loc

6 € L (0,00; V N H2()), 0" € LL(0,00; V) (3.3)

loc loc

(0,00; V), (3.1)
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"L 00
u” — pAu + Z 8813 =0 in L2.(0,00; L3(Q)) (3.4)
9u 4 au' =0 in Lg2,(0,00; HY2(Ty)) (3.5)
U . oo
0 — AG+ ; 7o, =0 in Li2.(0, 00; L2(Q)) (3.6)
99+ 80 =0 in L2 (0,00; HY/2(Ty)) (3.7)
u(0) = u®, ¥/(0) =ul, 0(0)=06°. (3.8)

Proof. We use the Galerkin method with a special basis in V N H?(£2). Recall
that from Proposition 2.1 there exist sequences (u9)sen, (uf)ren and (69)en of
vectors in V N H%(Q) such that:

u) — u® strongly in VN H?(Q) (3.9)
uj; — u! strongly in V (3.10)

00 — 6y strongly in VN H?*(Q) (3.11)
au‘ +au; =0 on I'y (3.12)

6"2 +669=0 on T;. (3.13)

For each ¢ € N pick u), uj and 6 linearly independent, then define the

vectors w{ = u?, w§ = u} and w§ = 09, and then construct an orthonormal

basis in V N H?(Q),
{wf, wh, ...,wf, ...} for each £ € N.

For ¢ fixed and each m € N, we consider the subspace W/, = [w!,w§, ..., w’,]

generated by the m-first vectors of the basis. Thus for wgm (t), Opm(t) € WY, we
have

uem (t) = Zggjm(t)wf(ac) and o (t) Z hejm (t)
j=1
For each m € N, we find pair of functions {wsn,(t), 0em ()} in WE x WE
such that for all v € W/, and all w € W,fl,
(U (), ) + () ((wem (), v (t) Jp, (@), (t)vdD
+20in (6‘9‘"‘( ); v) =0, (3.14)
(07, (), w) + ((Oem (t),w)) + B [1, Oem (t)w dl + 377, (%"—;f;(t), w) =0,

uem (0) =u, uj, (0)=u} and 04, (0)=06°.

The solution {uem(t),0em (t)} is defined on a certain interval [0,%¢,,[. This
interval will be extended to any interval [0,T], with T' > 0, by the use of the
following a priori estimate.
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Estimate I. In (3.14) we replace v by u},,(t) and w by 04, (t). Thus
Sl OF + 4 Ol (017} +0) [ ()t ()T
+ 0 (B 0,1 () < I Olluem B2,
L 0em (D + [0em (1)2 + 8 fr, (Bem (£)2dT + 0, (G (1), Oum (1)) = 0.

Define 1
Ei(t) = 5 {1 ()7 + () 1tem ()1 + [0em () *} -

and we make use of the Gauss identity

f: <%(f%9em(t)> = —f: (uzm(t), a;—;ﬁw) + En:/r Wy, (6)0pm (£)1;dT

i=1 Oz i=1 i=1 /I
to obtain
%El( t) =+ [10em (£)[1* + p(t) /F () (upyy, (t))*dD
£y (8;;7 (t),ugmu)) +8 [ (Bon(t)ar
= , A W ()]
< ; /F 1 . (8)0om ()3 dD + ol Ei ().

By the Cauchy-Schwarz inequality it follows that

t)
§ ), (£)0em () v3dD < Do (1)) 2dT + 294 / ), (£))2dT,
/F ¢ ‘ 200#0/1“1(6()) 2 Fl(e())

and this yields
LB+ [00m ()] + 1) Jo, W (00 + (8~ 552 ) fr, (Bum(1))2aT

< ";(%)‘ Eq(t). (3.15)

Integrating (3.15) over [0,t[, 0 < ¢t < t,,, using (2.1) and applying Gronwall
inequality, we conclude that there is a positive constant C' > 0, independent of
¢ and m, such that

t
+/ [16em (5)]|?ds < C. (3.16)
0

Then there exists a subsequence still denoted by (usm)men and a subsequence
still denoted by (¢m )men, such that

(wem)men is bounded in L$2 (0, 00; V) (3.17)
(u),,)men is bounded in L2 (0,00; L?(2)) (3.18)

(0¢m)men is bounded in L% (0,00; V). (3.19)
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Estimate II. Differentiating in (3.14) with respect to t, taking v = wuj, (t)
and w = 0, (t), we obtain

GE0 00 [ ) ()% + 4 (1) / (i (1) T

02 + 6 / (040 (£))2dT (3.20)

1
= S H Ol ()2 = (1) (e (1), +Z ot (s T,

where
(i () + Ol (O + B )
Put v = ’;((tt)) uy, (t) in (3.14)1, to obtain
W0 (e (D)l (1)) = —‘;(“)) i (B + (1) / ) (1) (T
_ﬂ/(t) S 00om, "
w2 ()

Replacing this last expression in (3.20) we obtain

G040 [ o) a0 a0+ 165 O +5 [ (G0
= SOl + A 0 + 20 S (o))

+Z/ 0}, () up,, (t)v;dT . (3.21)

Making use of the Cauchy-Schwarz inequality in the last two terms of the right-
hand-side of (3.21), we obtain

n

and
pocy n ,
Z/ gem Uém v;dl' < 02 0 /F1 (Wm( )) dl’ + S0 /F1 (9gm(t))2d1“.

(3.23)
Combining (3.21), (3.22) and (3.23) we obtain

LE3(t) + p(0)% Jy, (02T + 104, O + (8 = 52 ) i, Oha(0))2aT
[

< SO )])2 + BED g ()2 + 2EOL g, (1)]2. (3.24)
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From (2.1) it follows that

d ' ()] n|p' (1))
Es(t) + 116),,)]*+ < 4 Es(t) + Oem (1)]|.
7 22(8) + (|0 (2)]] . 2(t) o [[0em (£)]

To complete this estimate, we integrate the above inequality over [0,t], ¢ < T.
Now we show that u}, (0) and 6/, (0) are bounded in L?(f2). For this end put
v=uy, (t), w=0,,(t), and t = 0. Because of the choice of basis we have

[ (0)]

n 0 'LLO
< <u<o>|Au2| +Y |5 ) i)+ [ (Gt +ate)ut ) uf @t

and
/ 2 8’“’% / 890 /
100, (0)]7 < Ers 10, (0)] + i —8 + 307 ) 0,,,(0)dT .

Since by hypothesis —* ouf + a(z)u; = 0 and 6662 + (869 = 0 in 'y, it follows
that (uy,,(0))men and (Hem(O))meN are bounded in L?(Q2). Consequently for a
fixed /,

(U}, )men is bounded in Lg? (0, 00; V), (3.25)
(u}, )men is bounded in L{2 (0, 00; L?(£2)), (3.26)
(6, )men is bounded in L2 (0, 00; L*(£2)) (3.27)

(3.28)

loc

(0}, )men is bounded in LZ (0,00;V)

From (3.17)—(3.19) and (3.25)—(3.28), by induction and the diagonal pro-
cess, we obtain subsequences, denoted with the same symbol as the original
sequences, (Ugm, )nen and (Oem, )nen; and functions u, : 2x]0,00[— R and
¢ : 2x]0, co[— R such that:

Ugm, — ug weak star in L5, (0, 00; V) (3.29)
Uy, — uy weak star in L5 (0,00; V) (3.30)
uZm — u) weak star in L{°.(0, o0; L*()) (3.31)

. — up weak star in L{® (0, 00; H/2(T';)) (3.32)
Ggm — 0 weakly in L _(0,00; V) (3.33)
0),, — 0, weak star in L{2.(0, 0o; L*(Q)) (3.34)
Opm — 0p weak star in L2 (0, 00; H/?(T'y)). (3.35)

Next, we multiply both sides of (3.14) by ¢ € D(0,00) and integrate with
respect to ¢. From (3.29)—(3.35), for all v,w € V,* we obtain

/ 0, oy d + / ) (unt), )y t) it (3.36)
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//F 2)ul(t) vb(t) dI‘dt+Z/ <gz€ >¢(t)dt—o,
/0 (0%, w)(t) dt + / (Be(t), w))(t) de (3.37)

+B/ Flee Jwip(t dF+Z/ <8W )w(t)dtzo.

Since {w{,w$, ...} is a basis of V' N H?(), then by denseness it follows that
the last two equalities are true for all v and w in V N H2(£). Also notice that
(3.17)—(3.19) and (3.25)—(3.28) hold for all £ € N. Then by the same process
used in obtaining of (3.29)—(3.35), we find diagonal subsequences denoted as the
original sequences, (ug,)sen and 0y, )sen, and functions u : 2x]0,00[— R, 0 :
02x]0, 0o[— R such that:

ug — u weak star in L5 (0,00; V) (3.38)
uy, — u’ weak star in  Lp>, (0, 00; V) (3.39)
uy — u” weak star in L2, (0, 0o; L*(Q)) (3.40)
uy —s u' weak star in L% (0, o0; HY/*(I'y)) (3.41)
0, — 0 weakly in L2 (0,00;V) (3.42)
0, — 0’ weak star in L{°.(0,00; L*(Q)) (3.43)
0, — 6 weak star in L2 (0, 00; H/2(I'})) (3.44)

Taking limits in (3.36) and in (3.37), using the convergences showed in
(3.38)—(3.44), and using the fact that V N H?(Q) is dense in V, we obtain that
for all ¥ in D(0,00) and v,w € V,

/ w0, oy d + / ) (ult), )l di (3.45)
//F () (t dFdzH—Z/ <8a:l )¢(t)dt:o,
/ (6 (), w)p(t) dt + /w«e(w,w»wmdt (3.46)
0 0

+6/0w/rle(t)w¢ dI‘dt+Z/ <8x1 )w(t)dt—o.

Since D(Q) C V, by (3.45) and (3.46) it follows that
v —pAu+ Y0 B =0 in L (0,00; L3(Q)), (3.47)

loc

0 — A+ Y0 9 =0 in L2, (0,00; L2()). (3.48)

loc

Since u € L (0,00; V) and 6 € L?

loc loc

(3.48) to deduce that Au, Af € L?

loc
ou 00
v’ v

(0,00; V), we take into account (3.47) and
(0,00; L2(12)). Therefore

€ L2 (0,00; H~V/2(T'y)) (3.49)
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Multiply (3.47) by vy and (3.48) by wi with v, w € V and ¥ € D(0, o0).
By integration and use of the Green’s formula, we obtain

/Ooo<u"<t>,v>w<t>dt+ /mum((u(t),v»wu)dt (3.50)
—/O 022 (0),v) dt+2/ <8x1 )wt)dt—o,
[ @wwpwas [0 (3.51)
0 0

_/Ooo<gi( dt+Z/ <8“ )w(t)dtzo,

where (.,.) denotes the duality pairing of H~/2(T;) x HY/?(T;).
Comparing (3.45) with (3.50) and (3.46) with (3.51), we obtain that for all
¥ in D(0,00) and for all v,w € V,

| e+ a@u@osod =0, [7 G0+ a0 w0

From (3.39), (3.44) and (3.49) it follows that

9u + au’ =0 in LS,(0,00; HY/2(I'y)),
29 +86=0 in L2 (0,00; HY/2(T'y)).

Since au’ € L{S (0,00; HY/2(T)) and B0 € L2, (0, 00; HY/2(T'1)), it follows that

% +au' =0 in L2 .(0,00; H/*(I'})) (3.52)
0
g— + 66 =0 in L _(0,00; H/(T})). (3.53)

To complete the proof of the Theorem 3.1, we shall show that u and 6 are
in L2 (0, 00; H2(£2)). In fact, for all T > 0 the pair {u, 0} is the solution to

—Au=—- <u”+21 1 &E ) in Qx]0,7T[

i
A= —0 — g“ in 0x]0,7]
z;
u=60=0 on Tyx]0,T]
9u — —aqu’ on T'y1x]0,T] (3.54)

% =—p0 on TI;71x]0,T].
In view of (3.40), (3.42) and (3.39) we have v’ and are in L{° (0, 00; L2(Q2))
and au’ is in Lﬁfc(O,oo;Hl/z(I‘l)). Thus by results on elliptic regularity, it
follows that u € L2.(0,00; V N H?(2)). In the same manner it follows that
0 € L (0, 00; H2()).

loc
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Uniqueness of the solution {u, 6} is showed by the standard energy method.
The verification of the initial conditions is done through the convergences in
(3.38)—(3.44). O

Next, we establish a result on existence and uniqueness of global solutions.
Corollary 3.1 Under the supplementary hypothesis u' € L*(0,00), the pair of
functions {u,0} obtained by Theorem 3.1 satisfies

u € L*®(0,00; VN H2(Y)), u € L>®(0,00;V), 6 € L>®(0,00;V N H%(Q))

% +au’ =0 and % + 60 =0 in L%*(0,00; L3(Ty))
w(0) = u®, ¥/ (0) =u' and 0(0) =6°.

4 Weak Solutions

In this section, we find a solution for the system (1.1)—(1.6) with initial data
u® € V,ult € L%(Q) and 0° € V. To reach this goal we approximate u°, u' and
6° by sequences of vectors in V N H%({)), and we use the Theorem 3.1.

Theorem 4.1 If {u° u',0°} € V x L2(Q) x V, then for each real number T > 0
there exists a unique pair of real functions {u,0} such that:

u e C([0,T]; V)N CY([0,T); L*(Q)), 6 € C([0,T]; L*()) (4.1)
W —pAu+ Y, 2 =0 in L2(0,T;V) (4.2)

0 — A0+ Y0 9L =0 in L*0,T;V") (4.3)

9u +au' =0 in L*(0,T;L*(T1)) (4.4)

9 439 =0 in L*(0,T;L*I1)) (4.5)

u(0) = u®, ¥/ (0) =ul, and 6(0) = 6°. (4.6)

Proof. Let (ud)pen, (up)pen, (69)pen be sequences in V N H?(Q) such that

ug —u’ in V, uzl, —u! in L*(Q) and 92 — 6% in V

with 0 .
ou 00
D 1_ P 0 _
B +a(z)u, =0 on Ty and 5 + 66, =0 on I'y.

Let {up, 0, }pen be a sequence of strong solutions to (1.1)—(1.6) with initial data

{ug, uzl,, Gg}peN. Using the same arguments as in the preceding section, we obtain

the following estimates

(up)pen is bounded in Lo (0, 00; V) (4.7)
(up,)pen is bounded in Ly (0, 00; V) (4.8)

(uy,)pen is bounded in L% (0, oo; HY2(T)))

loc
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<66“:) is bounded in L{® (0, 00; HY/?(T';1)) (4.10)
PEN
(6p)pen is bounded in L2 (0, 00; V) (4.11)
(6p)pen is bounded in LS (0, 00; HY/2(I'y)) (4.12)
(%) N is bounded in L2 (0, 00; HY/2(T1)). (4.13)
pPE
Note that (4.10) and (4.13) follow as a consequence of
q
Py 4 qul =0 in L(0,00; HY/2(T'1))
(4.14)

% 4 B0, =0 in L>®(0,00; H/2(T)).

From (4.7)—(4.13) there exist subsequences of (up)pen and (0,)pen, still de-
noted as the original sequences, and functions u : 2x]0,c0[— R, 6 : 2x]0, co[—
R, ¢1 : T'1%x]0,00[—= R, @2 : I'1x]0,00[— R, x1 : I'1x]0,00[— R, and x2 :
I'1 x]0, oo[— R, such that

up — u weak star in L75 (0, 00; V) (4.15)
ul, — v’ weak star in Ly, (0, 00; L*(92)) (4.16)
u,, — @1 weakly in L2 (0, 00; HY2(T')) (4.17)
%up — @y weakly in L2 _(0,00; HY/*(I'y)) (4.18)

v
0, — 0 weakly in L2 (0,00;V) (4.19)
0, — x1 weakly in L2 (0, 00; HY/?(T'})) (4.20)

06,
8— — x2 weakly in L2 _(0,00; HY/?(T'))). (4.21)

v

Moreover, from Theorem 3.1,

— pluy + 330, ag;p =0 in L5, (0,00; L*(2)), (4.22)
0, — A0, + 37 aw =0 in L2 (0,00; L%(2)). (4.23)

Multiplying (4.22) and (4.23) by vy and w¢ respectively, with v and w in V
and ¢ in D(0,00) , we deduce the equalities

—/OO (u (£), 0)¢' (¢ )dt+/w p()((up(t), v))o(t)dt

/ /F (t)vo(t dI‘dt+Z/ < >¢dt—0
- [T G0 @i [0
+6/ /9 (H)we(t dth+Z/ ( >¢(t)dt—o.



12 On a Mixed Problem EJDE-1998/04

Taking the limit, as p — oo, from (4.15)—(4.21) we conclude that

. /‘”(uf(t) o)/ (t)dt + /Owuu)((u(t),v))«ﬁ(t) (4.24)
/ /n (t)vo(t dth+Z/ ( > p(t)dt =0
- / (6(t), ) (1)t + /O°°<<o<t>,w>>¢<t>dt (4.25)

+3 /OOO/F O(t)we(t)dTdt + En:/ooo (g—j,w) @(t)dt = 0.
! i=1 ¢

In view of (4.24) and (4.25), for v and w € D({2), we obtain

u — pAu+ YT 2L =0 in H;,l(0,00; L3(9))

o 4.26
9 — A0+Za =0 in Hj,}(0,00; L*()). (4.26)

As shown in M. Milla Miranda [7], from (4.8) follows that for T' > 0
u) — u” weakly in H™'(0,T; L*(2)). (4.27)
Thus, from (4.19), (4.22) and (4.27) we conclude that
Au, — Au weakly in H~1(0,T; L*(Q2)). (4.28)

Furthermore, from (4.15) and (4.28) we obtain 2% in H~1(0,T; H~'/*(T';)) and

ou ou . _ -
8—; ~ % weakly in H~1(0,T; H */2(I'y)). (4.29)
To prove that ¢1 = v’ and g2 = 2%, we use (4.18) and the fact that
3% 1/2
5, P2 weakly in H~1(0,T; HY*(T'y)). (4.30)

Whence we conclude that ¢ = %% is in L2(0,T; L?(T'y)), for all T > 0. Also
from (4.15), cf. M. Milla Miranda [7], we get

wl, — ' weakly in H~'(0,T; H/?*(I'1)); (4.31)

and from (4.17) and (4.31) we have v’ = ¢; in L>=(0,T; H/?(Ty)).
Next, we shall prove that y; = 6 and x2 = %. In fact, from

a !
81;1: — 86_; weakly in H~1(0,T; L*(Q))
0, — 0 weakly in H'(0,T;V)

(4.32)
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and (4.30) it follows that
Af, — A weakly in H~'(0,T; L*(Q)). (4.33)

From (4.19) and (4.33) it results that

89;,; 00 . —1 pr—1/2
% By weakly in H~(0,T; H (T'1)).

On the other hand, by (4.21)

%i — x2 weakly in H~1(0,T; H-Y/*(I'y)),
1%

whence we conclude that % = x2. We deduce that y; = 0 in L?(0,T; H'/*(T';))
through of the convergences showed in (4.19) and (4.20). Therefore we obtain

Uy o =0 in L*(0,T; L*(T'y))
9y (4.34)
£y + 86 =0 in L*(0,T;L*(T)).

To prove (4.2) and (4.3) we remark that for all v, w € V,

(=
(=

and by continuity of the trace operator we deduce to inequalities:

Au? U>| < HUHHUH + H%||H71/2(F1)'”UHHl/?(Fl)?
Af,v)

0,0)] < 1011wl + 122 1o gy Nl 1721

|(=Au,v)| < C(u)|lv]| and [(=A0, w)| < C(0)[|w],
whence for all T' > 0 we obtain that
—Au € L?(0,T;V’) and — A#c L*(0,T;V"). (4.35)

So, by (4.24), (4.25), (4.35) and Green’s formula, for all ¢ in D(0,T), for all
vand win V we get

-/ " (0, o) 0t + / ) (), (1)
55 / ((%i(t),v) b(t)dt =0

-/ 000, w)6 () + / RENTREOY
+Z/ (8% >¢(t)dt—0.
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From these two inequalities and (4.35), we obtain that for each T' > 0
u = pAu+ Y 2L =0 in L2(0,T;V)
0 — A0+ 3" 2L =0 in L2(0,T;V")

The regularity in (4.1) follows from {u,,0,} being a Cauchy sequence. The
initial data considerations follow from the analysis of the Galerkin approxima-
tion. The uniqueness of the weak solution is proved by the method of Lions
Magenes [6], see also Visik-Ladyzhenskaya [11]. O

Now, we give a result which assures the existence and uniqueness of a weak
global solution for (1.1)—(1.6).

Corollary 4.1 Under the supplementary hypothesis u' € L*(0,00), the pair of
functions {u,0} obtained by Theorem 4.1 satisfies the following properties:

u € L%(0,00; V), 6 € L>(0,00; L%(Q))
9u tau' =0 and 22 +B0=0 in L*(0,00;L3(Ty))
u(0) =u® «/(0)=u! and 6(0)=0°.
5 Asymptotic Behavior
This section concerns the behavior of the solutions obtained in the preceding

sections, as t — 4o00. First note that for strong solutions and weak solutions to
(1.1)—(1.6), the energy

E(t) = % {h® @) + [’ @) +[0()*} - (5.1)

does not increase. In fact, we can easily see that

£0) = SO ) [ oo o ar - jow)?

o [ oy*ar - > [ s,

Also observe that

- ) o’ Vi ut) a(z) (@ (t))? _n R 2
zfr (Bt dl < = /F (z)(w'(2)) dl“+2u(t) /F a(x)(H(t)) dr.

Because ¢/ (t) < 0 and the hypothesis (2.1), we can conclude that

£0) < <40 [ a(a)(w)dr - oo (62)
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To estimate E(t) we put a(z) = m(x).v(x) and use the representation
Ip={zel; m(x)v(z) <0}, T'1={zel; m(x)r(z) >0},

where m(z) is the vectorial function z — 2, for € R™ and “.” denotes scalar
product in R™. We also use

R(2") = [l o) » (5.3)

and positive constants &g, d1, k such that

[v]2 < dol|v||?, forall veV (5.4)
|lv]|?2 < 61||UH\2/F1H2(Q)? for all v € VN H?(Q) (5.5)
Jr,(mv)v?dl < Kllv|]?, forall ve V. (5.6)

Theorem 5.1 If {u®,u!,0°} € V x L2(Q) x V, u € WH(0, 00) with p'(t) <0
on 10, 00|, then there exists a positive constant w such that

E(t) < 3E(0)e™“*,  for all t > 0. (5.7)

Proof. As a first step, we consider the strong solution. Let
p(t) = 20/ (8), m.Vu(t)) + (n — D)W/ (1), u(t)). (5.8)

Then
()] < (n = Du(t)|® + nlu’(6)]* + R*(2°)[|u()]?. (5.9)

Let €1, €2, € be positive real numbers such that

e1 < min{ — Fo (5.10)
- 4n’ 12nR?(z°) + 12n3d

. 1 2
€2 < min T 5 (5.11)
2<R2(w0)+ — + 6kn2> 0
Ho
¢ <min{ey, e} . (5.12)
Also let the perturbed energy given by
E.(t) = E(t) +ep(t). (5.13)

Then from (5.13), (5.4), and (5.9) we get
E.(t) < E(t) + (endo + eR?*(2%)) |lu(t)||® + enlu’ ()%,
whence by (5.12) it follows that

E.(t) < B(t) + &1 (ndo + R*(2?)) [u()]* + exnlu' ().
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By (5.1) and (5.10) we obtain E. < 2E(t). On the other hand, using similar
arguments, from (5.9) and (5.13) we deduce that $E(t) < E.. In summary,
(5.14)

e < B < ;E(t), for all £ > 0.
To estimate E.(t) we differentiate p(t)
Pty = 2"(t),m.V(t)) + 2w (t),m.Vu'(t)) (5.15)
+(n = D) (), ut) + (n = D]/ ()]
Since u”’ = pAu — Y1, Baai (t) we have
) (Au(t), m.Vu(t 22 (8:1:1 ,m.Vu(t ))
(5.16)

pt) =
+2 (W (), m.Vu'(t)) + (n — 1) () (Au(t), u(t))

00 <t>,u<t>) (- D).

—(n— 1)§n: <8ac¢

i=1
our next objective is to find bounds for the right-hand-side terms of the equation

above.
Remark 5.1 For allv e V N H?(Q)
1 |ov|
(Av,m. Vo) < (n—2)||v|\2+R2(ac0)/F L\, (5an)

In fact, the Rellich’s identity, see V. Komornik and E. Zuazua [4], gives

(Av, m.Vv) (n—2)|\v||2—/(m.y)|Vv|2dF+2/%m Vodl. (5.18)
T T

Note that
2 ov\’ 2
— [ (m)|Vo|*dl = — | (mwv)| =) dT'— | (m.w)|Vu|[dT
r To ov Iy
< —/ () (2 ar (5.19)
- o 8V ’ )
Qv — ui% on I'g and m.rv > 0 on I'y. Also note that
(5.20)

8—m VoudT,

because Do
o\ 2
. — | dT"+2
/Fo(m ) <8V> " r ov

2/@vadF—2
r

0
and by (5.3)
ov 0
—vadI‘ < 2 — | R(z")|Vv|dT
Fl T 8V
< RQ(J;O)/ L (2 2dr+/ (m.)|[Vo|2dT
- r, m.v \ Ov r, '
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This inequality with (5.20) yields

Oov
2 i %m.VU ar (5.21)

< 2/ (ma)( 2 2dF+R2(mO)/ L (o 2dr+/ (m.v)|Vo[2dT
- r, \ov r, m.v \9v r, '

Combining (5.18), (5.19), and (5.21), we come to the inequality

2(Av,m.Vv) < (n—2)||v||2+/ (m.u)<%>2dI‘

To

20y [ (Y
+R(x)/rlm~V ey dr.

Recall that m.v < 0 on I'y; therefore, (5.17) follows. Now, we shall analyze each
term in (5.17).

Analysis of 2u(t)(Au(t), m.Vu(t)): Thanks to Remark 5.1 and (3.5) we have

2u(t)(Au(t), m.Vu(t)) < p(t)(n - 2)u(®)]* + M(t)RQ(wo)/ (m.v)(u/(t))*dr.

105
(5.22)
Analysis of -2 | (g—i(t),m.Vu(t)):
2Y (grOmvu)) < 23| 70| R )]
n n 2 JJO 2 n
= ;6 IZO( ) g—i(t) +;6inuo|u(t)||2.

Thus

- nR?(2°

Analysis of 2(u'(t), m.Vu'(t)):

2(u'(t),m.Vu'(t)) = 2/Qu’(t)mj§—z;(t)d:c

2
om; o o (2
N _/Q oz, W) dm+/rl(ma 7)(W(t))%dD (5.24)

= —nlOF + [ (ma)l@)?ar.
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Analysis of p(t)(n—1)(Au(t),u(t)): Applying Green’s theorem and (3.5), we
get

p(t)(n = 1)(Au(t), u(t)) = —p(t)(n —1) [lllt(t)ll2 +/F (m.v)u'(t)u(t) dr| .
By the Cauchy-Schwarz inequality
p(®)(n = 1)(Au(t),u(t)) < —p(t)(n—1)]u@)]?

+6ku(t)(n — 1)2/ (m.v)(u'(t))*dl

Iy
+$ /1“1 (m.v)(u(t))?dr,

and by (5.6)
p(B)n - D(Au(),u(®) < —u()n—1)]u@)]?
Fokut0 = 17 [ (a0 + 0 ey
Hence
plt)(n — D)(Au(t) u(t) < —u(t)n— O)u(t)|? (5.25)
#6ku(t)(n 17 [ (m)o/ o)2ar

Analysis of —(n —1) (Z? =, u(t))

\
)

\
=
N

®
RIS
=
e
=
N———
A
)
|
=
1=

o)l

whence by (5.4)

L= (L, uy) < T gz 8O
( 1);<8x (1), (t)>< 16O + S lu@I. (5.26)

Using (5.22)—(5.6) in (5.17) we conclude that
w(t
00 < e

o [RQ(xO) + i + 6kn2} /F (ma) (W (). (5.27)

10)I1* — [ (1)]?

[ 6nR?(z%) + 6133y ]
0
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Combining (5.2), (5.13) and (5.27), we get

B < —low)p -0 [ o par

2
[6nR2(g;0) + 6n360} 102 — el (1) 2

—n®) [u(®)]? + e

en(t) [32(x°)+ i +6kn2] /F (m.v)(u/ (£))2dT.

Then, by (5.4) and (5.12), it results that

@) < —lowi? =42 [ oyl @)2ar

N1

lO)I* — el (1)

€ 9 6nR?(2%) + 6n36
SOl + ey |0

1 / 2
+eau(t) [RQ(:UO) + P + Gknﬂ /Fl(m.l/)(u (t))*dr.
Using (5.10) and (5.11) we obtain

€

EL) < —5 1001 — Suolud)]? ~ S ()

Also, from (5.4), (5.11) and (5.12) we obtained

BL(H) <~ 00 ~ Su) )] - 510

2 2
By (5.11) and (5.12) we have —5 > —%, then
€ € €
B < 0P — Sa)u) - Sl o)
- —%E(t). (5.28)

From (5.14), we obtain E.(t) < —2E.(t). In turn this inequality implies
E.(t) < E.(0)e" 3. From (5.14), we obtain exponential decay for strong solu-
tions

E(t) < 3E(0)e"3, for all ¢ > 0.

Remark Using a denseness argument, we prove the same behavior for weak
solutions.
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