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ALMOST GLOBAL EXISTENCE FOR THE NEUMANN
PROBLEM OF QUASILINEAR WAVE EQUATIONS OUTSIDE
STAR-SHAPED DOMAINS IN 3D

LULU REN, JIE XIN

Communicated by Goong Chen

ABSTRACT. In this article, we prove the almost global existence of solutions
for quasilinear wave equations in the complement of star-shaped domains in
three dimensions, with a Neumann boundary condition.

1. INTRODUCTION

Assume the obstacle L C R? be a smooth, closed and strictly star-shaped domain
with respect to the origin. Then consider the Neumann problem for the quasilinear
wave equation

Oeu = F(du,d*u), (t,z) € Ry x R}\K,
8Vu|81c =0, (1.1)
U(O,.I) = f($), 8tu(07x) = g(l‘)

Here O. = (O,,,0,, - -,0¢, ) is a vector-value multiple-speed D’Alembertian with
0., = 02 — c2A, and we suppose that all ¢;’s are positive but not necessarily
distinct. ,

O,u=mn-Vyu= a—unj
T 633‘]'
j=1
denotes differentiation with respect to the outward normal to IC. If we set 0; = Jq,
then

3
F!(du, d*u) = > Clr o o;0,u’, 1<I<N,
0<j k<30I K<N

where Cé{}j ¥ are real constants satisfying the symmetry conditions

O = it = c.
Let 0 = (04,01,04,05) = (0p, V) Denote the time-space gradient, and du = u'.
We write Q = {;;}, where Q;; = ,0; — x;0;, 1 < i < j < 3, are the Euclidean
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R? rotation operators. Set Z = {9, 0;,Qi;}, S =t0 +x -V, =t +10,, (x) =
(1+ [[?)1/2.
To simplify the notation, we let

O0=07-A

be the scale unit-speed D’Alembertian. Since the estimates for O yield ones for O,
we will state most of our estimates in terms of O instead of 0.

We suppose that the Cauchy data satisfies the relevant compatibility conditions.
Let Jyu = {0%u: 0 < |a| < k}. If m is fixed and u is a formal H™ solution of (L.1]),
then we write OFu(0, ) = ¥r(Jr f, Jk—19)(0 < k < m). The compatibility condition
for with (f,g) € H™ x H™~! is just the requirement that 1, vanish on 9K
for 0 < k < m. Furthermore, (f,g) € C* satisfies the compatibility conditions to
infinite order if these conditions hold for all m.

There have been many results on the almost global existence of wave equations,
mostly with Dirichlet boundary condition. The almost global existence for non-
linear wave equations was proved in [I] on Minkowski space by using the Lorentz
invariance of the wave operator. In [3], the authors gave the same result without
relying on Lorentz invariance. The exterior problem of nonlinear wave equation was
considered in [2]. Mitsuru Ikawa [4] studied some mixed problems for hyperbolic
system of second order. The almost global existence for the Dirichlet problem of
quasilinear, semilinear wave equations in three space dimensions were proved in
[5l 8] and [7], respectively. Also [12| [13] [I4] give the global existence for Dirich-
let problem of nonlinear wave equations in exterior domains. The nonexistence of
global solutions for exterior problem to critical semilinear wave equations in high
dimensions was obtained in [9].

There are also some results on the almost existence to Neumann problem for wave
equations. The Neumann problem for the wave equation in wedge was considered
in [15]. [16] considered the Neumann exterior problem for wave equation in 2D and
studied the asymptotic behavior of the solutions for large times. Katayama et al
[10] proved the almost global existence of solutions to exterior problem for semilin-
ear wave equations with Neumann condition. Metcalfe et al [II] gave the almost
global existence for quasilinear Neumann wave equations on infinite homogeneous
waveguides.

To our acknowledge there are very few results on the almost global existence
or lifespan estimate of exterior Neumann problem for quasilinear wave equations
in 3D. In this paper, we study the almost global existence of solutions to the
exterior problem for quasilinear wave equations with Neumann condition by using
the estimates similar to Dirichlet problem in [5]. Compared with the Dirichlet
problem, u = 0 changes into d,u = 0 on 0f2. So the estimates on the boundary, we
decompose the estimated terms into the terms which contain 0,u. The key steps
in this paper are the piontwise estimates and weighted L? estimates. At last, we
proof the almost global existence to this problem and give a lower bound for the
lifespan of the solutions. To study this problem conveniently, we need some known
lemmas (see [3]).

Lemma 1.1. Suppose that u € C° solves the Cauchy problem

Ou = F(s,x), (s,x)€0,t] xR?
u(0,x) = dyu(0,z) = 0.
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Then
1

t
(I+t)|ut,z)| < C/ / Z |STZF(s,y)| — dyds. (1.3)
0 F aj+j<s, i<t v
Lemma 1.2. Let u € C° solve (1.2)), and fir v € R3 with |z| =r. Then
1 t r+t—s
alfutt o) <5 [ [ sup [F(s.p8)]pdpds. (1.4)
0 J|r—(t—s)| |0|=1
Lemma 1.3. Suppose that u solves the Cauchy problem
Uu = F,

1.
w(0,2) = £, Du(0,2) = g. (1.5)
Then
(In(2 + 1)~ Y2 ()20 | 2 sy

/ ‘ (1.6)

< Ol (0,2 |aquords + € [ 1F(s,) s,

0
t

||U/HL2([0¢]><{\I|<1} S CHu/(O’ .I)HLQ(RB)CZS + C/O HF(S, )HLQ(H@)dS (17)

Lemma 1.4. Suppose that h € C*°(R3). Then for R > 1,

Bl Lo (ry2<tol<r) < CRTY > 19%07h|2(Rya< o) <2R)-
la|+]v|<2

2. POINTWISE ESTIMATES OUTSIDE OF OBSTACLES
In this section, we shall consider the exterior problem of Neumann wave equations
Ou = F(t,x), (t,x) € Ry x R3\K,
dyu(t,z) =0, ze€dk, (2.1)
u(t,z) =0, t<0.

Any of the following estimates for [J extend to estimates for [J. after applying
straightforward scaling argument. We will prove the following pointwise estimate.

Theorem 2.1. Suppose that v = u(t,x) € C™ is the solution of (2.1). Then for
each o] =N > 1,

t
t|Z%(t, z)| < C/ Z ||S]67F(S,-)||L2(R3\;C)ds
0

[YI+i<N+3,5<1

t
, 1
+C// g |STZPF (s,y)|— dyds.
0 B i< N+6 <1 ]

We assume, without loss of generality, that K C {x € R? : |z| < 1}. As a first
step, we prove the following lemma.

(2.2)
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Lemma 2.2. Suppose that u = u(t,z) € C* is the solution of (2.1). Then for
each |a| =N > 1,

t|Z%u(t, )| <C/ / |SjZ‘X+7F(s,y)|| |dyds
RIK |’Y|+J<3 J<1 (2.3)
+C  sup (L+5)(12%/ (s, 9)| +1Z2%u(s, y)))-
ly|<2,0<s<¢
Proof. Inequality (2.3]) obviously holds for |z| < 2. Let p € C*°(R) be a cut function
satisfying
1, r>2
plr) = {0, r <1
Then w(t, z) = p(|z|)0%u(t, z), solves the following problem in R3,
Ow = p0*F + G,
w(t,z) =0, t<0,
where
G = —2Vp(Jal) - VOu — (Ap(lal))u.
Split w = wy + wsy, where wy and ws solve the following problems:
le = paaF,
wi(t,z) =0, t<0,
and
Dw2 = G,
wo(t,z) =0, t<0,
respectively. Applying Lemma [I.1} we conclude that
- 1
tlws (t, 2)] < C/ / |SJZ78aF(s,y)||—| dyds.
RAK |’Y|+J<3J<1 Y
By Lemma [T.2]
|z|+t—s
lwa(t,x)] < Ci— / / sup |G(s,r0)|rdrds. (2.4)
|z| |lz|—(t—s)| |8]=1

For |z| <1 and |z| > 2, G(t,z) = 0. Hence the right-hand side of is nonzero
only when
< e~ (t—s) <2,
namely,
(t—lz]) =2 <s < (t—fa]) +2

We conclude that

|wa(t, )|
1 1

<C—— sup (1+8)(|1Z2% (5, 9)| + | Z%u(s, y)]). (2.5)
2] 1+ [t = |2[| (¢ |e)—2<5< (t—|a])+2

ly|<2

This implies that (2.3) still holds for |z| > 2. O
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Lemma 2.3. Suppose that u € C* solves (2.1)) and F(t,xz) =0 for |x| > 4. Then
there exists a constant ¢ > 0 such that

t
||u'(t, ')||L2(R3\IC:|1:\<4) S C/ e—c(t—s) HF(S, ')HLZ(]R3\IC)dS' (26)
0
Consequently, for any fixed nonnegative integer M, we have

Z [[(£00)7 0w’ (¢, )| L2 &35\ kx| < 4)
la|+5<M, <1

<C Y (YOFE ) @)

lal+i<M-1,5<1 (2.7)
t
+C/ e 37 N |(s05)7 07 F (s, )| L2 sy ds,
0 lal+i <M, j<1
S 00 (1) e s e <o)
lal+5<M, <1
<C Z 1570 f(t, )| L2 ma\xc) (2.8)

lal+i<M—1, j<1
t
+ C/ e_g(t_s) Z HSjaaF(S, ')”LZ(RS\K)dS.
0 lal+5<M, j<1

Proof. First, we provide the exponential energy decay [I7, Theorem III, p. 480]
and [I8| (iii), p. 230]: Suppose that w is the solution to the problem

Uw =0,

ow=0, xzeok. (2.9)

Let
B(w, D, 1) = %/D (19ue]? + [ Vo]? ) i
Then there exist positive constants C, ¢, such that
E(w,D,t) < Ce " E(w, D,0).
Next, homogenizing 7 we have
Ow =0,
Ayw|,e =0, (2.10)

wlt=s =0, Ow|t=s = F(s,2).

Suppose that w solves problem ([2.10)), then u = fot w(x,t,s)ds solves (2.1]). Thus

we derive
t
2 2
112 oo <) < / 1, )2 o g )05

t
< c/ E(w, (R\K : |z| < 4),t — s)ds
0

t
< C'/ e U B(w, (R\K : |z| < 4), s)ds
0

t
< C/O e_C(t_S)”F(s?')||%2(R3\K:|m\<4)d87
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which implies

t
||’LLI||L2(]R3\;C:|3:|<4) < CA 67(3(1575)||_Z*—‘(<97 ’)||L2(R3\)C)d5~

Therefore, estimate (2.6]) holds.
Estimate (2.8)) follows from (2.7). Using induction and elliptic regularity we can
prove the estimate (2.7). O

Proof of Theorem[2.1. By Lemma [2.2] we need only to proof that the last term
on the right-hand side of can be dominated by the right-hand side of (2.2)),
namely prove

t sup [0%u(t,x)| < right-hand side of (2.3)),

lx|<2
holds for each |a| = N. We have
t .
[t0%u(t, )] < / Z |(s05)? 0%u(s, x)|ds. (2.11)
0 j<1
First we discuss the case: F'(s,y) =0 when |y| > 4.
By Sobolev Lemma, from ([2.8)), we obtain that for |a| = N,
t sup |0%u(t, )|
|z|<2

t
= C/ Yo ISTOE(s, e @ e <ayds

O |yl+i<N+2,j<1

t s
+C/ / e 3(77) > 15707 F (7, )| L2 (e \ic:|z | <4)dTds.
0 JoO

[y[+i<N+2,5<1

(2.12)

Therefore,

t sup |0%u(t, z)| < first term on the right-hand side of (2.3)).
|z|<2

Now we deal with the second case: F(s,y) = 0 when |y| < 3. Suppose that ug

solves the Cauchy problem
Oug = F(t,z), (t,z) € Ry x R3,
o=F(tz), (tz)eRy (2.13)
ug(t,z) =0, ¢<0.

Let n € C5°(R?) be a cut function satisfying
1, |z| <2,
i) = {0: x: > 3.
If we set & = (9 — 1)up + u, then @ solves the problem
Oa = G(t,z), (t,z)€ Ry x R}\K,
By tt| 5 = 0, (2.14)
a(t,z) =0, t<0,

where
G = —2Vn - Vug — (An)ug
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vanishes unless 2 < |z| < 4. Hence by the first case,
t sup |0%u(t,x)| =t sup |0%u(t, x)|
|z|<2 |a:\<2

<C ||SJ8FYG'(S7 ')||L2(R3\)C)d8
0 \7|<N+2 j<1

< C/ Z 15707 ug (s, ) || Loo (mo\ ic:2< | o <) dS-

|v|<N+3,5<1

(2.15)

Set w = S99 uy with j = 0,1. By (1.4} -7 we obtain
15707 uo (s, )| L= 2 a1 <a)

< C’/ / sup |SY07F(, pb)|pdpdr
|s—

T—p|<4 |0]=1
<oy / / 1S187Q" F (7, pb)|pdpdfdr (2.16)
lul<2 |s—7—p|<4
; dyd
=c Y / / 1S90 Q1 F (7, y)| 45T
lul<2 |s—m—|y||<4 |y|
Set Ay = {(7,y) : 0 <7 <s,|s—7—|y|| <4} satisfying AsNAy =0 if [s—s'| > 20.
Therefore, by (2.15)) and (2.16]), we conclude that
, dyd
t sup |[0%u(t,z)| < C Z / / |STQHOYF (T, y)\ﬂ
|lz|<2 <N+ | <2,5<1 R3\K [l
The proof is complete. U

3. WEIGHTED L? , ESTIMATES FOR D’ALEMBERTIAN OUTSIDE OF STAR-SHAPED
OBSTACLES

In this section, we prove the following theorem.

Theorem 3.1. Suppose that u = u(t,x) solves problem (2.1). Then if N is fized,
we have

(In(2 4 t))~4/2 Z [[{x 1/23%6/H/:2([o,t]xJR3\IC)
la|<N
< C/ Z HD@"‘ ||L2 R3\Ic)d3 (3.1)
la|<N
+C Z 100%ul| L2 (j0,xr3\k),  VE > 0.
|a|<N-1
Additionally,
(In(2 +1))~ /2 > [{2) =2 8™ 0% || L2 (0,4 &\ )
la]+m<N,m<1
<C [BS™0%u(s, )|l L2 (wa\xcyds (3.2)
0 \a|+m<N m<1
+C > [OS™0%|| 2 (jo,4)xr3\k)>s  VE >0,

la]+m<N-1,m<1
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and
(In(2+ 1))~/ > [[{2) =1 /28™ Z || 2 (0,0 xR\ k)
|a|+m<N,m<1
<C |||:|SmZau(S,-)HL2(R3\)C)dS (3.3)
0 |a\+m<N m<1
+C Z |||:|SmZa’u,||L2([07t]><R3\;C), vt > 0.

lal+m<N—1,m<1

Proposition 3.2. Suppose that u solves problem (2.1)). Then we have

t
Hu,||L2([07t]XR3\K:‘x‘<2) S C/ ||Du(s, ‘)”LZ(]RS\IC)dSa Vt Z 0 (34)
0
and for any given positive integer N,

Z 0% || L2 (0, xR3\ k2 2] <2)

la<N
m [} (35)
<C Z 1007 u(s, 2 @sveyds +C Y 100%ul| 2o, xro\x0),
0 m<n la<N—1
Vit > 0.

Proof. Using the elliptic regularity argument, we know that (3.5) is a consequence
of (3.4). To prove (3.4), we discuss the first case: F(s,y) =0 for |y| > 6.
By (2.6) and the Schwarz inequality, we have

”ul(Tv')||%2(R3\IC:\:¢|<2)
< c/ e_C(T_S)HF(s,-)||L2(]R3\,C)ds/ 1 F (s, )|l L2 o \k) 5
0 0

for all 7 > 0. Integrating 7 from 0 to ¢ on the above inequality,

/ [/ (7 ||L2 (RO\K:|z|<2)dT

< C/ / 676(T75)||F(5,')\|L2(R3\K)d5/ [ F(s, ) L2 e\ i) dsdT
0 0 0
t T t

gc/ / e‘C(T_S)HF(s,-)\|L2(R3\,C)dsd7/ 1E (s, )l 2oy ds
0 0 0
t t t

¢ [ [ e m s lmdrds [ 1F s
0 s 0

t 2
SC(/ HF(sa')HL2(R3\K)dS> , VE>0
0

therefore, (3.4]) holds.
Now we consider the second case: F(s,y) =0 for |y| < 4. By (3.4), we have
[0/ [| 20, xro\ 12 <2) < CIF [ n2((0, xR0\ 12l <2 I F(5,9) =0, [y| > 4. (3.6)
Let n € C°(R?) be a cut function satisfying

1, |z] <2

nie) = {o, 2> 4.
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Suppose that ug solves the Cauchy problem (2.13). Set @ = (7 — 1)ug + u, then @
solves the following problem
Ou = F,
8,,12|a,< =0,
u(0,z) =0, ¢<0,

where y
F = —2Vn - Vug — (An)up.
Note that @ = u for |z| < 2, and F(s,y) = 0 for |y| > 4. Then by (3.6) and (L.7),

we obtain

']l L2 ([0,6 xR\ sz <2) < Cllugl| 2 (o, xR\ k2] <a) + Clluol| L2 ([0, xr3\ ki <4)

t
< C/ [Oull L2 ms\cyds, Yt > 0.
0
O

Repeating the proof of Proposition and using (2.8), we have the following
proposition.

Proposition 3.3. Suppose that u solves problem (2.1)). Then

Z 1S 0% || L2 (0,4 x 3\ ki | 2| < 2)
|a|+m<N m<1

<C HDSmamu(S, ')||L2(R3\K)d5 (3.7)
0 |a\+m<N m<1
+C Z HDSmaauHLz([o)t]XRS\;C)7 vt > 0.
la]+m<N-1,m<1
Additionally,
> 1S 0%U || L2 (0,4 xR3\ K:[ ] <2)
la]+|y][+m<N, m<1
< C/ |\DSm§278mu(s, ')|‘L2(R3\K)d5 (38)
\oz|+|’y|+m<N m<1
> [DS™Q 0%l 12 (0, xro\k)s V> 0.

|04\+|7|+WSN—1,7RS1

Proof of Theorem[3.]. Let us first proof estimate (3.1). By Proposition it suf-
fices to prove that

(In(2 4 t))~ /2 Z [[{x 1/23°‘u/||L2([0,t]xR3\lC:\w|>2)
la|<N
(3.9)
<C Z I00%u(s, )| L2 R3\Ic)d3 +C Z |Daau||L2({07t]XR3\;¢).
0 o< la|<N-1

Let 8 € C°(R3) be a cut function satisfying

1, Jz[>2

bla) = {o, | < 1.
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Then w = Bu solves the Cauchy problem
Ow = f0u — 2VG - Vu — (AB)u,
w(t,z) =0, t<0,

We split w = wy +wa, where Jwy = f0u and Owy = —2V G- Vu— (AB)u. By (1.6),
we have

(In(2 + t))~1/2 Z I|(x 1/28%11||L2([0,t]xnz<3\1c:|x|>2)
la| <N
<C Z / [[0%(B0w)|| 1,2 Rs\;c)ds<c Z / (Imek u||L2(]Rs\,C)ds
la|<N lo|<N
To bound the left of (3.9 @ ) it suffices to proof
(In(2+6)72 Y {e) 20" 2 0, xrs\k:fol >2)
la|<N
(3.10)
<C Z ||El8 u HL?(]R3\IC ds +C Z HD@ u||L2 [0,t] xR3\K) -
0 |a|<N la|<N—1

Note that G = =2V - Vu — (Af)u = Owy vanishes unless 1 < |z| < 2. To use
this, let x € C§°(R) satisfying x(s) = 0, |s| > 2, and }_; x(s —j) = 1. Then we
split G = 3, Gj, where G;(s,x) = x(s—j)G(s, ), and let w ; solves wy ; = G; on
Minkowski space with zero initial data. By the sharp Huygens principle, we have
|0%ws(t,x)|? < C)2, 0% 5(t, x)|?. Therefore, by it follows that

2
((ln 2+t)72 > 1/28%15\|L2([o,t]xR3\;c;\x|>2))
o] <N
2
< 3 S ( [ 107G aegeyas)
la|<N J

<C Z 10°GI122 (0.4 xr9)

la|<N
<C YN0 e osgxpr<ial<an € D 10%ullZ2 (0. % (1<lei<2))

la|<N la|<N
<C Z 1% 1320, % {2 <2)

\a|<N

2
<C Z HD@Q ||L2 R?,\K)ds—‘rc Z |||:|8 UHL2(Ot]XR3\]C))
0 |a<N || <N—1

which completes the proof of (3.1). Estimates (3.2) and (3.3) follow by a similar
argument. (Il

4. L? ESTIMATES OUTSIDE OF OBSTACLES
Suppose that v is a sufficiently smooth function such that
VUl Lo (0,1 xr3\ ) < 9, (4.1)
[0Vl L1 Lee (0, 71xr3\K) < Co, (4.2)
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where 6 > 0 is a sufficiently small constant, Cy is a positive constant. Let O,
denote a second order operator given by

Oy =0 =Y C"™ (V)00 (4.3)
1,m
Consider the Neumann wave equations
Ow=G, (tz)eRyxRN\K,
3,,w|6,C =0, (4.4)
w(t,z) =0, t<0.
Let

3
By = [0ow]” + ¢ Vw]* + > (0w)"C"™ (Vo) Omw,
l,m=1
3 .
Ej = —2c1(0pw)" (9jw) — 2 _(0ow)T CF(Vu)dhw,  § =1,2,3,
k=1
3
e= Y ((0w)"0C"™ (Vv)dmw — 2(01w) " 0,C"™ (V) Opnw) -
l,m=1

Noting the symmetry condition of C'™(Vv), we have

3
OoEy + Z 8jEj = 2(80w)T|:]7w +e. (45)

j=1
By (4.1), there exist positive constants A, 4 depending only on c1, ¢a,d, such that

MNw'|? < By < plo')?. (4.6)
Integrating ([4.6)) over [0,t] x R3\K, we obtain

3
/ Eo(t,z)dx — / Ey(0,z)dx — / Z Ejn;dods
R3\K R3\K [0,t]xOK j=1 (4 7)

=2 / (Oow)' O w ds dx + / edsdz.
[0,¢] xR3\K [0,¢] xR3\K

Noticing the Neumann condition d,w = Z?zl Odjwn; = 0 when w € JK, we have
2?21 E;nj; =0 on 0K, and E(0,z) = 0. Therefore,

/ Ey(t,x)dx = 2/ (Oow)'O,wdsdr + / edsdz. (4.8)
R3\K [0,t] xR3K [0,t] xR3K
Using (4.6) and (4.8)), we have

t
o 2 gy <C / (2P T —
¢ l (4.9)
e / S 10CH™ (T0) | oy |12 g 5.
l,m
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From assumption (4.2)) and applying Gronwall inequality, we obtain
t
2
I ey < € [ I lzzeoy [ Gllizgeney ds

t
< s [l [ Gl 0ds
0<s<t 0
Therefore,
t
I/l 2 gy < C / 1G] 2o \cyds, 0 <t <T. (4.10)
0

In general, we have the following theorem.

Theorem 4.1. Assume that (4.1) and (4.2) hold, and w = w(t,x) € C* solves
problem (4.4). Then for any nonnegative integer N, there is a positive constant C,
such that

> 109wt ) |2

la|<N
t

SC/ > 10,07w(s, )| 2@ ds (4.11)
O Jal<N

+C Z [0:0%(t, )| L2@sr\k), 0<t<T.
la|<N-1

The second term on the right-hand side of (4.11) vanishes when N = 0.

Proof. Proof by induction. When N = 0, (4.10) shows that (4.11)) holds.
We suppose that (4.11) is valid if N is replaced by N —1, then we proof it is valid
for N. We first notice that 0;w satisfies (4.4]), then by the assumption of induction,

> 0%(0w) (t, ) z2@a) < right-hand side of (£11).

| <N -1

Hence it suffices to show that, for N > 1

Z 102 Vow(t, )| 2rs\k) < the right side of (4.11)).

la| <N
However,
Yo 1Adgw(t, @\
la]<N-1 (4.12)
<C D 0ot e +C Y 1Hd8w(t, 2@k,
la|<N-1 la|<N-1

where C' depends only on the wave speeds cj.

The first term on the right-hand side of (4.12) is bounded by the right-hand
side of (4.11)), thus the right-hand side of (4.12) is similarly bounded. By elliptic
regularity, so is 3, _n 05 Vaw(t, )| L2(ze\x), Which completes the proof. O
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5. L2 ESTIMATES INVOLVING OPERATORS S7Z% OUTSIDE OF OBSTACLES

We suppose that w solves problem (4.4). Let P = P(t,z,D) be differential
operator and J, Pw not necessarily vanishes on 9. We will give some rough L2
estimates for Pw. In this section, we assume that v satisfies ) and (| -

Proposition 5.1. Suppose that Pw(0, ) = 0;Pw(0,-) = 0 and there exist an integer
M and a constant Cy such that

[(Pw)'(t,z)] < Cot Z |0:0%W (t, z)| + Co Z 0%’ (t,z)], = € K. (5.1)

la|<M-—1 || <M
Then,
t
1(Pw) (1, )| 2gare) < C / 10, Pas(s, ) | 2 ro oy s
+c/ > I0:870%w (s, )| 2 @iy ds  (5.2)

|la]+5<M+1, <1

+ Y 8eST0%w(s, ) Lo, xrek) -

lal+7<M,j<1

Proof. We will use the analogue of (4.7) where w is replaced by Pw. Then we

obtain
/ Ey(t, x)dxf/ Ep(0,x dx—/ ZE n;dods
R3\K R3\K [0,]xOK ]

= 2/ (0o Pw)' 0, Pwds der/ edsdzx,
[0,¢] X R3\ K [0,¢] xR3\K

(5.3)

where
3
Ey = |0pPw|* + 3|V Pw|? + Z (O, Pw)TC"™ (V)0 Pw,
l,m=1
3
Ej = —2c}(0Pw)" (0;Pw) — 2 (3Pw)" C7*(Vv)Op Pw, j=1,2,3,
k=1
3
e= Z (0 Pw)T 9oC"™ (Vv) O Pw — 2(0,Pw) T 9,C"™ (Vv) 0y Pw) .

l,m=1

It is obvious that Ey(0,2) = 0. Use (4.1) and (4.2)) and apply Gronwall’s inequality,
we obtain that if § > 0 is small enough, then

[ (Pw)(t, )l L2 3\ k)

t
< C/ O, Pw(s, - ds
<c| 18y Pw(s, )| L2 s\x) (5.4)

1/2
+c(/ (19 Puw(s, ) + Vo Puls,2)P)do)
[0,t] xOK
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Recall that I C {|z| < 1}. By (5.1) and trace inequality, we have
/ (18:P(s, 2)? + [V Peo(s, )|?)do
[0,¢] xOK

<C $99°u [2do
(5.5)

[04X0K a5 <, j<1
<C Y ISV Taxonia<ay 20,

la|+i<M+1, j<1

Therefore, by (5.4), (5.5) and (3.7]), we obtain
[(Pw)'(t, )|l 2 ms\x)

t
< C’/ 10, Pw(s, )l L2 ®s\xyds + C Z 157 0%W'[| L2 (j0,1] x oK 2| <2)
0 la|+j<M+1,j<1

< C/ HD Puw(s HLz(RS\;C)dS—f—C/ Z HDCSjaaw(s,~)||L2(R3\,C)d8
o] +5<M+1, ;<1
+C Y 8870l a0 g xrsvk),  VE >0,

la|+i<M, <1

O

Obviously, P = S§7Z%(j < 1) satisfies (5.1]), then we have the following theorem.

Theorem 5.2. Suppose that w = w(t,z) € C* solves | . IfM=1,2,..., we

have
Z 157 Z%w)" (t, )| L2 @3\ )
\a|+j<M j<t

<C 10,87 Z%(s, )|l 2o\ i) ds
0 \a|+j<M j<1

+c/ > 1087 0% (s, -)|| L2 ro\ iy ds
|la|4+5<M+1, ;<1

+ Z 1857 0%(s, )|l L2 (0,4 xR\ KC) -

lal+i<M,j<1

(5.6)

6. L2 ESTIMATES INVOLVING S™0% OUTSIDE OF STAR-SHAPED OBSTACLES

In this section, we shall assume furthermore that

4]

=14t (6.1)

V|| oo movk) <

with § small enough. Assume that w solves problem (4.4). Using that K is a
star-shaped obstacle, we will obtain a better estimate for Sw.
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Proposition 6.1. Suppose that (6.1]) holds and w = w(t,z) € C™ solves problem

, then

t
[(Sw) (t, L2 me\k) < C/O 10, Sw(s, )l L2 s \k)ds

t
—‘rC/ Z ‘|Dcaaw(8,-)”L2(R3\;€)dS
0

lor <2

+C D 100wl L2 (o, xm\ k)

lo<1

Proof. Using the analogue of (4.7)) where w is replaced by Sw, we have

3
/ Eo(t,z)dx — / Ey(0,2)dx — / Z Ejnjdods
RO\K RO\K [0.6]x0K =

= 2/ (9oSw)'0, Swds da:Jr/ edsdz,
[0,¢] X R3\ K [0,6] xR\ K

where

3
Ey = [00Sw|* + c}[VSw* + > (0Sw)"C™ (V) O Sw,
l,m=1

3

Ej = —2c}(00Sw)" (0;Sw) — 2 ) "(9Sw)" C*(Vv)oSw, j=1,2,3,

k=1
3

e = Z ((01Sw) T 9o C'™ (V1) 0y Sw — 2(81Sw) T 0,C"™ (V) 0y Sw)

I,m=1

(6.2)

(6.3)

First we consider the right most term on the left-hand side of (6.3). When (s, ) €

R, x 9K, the Neumann condition d,w = (7, V,)w = 0 gives us

05w = safw + Osw + 0s(x, V4 )w = s@fw + Osw + (z, M) 050w = sﬁgw + Osw.

Similarly,

3 3 3
Z n;0;Sw = Z sn;0;0.w + Z n;0j(z, Vy)w = 50,0,w + Ov(z, Vy)w =0
j=1 j=1 j=1

on Ry x K. Noticing the assumption (6.1)), we have
3 3

- Z Ejn; = 2(s0%w + Osw)” Z CI* (V) (8005w + Ok ((, VIw))n;

j=1 k=1

<C D> 0w

1<]a|<2

Hence, identity (6.3]) yields

/ Ey(t,x)dx < 2/ (90Sw)T 0, Swds dx
R3\K [0,t]xR3K

+/ edsdx +C Z |0%w[*do.
[0,] xR3K [0,t]X0K 1 <|q1<2

(6.4)
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Applying Gronwall’s inequality, we obtain

1(Sw)' (£, ) lra\ic

t ) 1/2
S / ||D75w(t, ')H]R3\1Cds + C(/ Z |ao‘w| do‘) .
0 [0,¢]

XK 1 <o) <2
By the trace inequality and (3.5)), we obtain
1/2

(/ > (0°wldo)

[0,t]xOK 1<|a|<2
< Z 10w’ (5, )] L2 ([0, x B3\ ki 2] <2)

\a|<2
<C Z 10:0%w(s, )l 2@aieyds +C Y [Fe0W] L2 (0,1 x5 \k) -

0
lo]<2 le|<1

Inequalities (6.5)) and complete the proof of (6.2]).

Applying Proposition [6.1] and repeating the procedure of Theorem [4.1] we have

the following theorem.

Theorem 6.2. Suppose that (6.1) holds and w = w(t,z) € C°° solves problem

(4.4). Then for any nonnegative integer N,

> [15™0%W" (t, )| L2 (ro\ )
\a|+m<N m<1
<C [E,5™0%(s, )l L2 (ra\x) ds
0 \a|+m<N m<1

+ Z ||DcSm6‘xw(s, ')||L2(]R3\IC)

|a\+m<N71, m<1

+C D Ee0%w(s, ) L2 @ovioyds

0 |a|<N+1

+C Z 10:0%l L2 (0, xr3\Kk), V> 0.
la|<N

7. MAIN L? ESTIMATES OUTSIDE OF STAR-SHAPED OBSTACLES

We assume that v satisfies (4.2) and (6.1]), then we have the following result.
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Proposition 7.1. Suppose that w = w(t,z) € C™ solves problem (4.4)). Then for
any fixed nonnegative integer N, we have

0 (@) + > [S™0%W (¢, )| L2 o\
|a| <N+4 la|+m<N+2,m<1
+ Z HSmZo‘w’(t7~)||Lz(R3\,C)

|al+m<N, m<1

< C/ Z ||:| o“ w )||L2 (R3\K)

|| <N+4
+ Z |||:|A/Sm8aw(8,-)HL2(R3\;C)
|a]+m<N+2, m<1
Y TSz e ) ds (7.1)

|a]+m<N, m<1

+C ) 10,0%(t, 2@k

|a|<N+3

+C Z 0, 5™0%(t, -)|| L2 ®s\x)

|a]+m<N+1,m<1

+C Z 0:0%wl| L2 ([0, xR3\K)
|| <N+-2

+C Z HDCSmaawan([O’t]XRB\K).
|a]+m<N, m<1

Proof. We denote the left side of (7.1) by I + IT + II1, and the right-hand side
side of (7.1) by RHS. Noticing that 0. = O, + Zim:l C'"™(V)9,0,,, then by
Theorem [4.1] we have

[<RHS+C Z Y IC™(V0)a0m0°w(t, Y@y (7:2)

I,m=1|a|<N+3

Similarly, by Theorem @ we obtain

3
II <RHS +C Z > ICT (V) 00m 0 w(s, )| L2 (e x) ds

0 1m=1|a|<N+3

, (7.3)
+C > > |CT* (V0)3;0,S™ 0% (t, ) || 12 (mo\ ) -
J.k=1|a|+m<N+1, m<1
Similarly, by Theorem [5.2) n, we obtain
III <RHS+C > |C7* (V) 0;0k.S™ 0% w(s, ) || L2 (me\ k) ds-

0 7 k 1]al+m<N+1,m<1

Applying assumption (6.]] , the last term on the right-hand side of ([7.2)) is domi-
nated by

c( sup |CW(W)|) 3 0w (¢, ) i) < CST.

3
zeR3 I,m |a|<N-+4
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It can be counteracted by the left-hand side of (7.2)), if 0 is small enough. Similarly,
the last term on the right-hand side of ([7.3)) can be counteracted by the left side of
(7.3). Hence, we have

I+11+111

t
<RES+C [ swp (0M(T0) [0 )l ds
0

3
z€R3,l,m la|<N-+4

t
+C / (s fCEo) Y I () e ds
0

3
z€R?, Lm la|+m<N+2, m<1

t
gRHs+C/( sup \Clm(Vv)|)(I+II)ds.
0

T€R3,[,m

Applying Gronwall’s inequality and assumption (6.1)), we conclude that I + IT +
IIT < RHS. O

Using Theorem and repeating above proof yields the following theorem.

Theorem 7.2. Suppose that w = w(t,x) € C* solves problem ({.4)). Then for any
fized nonnegative integer N,

> 0% ()@ + > [S™0W' (L, )l L2 (ms\k)
|a|<N+4 |a|[+m<N+2, m<1
+ Z |S™ZW' (t, )] L2 rs\k)

|a]+m<N, m<1

+ @+ S )20 a0, xmove)

|| <N+3
+ Z H<x>_1/2sm8aw/||L2([O,t]><R3\IC)
|a]+m<N+1, m<1
Y @AW e ke

|a]+m<N—-1,m<1

t
<o [ (X 15,0 emw

O Clal<N+4

+ > 10,8™8%w(s, ) || L2@s\x0)
la]+m<N+2,m<1
Y BT 2w e ) ds

la]+m<N,m<1

+C Z 10,0%(t, )|l L2 (r3\x)
[a|<N+3

+C Z HD,ySmaaw(t,~)||L2(R3\K)
|a]4+m<N+1,m<1

+ C Z ||D68°‘w||Lz([0,t]XRa\,c)
|a| <N+2
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+C > [0:S™0% (s, )| 2 (0,49 xR3\K)
|a]+m<N, m<1
+C Z ||DcSmZaw(8, ')||L2([0,t]><R3\IC)- (74)

|a]4+m<N—-2,m<1

8. ALMOST GLOBAL EXISTENCE FOR QUASILINEAR WAVE EQUATIONS OUTSIDE
OF STAR-SHARPED OBSTACLES

In this section, we shall use above estimates to give the main result of this article,
namely the following theorem.

Theorem 8.1. Suppose that f, g € C(R3\K) satisfies the compatibility conditions
of infinite order. Then there exist constants k,eq > 0, and a positive integer N,
such that for all € < e, if

Z H<x>|a‘a:fHL2(]R3\IC) + Z H<I>|a‘+13§9||L2(R3\;C) <eg, (8.1)

lal<N lal<N-1
then (L.1)) has a unique solution u € C*([0,T:] x R3\K), with
T. = eXp(g). (8.2)

Proof. Suppose that the integer N > 14 and we will take N = 14 in the following
proof. By local existence we know that if € is small enough, problem (1.1]) has a
local solution u in 0 < t < 1 satisfying the estimate

Sup ( Z ”aaul(tv')||L2(1R3\1C)+ Z ”Smaau/(ta‘)HLZ(RS\K)

0t h1<14 la|+m<12, m<1

Y IS )

|a]+m <10, m<1

+ Z ||<x>71/28aul(tv')||L2([O,1]><R3\IC)

la|<13 (8.3)
+ > [{z) " /2S™ 0% (¢, ) || 2 (0,1 x =5\ k)

Ja]+m<11, m<1
+ Z (@) =1 /28™ ZU/ (£, ) || L2 ((0,1)xmo\K0)

|a]+m <9, m<1
< Ce.

Let n € C*°(R) be a cut function satisfying

1, ¢
t) = ’
n(t) {0, .
Set up = nu, w = u — ug = (1 — n)u, where u is the local solution. Since w =0

for t < %, we shall prove the almost global existence of w by iteration instead of u.
Also,

1
S§7
> 1.

Oeuo = nF(Vu, V2u) + [0, n]u.
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Thus u solves problem (1.1]) for 0 < ¢ < T. if and only if w solves
Dcw = (1 - U)F(VUO + LU), VQ(UO + w) - [Dc, 7]](“0 + W),
Aywl e =0, (8.4)
w(t,z) =0, t<0,

for0<t<T,.
Set wy = 0, and define wy, recursively for k = 1,2,... by requiring that

Oewr, = (1 — 1) F(Vuo + wi—1), V2 (uo + wi) — [De, 1] (uo + wi),

Dywi |, =0, (8.5)
wi(t,z) =0, t<0.

Let
M(T)
= s (0 10kt o+ SISm0k oo
0<t<T % h1<14 la|+m<12, m<1
Y IS Zw ) e + (1) Y 1290 e )
|a]+m <10, m<1 || <2
(ln 2+T ( Z I{x éaaW;c”L%[O,T]x]R?’\IC)
|a|<13
+ Y @) TSmO w e o, xre k)
|a]+m <11, m<1
+ Y @S 2wk

ol +m<9, m<1

=A + A+ A3+ Ay + As + Ag + Ar.
Now we prove that there exists a constant C7, such that
Mp(T.) < Cie, k=0,1,2,... (8.6)

if ¢ > 0 and constant s in 7. = exp: are sufficiently small. It is obviously that
My(T.) < Cie. Providing My_1(T.) < Cie, we shall proof My (T:) < Cie. To do
this, we first prove

My(T.) < Ce + CCi(My_1(T2) + My(T)). (8.7)

The bound follows from . By Theorem and , we know that Ay
can be controlled by the right-hand side of . The other terms of My(T.) can
be controlled by the right-hand side of , where N = 10, w = wy. Denote the
right-hand side of by

B+ By + B3 + By + Bs + Bg + B7 + DBs.

B; + By + B3 can be controlled by the right-hand side of (8.7 using the argument
n [5]. It is easy to prove that By + Bs is estimated by the right-hand side of (8.7)).
Now we deal with Bg. For t > 1, we have

SIS0l <O 3T (10°wlI0wh | + (07w [10%h),

lee| <12 lor|<13,|8|<6
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therefore,

Z S0%wk || L2 (1,121 xR3\K)
|| <12

<C Y (1000wl xro k) (8.8)
la|<13,18]<6
+ 0%, 0%w | 2 (. xro i) -
Consider the first term on the right-hand side of (8.8]). Applying Lemma we

have

> 0% 0w e xEag)

|al<13,8]<6
<C Y ) Pl qunxengg sup Y 10wkl
131<8 I<t<Te |, <13

< CChen(T.)Y2 My (Ty)
S CClliMk(TE)

In a similar way, we can prove the second term on right-hand side of can be
controlled by the right-hand side of . For t < 1, noticing the estimate of local
solution and the assumption of induction, we can get that Bg is bounded by the
right-hand side of (8.7). Similarly, we obtain that B7 + Bg is also estimated by the
right-hand side of . Hence, we complete the proof of (8.7).

Next, using the energy inequality, we can show that {wy (¢, z)} converges in the
energy norm. Suppose that its limit is w(¢, z), then u = uy +w solves problem .
If (f,g) € C(R3\K) satisfying the compatibility conditions to infinite order, then
u € C([0,T:) x R3\K). |
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