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ABSTRACT. In this article, we study the quasilinear Schrédinger equation with
the critical exponent and singular coefficients,
|u|q72u |u|22*(u)72u
||+ ||~

where N > 3, 2 < q < 22*(u), 2*(s) = %, and A\, u, v are parameters
with A > 0, p,v € [0,2). By applying the Mountain Pass Theorem and the
Concentration Compactness Principle, we establish the existence of the ground

state solutions to the above problem.

in RN,

—Au+ V(z)u — Alu)?)u = X

1. INTRODUCTION

In this article we study the existence of ground state solutions of the quasilinear

Schrodinger equations with singular coeflicients,
|u|q—2u |u|22 (1/)—2u

|| ||

—Au+V(2)u — A(jul*)u = A in RY, (1.1)

where N > 3, 2 < q < 22*(u), 2*(s) = 2(]3[:28), and A, 4, v are parameters with

A >0, p,v €[0,2). The corresponding energy functional for (1.1)) is

1 1
I(u) = 5 /RN(1 + 2u?)|Vul2dx + 3 /RN Vu|*da

A q 1 22" (v)
— f/ @dx - oo / [ul dxr
q Jr~ |z|* 22*(v) Jrn Jaf”

Throughout this article, we assume that potential satisfies:

(A0) V € C(RY,R) with inf V(z) = Vj > 0, and for each M > 0, meas{x € RV :
V(xz) < M} < 400, where V; is a constant and meas denotes the Lebesgue
measure in RV,

By the ground state solution of (|1.1)), we mean that u # 0 and its energy is minimal
among the energy of all nontrivial solutions to (|1.1)).
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The question addressed in this paper is motivated by analogous results for the
ground state solutions of the Schrodinger equation

0 = —A+ W(x)p — f(|8])d — kAR(I$]*) (9]0, (1.3)

where ¢ : R x RN — C, W : RY — R is a given potential, k is a real constant and
f,h : Rt — R are suitable functions. In particular, we consider the model with

h(s) = s,
| -2 |g[22°(n)-2
|I|“ E

W(z) = V(z) + 5. A stationary equation of the desired form is obtained by con-
sidering standing wave solutions, ¢(t,z) = exp (—i8t)u(z). Once we substitute the
formula of standing wave solutions into with the special choices of h(s), f(s)
and W (z) as pointed above, we can immediately obtain . According to this
substitution, w is a solution of if and only if ¢ is standing wave solution to
3.

Schrédinger equations of this type have appeared in many physical models. It
can be used to describe different physical phenomena due to the variety of the
nonlinear term h. When h(s) = s, was used to discuss the time evolution of
the condensate wave function of super-fluid film equation in plasma physics [14] [16].
When h(s) = (1 + s)'/2, models the self-channeling of a high-power ultra
short laser in matter, see [4, 8, 10, 22]. Equation also appears in the theory
of Heisenberg ferromagnets and magnons [I3] and in condensed matter theory [20].
For further physical backgrounds and applications, we refer readers to [6} 3l 17, 21]
and references therein.

Poppenberg-Schmitt-Wang [21] considered the eigenvalue problem

— Au+V(z)u — (Alu*)u = Mu|?>u, (1.4)

with bounded potential V(z) and ¢ > 2, A > 0. They showed the existence of

positive ground state solutions for one dimensional case via the constrained vari-

ational method. For the same equation mentioned in 7 Liu-Wang-Wang [I§]

also proved the existence of positive solution with unbounded/bounded/periodic

potential V(z) when 4 < ¢ < 22* and A > 0 by a change of variables and an Orlicz
2N

space, where 2* = =5 is the critical Sobolev exponent. In a recent work of do

O-Miyagaki-Soares [11], the critical exponent problem is studied for the following
quasilinear equation

— Au+V(z)u— (Alu)u = |[u? ~2u + |u|? 2y, (1.5)

where 4 < g < 22*, 2* is again the critical Sobolev exponent, N > 3. Applying
a change of variables and the Moutain Pass Theorem, they showed that there is a
positive solution for with bounded/periodic potential V' (z). Liu-Liu-Wang [15]
extended the method in [I1] to investigate the more general Schrodinger equations
with critical growth

_Zpa” ZD% )D;uDju+ V(z)u

1,j=1 1,j=1

= 0 2ut a2,

(1.6)
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where 4 < ¢ < 22*, N > 3. It is easy to see that can be transferred into
(L.5) with a;j(u) = (1 4 2u?)8; ;. They also obtained the existence for positive
solution with bounded potential well by the Nehari method. Later on, via classical
variation techniques, Wu-Zhou [25] improved the results of [I1] with unbounded
potential V(z), and they relax the restriction ¢ > 4 to ¢ > 2. Moreover, Bae-Choi-
Pahk [2] studied the existence of nodal radial solutions to the elliptic equations:

\u|q_2u ‘u|2*(u)—2u

|| [

—Au =\

in Bl7 (17)

with p,v > —2, A > 0. The singular terms addressed in our model are similar to
the one in (L.7)). Therefore, motivated by [2] and [25], we notice that the existence
of ground state solutions for depends not only on the range of ¢, but also the
parameter \, for the case when u # 0 and v # 0. The main theorem of our paper
is as follows:

Theorem 1.1. Let g and X be positive parameters, for every fized u, v € [0,2), we
have the following statements:

(ii) of 2<N+2 2“) < q < 22*(w), there exists a ground state solution of (L.1)) for
any )\ > O

(i) if2<¢g< W, there exists a constant \* > 0, such that for A > \*,
(1.1) has a ground state solution.

We now briefly mention the main difficulties of this problem. As observed in [19],
for each fixed v, the number 22*(v) behaves like a critical exponent for the embed-
ding X < L?2" (RN |z|7¥), where X = {u € H'(RN): w? € H'RY), /[V]u €
L?(RM)} is the domain of the energy functional corresponding to . The main
tool of this problem is a variant version of the Mountain Pass Theorem [23], which
introduced a so-called Cerami sequence. We denote it as (C). sequence for conve-
nience. The action of the (C). sequence in the modified Mountain Pass Theorem
is similar to the Palais-Smale sequence in the classical Mountain Pass Theorem [IJ.
Due to lack of compactness of the embedding X « L??"®)(RN,|z|~"), it compli-
cates the process of verifying the existence and nonvanishing of the weak limit of a
(C). sequence. On the other hand, X is not even a vector space, which causes that
the usual variation techniques cannot be applied directly. Therefore, the choice of
a suitable function space is also important for our discussion.

The plan of this paper is as follows: Section 2 states some preliminary results and
establishes the Mountain Pass geometry structure, Section 3 covers the compactness
of (O). sequence. Section 4 is devoted to the proof of Theorem

In what follows, C denotes the universal positive constant unless specified,
L9(RY) denotes the usual Lebesgue space with norm |jullq = ([fpn |ul?dz)¥/9,
1<qg<o0.

2. PRELIMINARIES

Let
H'(RY) = {u € L*RY) : Vu € L*(RN)}

be endowed with the inner product

{(u,v)g = / (VuVv + uv)dz,
RN
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and the norm |jul|? = (u,u)y. We define

E={uc H®RY): / V(z)u*dr < oo}
RN

with the inner product
(u,v) = / [VuVv + V(z)uv]dr,
RN

and the associated norm ||u/|? = (u,u). It is easy to see that both H!(RY) and E
are Hilbert spaces. Fortunately, thanks to [7] and [26], we can obtain the following
lemma.

Lemma 2.1. Let 0 < 0 < 2. The embedding E — L*(RY |z|=7) is continuous
for2 < s <2*(o) and compact for 2 < s < 2*(o) when V(x) satisfies the condition
(A0).
Proof. By [7] and [26], the embedding E — LP(RY) is continuous for 2 < p < 2*
and compact for 2 < p < 2* under the condition (AO0).

Let u, — 0 in F as n — oco. By the Holder’s inequality, we have

S g
/ |u’ﬂl- de/ ‘unL '|U;n|s_adm
Ry |7 RN 2]
2 /2 s—o 2@
< ([, o) ([ ran) T
Ry |2 RN

Since 2 < s < 2*(0) and 0 < o < 2, it follows that 2 < (S ”) < 2*. Hence, applying
the Hardy’s and Sobolev inequalities to (2.1)), we can obtam Jan lnl” g2 < ClJun|)®,

Tale
which gives that u, — 0 in L*(RY, |a:|_") for 2 < s < 2*(0) as n — oo. Therefore,
the first part of this lemma is proved.
Secondly, let {u,} be a bounded sequence in E. It is clear that, up to a subse-
quence, u, — u in F as n — oco. Employing the Holder’s and Hardy’s inequalities,

we obtain

_ S _ o
/ Jttn = ul® Uu\ d:c:/ J1tn = u” Uu\ Ny, —ul* e
Ry |zl Ry |z
_ 2 0’/2 (s—o) )
< (/ |un|2u|dx) (/ [, —u|2 = dx) e (2.2)
RN x RN
2—o
(=o) , \ T3
§||un—u\|”(/ lyy — u) 5= dx) o
RN

Since 2 < s < 2*(0) and 0 < o < 2, we have 2 < (S U) < 2*. Tt then follows

(2.1)

that u,, — u in L5 (]RN) Therefore, we can obtain u,, — u in L¥(RY,|z|~7) for
2 <5< 2%(0) from (2.2). Thus E — L*(RY,|2|77) is compact for 2 < s < 2*(0).
‘We complete our proof. O

The purpose of this section is to establish the variational structure of (1.1)). And
the main difficulty arises from the function space where the energy functional
is not well defined. To overcome this difficulty, and motivated by [I§] and [9], we
define a C* function f(t) as below:

F(—t) = —f(t) on (—00,0], f'(t) = L

—(1 IO YSIE on [0, +00).
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We also need some properties on f.

Proposition 2.2. The function f(t) has the following properties:
(A1) f is a uniquely defined, invertible C* -function;
(A2) 0< f'(t) <1 forallt e R;
(A3) £(t)] < |t] for allt € R;
(A4) |f(t)| < 23 [t]"/2 for all t € R;
(AB) There exists a positive constant C' such that

t)| >
sl {Cltlw, t) > 1;

(t
|

< f(t) fort > 0;

)
<L forallteR.

(A6) LD <¢f
<75

<t
(A7) @) f'(

We observe that a direct calculation implies that @ is decreasing for ¢ > 0 from
(A6). The proof of this proposition may be found in [9], [I8] 111 12].

After using the same change of variables v = f~!(u) as in [18] and [9], and the
definition of f mentioned above, I(u) can be transferred into a new functional J(v):

J(v) = %/RN (1902 + V() £2(0)] e 2/}@ 'fgi'qu

1 22%(v)
[ e,
22*(v) Jr~ ||V

which is well defined on E. Moreover, a standard argument shows that J € C1(E,R)
and

(2.3)

e = [ [ToVerv@rese

v)|a—2 ) 22* (v)—2
IO WO

||

(2.4)
FO)F (v)p|da

for all v, ¢ € E. Therefore, the nontrivial critical points of the functional J are
also the nontrivial weak solutions of the following equation

Av= o) f NI PO Vi) mRY. (25)

|| ||~

According to this change of variables (see [9] 25]), we notice that if v is a solution

of { ., u = ) is also a solution of (1.1] .

Now show that the functional J exhibits the Mountain Pass geometry structure.
Let

B(p)={veE: /}RN [[Vu]? + V(z) £ (v)]dz < p°}.

Lemma 2.3. For any fixed p,v € [0,2), the functional J satisfies

(i) there exist positive constants o and po, such that J(v) > «a for all v €

9B(po),
(ii) there exists w € E such that J(w) < 0.
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Proof. (i) From (A7), we have
[ VPP = [ pferevitd
RN RN
< 2/ |Vo|2dz (2.6)
RN

< Q/RN (1902 + V(@) P2 (0)] da.

For fixed p € [0,2), for any ¢ > 0 and 2 < ¢ < 22*(u), there exists a constant
C(g) > 0 such that R o C(e) ‘tl‘jl:m

a7 = Elal

Sobolev-Hardy inequality and (2.6]), we have
f(v 22" (p) 9 2% (n)/2
/ PO < c( IV(£2(v))] dx)
RN RN

||

. Thus, for any v € dB(p), by using

. C{/RN (962 + V() P2(0) dwr*(u)ﬂ (2.7)
<Cop .
Similarly, )
/RN Wc{x < Cp* W, (2.8)

By , it follows from (A3) and Sobolev-Hardy inequality again that
q 2 22" (p)
[ MOy [ UOE o [ HOR,
RN RN

|| | Ry e

< Cs/ \Vo|?dz + C - C(e)p? W
RN

(2.9)

< Cep? +C - Cle)p® W,
Thus, from (2.7) and (2.8), we obtain

J(v) = %/RN [|Vv\2 + V(ac)fQ(v)} do — i/}RN \f(v)|qu

q B
1 22 (v)
B / |f(v)] de
22%(v) Jr~ |x|¥

1 A A « 1 X
Spz_2 2_ 2o, (W) _ 1 2°w)
7[2 qu]p qC C(e)p 22*(V)Cp
> iff —C-Cle)p” W —Cp* W,

for £ > 0 sufficiently small. Choose py > 0 with 1p2 — C'- C(s)pg*(“) -C- pg*(y) =:
a > 0. Then we have J(v) > « for all v € dB(py).
(ii) For fixed v € [0,2), given ¢ € EN L*? ) (RN) with 0 < ¢ < 1, we can show
that
J(ty) —» —o0 ast — oo.

Indeed, since 0 < typ(x) < ¢ for ¢t > 0, and (A6) in Proposition it follows that

f(ty(2)) > 1®) = f(ty(z)) > f(t)v(x). (2.10)

tp(z) =t
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Thus, for t > 1, by (2.10), (A3) and (A5), we have

) . , 1 |f (ty) > )
s <5 [ VP s ve e - g [ T
2 2 ) ! [FB)p )
=3 fon (VP +V(ay?|de - 22 (1) /]RN FE—

_ t2 2 2 2" (v) |w|22*(u)

— —00, ast— 400,

since 2*(v) > 2 for v € [0,2). This implies that there exists a ¢ large and positive
such that w = t, J(w) < 0. O

It is well known that the minimization problem
|2

- 2. 1,2/ mN v _
S—mf{/RN|Vv|dx.v€D (R )7/RN R dx 1}

has a solution given by

[(N — v)(N — 2) 7
N—-2 *
[6 + ‘x|27u} 2(2—0)
Let 0 < R < 1, and ¢ € C°(RY,[0,1]) be a smooth cut-off function, such that
o) =1for |z| < R, 0 < p(z) < 1for R < |z| < 2R, and ¢(x) = 0 for |z| > 2R.

2(N+2—2v)

For any € > 0, it is known that —A(w?) = % o

we(x) =

and S can be attained by

J[

w?. Set u, = pw,. By a similar computation to that in [2 [5], we have:

/RN V(2)Pde = ST 1 0(55),

a2 o - (2.11)
RN
/ Vu|dz < O(e72=5 | Ine]), / ulda = O(exz=17), (2.12)
RN RN
|wel® Nop_ M-z 2(N —p) AN —p)
dr = O(ez=v ~1==n1) f . 2.13
/]RN|$|“x (e ) for N o <4< N3 (2.13)
As usual, we define the Mountain Pass level ¢ of J to be
c¢=inf sup J(v(1)), (2.14)

Y€l te(0,1]

where I' = {v € C([0,1], E) : v(0) = 0,7(1) # 0,J(7(1)) < 0}. And it is easy to
see that ¢ > 0 by Lemma [2.3]
Since

J(fH0)) = 1(0) = 0, J(f *(tuc)) = I(tu.) — —oo0 ast — oo,
it follows that there exists to # 0 such that J(f~(touc)) < 0. Let
n(t) = fH (ttoue),
we have

Y1(0) = 0,71 (1) = f~ (toue) # 0, J(y1(1)) = J(f " (toue)) < 0.
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Therefore, from the definition of the Mountain Pass level, it follows that

¢=inf sup J((t)) < sup J(n(t))

7€l telo0,1] te[0,1]

— sup J(f (thou,)) = sup J(f (b))
t€[0,1] >0

= sup I (tue).
>0

Taking u. as a test function, from the following lemma, we can check that
2—v N—v

c< mSﬁ. (2.15)

Lemma 2.4. Let pu, v € [0,2) be fized, we have
(i) if % < q < 22*(w), then (2.15) holds for any A > 0;
(i) if2<q< %, there exists a positive constant \*, such that (2.15)
still holds for A > \*.
Proof. (i) Since I(0) = 0, lim¢—, oo I(tue) = —oo, there exists t. > 0 such that
I(teue) = maxy>o I(tu.). We claim that there exist positive constants t; and to
such that t; < te < ty for € € (0,¢0). In fact, by (2.11] -7 there is a small

€5 > 0 such that
2

t 4
I(tu) < 7/ [[Vuel® + V(z)u?]dz + —/ |Vu?2|?dx
2 ]RN 4 ]RN

t22*(1/) |u€|22*(l/)
_ d 2.16
22+ (v) /RN o (2.16)

for all € € (0, €2). Hence

AR

2-2%(v) €
which implies that there exists a constant 5 > 0 such that t. < tg for all € € (0, €3).

Since 2*(u) < M < q < 22*(p), it follows from (2.11)-(2.13) that there
exists €1 € (0, €2) such that

t4 t4 |9 t22*(u) . 22*(v)
I(tu) > = [ |V(u2)2dz — )\—/ uel? o / e ™
4 Jr~ q Jr~ |z[* 22*(v) Jpv  |z]”

> 15'];]:; — )\Ce%*%qtq _ Lsg:f 22 ),
— 8 2*(v)
for all € € (0,€1). Let
_ L4 1 22% (1) @=L
= osigh [gt B 2*(u)t J§3=.
N—

. N—
Then x > 0. Since 3=£ —

= )q > 0, we can find a small ¢¢ < €; with
ACe>+ a1 < % for all € € (0,¢). Thus

.y N—uy_ _N-2 1
I(teue) > max {fsjflv AR NOr S ke L P—
0<t<1

N—v *
3=y $22 (V)} > X
<t<1 (8 2*(v) -

2
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Combining the above inequality with (2.16)), we deduce that

2 4 22" (v)
t2 N-v p N

g legry - C Gga

2 + 2 4-2%(v) ’

ICT P
~

<

which implies that there exists a t; > 0 such that t. > ¢; for all € € (0,¢p). Hence
we prove our claim.

For € € (0,¢p), from (2.11)-(2.13)), we have

4 ) 22" (v) |u |22 v
It < = [ |V(u2)de : d
) < [ 1902 22*<>/RN o “

q 2
- ét({/ | dx + t—z/ [[Vue|> + V(z)u?]dx
RN

q " Jen |z|H 2
2 §3% 40 (5] CAe =+~ T4
—_— 2—v 2(2—v — 2—v 4(2—v
= (4 22*(1/)) + (6 | ne') ¢
2—v N—v N—2 N—p N—2
< —  §3— O(ml )_C)\ﬁ*mq
S AN =) +0 (e |In € €
2 — UV N—v
< —" 52,
4(N —v)

for € > 0 small enough and ];[__5 — 4?;2”)(] < Qg:i). Therefore we can find a small
€ > 0 such that
2—v N—v

sup J(f~Htug)) = sup I(tue) = I(tzus) < ———— S 2 .
up /(1 () = sup I (t) = I (tee) < o

Moreover, from , we conclude that J(f~1(tus)) = I(tug) — —o0 as t — +o0,
which shows that there exists a £ > 0 such that J(f~!(fug)) < 0. By taking
3(t) = f~(ttue), we have 7 € I and ¢ < maxgeo,1 J((t)) < 4(]\7:”1/)5% for any
A>0.

(ii) In the proof of this part, we first rewrite I to be Ix. Let uy € C°(RY)
with ug # 0 and define t5 > 0 such that I (txup) = sup,~q I (tug). We claim that
tx — 0as A — +oo. B

We will prove our claim by contradiction. Suppose that the claim is not true.
Then there exists a constant ¢y > 0 and a sequence {A,} such that t5, > to as
An — +oo for all n. Without loss of generality, we may assume that A\, > 1 for all
n. Let t,, = t5, and Iy = I\|x=1, then 0 < I) (tnug) < I1(t,ug) for all n. Then it
follows that

4

t t2
I (thug) = Z" /N |Vuo|?da + 5" /N [[Vuol® + V(2)ug] da
R R

ta a 22 W) 22* (v)
_n ol do — = / [uol dx
q Jev |z 22°(v) Jan |2[”

_ tn i
<= | Vg |*dx + —"/ [[Vuol® + V(2)ug] da
4 N 2 RN

22" (v) 22* (v)
_ / [uol dx — —o0, ast, — oo,
22*(v) Jgy  Jzf”
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which gives us a contradiction since 22*(v) > 4 > 2. Thus ¢, is bounded from
above. Moreover, we also have

]XTL(tnﬂlo)

< ti/ Vu2|2dac+t%/ [|Vu |2+V(£L’)u2]dxf)\ ] |u0|qu

— 4 RN 0 2 RN 0 0 n q Jan |q;|u (217)
t q

co_ o [ o lwlty
q Jrv |z|*

as n — oo, which contradicts I, (tnug) > 0. Hence our claim holds. Since ¢y — 0
4 2

as A — 400 and I(taug) < & [on [Vud2de + 5 [y [|[Vuol? + V(2)ud] dz, we can

obtain that I)\(tAuo) — 0 a5 A — +o00o. Therefore, there exists A* > 0 such that

sup;>o Ix(tug) < 4(N S = for any A > A*. This implies that ¢ < 4(N el I

for all A > A*. The proof is complete. (I

3. COMPACTNESS OF THE (C). SEQUENCE

Since the compactness of (C'). sequence plays an important role in our process,
we will pay much more attention on the (C). sequence of J in this section. Recall
that {v,,} is a (C'). sequence of J if J(v,) — c and (1+ ||v,|])J (v,) — 0 as n — oo.

Lemma 3.1. Any (C). sequence {v,} C E of J is bounded in H*(RN).
Proof. Let {v,} C E be a (C). sequence of J at level ¢, that is,
J(vp) —c and (1+ |ou])J (vn) = 0 asn — oo.
Choosing ¢,, = ;,((1;1)), it is easy to see that ¢,, € E since v,, € E and the definition
of f/. Then, by (A3) and (A4), we obtain ||¢,| < 5||vs| and (J'(v,), on) — 0 as

n — oo.
By defining two real functions

q—2 22" (v)—2 t
bty = A0 I T gy = / (s, 2)ds
0

|| ||

choosing o = max{u, v}, we find that there exists a constant 7 € (4,22*(v)) such
that
e 1)

t—0 t2 - 0

and
N o R 1)

= 400 uniformly for z € RY.
[t|]—+o00 tT

Therefore, there exists r > 0 such that
tp(t,x) — TU(t,z) >0, for any |t| >r, x € RV, (3.1)
Moreover, for any € > 0, there exists a positive constant C'(g) such that

|t|22*(u)

Ed

[t (t,x) — 7Pt x)| < g|— + C(e)

||

., VteR, zeRV. (3.2)
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With ¢,, defined before, we can deduce from (3.1)) that

c+o(l)=J(v,) — %(J’(vn),%ﬁ

1 1 2£2(vy)
= 5/M |V, |2dx — ;/RN (1 MR YT +2f2(vn))|v”"|2dx
+5-3) [ V@ re)d

1

s [ U0~ ). de
2 (% - %) /RN Vo, [*dz + (% - %)/ V(2) f2(vn)da

+ [ ot 07w) - ¥ ). 0]

11

where B = {z € RY : |f(v,)| < r}. By (3.2), there is a constant M > V such that

1 1 2

N
Z_Z) W, for any [¢t| <r, z € RY,

|%tz/}(t7m) —U(t,z)| < (

where 1} is given in (AO).
Let A= {z e RN : V(x) < M}. By (3.4) and (A0), we obtain

G50 [ V@ e+ [ (o). 005w~ 0 0),0)]ds
]
G50 [y V@

2
L F@P,
4 27 Bn{zeRN:a|<1}  |Z]7

1— 1 xT) — 2(vy)dx
2 (4 27') /Bm{zeRN;z>1} (V( ) M)f (vn)d

_ (7 _ / |f(vn)‘2
4 27 Bn{zeRN:|z|<1} |‘T|g

dzx

1 Vo — M)r3dx
- (4 27 /AmBn{xeRN:lw>1}( ’ )

1 1 2
ALy / Sy
4 27 Bn{zeRN:|z|<1} |z|

> (= - —T)(VO —M)rzmeas(AﬂBﬂ {z e RN : |z| > 1})

1 1 9 1
T {zeRN:|z|<1} ||

(3.4)
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11 11 !
s> (1_ L _ 2 R Y N—o—1
_(4 5 ) (Vo — M)r® meas(A) (4 27_)1“ M/o p dp
11 ) 1 1.,
> (Z 2—) (Vo — M)r® meas(A) (Z E) ,
which implies
1 2 1 1
(5-°) / [Vop|?de + (= — —)/ V(z) f? (vn)da
2 T RN 4 27 RN (3 5)
11 '
< (Z - 2—)7“2 [(M — V) meas(A) + M] + ¢+ o(1).
-
Therefore,
[ [190P v e,
RN
since meas(A) is finite according to the assumption (A0).
Moreover, by (A5) and using Sobolev inequality again, we have
/ o 2dir = / fu[2dz +/ o 2dz
RN {lon|<1} {lvnl>1}
<C V(z)f*(vn)de +/ lun|? da
RN RN
2*/2
<C V(2)f*(vn)de + C[/ |an|2dw] < 400,
RN RN
where 2* = 2N/(N — 2) is the critical Sobolev exponent. Hence {v,} is bounded
in H'(RY), which completes our proof. O

Lemma 3.2. Let {v,} C E be a (C). sequence of J. If ¢ < ﬁs%, there

exist positive constants R and &, and a sequence {y,} C RN, such that

limsup/ v |?dx > €.
BR(?/'!L)

n—oo

Proof. Suppose that the conclusion is not true. It then follows from [24, Lemma
1.21] that v, — 0 in L*(R¥) for all 2 < s < 2*. By Holder’s inequality, Hardy’s
inequality and Lemma, we have

2—p

q 2(q—p) ==
/ |Un| dr < C(/ ‘Un|42(I7*; dl‘) p .
Ry |T|# RN

Since 2 < g < 2*(p) and 0 < p < 2, then 2 < Q(qu_#“) < 2*, we can obtain v,, — 0 in
L= (RY), hence
vp — 0 in LYRY 2| 7), for 2 < ¢ < 2%(u).
Then by (A4), Lemma and the interpolation, we deduce that
f(v,) =0 in LYRYN |z|™"), for 2 < g < 22*(p). (3.6)
By passing to a subsequence of {v,} and Lemma we may assume that

2f2(vn)
/RN (1 + m) Vo, |[*dz + /]RN V() f*(vp)dx — b,

22* (v)
RN

||~




EJDE-2017/114 GROUND STATE SOLUTIONS 13

On the other hand,
|f (Un)|22 =)
S 7d
(/RN )

20 \2de = | _An) o
s/RN IV £2(0,)] dx_/RN e Vs

< /RN (1 + %) Vo, |[2dz + /RN V(@) f2(vn)da.

By passing to a subsequence of {v,} to the both sides of the above inequality,
we obtain Sd7® < b. On the other hand, it can be deduced from that
0 = limy, 00 (J'(vp), wy) = b —d, where w, = ;,((21)). Therefore, b = d > =
And, by again, we obtain

c= lim J(vy)

n—oo

“ i [} [ (et vl [ I ]
2 nlggo [i /RN <1 * 1‘?'1;2]0%) |an|2dx * 4 /RN V(x)f2(vn)dx

1 |f (v5) ")
T 22 () /]RN 2] dx}

2—v N—v
> S2—v
~ 4(N —v) ’
which gives us a contradiction since ¢ < 7= S =v . The proof is complete. [

4. PROOF OF THE MAIN RESULT

Proof of Theorem[I1. Let ¢ be the Mountain Pass level given in (2.14). From
Lemma Lemma and the modified Mountain Pass Theorem [23], J has a
(C). sequence {v,} C E. By Lemma we may assume that v, — v in H}(RY)
and f(v,) — f(v) in E, under the assumption (A0), for any 0 < ¢ < 2, by
Lemma [2.1| the embedding E < L"(R™,|z|~7) is continuous for 2 < r < 2*(0), it
is also compact for 2 < r < 2*(o), which implies
flva) = f(v) in L3RY, | ™), for 2 < s < 22 (),
Flon) = f(o) i LZCIRY, 2] ),

with u, v € [0,2). Hence, we have (J'(v,,),¢) — (J'(v),¢) = 0 for any ¢ € Cg°(RY),
that is, v is a Weak solution of . We conclude from Lemma - that for any
wv € [0,2), c < IN=1) N S 2= holds when either of the following statement holds:
(1)%<q<22*( )andeach)\>(),()2<q§%amdeaeh
A > A" for some positive constant A*. Moreover, by Lemma there exists a
constant £ > 0 such that

/ lv|2dex = lim/ v, [2dz > € > 0,
RN n—oo JpN
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which implies that v is a nontrivial solution of problem (2.5). Hence u = f(v) is a
nontrivial solution of problem .

Finally, letting e = inf{J(v) : v € E,v # 0,J'(v) = 0}, it is easy to see that e is
attained by the lower semi-continuity. The proof is complete. [
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