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A RESONANCE PROBLEM FOR THE P-LAPLACIAN IN R¥

GUSTAVO IZQUIERDO BUENROSTRO & GABRIEL LOPEZ GARZA

ABSTRACT. We show the existence of a weak solution for the problem
—Apu = Ah(@)[ulP2u + a@)g(u) + f(z), ueDIPRY),

where, 2 < p < N, A1 is the first eigenvalue of the p-Laplacian on D:P (RN)
relative to the radially symmetric weight h(z) = h(]z|). In this problem,
g(s) is a bounded function for all s € R, a € L(p*),(]RN) N L>®(RN) and
feLrL@ (RM). To establish an existence result, we employ the Saddle Point
Theorem of Rabinowitz [9] and an improved Poincaré inequality from an article
of Alziary, Fleckinger and Tak&¢ [2].

1. INTRODUCTION

Resonance problems for divergence operators have been of interest since the
1970’s. For the ordinary Laplacian on bounded domains there are a number of
classical papers and some recent papers explore resonant problems in RYV. For the
p-Laplacian, a family of resonant problems in RY has been studied just recently in
[2] among others. In this paper, we study the family of p-Laplacian equations:

—Apu = Nh(@)[u"%u + a(x)g(u) + f(x) in DIPRY), (L1)

where Apu = div(|[Vu[P~2Vu), 2 < p < N, (N > 3); f € LE)(RN), p* = NN—E;)
and (p*)’ denotes the conjugate of p*; g : R — R is a bounded continuous function
(lg(s)| < M) for all s € R; the function h € LN/P(RN) N L=®(RN), h > 0 ae. is
a weight function and a € L&) (RN) N L= (RN). As usual, the space DV?(RY) is
the closure of C5°(R™) with respect to the norm

full = ( f19ur)™"

JFrom here and henceforth the integrals and all the spaces are taken over RY unless
otherwise specified.

The term resonance is well known in the literature, and refers to the case in
which ) is an eigenvalue of the problem

—Apu = Ah(z)|ulP?u,

1.2
u e DVP. (12)
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n [, Allegreto et al. show that the eigenvalue problem possesses a sequence
of eigenvalues 0 < A\; < Ay <,... and a corresponding sequence of eigenfunctions
{¢;}, where ¢ can be chosen to be positive a.e.. Moreover, we have the Rayleigh
quotient characterization:

A = inf{ / |Vul? : u € DP with /h\u|p = 1}. (1.3)

We consider the function ¢, to be normalized; i.e., f hlp1? =1 and we decompose
any function u € DP as a direct sum

u = aw) + w where

o= /h|<p1\p72<p1u and /h|g01|p*2gplw =0.

Hence, we introduce the spaces

(1.4)

def
V= Span{wl}a

def { c Dl,p /h|@1|p72@1w — 0}

In order to prove our main result we use some of the results introduced by Alziary,
Fleckinger and Taka¢ in [2] where the cases 1 < p < 2 and 2 < p < N are treated
separately. The case 2 < p < N requires the use of the so called “Improved Poincaré
inequality” (|2, lemma 3.7 p.8]):

Jiwur =i fui = ejop=2 [1vep-2wut ¢ flvur). o

c>0, 2<p<N

(1.5)

where h satisfies the hypothesis:

(H) The function h is radially symmetric, h(z) = h(|z|). There exist constants
0 >0 and C > 0 such that

C
0 < h(r) < A5 for almost all 0 < r < oo (r = |z]). (1.7)
r

Following [2] we define:
L {u = apy +w e DV flwl <lol},
c def{ €DV [|w|| = Alal}, for 0 <~ < o,
C'oo € {ueD: |a| =0}

The next two lemmas are borrowed from [2] (Lemma 6.2 in page 18, and Lemma
6.3 in page 19). They play important roles in the proof of our main result.

Lemma 1.1. If h satisfies (H), 1 <p < N, and 0 < vy < oo then

A< Ay Y f{§|h|“||p ec’v\{o}}. (1.8)

For the case in which ||w]|/|c| is small the following lemma is needed.
Lemma 1.2. If h satisfies (H) and 2 < p < N, then

1V (o1 4+ 9)P :

~ def ..
A <A = liminf
' { [l + ol

ll¢ll—0, peW

ue c’v\{o}}. (1.9)
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The main result of this paper is the following.

Theorem 1.3. Let h satisfy (H), A = A1, g € C(R,R) be bounded, G(s) = [; g(t)dt
and a € L) (RN) N L= (RN). If

lim {/a(a:)G(tgol)—i—t/f(x)cpl} = 400, (1.10)

[t]— o0
then, problem (1.1) has a weak solution for 2 < p < N.

Note that condition is a Landesman-Lazer type condition (see [0]). Related
problems for the p-Laplacian near Resonance had been studied by To Fu Ma et al.
[8], with a different settings for the function F'(z,u) := a(x)g(u). The study for
the case p = 2, without the hypothesis (H), is treated by Lépez and Rumbos in
[7]. The existence of weak solutions for is an extension of previous results for
bounded domains and the ordinary Laplacian by Ahmad, Lazer and Paul [3].
Remark: Even though the hypothesis (H) is required for the proof of our main
result, several steps use only that h € LN/P(RN) N L>°(RY).

2. VARIATIONAL SETTING

The solutions to (|1.1)) are the critical points of the functional

Ia(u) = %/|Vu|p— %/h(w)\uP’—/aG(u)—/fu (2.1)

where G(s) = [ g(t)dt, s € R. It is known (see for instance [5]) that the functional
J belongs to CH(D*? RY) for u € DMP with Fréchet derivative given by:

<J§\(u),v>:/|Vu|p72Vu~Vv—)\/h|u|p72uv7/ag(u)v7/fv (2.2)

for all u,v € DVP.

To prove theorem we use the Minimax Methods introduced by Rabinowitz
[9]. We recall here for the convenience of the reader some previous definitions and
theorems.

Palais-Smale condition. Suppose that E is a real Banach space. A functional
I € C1(E,R) satisfies the Palais-Smale condition at level ¢ € R, denoted (PS)., if
any sequence (u,) C E for which

(i) I(uy) — casn — oo and

(ii) I'(upn) — 0 as n — oo,
possesses a convergent subsequence. If I € C1(E,R) satisfies the (PS), for every
¢ € R, we say that (u,) satisfies the (P.S) condition. Any sequence for which (i)
and (ii) hold is called a (PS). sequence for I.

Now we establish a preliminary result.

Proposition 2.1. Let Jy : D'? — R be defined as where A € R. Suppose that g
is a continuous function with |g(s)] < M for alls € R, f € LP)(RN), 2 <p< N,
he LNP(RNYNL®(RN), h >0 a.e. anda € LP) (RNYNL®(RN). Then if every
(PS). sequence for Jy is bounded, Jy satisfies the (PS). condition.

Proof. In the first place we note that if h satisfies (H) then h € LN/P(RY). In fact,

N/p > N/p, N—1 > ¢ X N1
h(z)™/Pdx = ; h(r)N P~ dr < ; (W) T hdr < oo.
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Let (uy,) be a (PS). sequence for Jy. Thus, by assumption (u,) is bounded, there-
fore there exists a subsequence, which we also denote by (u,) such that w, — u
weakly in DMP as n — o0, in particular we have

/|Vun|p72Vun-V<pH /|vu\1’*2w~v¢, Yo € D2, (2.3)

Passing to a subsequence if necessary, we see that [ |V (u, — u)|p — 0 asn — oo.
Now since (uy,) satisfies the (PS). condition, lim, o (J3 (un), ¢) = 0. That is,

/|Vun|p*2Vun -V — )\/h|un|p*2un<p - /ag (un)e /fgo = of (2.4)
as n — 0o. On the other hand, by weak convergence, we obtain
lim | |VuP~2Vu- V(u, —u) = 0.
n—oo

For p > 2 (see [I] inequality (7) p.237 and subsequent inequalities)

/|Vu — VulP < {/(|Vun|p_2Vun — |VulP~2Vu) - V(u, — u)}

« (/\vUn|P+/|vU|p).

Thus it is sufficient to show that lim,, .. [ |Vu,[P~?Vu, - V(u,, —u) = 0. To this
aim, taking ¢ = u,, —u, in (2.4) we have

/ |V, |P~2Vuy, - V(up — )
= )\/h|un|p_2un(un —u)+ /ag(un)(un —u) + /f(un —u)+o(1)

as n — o0o. For the first integral in the right hand side, using the Hélder’s inequality

we have
’/h|un‘P*2un(un —u)‘ < (/h\unP)l/p (/h|un _u|p>1/p.

Noting that h € LN/P(RN) = L®™/P)"(RN), for 1 < ¢ < p* the functional u —
[ hlu|? is weakly continuous in D*? (see [4, Prop. 2.1 p. 826]). Consequently,

(2.5)

(2.6)

lim | hlun P "% u, (u, —u) = 0. (2.7)

n—oo

For the integral [ ag(un)|u, —u| we consider the ball B, (0). Since a, g are bounded
we have

[ agtuw) -] <0 [ a0 asnc,
B (0) B (0)

since u,, — u strongly in L!(B,(0)) due to the Relich-Kondrachov theorem. Now,
together with the assumption that u,, and g are bounded, we obtain

‘/ ag(ty) |, — uH < C(/ lal =
RN\ B,.(0) RN\B,.(0)

So, by taking r big enough it follows that

N+p

)Np

limsup| [ ag(un)|u, —ul| < Ce
n—oo
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For arbitrary e. Finally, since f € L(”*)/(RN ) we can use similar arguments as
above to show that lim,, . [ f(u, —u) = 0. O

3. PROOF OF THEOREM [L.3]
In this section we consider the problem
—Apu = Mh(@)[ulP?u+ a(w)g(u) + f(z)

3.1
ue DL (3:-1)

where h satisfies (H). To prove the main theorem of this section we require the Sad-
dle Point Theorem of Rabinowitz [9], which we introduce here for the convenience
of the reader.

Theorem 3.1 (Saddle Point Theorem). Let E =V ® W, where E is a real Banach
space and V # {0} is finite dimensional. Suppose I € C*(E,R) satisfies the (PS)
condition and

(I1) there is a constant o and a bounded neighborhood D of 0 in V such that
I’aD < a, and
(I2) there is a constant > o such that I|w = (.

Then, I possesses a critical value ¢ > (3. Moreover ¢ can be characterized as

= inf max I(h
¢ = jnf max (h(w)),

where T' = {h € C(D, E) : h = id on dD}.
Now, we can show the existence of weak solutions for Jy,.

Proof of Theorem[I1.3 First, we show that the functional J), corresponding to
problem satisfies the (PS). condition for any ¢ € R, and thereafter we verify
that Jy, satisfies the other hypotheses of the Theorem [3.1}

Let (u,) be a (PS). sequence for the functional Jy,. We claim that (u,) is
bounded. For each n € N write

def .
Up = Uy + Wy = A1 + w,  with o, € R and w,, € W.

Since (uy) is a (PS). sequence we have |Jy, (u,)| < ¢, i.e.

2 (19 =22 [blun = [ aGtun) - [ e,

By inequality (|1.6)), we have

E [twal <15 [ 190l =22 [ hiu,l (3.3)

with ¢ > 0. By standard calculations (see for instance [, p.16]), we have
| [ alGton +wa) - G(vn))y < [ aluwn] < Gl (3.4)

Consequently, using and we have
c
|/aG(vn) + /f’un‘ < C1 + Col|wy|| + §||wn||p. (3.5)

<Oy (3.2)
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So, given that [ aG(v,) + [ fu, — o0 as |[v,|| = |ay,| — oo, we have shown that
(vp) is bounded if (w,,) is bounded. We show now that (w,,) is bounded. In fact,
note that

/|Vun\p_2Vun -Vwy, = ||un]|” — / |V, [P~ 2u, - Vo,. (3.6)

On the other hand, since <J§1 (Un), ) 20, there exists mq such that if n > mog
then,

| /|Vun|p*2Vun - Vw, — /zn cwn | < Cllwyl], (3.7)
where z, = A\ h|u,|P~2u, +ag(u, )w, + f. Adding and subtracting A\, f hlun P2, -

vn, and [ ag(un)v, + [ f(x)vn, and substituting (3.6) in (3.7)

fal? = [ Bl < ol + (3, ). v + [ g+ [ s
< Cllwnl| + <J3\1(un)7vm> + Cl|an‘

Again, since J/’\1 — 0asn — oo, there exist m; such that if n > my then
(I3, (Un), vm) < Cllvp|l = Claw|, taking n > max{mq, m1}

[[un” = /\1/hlun|” < Cllwnl + C'lam]. (3.9)

Now fix v > 0, and suppose that (u,) € C’, for all n. Then we have, |a,| <
(1/7)||wn |l and [ hlun|P < (1/A,) [ [Vu,[P. Thus, by Lemma [L1]

A1
(1= ) lunll” < Clln| (3.10)
¥
Since the projection u — w is bounded in D*? we obtain
lwall? < € lhwnll, (3.11)

given that A\ /A, <1 by Lemma
Hence by Lemma [I.1, A, > Ay; therefore, (wy) is bounded if (u,) € C',. Now,
set v, = ||wy||/|an| and define

y 0 im inf Yn -
n

We have two cases: (i) v € (0,00] and (ii) v = 0. By the above argument, if
v € (0,00] then (wy,) is bounded and the proof is concluded. If v = 0, take € > 0

arbitrarily small, such that ||w,| < &|a,|. Using inequality (3.9)), Lemma [1.2] with

¢ = on %ef (lwpll/|anl)  wn/|lwa|l, and the fact that the projection u — « is

bounded in PP we obtain
|un|p(1 — K) < Celay| + C'|vall,
lon [P < ey .

Therefore, |a,| is bounded, and since ||w,|| < €|a,| we have that (u,) is bounded
as wanted.

To verify the geometric hypotheses of the Saddle Point Theorem we note that
since \; is isolated (see [I]) we have

def

A2 = inf {[Jw||? :w € VV,/h|w|p =1}, (3.12)
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which satisfies A\; < A2. As a consequence of (3.12)) we have
/|Vw|p > )\g/h|w|p, Yw € W. (3.13)

Now, if w e W,

/\vw Al/h|w\” 1—7) (3.14)

Moreover, since |g(s)| < M for all s € R, we have that for all w € D'P,

| [ oG <31 [lalful < Cul.

Therefore, Jy, is bounded from below on W; i.e. (12) in Theorem holds.
Finally, if v € V we have

JAl(v):—/aG(v)—/fv.

Since [aG(v) + [ fv — oo as ||v]| — oo by (L.10) and, therefore, (I1) in the
Saddle Point Theorem also holds. Hence, Jy, has a critical point and the proof is
concluded. O

Remark. Suppose limg_>OO g(s) = gOO and limg_, o g(8) = g—oo exist. Then, if
goo > 0 and g_o < 0, G(s) = [, g(t)dt — oo as |s| — co. Consequently, by L’
Hospital’s rule, the Lebesgue dommated convergence theorem and the fact that
@1 >0 a.e. in RY we have that

Joo [ap1  ast — oo,
J—oo [ap1 ast— —oc.

Thus, the condition (|1.10) in the resonance Theorem holds if

goo/a@1+/f<,01>0 and gfoo/aso1+/f<p1<0,
gfoo/a(Pl < —/fsé’l <goo/a<P1~ (3.15)

This is the original Landesman-Lazer condition in [6] for the case of resonance
around the first eigenvalue.
It can be shown that if

[t]—oo 1 [t]—o0

lim 1/a(aU)G(tgm) = lim [ ag(ty1)p1 = {

or

J—oo < g(8) < gyoo for all s € R,

then (3.15) is necessary and sufficient for the solvability of (3.1). If g_ 0o = g1 oo,
then the Landesman-Lazer condition (3.15)) cannot hold, and if g_., and gi. are
both zero, then condition (1.10) might not hold in general.
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