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THE KOLMOGOROV EQUATION WITH TIME-MEASURABLE
COEFFICIENTS

JAY KOVATS

ABSTRACT. Using both probabilistic and classical analytic techniques, we in-
vestigate the parabolic Kolmogorov equation

1 .. )
Liv+ G5 = 20V (v + b/ (g — et + f(8) + 57 =0

in Hp := (0,T) x E4 and its solutions when the coefficients are bounded Borel
measurable functions of ¢. We show that the probabilistic solution v(t,z) de-
fined in Hr, is twice differentiable with respect to x, continuously in (¢, x), once
differentiable with respect to ¢, a.e. t € [0,T) and satisfies the Kolmogorov
equation Liv + ‘Z—: =0 a.e. in HT. Our main tool will be the Aleksandrov-
Busemann-Feller Theorem. We also examine the probabilistic solution to the
fully nonlinear Bellman equation with time-measurable coefficients in the sim-
ple case b = 0, ¢ = 0. We show that when the terminal data function is a
paraboloid, the payoff function has a particularly simple form.

1. INTRODUCTION

It is well-known in the theory of diffusion processes [2, 3] that when g € C?(Ey)
and the coefficients a(t,z), b(t,z), c(t,z) and free term f(¢,x) are sufficiently
smooth in (¢,x) and satisfy certain growth conditions, with ¢(¢,z) > 0, then the
function

T
v(t,2) = E| / Fr &ty w)e” D dr 4 e o0 g (gp (1, 2)) |,
¢ . (1.1)
ws(t,x)z/t e(r,&-(t,x)) dr

belongs to C*2(Hr) and satisfies the Kolmogorov equation Lv(t,z) + (t x) =
0,V (t,z) € Hr, where Lv := $a" (t, x)vyii + b (t,2)v, — c(t, x)v + f( x) with
v(T,z) = g(z). In (1.1), for fixed (t,z) € Hr, w € Q and s > t 5( )
§g(w t,x) is the solution of the stochastic equation & = z + [ o(r, &) dw

ft r,&.) dr, where (Q, F, P) is a complete probability space on Wthh (Wt,]:t)
dy-dimensional Wiener process, defined for ¢ > 0. Furthermore, o(t,z) and b(¢, ac)
are assumed continuous in (¢, z) and have values in the set of d x d; matrices, Fy
respectively, with a = oo*. The fact that the probabilistic solution v satisfies the
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Kolmogorov equation throughout Hry is proved using It&’s formula and relies heavily
on the continuity in t of the coefficients to establish the existence and continuity in
(t,z) of % [3, Chapter 5]. In this paper, we show that if the coefficients are only
bounded Borel measurable functions of ¢, the second derivatives vy, (¢, z) exist
and are continuous in (¢,2) (Theorem 2.1) but in general, % exists only in the
generalized sense (Theorem 2.3) and the Kolmogorov equation will be satisfied only
in the almost everywhere sense (Theorem 2.5). For example, consider the function
v(t,z) = |z[* +2d(5 — t)4. Fort # 3, %(t,m) exists and equals —2d <, .1 and
hence for ¢ # 1, v is a solution of the degenerate equation Tocic i Ao+ % =0in
[0,1) x E4. Note %(t, x) is discontinuous in ¢.

When the coefficients and free term are independent of x, the right hand side of
our stochastic equation is independent of £ and the probabilistic solution (1.1) takes
a decidedly more convenient form (see (3.4)). Since the other terms in (3.4) are
independent of x and their derivatives with respect to t can be explicitly calculated
(almost everywhere) it suffices to investigate the function v(t, z) = Eg(ér (¢, z)).

We do this in two ways. In section 1, we use probabilistic arguments to show
that for g € C?(E,), the function v(t,z) = Eg(&7(t, x)) is twice differentiable with
respect to x, continuously in (¢,z) and once differentiable with respect to ¢, a.e.
t € [0,T). We then apply the Aleksandrov-Busemann-Feller theorem to a variant of
v to show that v satisfies the Kolmogorov equation $a™ (t)vyi,i + b*(t)v,: + % =0
a.e. in Hp. From this it follows (by our previous remark) that the simplified
version of (1.1), given by (3.4) satisfies the more general Kolmogorov equation a.e.
in Hy. In section 2, we use the fact that {7 (¢, ) is a Gaussian vector to express
v as a convolution (in z) of g with a kernel p which is the fundamental solution
of the Kolmogorov equation (a.e. t). Our proof that this convolution satisfies the
Kolmogorov equation amounts to showing that we can differentiate the kernel under
the integral sign. Here we assume only that g is continuous and slowly increasing,
that is |g(z)| < C1e“2l® ”. Our derivative estimates are done under the assumption
that the coefficient matrix a(t) is non-degenerate. This assumption was not needed
in section 1, (due to the assumption g € C?(Ey)) yet we do get a slightly more
refined result here, namely v(t, z) = Eg({r(t, x)) satisfies the Kolmogorov equation
for almost every ¢ € [0,T) and any 2 € Ey. Finally in section 4, we examine
the payoff function for the fully nonlinear Bellman equation in the simple case
b=0, c=0. It turns out that when g is a paraboloid, the probabilistic solution of
the Bellman equation has a particularly simple form.

2. THE PROBABILISTIC APPROACH

Throughout this section, we assume the following.

Let g € C?(Ey) and assume that for all z,y € Ey, [g(x)], |90 (@), |90 (@)] <
K (14 |z|™), where for any twice differentiable function u(z) and [ € Eq, u)(z) =
1™ g (2) - Lugyay (@) = 1|72 uge (@)l. For t € [0,T] and & € Ey, we define, for
s € [t,T], the diffusion process &(t,2) = x + [ o(r)dw, + [ b(r)dr, where the
Borel measurable coeflicients o(t), b(t) are defined on [0, 7], independent of w € Q
and satisfy

T
[ To? + o) a < . 1)

Under these assumptions, we prove our first theorem.
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Theorem 2.1. For (t,x) € Hy, the function v(t,z) = Eg(ér(t,x)) is twice differ-
entiable with respect to x, continuously in (t,x) and for any y,y € Eq, vyz(t,x) =
Egyy(Er(t, x)).

Proof. We show that v(t,x) is differentiable with respect to x. Writing &7 (¢, z) =
x + nr(t), where nr(t) := ftT o(r)dw, + LT b(r) dr, note that for any y € E4 and
any sequence h,, — 0 as n — oo

v t7x+hn —v t,l‘
_ U hy) (t,z) _ EA} L g(x +nr(t) = EAL  g(ér(t,a)).

Since g, is continuous, the Mean Value Theorem yields

A,llmyv(t, x):

1
A, y9(&r(t, @) = /0 9y (& (t, @) + rhny) dr = g,(Er(t, 2)) + Ohny),

for some ¢ € [0,1]. Since g € C'(Eq), A}, ,9(Er(t,z)) — gy(§r(t,2)) as n — oo.
Furthermore, as n — oo
EA},, ,9(&r(t,x)) — Egy(ér(t,x)). (22)

To see this observe that

A, 9 (t2))| = lgy (§7(t,2) + Ohyy)|
< lylK (1 + [ (t, 2) + Ohny|™)
< 2Ky (1 + &0 (t, )™ + [0hny|™)

T m T m
§N|y|<1+|x|m+‘/t o (r)dw, +‘/t brydr|” + 1™,

where N = N(m, K). By (2.1), the Burkholder-Davis-Gundy inequalities and the
fact that o, b are independent of w, the last expression above has finite expectation.
Hence by [3, Lemma I11.6.13 (f)], (2.2) holds. Since {h,,} was an arbitrary sequence
converging to 0 as n — oo, we conclude

Thus v(t,z) is differentiable with respect to x and for any y € Ey, v,(t,z) =
limy, o EA}  g(ér(t, x)) = Eg, (§7(t,2)). We now show that v(t, z) is twice differ-
entiable with respect to . By the above expression for v,(t, ), we have, for any
y€ Ey

vy(t,x + hi) —vy(tw) EAL, gy(¢r(t, ). (2.3)

But since gyy is continuous, for any sequence h,, — 0 as n — oo, the Mean Value
Theorem yields

1
A, 5 9y(Er(t @) = /0 9yy(&r(t, @) + rhny) dr = gyy(Er(t, ) + Ohny),

for some 6 € [0,1]. Since g € C*(Eq), A}, 5 9y(Er(t, 7)) — gyy(Er(t,2)) as n — oo.
By the argument immediately following (2.2), except with |y|? + |7|? in place of |y|
and using the growth condition on [g(,)(,)(z)|, we see that [A} g, (ér(t,2))| is
bounded above (independently of n) by a random variable which has finite expec-
tation. Hence

EAilzn,ggy(fT(ta z)) — Egy5(ér(t,x)) asn — oo.
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Since {h,} was an arbitrary sequence converging to 0 as n — oo,
lim BAL ;0,6 (t,)) = By Er(t, ).

Thus by (2.3), vyy(t,x) exists and since y,§ € Eq were arbitrary, v(t, z) is twice
differentiable with respect to z and

vyy(t, @) = }llli% EAilz,g gy(Er(t,z)) = Egyy(§r(t, 2))-

We now show the continuity of v,;(¢,z) in (¢,x). To this end, fix (¢,z) and let
t" — t+, 2™ — x. It suffices to show vy, (t", ™) — vyy(t, ). We have

vy (t", ") — vy (t, @)| < Elgyy (§r (", 2™)) — gy5(Er(t, )] (2.4)
Observe that &p(t™, ™) L &r(t,x) and since gyy is continuous, gyy(&r(t™, ™)) il
9yy(&r(t, x)). Since |gyy(Er(t™, 2™))| < n with En < oo, the right hand side of (2.5)
tends to zero as n — oo. The details are as follows. To see that &p(t",z™) il
&r(t,x), observe that
[Er(t", ") = &r(t, )]
(2.5)

< |z" —JCH—’/ r)dw, — / dwT—&—’/ dr—/ b(r)dr|.
t

The middle summand tends to zero in probability as n — oo by [3, Theorem II1.6.6]
and the fact that

T T
/ Hm<ro(r) — ItSTU(T)H2 dr = / ||J(r)||21tgr<tn dr—0 asn— oo
0 0

by (2.1) and the Dominated Convergence Theorem. The third summand on the
right hand side of (2.5) tends to zero by the Dominated Convergence Theorem.

Since z" — 1z, we have {p (8", ™) il &r(t, ). Since gyy(x) is continuous,

Gup(En (1", 3™) = gy En(t, 7)),
by [3, Theorem II1.6.13 (c)]. Finally,
|9y5 (& (", 2"))]
< K(Jyl? + [51°)(1 + ler (™, 2™)™)

<Kl + {1+ 5] [ o) aw,
t’fb

yRELAN

as 2" — z and |j;n b(r)dr|™ < (fo b(r)|dr)™, the right hand side of (2.6) is
bounded uniformly in n by a random variable, which, by the Burkholder-Davis-
Gundy inequalities and (2.1), has finite expectation. Hence, by [3, Theorem I11.6.13

()],

(2.6)

+\/
tn

<2m sup ‘ / r) dw,

Since

m

Elgys (§x(t",2")) — gyg (& (t, )| =0 asn — oo
and hence by (2.4), vy5(t", 2") — vyy(t, ). O
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The proof that v(t, z) and v, (¢, z) are continuous in Hr follow same the technique
shown here, except we use the respective assumptions |g(x)|, g, ()] < K(1+]z[™).
Observe that by (2.6) and the Burkholder-Davis-Gundy inequalities, we obtain the
following estimate, which holds for (t,x) € Hr

[vza (t, 2) |
§N(d,m,K){1+|x|m+ (/tT ||U(r)||2dr)m/2+ (/tT|b(r)|dr)m}. 27)

If in addition, o, b satisfy sup,<7(|[o(t)|| + [b(2)]) < K, inequality (2.7) yields, with
Ny = Ni(d,m, K)
[vaa (£, 2)|| < 2NV EK™)(1+ |z|™) {1+ (T — )™}
ANV K™)(1 + |z|™)eT—0m (2.8)
< Ny (1 4 |z)meMT=b),
The following lemma appears in [3, p. 195]. We will use this lemma and the fact

that v,v,, v, are continuous in (¢,x) to show that when o(t),b(t) are bounded,
v(t, x) is differentiable with respect to ¢ for almost every ¢ € [0, T].

Lemma 2.2. Let &(t,2) = o + [ o(r)dw, + [ b(r) dr, where sup,<p(||o(t)]| +
[b(t)]) < K. Fore>0 and (t,z) € Q, let

Te(t,z) =inf{s > t: (5,&(t,x)) ¢ Qc(t,2)},
where Qc(t,r) = (t — 3,t + €3) x B(x). Then for any compact set T' C Q =
QN {t =0},
eB3P{r(t,x) —t <} =0, e Elr(t,x) —t] — 1,
uniformly in (t,z) €T, as e — 0T.

Theorem 2.3. Under the hypotheses of Theorem 2.1 suppose that sup,<r(||o(t)||+
|b(t)]) < K. Then for any v € Eq, the function v(t,x) = Eg(&r(t,x)) is differen-
tiable with respect to t for almost every t € [0,T).

Proof. Fix any (t,z) € Hr and choose € so small that ¢t + ¢ < T. Since absolutely
continuous functions of a single real variable are differentiable almost everywhere,
it suffices to show that v(¢, ) is Lipschitz in ¢. By the strong Markov property we
can write

v(t,x) = Ev(re(t, ), &5 (1,2)(, ), (2.9)
which we henceforth abbreviate as Ev(7,&,,). By Ito’s formula applied to the C?
function (of x) v(t + €, -), we have
v(t,z) —v(t + €, x)
= Blo(re,&,) — vt + &, 6] + Blo(t + ¢.6) — ot + &) 2.10)

Te

=EIL i e[v(re, &) —v(t + 63,576)] + E/ / Lot + 63,§T) dr
t

Certainly [v(r,, €.) — v(t+ €%, r,)
are continuous and hence bounded in any compact set. By definition, L,v(t +

< QSup[t i+ x Bo(@) |v]. We recall that v, v, Uy
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€3,&) = 2 trfa(r) veg (t+€3,&)]+b(r) vy (t+€3,&,). From the elementary inequality
[tr[a - m]| < ||a|| ||m|| and the fact that ||o(¢)]] + |b(¢)| < K, we get, for r € [t, 7],

K2
|Lrv(t+637£7“)| S 7||v1’$(t+63a£7“)“ +K"U1(t+ 63757‘)‘
< N(E)(sup [Jvea(t+ €, + sup Jo(t+€,))).

() B (x)

(2.11)

So in any small closed cylinder @ D [t,t + €] x Be(z), we have, by (2.10) and
Lemma 2.2, for sufficiently small e,

[o(t,2) = v(t + €, )|

<2sup|v|- P{re =t < Y+ N (K)(sup [[vzge || + sup vz ) E[re — 1]
Q Q Q
< Ny (K)(sup |v] + sup [vz] + sup [[va )€,
Q Q Q
Since t, € were arbitrary (such that t + ¢ < T'), we get, for any s,t € [0,T) and any
fixed z € Ey,
lv(t, z) — v(s,x)| < Nolt — s,

where Ny is independent of s,¢,z. Hence the generalized derivative % exists and
9u(t,x)| < Na. 0

We will now show that the function v(t,z) = Eg({r(t,x)) satisfies the Kol-
mogorov equation almost everywhere in Hp, under the assumptions of Theorem
2.3. Our main tool will be the Aleksandrov-Busemann-Feller (ABF) theorem (see
[4, Theorem 1.1]) for continuous functions which are convex in # and non-increasing
in ¢.

Theorem 2.4 (Aleksandrov-Busemann-Feller). Let u(t,z) be conver in x, non-

increasing in t and continuous in Hr. Let P(s,x,t,y) = u(s,z) + ugo)(s,m)t +

ug (s, ) -y + %y*ugg(s, x)y, where ugo),uiglj denote generalized derivatives. Then
for almost all (s,z) € Eqy1, u(s +t,x +y) = P(s,z,t,y) + o(|t| + |y|?) as (t,y) —

(0,0).

Equivalently, for almost all (to,z0) € Eqy1,u(t,x) = Py 20)(t, ) + o[t — to| +
‘,I - I0|2) as (ta ‘T) - (t07 I‘O), where P(to,wo)(t’ I) = U(to, ‘TO) + UIEO) (to’ IO)(t - to) +
Uy (to, o) - (x — o) + 5 (@ — xo)*ugﬂ?(to,xo)(x — x0). We want to apply the ABF
theorem to a variant of v. To this end, note that by (2.6), for any [ € E4, we have

lvayw (. 2)] < E|gaya Ert, )| < NeNT=D(1 + |z))™,

where N = N(m, K). Direct calculation shows that for any I,z € Eg4, (m +

2)27% (1+ |z)™ < [(1+ |o]?) 2] (- Hence

NeN(T=t)9%

g ) E]

v (o] < < NN [(1-4 of?) 41

which yields

0< (v(t,x) + NeNT=9(1 4+ |x|2)%+1>(l)(l) V(t,z) € Hr, l € Ey.
That is, the function v(t,2) + NeM T (1 + |z|?) Z+! is convex in 2. We may also
consider this function to be decreasing in ¢ by the following argument. By Lemma

@) (0I0)
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2.2, the first summand on the right hand side of (2.10) is o(¢®) as ¢ — 0. By the
continuity of v, (¢, z), v, (t, ), the last factor on the right hand side of (2.11) tends
t0 ||vaz (t, ) || +|ve (t, )| as € — 0. Since the estimate |v,(t, )| < NeNT =8 (14|z))™
also holds, dividing (2.10) by €3, letting € — 0, using (2.8) and applying the second
result in Lemma 2.2, we get for almost every ¢ € [0,T) and any = € E,4

ov
a(tv IL’)

where N = N(d,m,K). From (2.12) it follows, as before, that for some N =
N(d,m,K), v(t,z) + NeNT=D(1 4 |2]?) 5 +! := v 4 vg is decreasing in t.

< NeNT=D(1 4 |z)™ < NeNT=D(1 4 |2[2) %+, (2.12)

Theorem 2.5. Under the assumptions of Theorem 2.3, the function v(t,z) =
Eg(¢r(t,x)) satisfies the Kolmogorov equation almost everywhere in Hp.

Proof. Since the ABF theorem holds for the function v + vy and vy is smooth,
the ABF theorem also holds for v. Since v has continuous second derivatives (by

Theorem 2.1), 0l% = v,, almost everywhere. So fix any (¢,z) € Hp for which

the assertion of the ABF theorem holds for v, v'% (t,x) = vgo(t,x) and ¢ is in

the Lebesgue set of the operator Ly = 3a% (s)% + b'(s)52:. By the strong
Markov property, v(t,z) = Ev(7,&.,), where 7.(¢,z) is as in Lemma 2.2. By the
ABF theorem, v(7,&r,) = Py o)(7e,&r) + o(|Te — t] + |&-, — 2]?) as € — 0. Since
§i(t,x) = x and Py 4)(t, ) = v(t,x), applying It6’s formula to the parabaloid P )

yields
Te 8
0= E/t (L7.P + 871:)(7“, &) dr +Efo(|7e — t| + |&. — z]?)]. (2.13)

Since 0 < 7. —t < €3, the estimates E|&,, —z|P < N(p, K)e%p(l—ke%) and |v(t, z)| <
N(T,m, K)(1+|z|)™ imply that the second summand on the right of (2.13) is o(€?).
Let us write the first summand on the right of (2.13) as

i oP e oP
EI.,—€<t+€3 / (LTP+W)(T, 57‘) dT+EITé:t+63 / (LTP—"‘W)(T', 57“) dr. (214)
t t

Since the coefficients of L, are uniformly bounded and r € [t, 7] implies |, — x| < e,
the integrand in the first summand of (2.14) satisfies

oP
(Lo P+ 50) (. 60)] < (K + K)o (t, 2)l| + Kloa (t,2)| + [0 (8 2)]

Since € € (0,1),
Te P
’EITE<H€3/ (L, P+ ‘l)(r, fr)dr’
" or

< NE) (Jvaw (b, 2) | + [va(t, 2)] + [vf” (£, 2)]) - P{re <t + €7},

and hence the first expectation in (2.14) is o(e) by Lemma 2.2. Dividing the second
expectation in (2.14) by €3 and evaluating it explicitly yields

1 t+e
EIT€:t+E373/ (Lrv(t,x) + vt(o)(t,:zz)) dr
< (2.15)

1 t+ed
VEL o [ b0 vea(ta)(6 — ) dr
t
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Since t is a Lebesgue point for L,, we have (almost surely)
3
Lo (©) (©)
Lty — Lov(t,x) +vy ' (t,x)) dr — Lyv(t,z) +v; " (t,z) ase—0
e Jt

and since

1 t+e3 ©
I —yyes = (LTv(t, x) + vy (¢, x)) dr‘
t
< K2 v (t, )| + Klvg(t, 2)| + [0 (8, 2)],

the first expectation in (2.15) converges to Liv(t,x) + vgo)(t,x) as € — 0. The
second expectation in (2.15) converges to 0 as ¢ — 0. Recalling that 0 < 7. —t < €3
and that r € [t, 7] implies |, — z| < €, we immediately get the bound

1 t+e . 1
ITG:H&ET),/ b(r) va (b 2) (& — @) dr| < S [|vgs (b 2) [ K et = g (t, 2) || Ke.
t

Hence dividing (2.13) by € and letting € — 0, we get Lyv(t,x) + vt(o) (t,x)=0. O

3. FUNDAMENTAL SOLUTIONS OF THE KOLMOGOROV EQUATION - THE
ANALYTIC APPROACH

Even the “analytic” proof that v(t,z) = Eg(&r(t,x)) is a solution of the Kol-
mogorov equation relies on the well known probabilistic fact that since coefficients
o(t), b(t) are independent of w, the vector & (¢, x) is a Gaussian vector with param-
eters (z + ftT b(r) dr, ftTa(r) dr). Hence, the distribution P&r(¢,2)" has density
function
_%<C*1(t)(y—m—ftT b(r)dr),y—m—ftT b(r)dr>

(2m)2 \/det C (1) ’

where C(t) = Crp(t) = ftT a(r)dr. From this, it follows that a solution to the
problem

e

p(T,t,y) =

207 ()00 (6, 2) + b ()0 (t,2) + Z2(t,2) =0 a.e. t€[0,7) (3.1)
v(T,z) =g(x) =z € Ey ’
is given by
v(t, z) = Eg(&r(t, )
_ 1t o
= [ s P& ta) @y )

e—%<071(t)(y—z—ftTb(r)dr),y—z—fth(r)dr>
_/ gy
Eq

(2m)% /et C (D) .

where a(r) = o(r)o*(r) is non-degenerate. We prove this in Theorem 3.1 below,
for slowly increasing g € C°(Ey,). Viewed analytically, since the function

LT @) @+ [ b(r)dr),a+ [T b(r)dr)

(2m)2 \/det C(2)

p(T,t,l‘) = (3.3)
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is a fundamental solution (in x) of the equation Ltp(t x) + a—p(t z) =0ae te€

[0,7), all © # — ft r)dr, where Ly = 30 (t) 52— + bi(t) 52 (3.1)
will be given by the convolutlon

’U(t,],‘) = [g *p(T,t, )] (l‘)
=/E gy)p(T,t,x —y)dy

e—%<cfl(t)($—y+ftT b(r)dr),x—y-«—ftT b(r)dr>
= 9\y
/;d ) (27)2 \/det C(2)
providing, of course, we can differentiate under the integral sign. Regarding nota-
tion, by fundamental solution, we mean that for all ¢t € [0,T), p(T, t,x) is infinitely
differentiable in z and [, p B, (T,t,x)dx = 1.

By Lebesgue’s dlfferentlatlon theorem, p(T,t,x) in (2) is differentiable with
respect to ¢, only in the almost everywhere sense. This is in contrast to the
case where a(t) = I4,b(t) = b(const.) and the Kolmogorov equation is simply
AUt x) + b ug(t,x) + 24(t,2) = 0 for all (t,z) € Hy. In this case, p(T,t,z) =

—lz+b(T—1)|2
(2m(T —t))~2e 27=0  is infinitely differentiable in both ¢ and z.

dy,

Theorem 3.1. FO’I“t € [0,T] and x € E4 and s € [t,T], let &(t,x) = x +
[ o(r)dw, + [7b(r)dr, where sup,<p(|lo(t)]| + [b(t)]) < K. Assume 36 > 0 for
which 614 < a(t), for all t € [0,T], where a(t) = o(t)o*(t). Then for p(T,t,z) as
in (2) and g continuous and slowly increasing, the function

olt, z) = Bg(ér(t,z)) = /E o(y) p(T 1,z — ) dy

satisfies the Kolmogorov equation 5a% (t)vgiz (t, ) + b (t)v,: (¢, x) + %(t,a:) =0
a.e. t €1[0,T) and any x € Eq.

Proof Direct calculation shows that for almost every ¢ € [0,7) and any x #

— ft r)dr € Eq, p(T,t,x) is a solution of the Kolmogorov equation. Thus we
need only show that we can differentiate under the integral sign. Omitting the con-
stant factor of (2r)~%/2 direct calculation shows that for almost every t € [0,T),

Wlthz—y—xandnt—j; r)dr,
%(T7tam_y)

e 2< () (z—me),2— 7]1)

- {ia()C (0)] = (€7 (1) alt) CH ()= — m), = — )

det C'(t)
+ 2<c-1<t><y — ), b() + 2(CT () b(t),m) }
and hence
|%(T,t7x — y)‘

o 3O B =m0

o oo @l

+ICTH ) alt) CT )z = ml* + ICTH D)l |=1[b(E)] + IIC*I(t)IIIb(t)IIUtI}-
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Since sup; < ([lo(®)] + [b(t)]) < K and [abl| < [lal[ [|bl], [la(®)]| = [o®)o*(®)] < K2.
From the estimate ||C(¢)|] < \/ﬁ\/ff la(r)||2 dr, we have |C(t)| < K*(T —
t). Moreover, by the uniform non-degeneracy condition 6|A\|> < a® (t)A\‘\, which
holds for all ¢ € [0,7] and all A € E4, we get |[C71(t)|| < 6(T7\/§t)' We also have
CU()NN > §|N|?(T —t), from which it immediately follows that det C'(t) > [§(T —
t)]¢. Obviously, |n;| < K(T —t). This gives

dp
’E(T,t,a: —y)’
e—%<cfl(t)(2—77t)ﬂ—7lt>

=TT )

K?/d 2dK? 9 o 5 KVd K2/d
{5(T7t) + 2T 1) (ly —=|* + K*(T —t) )+m|x—y|+ 3 }
Similarly, the gradient and hessian of p(T, ¢,z — y) satisfy
e—%<cil(t)(2—7h)72—ﬂt> L
(T t,x —1y) = C™(t) (z—
palT i~ ) e 0 (=)
p:v:v(Tvt7x - y)
e 3(CT O (E=m).z—me) ) . .
= Ct)(z=—m)[C™ (t)(z — = CTHt)} .
e e G CIER N O]
Thus
e—%<0*1(t)(z—m)7z_m> L
T T7t7 - S (e : -
\/ge*%@_l(t)(zfm),zfm)
< S GE {ly—al+ KT -0},
szz(Ta tax - y)”

e—%<cfl(t)('z_ﬁt)72—77t
<
- (O(T — 1))/
B e§<c_1(t)(zm)’zm>{ 2d
- (O(T — 1))/ 52(T' =)

)
e @ -1z = nel* + IC B}

3 (|y—$|2 +K2(T—I€)2) + m

2
To estimate the exponential term in each derivative, we use the inequality % <

(C7Y(t)(z —m),z — m:) and Young’s inequality (twice): |z —m|? > |[z] — |77t|]2 >
Lzl = |ml? > Ly — 2> = KX(T — t)? > L|y|? — L|z> — K*(T — t)? to conclude

_ ly|? |2
67%<C 1(t)(Z*77t)a2*77t> < 678K2(T—t)+4K2(T—t)

T—t
+

Denoting any of the derivatives py, ps, Pz by p'(T,t, @ — y), we see that

|z]?

|y|?
+4K2(T—t)

N - e 8K2(T—1
(T — t)%+2

T—t
+I5t

q(T —t, ‘y - .T|),

|p/(T,t,x - y)' <
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where N = N(0,d, K) and ¢(a,b) is a paraboloid in ¢ and b. Hence if (¢,2) €
[0, ] x Bgr, where 0 <ty < T, then
__lwl? + R?2 4T

N -e 8K2T ' 4K2(T—tq)

(T —t)2+2

Ip'(T,t,x —y)| < q(T, |yl + R).

2
So if we require that |g(z)| < Newlf?i‘?T, we see that the integrals fEd g(y)p' (T, t,x—
y) dy converge uniformly with respect to (t,z) € [0, tg] x Bgr. This implies v(t, z) is
twice differentiable with respect to x, once differentiable with respect to ¢ (almost
everywhere) and its derivatives can be evaluated by differentiating under the inte-
gral sign. Since p(7T,t,z — y) satisfies the Kolmogorov equation for almost every
t €10,T), so does v(t,x). O

Remark. The above growth condition for g is obviously satisfied when g has
polynomial growth, |g(x)| < K(1 + |z|™). Furthermore, direct calculation shows
that for any d-dimensional multi-index «, any derivative of p(T', t,x—y) with respect
to x satisfies

__ly—=|? 4TIt
N - e 4K2(T—t) 2

Dop(T,t,x — <

4o (T = t, |y — ),

where N = N(4,d, K, |«|) and g, (a, b) is a polynomial of degree less than or equal to
|a] in @ and b, from which it follows, as above, that v(¢, x) is infinitely differentiable
with respect to x.

More generally, if ¢(t) > 0 is bounded and measurable in [0,7] and we define
¢s(t) = [, e(r)dr, the function p(T,t,x) = p(T,t,x)e=?7) is an infinitely dif-
ferentiable solution (in x) of the equation Liu(t,x) — c(t)u(t, z) + %(t,z) =0
a.e. t €[0,T). Since [g*p(T,t,-)] (x) = e~ ?7®) [gx p(T,t,-)] (x), a solution to the
problem

20" (t)vgigs (t, ) + 0 (t)vyi (t, ) — c(t)v(t, z) + %(t,a:) =0
a.e. t €[0,7), all z € Ey
v(T,z) =g(x) x € Ey

is given by

(t,x) = e TWEg(¢r(t, 2)),

while if fOT |£(r)|e=?r® dr < oo, direct calculation shows that the function

T
ot z) = e T OBg(er(t z)) + /t Fr)e=t® gr (3.4)

satisfies
20" () v () + b (R) v (¢, 2) — c(t)v(t, z) + f() + L(t,z) =
a.e. t€[0,7) all z € Ey
v(T,z) =g(x) x€ Eq.
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4. PARABOLOID SOLUTIONS OF THE SIMPLEST TIME-MEASURABLE BELLMAN
EQUATIONS

In this section, we prove a result about the payoff function for the Bellman
equation in the simple case where the equation depends only on second derivatives
and ¢ and the coefficients are Borel measurable functions of t. Let A be a separable
metric space, where for (a,t) € A x [0,T], o(a,t) is a d X d; matrix and f*(¢) is a
function, both continuous in « and Borel measurable in ¢. Now let (2, F, P) be a
complete probability space on which (wy, F;) is a dq-dimensional Wiener process.
We consider the controlled diffusion process &;(a,t, x), defined for s € [0,7] by
&lat,x) =z + [ o(ar, t +7)dw,, where t € [0,T],2 € Eq are fixed and oy is a
strategy in class U, that is, progressively measurable with values in A.

Suppose g € C(2(Ed) and satisfies |g(z)], |g(y)(x)|7 |g(y)(y)(x)| < K(1 4 [z]™),
Va,y € E4, where K, m are nonnegative constants. It is known [4] that if for any
a € A, f* o(a,-) are differentiable with respect to ¢ with derivatives not exceeding
K, then the payoff function

T—t
wta) =swEB[ [ frdr gl (to) (1)
acU 0
satisfies the Bellman equation
17 a av
Sup{a ‘7(04, t)vzi:cj (ta ‘T) + f (t)} + 7(
a€cA ot
In the special case where g is a paraboloid, the payoff function takes a very conve-

nient form and clearly satisfies the Bellman equation under the weak assumption
that sup,ea f, Sup,ea o, ) € L1([0,T]), L2([0, T]), respectively.

t,x)=0 a.e. Hp, o(T,z)=g(z).

Theorem 4.1. Let p(x) be any paraboloid defined on Eg4, i.e. p(x) = %x*mx +
l-x+ly, where m € Eg2,l € Eg,lg € E1. Then the probabilistic solution of the

Bellman equation

sup{a™ (o, )vyigs (t, ) + (1)} + @(t,x) =0 ae t€]0,7T)
acA ot

o(T,z) =p(xz) x € Ey.

is given by

T

v(t,z) = p(x) +/ sup {tr[a(a,r)m] + f*(r)} dr. (4.2)
t a€A

Proof. From the theory of controlled diffusion processes [2], the probabilistic solu-

tion to this Bellman equation is the payoff function (4.1) with ¢ = p and a(«,t) =

1

50(a,t)o(a,t)*. It immediately follows from It6’s formula that Vo € U, t € [0, 7]

and z € E4, we have

Ep(&F_,(t,x)) = p(z) + E/0 ) trla(ap, t + 7)m] dr. (4.3)

We give a more direct proof of (4.3) using Wald’s identity. Writing £, =
[eR m (o3
& (t.2). we have p(€g_(t.2) = T gp 1y ana

Toemép_y = (m&F_, &7 _y) = (ma, ) + 2(mx,n%’ft> + <m777a’ftvn?‘ft>>
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where ng*, = OT_t o(ap,t+7)dw,. Writing m = ODO*, where D = (A'§%), we
get
a,t a,t * i oty
(mngly,npl,) = (ODO™ 7 t’nT t> <DZT t?ZT ¢) Z)‘ (ZT t)
where

T—t T—t
2t = 0% gt = /0 O* -o(ap, t+r)dw, = /0 o, t+1)dw,.

Orthogonality and the Wald identity yield

d

T—t 2 d T—t
Z%ttz Z(/ &lk(ar,tJrT’) dwf) :ZE/O [5zk(ar,t+r)]2 dr,

- k=1

and hence
d d T—t
Bl ') =S A Y E/O 5 (an, £ + )] dr
i=1 =1

T—t
= 2E/ trla(o, t + r)m] dr.
0
By Wald’s identity, we also have E(mx,n%i) =0and E[l- &%, + o] =E[l- (z +
ngty) +1lo) =1z +1lo. Thus

[g%itmg%—t

Ep(§5_,(t,2)) = B[ L=

Tt
=p(x) + E/O trla(a, t + r)m] dr.

€8 +1o]

Therefore,

v(t,x) = p(r) + zggE[/oT_ttr[a(ar,t—i- rym] 4+ f (r +t) d"}

= p(x) —&—/t sup {trla(ca, r)m] + f<(r)} dr.

acA
U

This result is hardly a surprise since the second-order derivatives of any parab-
oloid are constant. Hence by Lebesgue’s differentiation theorem, for any operator

F(b,t) for which fOT |F(b,t)] dt < oo, the function

T
u(t,z) = p(r) + /t F(pga(z),7)dr

satisfies

F(ug,(t,x),t) + g—?(tw) =0 ae. t€l0,7)

w(T,z) =p(z) x€E;.
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