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DETERMINISTIC HOMOGENIZATION OF PARABOLIC
MONOTONE OPERATORS WITH TIME DEPENDENT
COEFFICIENTS

GABRIEL NGUETSENG, JEAN LOUIS WOUKENG

ABSTRACT. We study, beyond the classical periodic setting, the homogeniza-
tion of linear and nonlinear parabolic differential equations associated with
monotone operators. The usual periodicity hypothesis is here substituted by
an abstract deterministic assumption characterized by a great relaxation of
the time behaviour. Our main tool is the recent theory of homogenization
structures by the first author, and our homogenization approach falls under
the two-scale convergence method. Various concrete examples are worked out
with a view to pointing out the wide scope of our approach and bringing the
role of homogenization structures to light.

1. INTRODUCTION

Let 2 < p < co. Let (y,7,A) — a(y,7,A) be a function from RY x R x RY to
RY (N > 1) with the properties:

For each fixed A € RY, the function (y,7) — a(y,7,\) (denoted (1.1)
by a(-,-,\)) from RY x R to RY is measurable ’

a(y, 7,w) = w almost everywhere (a.e.) in (y,7) € RY x R, where (1.2)
w denotes the origin in RY ’
There are two constants ag,; > 0 such that, a.e. in (y,7) €
RY x R:

(1) (a(yaTa )‘) - a’(y77-7ﬂ)) : ()‘ - u) > g | A— H |p

(i) Ja(y,7A) — a(y, 71| < a1 (A + [u)P~2|X — pf for all A,y €
RY, where the dot denotes the usual Euclidean inner product in
RY, and | - | the associated norm.

(1.3)

Let T be a positive real number, Q a smooth bounded open set in RY (the space

RY of variables = = (z1,...,2x)), and f € I 0,T; w—Le' (;R)) with p’ = p%l.
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For each given € > 0, we consider the initial-boundary value problem

Ou, . r t .
E—dlva(g,gDug):f in@Q=Qx(0,7T)
ue =0 on 0N x (0,T) (1.4)
ue(x,0) =0 inQ

where D denotes the usual gradient, i.e., D = (Dy,); <,y With Dy, = 6%1" and div
the divergence with respect to the variable x.

Provided the diffusion term of the differential operator in is rigorously
defined (see [18, Subsection 4.1]) and further an existence and uniqueness result for
is pointed out (all that will be accomplished in Section 2), our goal in this paper
is to investigate the limiting behaviour, as € — 0, of u. (the solution of ) In all
probability such an undertaking is hopeless without any further suitable assumption
termed a structure hypothesis [I8, 20], which specifies the behaviour of the function
(y,7) — a(y, 7, ) (for fixed A).

The common structure hypothesis is the so-called periodicity hypothesis. The
latter states that there exist two networks R C R;f and S C R,, eg., R = ZVN
and § = Z, such that for any given k € R and | € S, we have a(y + k, 7+ 1,\) =
a(y,7,)\) a.e. in (y,7) € RN xR, where \ is arbitrarily fixed. Under the periodicity
hypothesis, homogenization results for problem are available; see, e.g., [T, 22,
24] (see also [25] for specific corrector results). It should be mentioned in passing
that the homogenization of linear parabolic operators in the periodic setting is now
a classical theory (see, e.g., [2, 3, 8, 12, 13] ) with, further, an extension to the
almost periodic setting (see [27]).

However, much yet remains to be done in this area. To a large extent, non-
stochastic homogenization theory seems to confine itself to the periodic setting, and
that in spite of the gap to be filled between periodic and stochastic homogenization
[23]. No doubt, to arrive —via homogenization— at a thorough understanding of
physical problems we need to be released from the classical periodicity hypothesis,
especially with regard to the behaviour in the time variable.

Specifically, we study here the homogenization of problem in a very general
setting characterized by an abstract assumption on a(y, 7, \) (for fixed \) covering
a wide range of behaviours, especially with respect to the time variable 7 = é
Broadly speaking, this abstract assumption is proper [21I] with respect to the space
variable y = 2 and hence covers a great variety of concrete behaviours in y (see
21, Section 5]) whereas, surprisingly enough, with respect to 7 = £ it sets no
further significant restriction on a(y,,\) (fixed \), which we express by referring
to the quasi-properness introduced in Definition 3.1. This is a true advance in the
homogenization of parabolic partial differential equations, and a great step towards
a better understanding of evolution phenomena.

Our main tool is the recent theory of homogenization structures earlier developed
in [I8, 21] and our homogenization approach falls under the two-scale convergence
method. For an obvious reason (see the diffusion term of the differential operator
in ) the present study greatly leans on the elliptic case [21] of which it is a
natural continuation.

The rest of the paper is organized as follows. In Section 2 we rigorously define the
diffusion term of the differential operator in and we point out those of its basic
properties that ensure an existence and uniqueness result for the initial-boundary
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value problem under consideration. The homogenization of problem proper
begins with Section 3. Under an abstract deterministic hypothesis on a(:,-, A) (for
fixed \) we achieve fundamental homogenization results that prove quite similar to
those obtained in the periodic setting. Finally, to illustrate the preceding abstract
setting and point out its wide scope, we consider in Section 4 a few concrete homog-
enization problems for (L.4)). In particular it is shown how such concrete problems
reduce in a natural way to the abstract setting of Section 3.

In order that we may make use of basic tools provided by the classical Banach al-
gebras theory, the vector spaces throughout are generally considered over C and the
scalar functions are assumed to take complex values. If X and F' denote a locally
compact space and a Banach space, respectively, then we write C(X; F), B(X; F)
and IC(X; F) for continuous mappings of X into F', bounded continuous mappings
of X into F, and those mappings in C(X;F') having compact supports, respec-
tively. We shall always assume that B(X; F) is equipped with the supremum norm
llull o = supyex l|lu(z)| (]|-]| denotes the norm in F'). For shortness we will write
C(X) = C(X;C), B(X) = B(X;C) and £(X) = K(X;C). Likewise the usual
spaces LP(X; F) and LY (X;F) (X provided with a positive Radon measure) will
be denoted by LP(X) and L (X), respectively, in the case when ' = C. We
refer to [6, 7, 9] for integration theory. On the other hand, for convenience we will
most of the time put Cr(X) = C(X;R), Br(X) = B(X;R), Kr(X) = £(X;R) and
LE(X) = LP(X;R). Finally, the numerical space R? (d > 1) and its open sets are
each provided with Lebesgue measure denoted by dz = dx; .. .dzq.

2. PRELIMINARIES

Let 1 < p < 0o. Let G be a function from RY x R x RY to R with the following
properties:

For each A € R¥ | the function (y,7) — G(y, 7, \) from RY x R to
R, denoted by G(-,, A), is measurable

G(y,7,w) =0 a.e. in (y,7) € RN x R (2.2)

(2.1)

There exists a positive constant «; such that |G(y,7,A) —
Gy, 7 1) < ar(JA] + |p))P72|A — | for all \,u € RY and for (2.3)
almost all (y,7) € RN x R.

With a view to giving a meaning to the diffusion term in , we wish to define,
for each u in LE(Q)N = LE(Q) x --- x LE(Q) (N times), the function (z,t) —
G(%, L, u(z,t) from Q = Q x (0,T) to R, where ¢ > 0 is freely fixed. As was
pointed out in [I8, Subsection 4.1], it is worth emphasizing that this is a delicate
matter because the set Q. = {(z,t,y,7) : y = £ and 7 = L for (z,1) € Q} is
negligible in RY x R x RN x R.

For u € Li, (Q x RY x R;), we set

loc
x t
u®(z,t) :u(x,t,g,g) (xe, 0<t<T) (2.4)

whenever the right-hand side has meaning (see [18]). We will need the following
two basic lemmas. For the proofs we refer to [2Il Lemmas 2.1 and 2.2].
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Lemma 2.1. The transformation v — u (u® given by (2.4)) considered as a
mapping of C(Q) @ L>®(RN*1) into L>°(Q) extends by continuity to a linear map-
ping, still denoted by u — u®, of C(Q; L= (RNT1)) into L>(Q) with ||[uf||1=(g) <
sup(, peq u(@, )l o @n+1y for w in C(Q; L=(RNF)).

Lemma 2.2. Let u € C(Q; L®(RN*1)). Suppose for each (z,t) € Q we have
uw(x,t,y,7) >0 a.e. in (y,7) € RV x R. Then uf(z,t) > 0 a.e. in Q, where u is
considered in the meaning of Lemma[2.1]

Now, given ® € Cr(Q)"N = Cr(Q) x --- x Cr(Q) (N times), it is immediate by

(2.1)-(2.3) that the function (z,t,y,7) — u(x,t,y,7) = G(y, 7, ®(z,t)) of QxRN xR
into R lies in C(Q; L°°(RNT1)). Hence, the real function (z,t) — G(%, L, ®(x,t)) on
@, denoted below by G¢(-, -, ®), is defined in the sense of Lemma as a function
in L(Q).

Proposition 2.1. The transformation ® — G¢(-,-,®) of Cr(Q)" into L>(Q
extends by continuity to a mapping, still denoted by ® — G°(-,-,®), of LE(Q)N
nto L”/(Q) (p = p%l) with the property

1G=(, -, ®) = G U)o ) < r 19+ [P 1B = gy (25)
for &, 0 € LE(Q)V.
Proof. Let ®, ¥ € Cr(Q)". Thanks to (, we may apply Lemma with

u(a,t,y,7) = on (|0 (x, 6)] + [W(,0)])" @ (2, £) — U, 1)
- |G(y,7’,(13(.’17,t)) - G(y’T’ lI/(37725))

This leads immediately to
|G (-, ®) = G (-, O)P < ol (|9] + [W)) =27 & — WP

Considering the functions |® — U|” and (|®| + [¥)?~2" as belonging to L(Q)
and L7 (Q), respectively, where ¢ = 5 and ¢’ = ﬁ, and using Holder’s inequality,
one easily arrives at with Cr(Q)" in place of LE(Q)"N. With this in mind,
let B, = {v € LE(Q)" : IvllLegv < 5} with 7 > 0. Let g, be the restriction
to B, N Cr(Q)N of the mapping v — G¢ (-,-,v) (where ¢ > 0 is fixed, of course).
Clearly

g (@) — gr(‘I’)”LP’(Q) <ar?? o - \IIHLP(Q)N for all ®, ¥ € B, N CR(Q)N

(2.6)
Since B, N Cr(Q)Y is dense in B, (the verification is an elementary exercise), it
follows that g, extends by continuity to a continuous mapping, still denoted by g,
of B, into L? (Q) such that holds with B, in place of B,NCx(Q)". Whence we
deduce a sequence (g, )p>1 of mappings g, : B, — L? (Q) with g, (®) = G°(-,-, ®)
for ® € B, NCr(Q)N. Noticing that LE(Q)" is the union of the balls B, (n > 1)
and, on the other hand, ¢,+1(®) = g,(®) for & € B,, ,we are led to a uniquely
defined continuous mapping g : LE(Q)N — LP (Q) such that g(®) = G=(-,-,®)
for any ® € Cr(Q)". Hence the proposition follows by the density of Cr(Q)" in
L2(Q)™. 0
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Corollary 2.1. We have

a(,yw)=w ae inQ, (2.7)
-2
lla® (s, Du) = a® (-, DV)ll o (v < 0 | Dul + [Doll[75 ) 1Du = Dvll 1o gyw
(2.8)

and
t t
[a(g, -, Du(z,t)) — a(g7 -, Du(z, t))} - (Du(z,t) — Dv(z,t))
g€ e
> ag |Du(z,t) — Dv(z,t)|’  a.e in (z,t) € Q
for all u,v € LP (0, T; Wh? (Q;R)), where a(-, -, Du) = {a5 (-, SDu)b iy
Due to (L.1)-(L.3) and Lemma[2.2] this corollary is a direct consequence of Propo-
sition with G’ = a; (the i*® component of the function (y,7,\) — a(y, 7, \)).
Remark 2.1. Thanks to Proposition the diffusion term in (|1.4) can now be
rigorously defined. Specifically, let v € LP (O,T; Whe (Q; ]R)) Then a¢(-, -, Du) €
LP (Q)N, as pointed out above. But we may as well view a(-, -, Du) as a function in
L (0,T; v (Q)N). Consequently, diva®(-,-, Du) turns out to precisely represent
the function ¢ — diva® (-,t, Du(-,t)) of (0,T) into W~1? (;R), which lies in
LP' (0, T; W% (Q;R)) (this is straightforward).
Corollary 2.2. Let 2 < p < co. For each given real € > 0, there exists a unique
u. € LP(0,T; Wy P (4 R)) satisfying (T.4).
The statement of this corollary is guaranteed by (2.7)-(2.9). For more details we
refer to, e.g., [I], 16, 26].

Remark 2.2. More precisely, u. lies in

(2.9)

0o
ot
With the norm ||v||yve = ||v||Lp(OyT;W01‘p(Q)) + [V o (0w 10" (@) V? is a Banach

VP = {v € LP(0,T; Wy P(;R)) : o/ € L¥ (0,T; W—Lp/(Q;R))}.

space. For further needs it is worth noting that, since p > 2, the space I/VO1 PO R)
is continuously and densely embedded in L2 (f2). Hence, identifying L3 (Q) with its
dual, it follows

Wy (;R) € LE(Q) € WL (4 R)
with continuous embeddings. This has two important consequences:
1) We will use the same symbol, to denote both the inner product in L2({) and
the duality between the spaces W1 (;R) and W,*(Q; R).
2) The space V? is continuously embedded in C([0,77]; LA(92)) (this is a classical
result). Thus, we may define v(t) for v € VP and 0 < t < T, and further the
mapping v — v(t) sends continuously V? into L3(Q). Hence, we may consider the
space V' = {v € VP : v(0) = 0}, a Banach space with the VP-norm, which turns
out to contain the solution u. of (L.4).

3. THE ABSTRACT HOMOGENIZATION PROBLEM

For any notation, notion and result concerning homogenization structures and
homogenization algebras we refer the reader to [18, 21]. The letter E throughout
will denote exclusively a family of positive real numbers admitting 0 as an accu-
mulation point. In the particular case where E = (,),>0 with 0 < &, < 1 and
en, — 0 as n — 0o, we will refer to E as a fundamental sequence.
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3.1. Fundamentals of homogenization structures. To the benefit of the reader
we summarize below a few basic notions and results about the homogenization
structures. We refer to [I8] 21] for further details.

We start with one underlying concept. We say that a set I' C B(Rév ) is a
structural representation on RV if

(1) T is a group under multiplication in B(Rév)

(2) T is countable

(3) v € T implies 7 € T' (§ the complex conjugate of )

(4) T C II°.

Here, II°° denotes the space of functions u € B(R})') such that u® — M (u) in
L (RY)-weak * as e — 0 (¢ > 0), where u(z) = u (£) (z € RY) and M(u) € C.

We recall in passing that the complex mapping v — M (u) on II*® is a positive
continuous linear form with M(1) = 1 and M(rpu) = M(u) (for v € II*® and
h € RY) where m,u(y) = u(y — h) (y € RY). Thus, M is a mean value (see [I8 19]
for further details).

Now, in the collection of all structural representations on RY we consider the
equivalence relation ~ defined as: T' ~ I' if and only if CLS(I") = CLS(I”),
where CLS(T') denotes the closed vector subspace of B(R)') spanned by I'. By an
H -structure on Rflv (H stands for homogenization) is understood any equivalence
class modulo ~. An H-structure is fully determined by its image. Specifically,
let 3 be an H-structure on RY. Put A = CLS(T') where I is any equivalence
class representative of ¥ (such a T' is termed a representation of ¥). The space
A is a so-called H-algebra on RZJ/V, that is, a closed subalgebra of B(Ré\/) with the
properties:

(5) A with the supremum norm is separable

(6) A contains the constants

(MMIfueAthenue A

(8) A C II*.

Furthermore, A depends only on ¥ and not on the chosen representation I" of X..
Thus, we may set A = J(X) (the image of ¥). This yields a mapping ¥ — J (%)
that carries the collection of all H-structures bijectively over the collection of all
H-algebras on R, (see [18, Theorem 3.1]).

Let A be an H-algebra on Rfj . Clearly A (with the supremum norm) is a com-
mutative C*-algebra with identity (the involution is here the usual one of complex
conjugation). We denote by A(A) the spectrum of A and by G the Gelfand trans-
formation on A. We recall that A(A) is the set of all nonzero multiplicative linear
forms on A, and G is the mapping of A into C(A(A)) such that G(u)(s) = (s, u)
(s € A(A)), where (,) denotes the duality between A’ (the topological dual of A)
and A. The topology on A(A) is the relative weak * topology on A’. So topol-
ogized, A(A) is a metrizable compact space, and the Gelfand transformation is
an isometric isomorphism of the C*-algebra A onto the C*-algebra C(A(A)). For
further details concerning the Banach algebras theory we refer to [I5]. The basic
measure on A(A) is the so-called M-measure for A, namely the positive Radon
measure [ (of total mass 1) on A(A) such that M(u) = fA(A) G(u)dg for u € A
(see [18| Proposition 2.1]).

The partial derivative of index i (1 < ¢ < N) on A(A) is defined to be the
mapping d; = G o D,, o G~ (usual composition) of D'(A(A)) = {p € C(A(A)) :
G 1(p) € A} into C(A(A)), where A' = {yp e CH(RY) : ¢, Dy, p € A(1 <i < N)}
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Higher order derivatives are defined analogously. At the present time, let A% be

lel,
the space of ¢ € COO(R;V ) such that Dy = 7%&? 812“ ~ € A for every multi-index
T oy

a = (ag,...,ay) € NV and let D(A(A)) = {p € C(A(A)) : G Hp) € A®}.
Endowed with a suitable locally convex topology (see [18]), A (resp. D(A(A))) is
a Fréchet space and further, G viewed as defined on A is a topological isomorphism
of A* onto D(A(A)). Any continuous linear form on D(A(A)) is referred to as
a distribution on A(A). The space of all distributions on A(A) is then the dual,
D'(A(A)), of D(A(A)). We endow D'(A(A)) with the strong dual topology. If
we assume that A% is dense in A (this condition is always fulfilled in practice),
which amounts to assuming that D(A(A)) is dense in C(A(A)), then LP(A(A)) C
D'(A(A)) (1 < p < oo0) with continuous embedding (see [18] for more details).
Hence we may define

WUYP(A(A)) = {u € LP(A(A)) : diu € LP(A(A)) (1 <i < N)}

where the derivative d;u is taken in the distribution sense on A(A) (exactly as the
Schwartz derivative is taken in the classical case). We equip W1P(A(A)) with the
norm

N

ullwrraay = lullze@aay + D 10ulliracay (ue WHPA(A))),
i=1
which makes it a Banach space. However, we will be mostly concerned with the
space

Wh(A(A)/C ={u e Whr(a()) /A(A)

u(s)df(s) = o}
provided with the seminorm

N

lullwreacanc = Y 10l ey (ue WHP(A(A))/C).

i=1
So topologized, W'P(A(A))/C is in general nonseparated and noncomplete. We
denote by W#p(A(A)) the separated completion of W1P(A(A))/C and by J the
canonical mapping of WP(A(A))/C into its separated completion (see, e.g., chap-
ter IT of [6] and page 29 of [9]). W;’p(A(A)) is a Banach space and W;&Q(A(A)) is
a Hilbert space. Furthermore, as pointed out in [I8], the distribution derivative 9;
viewed as a mapping of W1P(A(A))/C into LP(A(A)) extends to a unique contin-
uous linear mapping, still denoted by 0;, of W#p(A(A)) into LP(A(A)) such that
9;J(v) = ;v for v € WLP(A(A))/C and

N
lullwieacay = > 10wl Lo(acay) for u € WP (A(A)).

i=1
To an H-structure ¥ on RY there are attached the important concepts of weak and
strong Y-convergence in LP (1 < p < oo) for which we refer to [I§].

3.2. The abstract structure hypothesis. Let ¥, and X, be two H-structures of
class C* on RZJIV and R, respectively, and let ¥ = X, x 3, be their product, which
is an H-structure of class C> on RY x R. We introduce their respective images (i.e.,
the associated H-algebras) : A, = J(2,), A = J(2;) and A = J(X). The same
letter, G, will denote the Gelfand transformation on A,, A;, and A, as well. Points
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in A(Ay) (resp. A(A;)) are denoted by s (resp. sg). The compact space A(A4,)
(resp. A(A;)) is equipped with the M -measure, §, (resp. 3;), for A, (resp. A;).
We have A(A) = A(Ay) x A(A;) (Cartesian product) and the M-measure for A,
with which A(A) is equipped, is precisely the product 5 = 5, ® ;.

Now, let 1 < p < co. Let =P denote the space of all u € LV (]Rév X RT) for which

loc
the sequence (u®),__o; [where u®(z,t) = u (2,L) (zeRM,teR)]is bounded in

ele
LY . (RY x R;). This is a Banach space with norm

r t
lullzy = sup ([ Ju(%,2)
0<e<1 BN+1 € ¢

where By 1 is the open unit ball in RV*!. Next, we define X%, to be the closure
of A in ZP. We equip X%, with the ZP-norm, which makes it a Banach space. It
is worth recalling that the Gelfand transformation G : A — C (A(A)) extends by
continuity to a continuous linear mapping, still denoted by G, of X%, into L? (A(A)).
This is referred to as the canonical mapping of X%, into L? (A(A)). We are now in
a position to state the so-called abstract homogenization problem for . Let

Ap=ANnCr (RN xR).

" da dt) e

The main purpose of the present section is to investigate the limiting behaviour,
as € — 0, of u. (the solution of (1.4))) under the abstract structure hypothesis

a; (- U) € XY forall ¥ € (Az)™ (1<i<N) (3.1)

with 2 < p < oo and p’ = By, where a;(-,-, V) denotes the function (y,7) —
a;(y, 7, ¥(y, 7)) from RN x R to R, which belongs to L (RN X R) (see point (4.1)
of [21]). The problem thus stated is precisely what is referred to as the abstract
homogenization problem for in a deterministic setting.

However, as will be seen later, one further assumption on X, the quasi-properness
hypothesis, will be necessary to the resolution of the preceding abstract homoge-
nization problem. Meanwhile, let us prove a few basic results we will need. In
the sequel we assume that holds. Thus, if ¥ € (AR)N, then a; (+,-, ¥) lies in
%g’oo = %gﬂ Ly (RN x R). Consequently, G (a; (-,-,¥)) € L> (A(A)) [18, corol-
lary 2.2]. With this in mind, let the index 1 < ¢ < N be arbitrarily fixed. For
Y= (@j)1§j§N in Cr (A(A))N7 let

bi (QO) - g (ai ('7 '7g71§0))
where G~ = (g’lgaj)1<j<N. This defines a transformation b; of Cg (A(A))™ into
L (A(A4)). o
Proposition 3.1. Let 2 < p < oo. Suppose (3.1) holds. For ¥ = (wj)1<j<N

in C(Q; (Ap)N), let b;(U(x,t)) = G (a; (-, U (x,1))) for (z,t) € Q, where ¥ =
(Yj)i<j<n with ¥; = Go,;. This defines a mapping (z,t) — b;(¥(z,t)), still
denoted by b;(V), of Q into L>°(A(A)). The following assertions are true:

(i) We have b;(¥) € C(Q; L®(A(A))) and
ai (-, 0%) — bl(\fl) in LY (Q)-weak X as € — 0, (3.2)
where W& = (5)1<j<n, V5 defined as in ,



EJDE-2004/82 HOMOGENIZATION OF PARABOLIC MONOTONE OPERATORS 9

(i) The mapping ® — b(®) = (bi(®))1<i<n of C(Q;Cr(A(A)N) into LP'(Q x
N(A)N extends by continuity to a mapping, still denoted by b, of the space
LP(Q; LR (A(ANN) into LP'(Q x A(A))N such that

—2
[b(u) — b(V)HLP'(QxA(A))N <ay|lul+ |V‘|ip(QXA(A)) [u— V”Lp(Q;LT{;(A(A))N)

(3.3)
and
(b(u)—b(v))-(u—v)>aglu—v[’ ae inQ x A(A) (3.4)
for all u,v € LP(Q; LL(A(A)N).

The proof of [21], Proposition 4.1] carries over mutatis mutandis to the present
setting.

Remark 3.1. We have in particular
(1) b(w) =w
(2) 16(A) = b(p)| < ax(JA] + [ul)P=2 |A = ] (A, € RY)
(3) (0(A\) =b(p)) - (A = ) > ag |A = p|” (A, € RY).
As a consequence of Proposition there is the following important corollary.

Corollary 3.1. Let
o, = 1/10 + 5¢ia (35)
ioe., @ (2.1) = () +eta (2,1, 2, £) for (2,) € Q. where vy € De(Q) = Ka(Q)N
C>(Q) and Y1 € Dr(Q) ® AY with AR = A>®° N Ag. Then, ase — 0,
as (-, D®.) — by(Dipg + 8ty in L (Q)-weak . (1< i< N)

where O stands for the gradient operator on A(Ay) [specifically, we have here 8121 =
(8]-1;1)1351\; with @-121 =0, othy viewed as a function of Q@ x A(A;) into D(A(Ay)),
where 0; is the partial derivative of index j on A(Ay)]. Furthermore, if (ve) cp is
a sequence in LP(Q) such that v — vy in LP(Q)-weak ¥ as E 3 € — 0, then, as
E>e—-0,

/af (-,-,Dq>5)v5dxdt—>// bi(Dibo + O )vo dwdtdd  (1<i< N).
Q QXA(A)

The proof of this corollary is a simple adaptation of the proof of |21, Corollary
4.1].

3.3. Quasi-proper H-structures. The basic notation and hypotheses are as in
the preceding subsection. Now, for 1 < p < oo, we put

H=LP(A(A;); W#p(A(Ay)Q R)),

a Banach space with an obvious norm. The canonical mapping of W?(A(A,))/C
into its separated completion, W;;p(A(Ay)), will be denoted by J,.

Definition 3.1. The H-structure ¥ = 3, x 3 is said to be quasi-proper for some
real p > 1 if the following two conditions are fulfilled:

(QP1) ¥, is total for p, i.e., D(A(A,)) is dense in WHP(A(A,))



10 G. NGUETSENG & J. WOUKENG EJDE-2004/82

(QP2) Given a bounded sequence (u¢)eep in VP (see Remark 2.2), where E is
a fundamental sequence, there exist a subsequence E’ from E and some
u = (ug,u1) € VP x LP(Q;H) such that, as E' 3 ¢ — 0,

ue — ug in VP-weak (3.6)
Ooue Oug

= 20 4 9oy in LP(Q)- <j < N). .
oz, 8xj+8jul in LP(Q)-weak ¥ (1 <j < N) (3.7)

Remark 3.2. The partial derivative d;u; in needs an explanation. First,
let us once for all keep in mind that for 1 < j < N, the symbol 9; denotes the
partial derivative of index j on A(A,) whereas Jy denotes the derivative on A(A,).
Now, let 1 < 5 < N. It is to be noted that 0; yields a transformation, still
denoted by 9;, that maps continuously and linearly W#p (A(Ay)) into L? (A(Ay))
and in particular W#p (A(Ay);R) into Lf (A(Ay)) (see [21]). With this in mind,
if ® € H, then 0;® is understood as J; o & (usual composition). We have 9;® €
L% (A(A)), and the transformation ® — 9;® maps continuously and linearly H
into L (A(A)). Accordingly if uy € LP (Q;H), then dju; is naturally defined as
being the function (z,t) — 9; (u1(x,t)) from Q to LE (A(A)). We have dju; €
LB (Q x A(A)), and the transformation u; — d;u; maps continuously and linearly

LP (Q;H) into LE (Q x A(A)).

Remark 3.3. Let £ > ¢ — 0. In order that (3.6) hold, it is necessary and
sufficient that we have u. — wug in LP(0,T; W, *(Q))-weak and Que —, uo iy
LY (0, T; W12 (Q))-weak.

3.4. Homogenization results. Throughout this subsection we assume that 2 <
p < oo and the H-structure ¥ = ¥, x ¥, is quasi-proper for p. In the sequel,
the space H = LP(0,T; W, P (% R)) x LP(Q; H) is equipped with the norm ||v||y =
||v0||Lp(O’T;W01,p(Q;R))+||v1 |20 (@s7)» V =(vo,v1) € H, which makes it a Banach space.
We will need the following lemma.

Lemma 3.1. §° = Dr(Q) X (Pr(Q) ® [Pr(A(A,))®Jy(Dr(A(Ay))/C)]) is dense
in LP(0, T; Wy P (4 R)) x LP(Q; H).

Proof. In view of (QP1) (Definition [3.1]), the space Dg(A(A,))®J,(Dr(A(A,))/C)
is dense in H (use [21] Remark 3.5] and the fact that ¥, is of class C*). We deduce
immediately that Dr(Q) ® [Dr(A(A;)) ® J,(Dr(A(Ay))/C)] is dense in LP(Q;H).
Hence, the lemma follows by the density of Dxr(Q) in LP(0,T; Wol’p(Q; R)). |

Remark 3.4. We have
Dr (A(47)) ® [Dr (A(4y)) /C] = G (r AT ® [rA7°/C])
where G is here the Gelfand transformation on A, and where g A2° = A N Cr(R)

and A /C = {¢ € A NCr(RY) : M(¢)) = 0} (M denotes the mean value on R
in the sense of [I8, Subsection 2.1]).
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Lemma 3.2. The variational problem

u = (ug,u) € Fy? = VI x LP(Q; H)

T
/0 (h (8), v ()t + / /Q o D) (Do v dededs

T
- / (F(0), wo(0))dt,

for all v = (vo,v1) € Fy?, has at most one solution.

The proof of this lemma follows in a quite classical way (use in particular (3.4)
and b(w) = w). We are now in a position to state and prove the main result in the
present section.

Theorem 3.1. Let 2 < p < co. Suppose (3.1) holds and ¥ = £, x 3, is quasi-
proper for p. For each fixed real number € > 0, let u. be the solution of the initial-
boundary value problem (1.4). Ase — 0, we have

ue — ug in LP(0,T; Wy (Q))-weak (3.9)
Oue  Oug . 1y
5% o M L (0, 7;W (Q))-weak (3.10)
Ou, ou . .
o, — 87:103 +0ju1  in LP(Q)-weak ¥ (1< j < N), (3.11)

where u = (ug, u1) is the unique solution of (3.8)).

Proof. The first point is to check that the sequence (u.):>¢ is bounded in V. To
this end, observe that u. € V" (Remark [2.2) and

T T
/ (ul (t), v(t))dt + / 0 (2,1, Du. (2,1)) - Do(w, t)da dt — / (F(t), v(t))dt (3.12)
0 Q 0

for all v € V', where € > 0 is arbitrarily fixed. Taking in particular v = u. and
using

T
1
| a0yt = 5 T = 0 (313)
and (2.7)-(2.9), we obtain by mere routine
Sup ||Ue || 1o 7.y top < 00. 3.14
€>ISH el (0,T;W3 P (2)) ( )

Using (2.7)-(2.8]), once again, it follows

sup HCLE('v " Dua)||Lp’(Q)N < 00,
e>0

hence sup [div (-, D)y a1 oy < 20- We deduce by (T7) that
e>0 e

‘ ’ Ou,
< 00,
ot Ly’ (0,7;w-1.2"(Q))
which combines with (3.14]) to show that the sequence (u¢)e>o is bounded in VP,
hence also in V.

Thus, given an arbitrary fundamental sequence E, the quasi-properness of ¥ (see
especially (QP2)) guarantees the existence of a subsequence E’ from F and of some

u = (ug,u;) € Fy¥ = VP x LP(Q;H) such that as E' 3 ¢ — 0, (3.9)-(3.11) hold

sup
e>0
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true (see Remark 3.3). Therefore, thanks to Lemma[3.2] the theorem is proved once
we have established that the vector function u = (ug,u;) satisfies the variational
equation in (the conclusive argument is classical; see, e.g., the proof of [21]
Theorem 4.1]).

To do this, let & € F° (see Lemma , ie., (1/10, (1/11)) with 1y €
De(Q), ¥1 € Dr(Q) @ [kAF @ (RAgo/C)] (see Remark B4, &1 = Gow and
(1/)1) = J 01/11 (1h1 viewed as a function of @ x A(A,) into D( (Ay))/C). Define

@ as in . Clearly ®. € Dg(Q). In (3.12), take v = ®. and then use (2.9)) to
get

T
0< / (f(t) — ul(t),uc(t) — P(t))dt — / a®(+,-, D®;) - (Du. — DO, )dzdt
0 Q
or, according to (3.13]),

1 ) T T /
> lue (D) 22 < (f(),ue(t) — @c(t))dt + (ug(t), Pe(t))dt
2 re /0 /0 (3.15)

- / a®(+, -, D®.) - (Du, — D®.)dxdt
Q

and that for any € > 0. Our goal now is to pass to the limit when E' 3 ¢ — 0.
First, as ¢ — 0, we have

0. 81/)0 g .
- <7< .
7z, 6x] @1/)1 in LY(Q)-weak ¥ (1 <j < N) (3.16)
0. 31/}0 R
5 o + aowl in L9(Q)-weak %, (3.17)

and that for any given 1 < ¢ < co. Choosing in particular ¢ = p and using [I8]
Propositions 2.5 and 4.4], it follows that ®. — v in W, *(Q)-weak. Hence &, —
Yo in LP(0,T; W,y P (2))-weak as € — 0, since W, ?(Q) is continuously embedded
in LP(O T; Wolp(Q)). Recalling (3.9) (when E' 3 ¢ — 0 ), we finally arrive at
S ), uc(t) — @(6)dt — [i (f(1),uo(t) — to(t))dt when E' 3 & — 0. Next,

obberve that .
, B od,
| e e = - [ 0.5

Thanks to the fact that VP (for 2 < p < 00) is compactly embedded in the space
LP(0,T; L*(Q)) (this is a classical property; use, e.g., [16, p.58, Theorem 5.1]) and
that the latter is continuously embedded in L?(Q), we have (from -
ue — up in L*(Q) as E' 5 ¢ — 0. Combining this with - for q= 2) 1t follows
that

T T
| . enat— [ e v®)de ws B> e
0 0
Now, based on (3.11) (when E’ 3 & — 0, of course) and (3.16]) (with ¢ = p), a
quick application of Corollary 3.1 yields
/ a*(,+, D®.) - (Dus — D®.)dzdt — // b(D®P) - D(u — @) dz dt dj
Q QxA(A)

as B’ 3 ¢ — 0, where, for v = (vg,v1) € LP(0,T; Wy P(Q)) x LP(Q;H), we denote
Dv = Dvg + 0vy with D = (D,,)1<i<n and 0 = (9;)1<i<n- Finally, as pointed out
in Remark the transformation v — HU(T)HQLQ(Q) is continuous on V. On the
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other hand, according to (3.9)-(3.10), we have u. — g in V¥-weak as E' 3 ¢ — 0.
Hence, by a classical argument it follows that

2 .. 2
0 (T) 32y < linminf (T g -

Therefore, taking the liminfg/5. .o of both sides of (3.15) and using

T
3 1o (DlE0 = [ 0w

one arrives at
0< /0 (F() — b (£), wo(t) — o(t))dt — / /Q oy B9) Dl )iy

and that for any ® € §3°. Thanks to Lemma 3.1, this still holds true for ® €
LP(0,T; Wy P (€ R)) x LP(Q; H), hence for ® € FyP. Therefore the theorem follows
by a classical line of reasoning (proceed as in the proof of [21, Theorem 4.1]). O

The variational problem is called the global homogenized problem for
under the abstract structure hypothesis with 3 quasi-proper (for the given
real p > 2). The term global is used here to lay emphasis on the fact that
includes both the local (or microscopic) equation for u(z,t) (where (z,t) is fixed
in ) and the macroscopic homogenized equation for ug. Specifically, by choosing
in the test function v = (vg, v1) such that vg = 0 and vy (x,t) = p(z, t)w with
¢ € Dr(Q) and w € H, we obtain the so-called local equation at (fixed) (z,t) € @

/ b(Dug(x,t) + Ouy(z,t)) - Ow dB =0 for all w € H. (3.18)
A(A)

As regards the derivation of the macroscopic homogenized equation, let r € RN
be freely fixed. Consider the so-called cell problem

w(r)eH:
/ b(r+0n(r))-owdB =0 forallweH
A(A)

which uniquely determines 7(r), thanks to Remark (see [14, Chap.3]). Then,
taking in particular r = Dug(z,t) with (z,t) arbitrarily fixed in @, and comparing

with (3.18]), it follows at once
uy = m(Duy) (3.19)

where the right-hand side stands for the function (x,t) — w(Dug(z,t)) from Q
to H. Hence, substituting (3.19) in (3.8)) and choosing there the test functions
v = (vg,v1) such that v; = 0, we are led to the so-called macroscopic homogenized

problem for (1.4)), viz.

% —divg(Dug) = f inQ
wp=0 on 90 x (0,7T) (3.20)

uo(x,0) =0 in ,
where q(r) = [5 4 b(r +0m(r))dp (r € RM).
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Remark 3.5. A vector function u = (ug,u;) satisfies (3.8) if and only if the

macroscopic component ug solves (3.20) and the microscopic component, uq(z,t),
at a given point (z,t) € Q solves (3.18). Thanks to Lemma [3.2] this guarantees the

uniqueness in ([3.20).

Remark 3.6. We have ¢(w) = 0 and further it can be shown that the function
r — q(r) satisfies inequalities of the same type mutatis mutandis as in Remark

3.5. Study of a concrete case. Harmonic H-structures. We start with the
following definition.

Definition 3.2. The H-structure (of class C*°) ¥, on R is termed p-harmonic
(for some given 1 < p < 00) if the following conditions are satisfied:

(H1) X, is total for p
(H2) To any f = (fj)lﬁjSN S LP(A(Ay)N satisfying

N
£0dB3, = DedB. =0 (with 0 — ‘ 591
/A(Ay) By ;/A(Ay) fiv;dBy (wit V; g(qp])) ( )

for all U = (1;) € Vg = {u € (A)N : div, u = 0}, there is attached a
unique x € WP (A(A,)) such that f; = 9;x (1 <j < N).

We turn now to the proof of the following statement.

Proposition 3.2. Suppose ¥, is p-harmonic (for some given real p > 1). Then
¥ =3y X X7 15 quasi-proper for p.

Proof. We need verify only (QP2). So let (uc)ecr be a bounded sequence in V?,
FE being fundamental. Based on the reflexivity of VP and on the X-reflexivity of
LP(Q) [18, Theorem 4.1], we can find a subsequence E’ from E, a function ug € VP
and a family (z;)1<;<n C Li(Q x A(A)) such that as E' 5 £ — 0, we have u. — ug
in VP-weak and gz: — zj in LP(Q)-weak ¥ (1 < j < N). Thus, the proposition
is proved if we can establish that there is some function u; € LP(Q;H) such that

Zj = 87.1‘] +ajul (]- <j< N) (322)

To do this, let ® = (¢;)1<j<n, ¢; € LP (Q; A), with

¢, 1y, 7) = p(z, )y (Yw(r) ((z,t) €Q, y eRY, T €R),
where ¢ € D(Q), ¥ = (¢;) € Vy4ip and w € A, Clearly

N ou N Oy
SpSwpdr dt = — / uYsw® ——dx dt.
;/Q Ox; ™Y ; 0 I Oz

Passing to the limit (as £’ 3 € — 0) on both sides gives

N N
Z// zj@wdxdtcw:Z// %@-mdxdtdﬁ
j=1 QxA(A) j=1 Q

X A(A) Ox;

where, regarding the right-hand side, we have used the facts that u. — ug in L?(Q)
as B’ 3 ¢ — 0 (see the proof of Theorem ) and Y5w® — fA(A) Y;wdS in L*(Q)-
weak as ¢ — 0. Using first the arbitrariness of ¢ and then that of w, we quickly
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arrive at (3.21)) for all ¥ € Vy;,,, where

ou
f](s) = Zj(xvtws’ $0) — aio(xat) (s€ A(Ay))a
Ty
(z,t) € Q and sop € A(A;) being fixed. Thanks to the p-harmonicity of ¥, this
yields a function uy € LP(Q;H) such that (3.22) holds (to show this is an easy

matter), as claimed. O
This is worth illustrating the results above.

Example 3.1. Suppose 3, is an almost periodic H-structure on R [18, Example
3.3]. Then ¥ = X, x X, (where ¥, is any H-structure of class C> on R) is quasi-
proper for p = 2. Indeed, ¥, is 2-harmonic (this is established in a preprint by the
first author) and so the claimed property follows by Proposition

Example 3.2. Suppose Y, is the periodic H-structure on RY represented by a
network R C RV, say R = Z" (see [18, Example 3.2]). Then ¥, is p-harmonic for
any real p > 1 (see [2I, Subsection 3.3]). Consequently, according to Proposition
the H-structure ¥ = 3, x ¥, (where ¥, is an arbitrary H-structure of class
C® on R) is quasi-proper for any real p > 1.

4. CONCRETE HOMOGENIZATION PROBLEMS FOR (|1.4))

This section provides concrete examples of homogenization problems for (1.4).
More precisely, we study here the limiting behaviour, as e — 0, of u. (the solution
of ) under various concrete structure hypotheses. It should be noted that in
practice the statement of a homogenization problem makes no mention of the con-
cept of a homogenization structure, still less of that of a quasi-proper H-structure.
The term concrete used above is precisely intended to stress this fact, as opposed
to the abstract nature of .

In fact, in view of the fundamental results achieved in the preceding section,
our only concern in each example under consideration below will be to show that
the concrete structure hypothesis supplementing (so as to yield a solvable
homogenization problem) can be reduced to for a suitable quasi-proper H-
structure X. This is the general point of view. We will see that the particular case
where the diffusion term in is linear entails considerable simplifications with
regard to practice.

4.1. General case. Just as in the preceding subsections, it is not specified here
whether the diffusion term in (1.4)) is linear or nonlinear.

Problem I. (Periodic setting) As we mentioned in Section 1, the homogenization
of under the periodicity hypothesis has been sufficiently investigated. We
will only draw attention to the fact that the present study includes the periodic
setting. Indeed, suppose for each fixed A € RY, the function (y,7) — a(y, 7, \)is Y-
periodic in y € RY and Z-periodic in 7 € R with, e.g., Y = (0,1)" and Z = (0, 1).
It amounts to saying that for any ¥ € R = Z" and any | € S = Z, we have
aly +k,7+1,\) =a(y,7,\) ae. in (y,7) € RYxR. Immediately we see that the
appropriate homogenization structures are the periodic H-structures ¥, = ¥ and
¥, = ¥s represented by R = Z and S = Z, respectively (see [18, Example 3.2]).
In other words, in the present case we have A, = Cper(Y), Ar = Cper(Z), and hence
A = Cper (Y x Z). Then, as pointed out in Example the product homogenization
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structure ¥ = ¥, x 3, is quasi-proper for any 1 < p < oo. Hence, the results of
Subsection 3.4 (and especially the conclusion of Theorem are valid, as claimed.
Finally, for the sake of exactness, we should change there A(A4,) (resp. A(A,),
A(A)) inY, (resp. Z, Y x Z), 9;in Dy, (1 <j < N), g in d%, and [, (resp.
Br, B) in dy (resp. dr,dydr).

Problem II. (Almost periodic setting) For the benefit of the reader we begin by
recalling the notion of an almost periodic function [4, 11, 15] we will be dealing
with. By an almost periodic continuous complex function on R? (d > 1) is meant
a function u € B(R?) whose translates {7,u},cge (With T,u(y) = u(y — h), y € R¢
) form a relatively compact set in B(R?). Such functions form a closed subalgebra
of B(RY) denoted by AP(R?). This fundamental notion, which is due to Bohr
[5], has been generalized to LI = spaces. A function u € LI (R%) (1 < p < o)
is said to be almost periodic in Stepanoff sense if u lies in the amalgam space
(LP,1°°)(R%) [10, 20] and further the translates {7,u},cge form a relatively compact
set in (LP,1>°)(R9). Such functions form a closed vector subspace of (L?,1°%°)(R%)
denoted by L% p(R?). It seems useful to recall that (LP,1°°)(R?) is the space of
functions u € Lloc(Rd) such that

» 1/p
fully oo = sup ([ Juldy) < oc.
kezd N Jk+(0,1)d

Equipped with the norm ||-||p7oo, (LP,1°)(R%) is a Banach space. The appropriate
norm on L p(R9) is the (LP,1°°)(R%)-norm. It is also worth noting that AP(R%)
is a dense vector subspace of L% ,(R%).

Now, let M denote the mean value on R? as stated in Subsection 3.1. Considered
as defined on AP(RY), the mapping M extends to a continuous linear form on
I P(Rd) still denoted by M. This follows immediately by the inequality

1/
/ ‘ dgc ’ <cllull,, (O<e<l1) (4.1)

for all u € (LP,1°°)(R%), where B is a fixed bounded open set in R? and ¢ is a
positive constant independent of both ¢ and w.
Now, given a countable subgroup R of R, we will put

APRr(R?) = {u € AP(R?): Sp(u) C R}
Lp(RY) = {u € Lhp(RY) : Splu) € R}
where Sp(u) stands for the spectrum of u, i.e., Sp(u) = {k € R? : M(u7¥,) # 0}
with i (y) = exp(2itk-y) (y € R?). Equipped with the (LP,[°)-norm, LiRR(Rd)
is a Banach space. As regards APg(R?), this is a homogenization algebra on R?, the
associated H-structure being the so-called almost periodic H-structure represented
by R [I8, Examples 2.2 and 3.3]. It is worth knowing that APg(R?) is dense in

LY pr(RY). Indeed, given u € LY 55 (R?Y) (1 < p < 00), the same procedure as
followed in the proof of [2I], Proposition 3.2] leads to

s 0n —ullp o, < /Hn(x) Ju = mpull, o, dx (integers n > 1),

where 6, € D(R?) is a mollifier. By using the fact that 7,u — u in (LP,1°°)(R%)
as |x| — 0 (there is no serious difficulty in verifying this), we deduce that u *
0, — win (LP,1®°)(RY) as n — oo. But u 60, € AP(RY) and M([u * 0,]7,) =
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M (u¥,,)F0,,(—k), where F denotes the Fourier transformation on R?. Hence u* 0,
€ AP (R?) and so the claimed result follows.
Having made this point, let us turn now to one fundamental result.

Proposition 4.1. Let (fi)ics be a countable family in LY p(R?). There exists a
countable subgroup R of R%such that f; € LZRR(Rd) forallieI.

Proof. Indeed, the set U = U;c1Sp(f;) is countable, since I and Sp(f;) (for each
fixed i € I) are countable. Therefore, the set R of finite combinations » 5 ... tik;
(t; € Z, k; € U) is countable. But R is a subgroup of R? and Sp(f;) C R for all
1 € I. Hence the proposition follows. (I

As a consequence of this, we have the following result.

Corollary 4.1. Let X be a separable metric space and let (p;)icr C C(X; LA p(RY)),
where the index set I is countable. Then, there is some countable subgroup R of R?
such that ; € C(X; LQRR(RCI)) for every i € I.

Proof. Let D be a dense countable set in X. Thanks to Proposition [{.] there
is a countable subgroup R of R? such that ¢;(¢) € L p(R?) for all i € I and
all ( € D. Now let i € I be fixed. Fix also some x € X. Let n > 0. By the
continuity of ¢ and the density of D in X, we may consider some ¢ € D such that
pi(x) = @i(Ol, 00 < T where c is a positive constant such that [M (u)| < cluf, .,
(u € L p(RY)). Tt follows that |M (p;(z)7,) — M (i (O)7,)| < n for all k € RZ
But M(p;(¢)7,) = 0 for all k € RY\R. By the arbitrariness of n we deduce that
M (pi(x)7,) = 0 for all k € RA\R. Hence p;(z) € LZRR(]Rd). This completes the
proof. ([l

We are now in a position to study the almost periodic homogenization of (|1.4)).

Example 4.1. Our goal here is to investigate the limiting behaviour, as ¢ — 0, of
U, the solution of (|1.4) for p = 2, under the structure hypothesis

a;i(-,, A) € LAp(RV*Y)  for fixed A€ RY (1 <i< N). (4.2)

According to Theorem [3.] this homogenization problem is quite solvable and
the results are available in Subsection 3.4 if we can find a suitable quasi-proper
H-structure ¥ = X, x ¥, for p = 2 such that holds for p = 2. To achieve this,
we shall require the following property: For ¥ € AP(RN*HR)Y | we have

sup/ laly — 7 — 0, U(y, 7)) — aly, 7, Uy, 7)) Pdydr — 0 (4.3)
ke€ZN+L Jk+Z

as |r| — 0 and o — 0, where Z = (0,1)V+1.

Remark 4.1. Condition (4.3) is satisfied if the following condition holds: For each
bounded set A C RY and each real > 0, there exists a real p > 0 such that

|(I(y—’l“,7'—0', A) _a(yaTa )‘)| < n (44)

for all A € A and for almost all (y,7) € RV provided |r| + |o| < p.
Indeed, if (4.4) holds and if ¥ is given in AP(RN*!;R)Y, then by choosing
A = U(RN*HL) (range of ¥) we get at once (4.3).
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This being so, let (6,,),>1 be a sequence with 6,, € Dg(RN¥+1) 6,, > 0, Supp6,, C
%ENH (Bn+1 the open unit ball of RN By its closure) and [ 6,(y, 7)dydr =
1. Let

Gy, A) = / 0, (r,0)aily — 1.7 — o, Ndrds (1< < N)

for A,y € RY and 7 € R, which defines a function (y,7,\) — (. (y,7, ) of RV x
R x RY into R. Clearly ¢i(-,-,\) € AP(RN*1) for each A € RY, and further
1Ca(y, Ty A) = Cu(y, 7o) <y [N —pf for all A\, u,y € RY and all 7 € R, where
Cn = (¢})1<i<n. Now, thanks to Corollary there exists a countable subgroup
R of RN*1 such that ¢ (+,-,A) € APR(RN*1) (1 <4 < N) for all A € RY and all
integers n > 1. Let R, = pry(R) and R, = pr,-(R), where pr, (resp. pr;) stands
for the natural projection of RN+ = RIY x R, onto R}’ (resp. R.). The set R,
(resp. R.) is a countable subgroup of RY (resp. R). Therefore R =R, x R, is a
countable subgroup of RN*! with moreover R C R. Hence

C(,oN) € A=APR(RYTY) (AWeRY, neN*, 1<i<N) (4.5)

and
Yr =Yg, X Xr, (see [I8, Example 3.6]) (4.6)

where ¥ (resp. X, ,¥g,) is the almost periodic H-structure on RN+ (resp.
RY R) represented by R (resp. Ry, R:). Recalling that Xz is quasi-proper for
p =2 (see Example, we see that the problem under consideration is completely
solved if we show that holds with > = ¥ and p = 2. To this end, starting
from and following the same line of reasoning as in [2I], Subsection 5.5] leads
to ¢i(-,-, W) € A for all ¥ € (Ag)" (n € N*, 1 <i < N). On the other hand, by
an obvious adaptation of the procedure in [21, Subsection 5.6] one quickly arrives
at the following result :

Given ¥ ¢ (AR)N and 1 < ¢ < N, to each n > 0 there is assigned some

integer v > 1 such that HQL(, S U) —a(s \I/)Hz,oo <nforalln>wv.

Since (L?,1°°)(R¥*1) is continuously embedded in Z2(RN+1) (this follows immedi-
ately by (4.1), the desired result follows from all that.

Remark 4.2. If instead of (4.2]) we consider the structure hypothesis:
ai(-, -, A) € AP(RNY)  for fixed A € RY (1 <i < N),
then (4.3) may be disregarded. Indeed, proceeding directly as in [2I, Subsection

5.5] we arrive at a;(-,-, ¥) € A for all ¥ € (Ag)" (1 <4 < N), which leads at once
to (3.1) with X as in (4.6), and with p = 2, of course.

Problem III. The present problem deals with two closely connected examples.

Example 4.2. We assume here that the family {a(-,-, A) }ern~ satisfies the condi-

tion

(BUE) For each bounded set A C RY and each real > 0, there exists a real
p > 0 such that |a(y — 7,7 —0,A) —a(y,7,A\)] < n for all A € A and all
(y,7) € RN x R provided |r| + |o| < p.

Remark 4.3. Condition (BUE) is more practical than its analog (UE) in [21]
Subsection 5.4]. In fact, [2I), Proposition 5.2] and its proof remain unchanged if the
sole points A considered in (UE) are those lying in an arbitrarily fixed bounded set
A C RY. This remark carries over mutatis mutandis to |21, Subsection 5.7].
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Assuming (BUE), we want to study the homogenization of (1.4) (for any given
real p > 2) under the structure hypothesis

@i+, A) € Boo(R; Cper(Y)) for any A € RY (1<i<N) (4.7)

where Y = (0,1)". We recall that Cpe,(Y) denotes the space of continuous complex
functions on RY that are Y-periodic (i.e., that satisfy f(y + k) = f(y) for all
y € RNand all k € ZV), and Boo(R;Cper(Y)) denotes the space of those f €
C(R; Cper(Y)) such that f(7) has a limit in B(R™) when |7| — oo. Now, let Sz~ be
the periodic H-structure on RY represented by the network ZV, and Y, be the H-
structure on R of which B (R) is the image (see [I8, Example 3.4]). The product
H-structure ¥ = Yznv X Yoo on RY x R is quasi-proper for any 1 < p < oo (see
Example and its image is precisely A = Boo(R;Cper(Y)) (see [I8, Proposition
3.3]). Thus, the present study falls under the framework of Section 3 provided it is
shown that holds true for the above H-structure. Clearly it suffices to check
that a;(+,-, V) € A for all ¥ € (Ag)" (1 <14 < N). But this follows by proceeding
exactly as in the proof of [21], Proposition 5.2].

Example 4.3. Assuming here that (4.4)) holds true, let us consider the homog-
enization problem for (1.4) (for any real p > 2) under the structure hypothesis

ai(-,+, \) € Boo(R; L2 (Y)) for any A € RY (1<i<N). (4.8)

per

By a simple adaptation of [21I Subsection 5.7] one is led to ) with ¥ =
Yzn X Lo as above. Hence, thanks to Theorem [3.1] the same conclusion as above
follows.

4.2. The linear case. In this subsection we assume that the function A — a(-, -, \)
of R into itself is linear. Then, there is a family {aij}i<ij<n, aij € LY (RN x R)

(thanks to (1.1)-(1.2) and part (i7) of ([1.3])), such that
N

a;i(y, 7, \) = Zaij(y,T))\j forall \ € RY (1 <i<N).
j=1

In the sequel we suppose p = 2. Now, it is clear that the results obtained in
Subsection 4.1 remain valid in the present case. In addition, by turning the linearity
to good account we can get round technical difficulties and thus, with the help of

further concrete examples, point out the wide scope of Theorem

This being so, it is immediate that (3.1) holds true if and only if
a; €X3 (1<i,j<N). (4.9)

Thus, in the sequel, the aim will be to reduce to (4.9) the concrete examples under
consideration.

Problem IV. Our purpose here is to study the homogenization of under the
structure hypothesis
ai; € Froap (1<i,j <N) (4.10)
where Fi, ap denotes the closure of By (R; AP(RY)) in (L2,1°°)(RV*1). To this
end, let us consider
Cnij € Bo(R; AP(RY)) (neN, 1<i,j <N)

such that as n — o0, (nij — ai; in (L2,1°°)(RNF) for 1 < i,j < N. According
to Corollary there exists a countable subgroup R of RV such that Cnij €
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Boo (R; APR (RY)) for all integers n € N and all indices 1 < 4,7 < N. Let ¥ = Yg x
Yo, where Y5 is the almost periodic H -structure on RV represented by R and X,
is the H-structure on R introduced in Example The H-structure ¥ on RV xR is
quasi-proper for p = 2 (Example and its image is precisely the H-algebra A =
Boo (R; AP (RY)) [18, Proposition 3.3]. Therefore, the homogenization problem
before us is solved through Theorem if we can check that holds for the
preceding H-structure. But this follows immediately by the fact ( already pointed
out before) that (L2,1°°)(RV*1) is continuously embedded in Z2(RV*1). Let us
illustrate this.

Example 4.4. The structure hypothesis (generalizing ) a;j € Boo(R; AP(RY))
(n € N, 1 <i,5 < N) reduces to . The same is true of the structure
hypothesis (generalizing ) aij € Boo(R; L4 p(RY)) (1 < 4,5 < N). Indeed,the
first assertion is evident. Regarding the next one, observe that B (R; AP(RY))
is dense in Boo (R; L% p(RY)) provided with the B(R; (L?,1°°)(RY))-norm, and the
latter is continuously embedded in (L2,1°°)(RN*1).

Example 4.5. The structure hypothesis a;; € L?(R; L4 p(RY)) (1 < 4,5 < N)
reduces to (4.10)). Indeed, C(R; AP(R™)) (a subspace of Bo, (R; AP(RY))) is dense
in L2(R; L4 p(RY)) and the latter is continuously embedded in (L2,1°)(RN+1).

Example 4.6. Suppose our goal is to study the homogenization of (1.4]) under the
following structure hypothesis, where the two indices 1 < ¢,57 < N are arbitrarily
fixed:

(1) The function 7 — a;;(+,7) maps continuously R into (L2, 1>)(R")

(2) As |7| — oo, aij(,7) has a limit in (L2,1>)(R")

(3) For each fixed 7 € R, the function a;;(-,7) is Y,-periodic, where Y, =
(0,c,)N with ¢, > 0.

Then this leads us to Problem IV. Indeed, it is not hard to check that the preceding
structure hypothesis implies that a;; belongs to Bso (R; L4 p(RY)) (Example [4.4)).

Our last problem states as follows.

Problem V. Let A; be an H-algebra on R with the property that A is dense in
A;. The matter in hand here is to study the homogenization of (L.4) under the
hypothesis that

aij lies in the closure of AP(RY)® A, in (L?,1®°)(RN*T!) (1 <i,5 < N). (4.11)

To begin with, let ¢,;; € APRY)® A, (n € N, 1 < 4,57 < N) be such that
Cnij — @ in (L2 1°)(RVFY) (1 <4, < N)asn— oco. By Propositionone is
easily led to some countable subgroup R of R such that Cnij € APR(R Y@ A,
for all n € N and all indices 1 < 4,57 < N. Let ¥ = g x X,, where X is as in
Problem IV and ¥, is the H-structure of class C*° on R of which A, is the image.
The H-structure ¥ on RY x R is quasi-proper for p = 2 and its image is the closure,
A, of APR(RY) ® A, in B(RY x R) (see [I8, Proposition 3.2]). Thus, we will be
through if we have shown that ( holds. But this is a direct consequence of the
fact that (L2,1°°)(RV*1) is continuously embedded in Z2(RV*1). Therefore, the
homogenization problem under consideration lies within the scope of Theorem [31]
and so we are led to the results of Subsection 3.4.
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Remark 4.4. According to (4.11)), the function (y, 7) — a;;(y, 7) is almost periodic
in y € RY whereas in the variable 7 € R it admits a great variety of behaviours.
This is illustrated below.

Example 4.7. Property (4.11]) includes (4.10) as a particular case. Indeed, this
follows by choosing A, = B (R) in (4.11)) and observing that AP(RY) ® B, (R) is
a dense subspace of B, (R; AP(RY)).

Example 4.8. Our purpose in the present example is to study the homogenization
of under the following assumptions, where the pair of indices 1 < i,j < N is
arbitrarily fixed:
(SH1) a;j(-,7) € L3 p(RY) ae. in T €R
(SH2) The function 7 — a;;(-, 7) from R to L% 5 (RY) is piecewise constant in the
sense that there exists a mapping ¢;; : Z — L% p(RY) such that

ai;(-,7) = qij(k) ae ink<7t<k+1 (keZ). (4.12)

4

However, in order to have a “well posed” homogenization problem, we need to be
informed about the behaviour of the coefficient ¢;;. We assume here that
(SH3) gij € Boo(Z; L% p(RY) where Boo(Z; L% p(RY)) denotes the space of map-
pings q : Z — L% p(RY) that converge at infinity, i.e., such that g(k) has a
limit in L2 p(RY) when |k| — oo.
It is well to note in passing that such a ¢ is necessarily bounded.

Let us show that the structure hypothesis made up of (SH1)—(SH3) reduces to
(4.11]), so that the problem under consideration is quite solvable.

Proposition 4.2. Let F be the set of functions f : R — C of the form

F=)Y rk)me  (re€Bu(Z), ¢ €K(2)) (4.13)
kez
with Z = (0,1), where K(Z) is identified with the space of functions in IC(R) with
supports contained in Z. Let A, be the closure in B(R) of the space of functions of
the form

Y=c+ Z fi (ceC, fieF).
finite
Then the following assertions are true.

(i) A, is an H-algebra on R with the further property that AS® is dense in A;.
(i) The family {ai;}1<ij<n satisfies .

Proof. Part (i) is proved in [20]. Thus, we need only show (ii). Let a pair of
indices 1 < i,j < N be freely fixed. Based on the density of AP(RY) ® B, (Z) in
Boo(Z; AP(RY)) (this follows by [6, page 46, Proposition 5]) and recalling that
AP(RY) is a dense subspace of L% (RY), we see immediately that AP(RY) ®
Boo(Z) is dense in By (Z; L% p(RY)). Hence, in view of (SH3), we may consider a
sequence (¢nij)nen in AP(RY) ® Boo(Z) such that gnij — ¢ij in Boo(Z; L% p(RY))
as n — oo. It is useful to specify that g,;; writes as

Gnij (k) = Chij(R)ubi;(y) (Y RN, k€ 2Z) (4.14)
lel



22 G. NGUETSENG & J. WOUKENG EJDE-2004/82

where ¢}, € Boo(Z), uly;; € AP(RY), and I is a ﬁnite set (depending on gp;j). On
the other hand, it is worth bearing in mind that ( is equivalent to

alj Yy, T qu y7 Xk+Z( ) a.e. in (yaT) € RN xR
keZ

where xxtz denotes the characteristic function of k + Z = (k,k + 1) in R, and
where the sum on the right is locally finite. Now, let

Anij (Y, 7) = Z Gnii (Y, K)Xr42(7) (y €RY, ae. in 7 €R). (4.15)
k€EZ

It is clear that a,;; lies in L= (R; AP(RY)) C (L?,1°°)(RN*1!) and further
lanij — aijlly o0 < sUP|[lgnii (k) — ¢i; (k)5 o -
keEZ

Hence an;; — ai; in (L2, 1°°)(RY*1) as n — oo.
On the other hand, substituting (4.14)) in (4.15)) yields

anij (Y, T ZU"U mj (1) (ye RN, a.e. in 7 € R)
lel
where fl,; € L>(R) with
m] ZCT”J YXk+z(T) (ae. in T € R).
keZ

But if > 0 is arbitrarily given and if ¢ € KC(Z) is such that ||xz — <p||L2(R) =

11 = @llp2(7) < T, where ¢ > 0 with |¢hij(B)| < ¢ (k € Z), then || fL,; —

n with ¢l = Y ¢ (k) (see (4.13)).
kEZ

Finally, let

IN

nij ||2,oo

"’LJ y’ Zunw nzj T) (y € RN7 T E R>7
lel

which defines a function in AP(RY) ® A,. It is an elementary exercise to deduce
from the preceding development that for any 1 > 0, there is some integer n € N
such that [|a;; — @45l ., < 1. This completes the proof. O

Example 4.9. The case to be examined here states as in Example except
that in (SH3), Boo(Z; L% p(RY)) is substituted by the space (1(Z; L4 p(RY)) of
mappings ¢ : Z — L2 p(RY) such that Y, ., [g(k)l5, o < co. Without going too
deeply into details let us verify that the present case leads to the same conclusion
as in the preceding example. First, let £}(Z) denote the closure in £°°(Z) of the
set of functions r € £°°(Z) of the form r = ¢ + ry with ¢ € C and rq € (*(Z). We
claim that the statement of Proposition is still valid when By (Z), in , is
replaced by ¢§(Z). Indeed, there is no real difficulty in verifying that the proof of
the said proposition holds when the symbol B, is replaced by ¢! (not £3!). The
details are left to the reader.

Remark 4.5. The coefficient ¢;; in Example is qi; (k) = f:“ a;j(-,7)dr (k €
7).
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