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A note on a Liouville-type result for a system of
fourth-order equations in RY *

Ana Rute Domingos & Yuxia Guo

Abstract

We consider the fourth order system A2y = v, A%0 = «® in RY, for
N > 5, with & > 1, 8 > 1, where A? is the bilaplacian operator. For
1/(a+1)4+1/(B+1) > (N —4)/N we prove the non-existence of non-
negative, radial, smooth solutions. For «, 8 < (N +4)/(N — 4) we show
the non-existence of non-negative smooth solutions.

1 Introduction
In this work we consider the fourth order nonlinear system

Ay = o® (1)
A%y =P .
in the whole space RY. We are interested in Liouville type results, i.e. we
want to determine for which positive real values of the exponents o and [ is
(u,v) = (0,0) the only non-negative solution (u,v) of the system. In here, the
solution is taken in the classical sense, i.e. u,v € C*(RN).
This type of problems were studied for the Laplacian operator. Mitidieri [7]
proved that if o, 3 > 1 and

1 n 1 < N -2 (1.2)
a+1l [B+1 N 7’ '
then the system
Au+0v* =0
(1.3)
Av+u’ =0

has no non-negative, radial, C? solutions in RY. Souto in [10] showed that if

1, 1 _N-2
a+1l pB+17 N-1’
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then (1.3) has no positive solutions. A further result was given in a paper of
Figueiredo and Felmer [2]. The authors proved that if

N +
N —

N+2

2
0<a,p< 5 but not both equal to N2

then system (1.3) has no positive C? solutions.
We point out that it is still an open problem to know whether (1.3) has no
non-negative solutions under assumption

N-2 1 1 N-2 (a>N+20rﬁ>N+2)
N—-1"a+1" pg+1 N N-2 N-—2"

Similar questions remain unsolved in the case where the Laplacian operator in
(1.3) is replaced by other self-adjoint operators. For example, concerning the
single equation for the bilaplacian operator, Mitidieri [7] also proved that the

problem
A’u=u® Au<0, inRN

has no radial C* positive solution, if 1 < a < (N + 4)/(N — 4). Using the
method of the moving planes, for the same range of «, Lin [6] showed that

A?u=u" inRY, (1.4)

has no C* positive solutions. Later on [11], Xu proved the same result using
instead the method of the moving spheres.

We recall that if N > 5 and oo = (N +4)/(IN — 4) then problem (1.4) has a
whole family of positive solutions explicitely given by

C1
u(z) e

(Lt ealr?)

where ¢; and ¢, are some appropriate positive constants.

A natural question that rises is to analyse the behaviour of system (1.1).
Here we show that the quoted results in [2, 7] for system (1.3) can be extended
to system (1.1). Precisely, we prove the following.

Theorem 1.1 If N > 5, a, 3 > 1, but not both equal to 1 are such that

1 n 1 >N—4
a+1 [B+1 N '’

(1.5)

then system (1.1) has no radial non-negative solutions in C*(RY).
Theorem 1.2 1) If1<q,0< % but not both equal to 1 neither to %,
then the only non-negative C* solution of system (1.1) in the whole of RY
is the trivial one: (u,v) = (0,0).
II) Ifa=0= %, then u and v are radially symmetric with respect to some
point of RN
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Our proofs are strongly motivated by the works of Figueiredo and Felmer
[2], Lin [6], Xu [11] and Mitidieri [7]. Indeed, the proof of Theorem 1 presented
in section 2 uses an idea of Mitidieri, which relies on the application of a Rellich
type identity. Section 3 is devoted to the proof of the fact that if (u,v) is a
non-negative, C* solution of (1.1) then u and v are super-harmonic; here we
extend the result in [6] for the single equation. This result plays a key role in
our work. In section 4 we apply the method of the moving planes in order to
prove Theorem 2. In our case, the main difficulty in applying the method stems
from the fact that the maximum principle cannot be applied directly to (u,v);
to overcome this, we follow an idea of Xu [11] for the single equation and apply
the moving planes method for both (—Au, —Awv) and (u,v). Contrarily to [2]
we use no additional change of variables except for Kelvin transforms.

As far as we know this is the first work concerning Liouville type results for
a system involving the bilaplacian operator. However, some related questions
remain unsolved. For example, it is not clear for us whether Souto’s result for
system (1.3) can be extended to system (1.1).

2 General auxiliary facts

In this section we state some general results that will be useful in the sequel.

Lemma 2.1 Let u € C*(RN \ {0}) be such that u < 0 and Au > 0. Then, for
each € > 0, one has

u(z) < M(e) :=max{u(y) : ly| =€}, 0<|z|<e.

The proof of this lemma is included in the proof of Lemma 1.1 of [2] and is
a consequence of the so called Hadamard Three Spheres Theorem ([8]).

Lemma 2.2 Suppose y = y(r) > 0 satisfies
N -1
v+ ——y +o(r) <0, >0,

with ¢ non-negative and non-increasing and y' bounded for r near 0. Then, for
r >0,

y'(r) <0, 2.1)
ry' (r) + (N = 2)y(r) 2 0, 2.2)
y(r) > cr2¢(r), 2.3

where ¢ = ¢(N).

Proof. The proofs of (2.2) and (2.3) can be found in [7, Lemma 3.1] and in [9,
Lemma 2.7] (see also [11, Lemma 3.1]) respectively. It remains to prove (2.1).
Multiplying the inequality in the Lemma by »V~! we get

(Ml () < =V (r).
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Integrating from O to r we obtain

N1y (r) < — /T sV lp(s)ds < 0.

3 Non existence of radial solutions. The super-
harmonic property of the solutions

In this section we prove that system (1.1) does not admit non-negative radial
solutions. For that matter we use the following result.

Theorem 3.1 If (u,v) is a C*(RY), non-negative solution of system (1.1), with
a, 8> 1, but not both equal to 1, we have:

Au<0 and Av<O0.

This theorem is the most powerful tool of the present work. We postpone
its proof to section 3.

The proof of Theorem 1.1 stated in the Introduction makes use of the follow-
ing Rellich type identity in a smooth bounded domain €2, obtained by Mitidieri
in [7]:

Ra(u,v) = Ry (Au,v) + Ry (u, Av) — AulAv(z,n)do + N/ AuAvdzx (3.1)
o9 Q

where

Ry (u,v) = /Q(A2u(x, Vo) + A%u(z, Vu)) d,

ou @

Ru(u,0) = /8 (G @ Vo) + 5. V) = (Vu, Vo). m)do

+ (N —-2) /Q(Vu, Vu)dz,

n is the outward unit normal to 9 and (-, -) is the inner product in R¥.
In what follows, for a rotationally symmetric function,

d? N-1d

:ﬁ—'_ r dr

A

and ’ will denote differentiation with respect to 7.
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Lemma 3.2 Let (u,v) be a non-negative, radial, C* solution of system (1.1).
Then for all r > 0 we have

N -4 N " N —4 N "
e S a+1 N-1 _ B+1 N—-1
( 5 a+1)/0 v (s)s d8+(—2 —54-1)/0 u’ T (s)s ds

N
=— —— () uPTEr) + N (Aw) (r)v' () + Y (Av) () (1)

_a—i—l
N—-4 v
B

— N (Au)(r)(Av)(r) + ngfl(Av)(r)u'(r) + ngfl(Au)(r)v'(r).

,r,N
RS
(B (r)o(r) + S5 2V (A0 (ryulr)

Proof. We obtain the desired identity by taking into account that v and v are
radial and after an integration by parts in (3.1), where we take Q = B,.(0). O

Lemma 3.3 Let (u,v) be a non-negative, radial, C* solution of system (1.1).
Then there exists a positive constant C such that for all v > 0,

_4(at1) 4(B+1)

u(r) < Cr~7es=1, o(r) < Cr~ a1, (3.2)
|Au(r)| < Cr 2555 |Au(r)| < Or 25T (3.3)
PN A) (Mu(r)], PN A) () (7)), YT (AW (r)oe(r),

PN AW () ()], Y (Aw) () ()], [ (Au) () ()] (3-4)

4(atB+2)
aBf—1

< orNTt

Proof. Since u and v are radial we can write

N -1 N -1
u'(r)+ ——d'(r) +w(r) =0, w’(r)+ w'(r) +v*(r) =0
r r
-1 N-—-1
"(r)+ v'(r) +2(r) =0, 2"(r)+ Z(r) +u’(r) =0
4’ (0) = w'(0) = v'(0) = 2/(0) = 0,
where w := —Aw and z := —Awv. From now on we denote by ¢ some positive

constant possibly different from place to place. By Theorem 3.1 w and z are
non-negative functions. Then by (2.3),

u(r) > cr*w(r), w(r) > cr?o*(r), olr)>ca?z(r), =z(r)> crzuﬁ(r).

So
uP(r) < er?2(r) S erto(r) S et Rwa (r) < et (),
a (a+1)
which implies that u(r) < ¢r™* a5-1. Then w(r) < er™? e ,o(r) < cr—4are

4(B41)
and finally we obtain z(r) < ¢r™ 2~ af-1 |
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From (2.1), we know that 2z’ < 0. Also, rz'(r) + (N — 2)z(r) > 0 (cf. (2.2)).

Multiplying this by r™~2u and using the estimates that we obtained before,
yields

(a+B+2)
N ()] = —r N (r)u(r) < (N — 2)rN 22 (r)u(r) < erN A e

Now, multiplying by 7V ~1u’ the stated inequality and using the previous esti-

mate we get

TNZ'(T)U/(T) < CTN_4_%€J[2).
Again from (2.1), u’ <0, so that
‘TNZ"(’I")UI(T” < CTN74*%.

Using similar arguments we obtain the remaining estimates in the statement of
the lemma. 0

Proof of Theorem 1.1. We multiply the first equation of system (1.1) by v
and integrate in B,.(0), for » > 0. We obtain

/ v tldy = / A?uvdx
B(0) B,.(0)
O(A
—/ (V(Au), Vv) dx—i—/ (Au)
B, (0) aB,(0) On

A
= / AuAvdx—/ @Auda—l—/ o u)vda.
B,.(0) 8B,.(0) on 8B,.(0) on

vdo

Then

T
/ U"‘H(s)stl ds =
0

/OT(AU)(S)(AU)(S)SN_l ds — Au(r)v' (r)rV =1 4 (Aw)' (r)v(r)rV L.

Similarly,

/ " ()51 4
0
_ /0 C(A0)(s)(Au)(s)sN L ds — (A0) (M ()L 4+ (AwY (ryu(r)rS L.
So
/Or v (s)sVN "1 ds
_ /0 U ()N ds 4 (A () (r)r ! — (Ao) (r)u(r)rV

—Au(r)v (r)rN 7 4 (Aw) (r)o(r)rN L
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Now, we observe that the assumption (1.5) can be written as

(a+1)(B+1) _ N

afB—1 4

Thus from the estimates (3.2)-(3.4) we see that the boundary terms in (3.5) and
also in the identity of Lemma 3.2 all have zero limits as r — 4o00. Using (3.5)
in Lemma 3.2 and those facts we conclude that

N N "
N—-4—- —— — — P+1()sN =1 ds = o(1 N .
( o ﬁ—l—l)/ou (s)s s=o(l) (r— +o0)
Passing to the limit we obtain u = 0 and, as a consequence, also v = 0. O

4 Proof of Theorem 3.1

Let (u,v) be a non-negative solution of system (1.1). We define w and z as
follows:

w(x) := —Au(z) and z(z):=—Av(z), (4.1)

for » € RY. We can write system (1.1) as a system of four second order equations

Au+w=0
Aw+v4=0
Av+2=0 (4.2)
Az + 4’ =0.

Let @ be the spherical average of u, i.e.

1
u(r) = ———— d
alr) wy NrN=1 /aB,,.(o) L

where wy denotes the measure of the unit sphere in RY. Similarly we define
U,w, Z the spherical averages of v, w, z respectively. From (4.2) and the Holder
inequality, it is easy to see that

Au+w=0

Aw+ 7% <0

AT +2=0

Az + @’ <0,
where Af = f" + N=Lf1 fr = 4 for f =q, w, v, 2.

dr?

In order to prove Theorem 3.1 we begin with some auxiliary lemmas.
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Lemma 4.1 Let N > 2. Consider p,q > 0 such that pqg # 1 and let (I};) be the
sequence defined by lo = 2 and

Les1 = plgle +4) +4, k> 0.
Then
i) Ik = 2(pg)* +4(p + 1)((pg)* — 1)/(pg — 1),

i) (pgl, +4p+ N)(pgly +4p + 2)(pgl + 4p + N + 2)(pgly +4p +4) < (N +
2+ 2pq + 4p)* Y | for k=0,1,2,...

i11) If pg > 1 then l, — +o0.

Lemma 4.2 Let p,q > 0 be such that pqg # 1. Suppose by = 0 and define the
sequence (by) inductively by

bit1 = pabr +4p(k + 1)+ 4(k+1), fork >0.

Then
b, =4(p+1)

(pa)"*' — (k + 1)pg + k}
(pg — 1)
for all non-negative integers k.

Lemma 4.3 Let p,q > 0 be such that pq # 1. Suppose ng = 0 and define the
sequence (ng) inductively by ngr1 = pgni + p. Then

(pg)" -1

ne =
pqg—1

for all non-negative integers k.
The three lemmas above can be proved by induction.

Lemma 4.4 Let N > 2. Consider p,q > 0 such that pqg > 1, let (by), (Ix) and
(ng) be the sequences defined in the previous lemmas, ¢y a positive constant and
zo be a non-negative constant. Define the sequence as follows: rq = 0 and

, (202‘1”’6*1*1(]\7 + 2+ 2pq + 4p) -1 (N + qlj—1)(2 + qli—1) ) T
k= k—1gk

P 1q

o

for k> 1. Then there exists a positive number a such that limg_ .o 1, = a.

1
. Iy 142
Proof. We can write r, = 25 * ' try -2ry 37y -Ar) where

ank—1+1 abk—1

by = 2082 By e (N 42+ 2pg + dp) T2

pk—lqk

1 _ "7
37‘k = [(N =+ qlk_1)(2 + qlk_1)] ql’“—1+2, 4Tk =y qlk71+2.
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We have
qni—1+1 p
—

qlp_1 +2 2pq +4p + 2’

and
qbr-1 R 2pq(p + 1)
qli—1+2  (pg—1)>+2(p+1)(pg — 1)

From this we deduce that both 'r; and %) converge. Concerning the third
sequence,

lim % = Wim[(N 4 qlp_1)(2 + qlk_l)]q’k—lﬁz =1.

. k—1 _k ( 71) .
Finally, (ﬁml?ﬂ - 2(pq—1¥;+4(p+1) yields

4. P Y T
. . 2(pa—1)F+4(p+1
lim “ry :=c¢y, =" e

1
. L _1+2
Since I, — 400, 2z, "'~ — 1 and we are done. O

Proof of Theorem 3.1 According to (4.1), we want to prove that w > 0
and z > 0. Suppose by contradiction that there exists g such that w(zg) < 0.
Without loss of generality suppose that xo = 0. Multiplying (4.4) by V=1 we
get

rN1D,, + (N = 1)V 20, < —rV-15% <0,

hence
(TNflu’J,«),. <0.

By integrating the last inequality, we obtain w, < 0. Then w is non-increasing
and we have
w(r) <w(0) <0, forall >0,

since, from the definition, @w(0) = w(0). So, from (4.3),
At = —w(r) > —w(0).

1

If we multiply the last inequality by »V~1 and integrate twice, we get

a(r) > cr?, forall r >0, (4.7

where ¢ := —w(0)/(2N) > 0. Without loss of generality, we can assume that
¢ < 1. Next we prove by induction that

5
(,,,) N c(aﬁ)
= 27 (N + 2 + 28 + 4a)bx

U rle, for all 7> 7y, (4.8)

where i, bg, ni and 7 are defined in Lemmas 4.1, 4.2, 4.3 and 4.4 with p = a,
q=0, 20 := z(0) if 2(0) > 0 and 2o := 0 otherwise and ¢¢ := c.
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We have (4.8) for k = 0 by (4.7), since lo = 2, by =0, ng = 0 and 9 = 0.
Assume that (4.8) is true for some k. From (4.6),

(XkﬁkJrl
Az < — ¢ Bl
= 267 (N + 2 + 203 + 4a)Bbx

If we multiply both sides by 7V ~! and integrate twice, we obtain
(< - o

= 28 (N + 2+ 208 + 4a)Px (Bl + N) (Bl + 2)
Then, for all

z rPet2 4 2(0).

1
. (zo25”k+1(N + 24 2083 + 4a)P (Bl + N) (Bl + 2)) BTk +2

PR
we have
H0) < — ot Blet+2.
20me 1 (N + 2 + 208 + 40)Po% (Bl + N) (Bl + 2)
From (4.5) we get
o oo PBlt2.

>
v= 20ms+1(N + 2 + 208 + 4a)Px (Bl + N) (Bl + 2)

After multiplying the last inequality by »V~! and integrating twice we obtain

ak’ k+1 akﬂk+1

Ble+d | ~ c
PR 4+ 5(0) > 21D,

c

Bli+4
(T) Z QﬁnkJrle ’

U r

where
Dy, == (N + 2+ 2a3 + 4a)"" (Bl + N)(Bl, + 2) (Bl + N +2)(Bly + 4).

From (4.4) we have

k+1
Aw < S oditaa,

= Qa,Bnk +o¢D2¢
Once more, multiplying both sides of the above inequality and integrating twice,
we obtain, since w(0) < 0,

aB k41
_ cep) paBli+a+2

<
o) < 208nita D (affly, + 4o+ N)(afl, + da + 2)

At last, from (4.3) we have

clap)

> afly+4a+2
— 9afnit+a nHa r :
2 D¢ (Bl + 4o+ N)(afly + 4o + 2)

Ax
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Using the same procedure that we used before, we get

claB)t ! clap)t

afly+4a+4 — afly+4a+4
Z 20¢Bnk+o¢D(klEk r + U(O) 2 2aﬁnk+OéDgEk

u(r)

r

where
Ey = (afly + da+ N)(afly + da + 2)(afly + 4o+ N + 2)(afl, + da + 4).
Taking into account that o > 1,
Dy <(N + 2+ 2a8 + 40)°% (afly + 4o + N)(afly + 4o + 2)
X (afly + 4o+ N + 2)(afl, + 4a + 4).
Thus, from Lemma 4.1 ii),
Oéﬁ)k+1

(
— Cc
u(r) = 2aBnita(N 4 2 4 208 + 4a)@Bbrtdalk+1)+4(k+1) "

afly+4a+4

According to the definition of (Ix), (bx) and (ny) we have (4.8) for k + 1.
Now, fix kg such that ri < 2limryg, for all £ > kg. Take A > 1 such that

2A(N + 2 + 203 + 4a) 5 > 2lim Tk
Taking r = 2¢ " A(N + 2 + 223 + 4a) W in (4.8), for all k > ko we get
a(r) > c(aﬁ)k_l’ﬁl’“_”"Al’“(N +2+2a8+ 404)%%—%'

The right hand member of the inequality goes to infinity, when & — 400, since

2(aB) ! + (3a+ 2)(aB)* — (3a + 4)
af—1

(ozﬁ)”C — 1l — —o0

Iy —np = — 400,

and also since %lk — by, equals
4(a—|—1)(aﬁ)k+1[1+ dat+2 k41 4a+4+k]
(af —1) af  (af)k  (af)FH
This is a contradiction, since @(r) is a constant. Thus w > 0, as claimed.

The case when there exists yo such that z(yo) < 0 can be treated in a similar
way, and this concludes the proof of Theorem 3.1. O

— 400.

For later purposes we prove the following results.
Lemma 4.5 Let1 < o, < % be such that af # 1.
1) There exists a sequence (R;) such that R}w'(R;) — 0 as R; — +oc.

2) There exists a sequence (R;) such that R3Z'(R;) — 0 as R; — +oc.
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Proof. From Theorem 3.1, w and z are non-negative functions. Similarly to
Lemma 3.3, (2.3) allows to deduce the existence of a positive constant ¢ such
that
w(r) < cr_2_45aa_t11, zZ(r) < P = (4.9)
We prove 1). The proof of 2) is similar thanks to the second inequality in (4.9).
Suppose by contradiction that there exist dg > 0 and r9 > 0 such that for
all R > ry we have —R3w'(R) > §o > 0. Then

R
do(R—19) < —/ s3w' (s)ds
ro

= —R*wW(R)+ rjw(re) + 3 /R s*w(s)ds

To
R R -
< 3/ s*w(s)ds + C < 30/ s 4Pa-1ds + C.
To 70

In case 4 Bo‘oj_ll = 1 (which is only possible if N =5 or N = 6), we get

do(R —r9) < 3c(log R —logrg) + C.

Dividing both sides of this inequality by R'/? and passing to the limit as R —
400 we get a contradiction. Assume now 4 B‘X(j_ll # 1. Then
Ba—1
e P*—*
a(f—4) -5

oy a(B—4)-5
i AL S —Fa=i

do(R—19) < (R Fa=1 —ry )+ C.

Dividing both sides of the previous inequality by R%, we get

1 2 Ba—1 ap-12)-13  «B=H=5 _2
So(R3—rgR™3) < C—L" "~ (R™58a—5 —r, ™1 R™3)+CR™3. (4.10
0( To )— a(/@_4)_5( To )+ ( )

Since § < 9 for N > 5, again we obtain a contradiction, thus proving the lemma.

0

Lemma 4.6 Let (u,v) be a non-negative C*(RN) solution of system (1.1), with
1<a,0< % and a8 # 1. Then

2[* Mo (x) and |o|*"NuP(x) € LR\ B1(0)).

For the proof of this lemma we proceed as in [11, Proposition 3.5], thanks to
Lemma 4.5.

5 Proof of Theorem 1.2

Let (u,v) be a C*(RY) non-negative, nontrivial solution of system (1.1). By
Theorem 3.1 and the maximum principle, we have

u(z) >0 and wv(z) >0 inRY. (5.1)
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So (u,v) is a positive solution of system (1.1). We introduce their Kelvin trans-
forms

* _ 4—N € * _ 4—N o
(o) = oMl ) =l (),
for z € RV \ {0}. Then
4 x z x
Au* — |z A Ty 2 Y Y (N — DN (==
(o) = el Bu() — e (V). o) = 2N — e u( )
and at infinity,
N g 1
Aut(z) = =2(N = 4)|z>Nug = Y o TN
u (m) ( )|.%‘| Uo = |x|NxJ +O(|x|N)7

where ug = u(0), a; = %(0). Consequently, for large |x|, Au*(z) < 0. Simi-

larly to Av*. Without loss of generality, we assume that
Au*(z) <0 and Av*(z) <0, VzeRY\ B(0). (5.2)

In order to prove that Au*(x) and Av*(z) are non-positive in By(0) \ {0}, we
begin with an auxiliary lemma.

Lemma 5.1 Let f € C%(B;(0)\ {0}) be such that f =0 on dB;(0) and
/ fApdz >0, (5.3)
B1(0)

for all ¢ € C?(B1(0)) N C*(B1(0)) such that ¢ = 0 on dB1(0) and ¢ > 0 in
B1(0). Then f <0 4n B1(0)\ {0}.

Proof. Suppose by contradiction that f > 0 over some ball B C B1(0) \ {0}.
Fix any nonzero, non-negative function ¥ € D(B) and denote by 1; its extension
by zero. Consider ¢ € C%(B;(0)) N C'(B1(0)), ¢ > 0, such that —Ap = ¢ in
B;(0), ¢ =0 on 9B;1(0). By the maximum principle, ¢ > 0. Then

O</wfdx:/ J)fdxz—/ fApdx.
B B1(0) B1(0)
This contradicts (5.3). O

The argument for the proof of the next lemma was partially taken from [6].
Since we could not find a precise reference for the complete proof, we present
here a proof pointed to us by Prof. J.Q. Liu, to whom we acknowledge.

Lemma 5.2 Let (u,v) be a C*(RY) positive solution of system (1.1). Then
(u*,v*) satisfies
A2u* — |x‘o¢(N—4)—(N+4)(U*)a
(5.4)

A2,U* _ |x‘ﬂ(N74)f(N+4)(u*),B
in RV \ {0}. Moreover

Au*(z) <0 and Av*(z) <D0, (5.5)
for all z € RN \ {0}.
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Proof. An easy computation allows us to establish (5.4). From (5.2) we are
led to prove the second conclusion in By (0)\{0}. Let w € C?(B1(0))NC*(B1(0))
be such that Aw = 0 in B;(0), w = Au* on 9B;(0). By the maximum principle,
w < 0in B1(0). Let ¢ € C?(B1(0)) N C*(B1(0)) be such that ¢ = 0 on 9B;(0)
and ¢ > 0 in B;(0) and, for each ¢ > 0, let n. € D(RY) be such that for
i=1,2,3,4,

ne(x) =1 for |z| > 2, n(x)=0 for|z|<e, |Dn.|<ce,

where c is a positive constant independent of . From now on we denote By =
B;(0), for s = R, 2e,e. Multiplying the first equation of (5.4) by ¢n., we get

/wna\xla(N_4)_(N+4)(v*)"(x)dfc = /wnaAQu*dx
By

1

= / enA(Au* — w) de.
By

After two integrations by parts in the last integral and observing that both ¢,
and (Au* — w) vanish on the boundary of B;(0), we obtain

/ one|a| N OV (v5)2 (1) do
B

- / (-Ag + 2V, V) + pAn.} (Au® — w)dz.  (5.6)
B

Let ¢ = 2(Vp, Vn.) +@An.. So 1 =0 for |x| < e and |x| > 2¢. Then, for small
67

/ PAU* dx:/ u*A@/}d:r:/ uw* A dx
Bl Bl BZE\BE

:/ |x|ﬁ<N—4)ﬁ—(N+4) u*(m)|x|(N+4)7Bﬁ<N74) N
B2E\BE
N-4)—(N+4 1/6
S(/ || PN—H—(N+ )(u*)ﬂ(x)da:>
Bac\B:

y (/ ‘$|(N+4)51B1(N74)‘A1/)|%dl‘)(ﬂ_l)/ﬁ.
B2 \B.

On the other hand,

[ a0 P ot = [ ol (o
By By ||

- / =08 () dy.
RN\ B,

Thus, from Lemma 4.6 there exists a constant ¢ such that

(N+4)—=B(N—4)

s N\(B-D/8
| YA dz| < c(/ ] S | A 5 dx) .
BzE\BE B25\Bs
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Since |Ay| < ce=* for ¢ small, we get

| YA dz| < P -0 ase — 0.
B25\B5

Then, passing to the limit in (5.6) yields

Ap(Au* — w)dx = / @a| M N=H=WN+D) () (1) d > 0.

Bl Bl

From Lemma 5.1 we conclude that Au* < w < 0in B1(0)\{0}. Since A%u* > 0,
by the maximum principle we must have Au* < 0 in R \ {0}. One can proceed
similarly with Av*. U

We now apply the moving planes method. We start by considering planes
parallel to z; = 0, coming from —oo. From now on, for x € RY we write
x = (z1,2") where 2’ := (22, ,xn) € RV~ For each \ we define

Y= {QS = (.731,33,) ERN T T <)\}, T := 82)\.
For z = (x1,2) € £y, let 2 := (2\ — 21, 2’) be the reflected point with respect
to T. We also consider
ex:=(21,0) and ¥y := 3\ {ex}.

Finally, for z € £ we define Uy (z) = u*(2*)—u*(z) and Vy(z) = v* (z)—v* (z).

In what follows we take A < 0. Using the invariance of the Laplacian under
a reflection together with the mean value theorem and the fact that |2*| < |z|,
it follows from (5.4) that

AUy = c(, \)Va(z)

) A (5.7)
AV > é(x, \)Uy (),

for € ¥y, where c(z;\) = afz|* N =H=O+) (4 (2, X))*~1 with ¢(z;\) a real
number between v*(z*) and v*(z), and similarly

e A) = Bl NI NED (), 0)) 7,
with 9 (z; A) a real number between u*(z*) and u*(z). From (5.1) we conclude
that both ¢(z; A) and é(x; \) are positive.

Our next goal is to see that we can start the process of the moving planes.
For that matter we begin with some auxiliary facts.

Definition. Let m € N. We say that a C? function in a neighborhood of
infinity f has a harmonic asymptotic expansion at infinity if:

m+2

1 a; T; 1
flx) = W(ao + ; W) +O(W),
i 1 5.8
fwi (ZL’) = —Mmao |x|m+2 + O( |x|m+2 )’ ( )

1
foiw, (@) = O(w)
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where a; € R, for i =0,...,m + 2.

We observe that both u* and v* have harmonic asymptotic expansions at
infinity, with m = N — 4 and a¢ > 0. Also (—Au*) and (—Av*) have harmonic
asymptotic expansions at infinity with m = N — 2 and ag > 0.

Lemma 5.3 Let f be a function in a neighborhood of infinity satisfying the
asymptotic expansion (5.8), with ag > 0. Then there exist constants A\; < 0,
Ry > 0 such that, if A < A1, then

f(x) < f(@) for x <A, x & Bpg, (ex).

Lemma 5.4 Let f be a C? positive solution of —Af = F(z) in |z| > R,
where [ has a harmonic asymptotic expansion (5.8) at infinity, with ag > 0.
Suppose that, for some negative Ao and for every (x1,z") with x1 < A,

flx1,2") < f(2Ao — x1,2")  and F(z1,2") < F(2X\g — x1,2").
Then there exist € > 0, S > R such that
(i) fo,(z1,2") >0 in |z — Xo| <, |z| > S,
(ii) f(z1,2") < fRA—z1,2") inzy < Ao — 2e <A, 2| > S,

for all x € X\, A > A\ with |\ — XNo| < cog, where ¢y is a positive number
depending on Ao and f.

We refer the reader to [1, Lemmas 2.3 and 2.4] for the proof.

Proposition 5.5 There exists Ay < 0 such that if A < XAy then AUx(x) < 0,
AVy(z) <0, Ux(x) > 0 and Vx(z) > 0 in 2.

Proof. From Lemma 5.3, there exists \; < 0 and Ry > 0 such that AUy (z) <
0, AVy(z) < 0, Ux(z) > 0 and Vy(z) > 0 in Xy \ Bg, (ex), for all A < ;.
By Lemma 5.2, Au*(x) < 0 in RV \ {0}. Since

A(Au)(z) = [x|* VD= (7) (2) > 0,
Lemma 2.1 allows us to conclude that
Au*(z) < M(Ry) :== max{Au*(y) : |y| = R1}, Vz:0<|z| < R;.

If 2 € Bg,(ex) \ (ex) then |z — ey| = [2*| < Ry. So, for x € Bg,(ex) \ (ex)
we have Au*(2*) < M(R;). From the fact that Au*(z) — 0 as |z| — +oo, we
conclude that there exists Ry > 0 such that Au*(x) > M(R;)/2, for |z| > Rs.
Let Ay := min{—Ry, —Ry}. Then, for all A < Ay,

M(Ry)
2

AU\ (z) = Au*(2) — Au*(z) < M(Ry) — <0,
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for z € Bg, (ex) \ (ex). Similarly, let A2, A3, Ay < 0 be such that
AVy(z) = Av*(z) — Av*(z) < M'(Ry) — M'(Ry)/2 < 0, for x € Bg, (ex)
for all A < Ao,
Ux(z) = u*(z) —u*(x) > m(Ry) —m(R;)/2 >0
for z € Bg, (ex) and all A < A3,
Va(e) = v(2%) — v*(2) > ! (Ry) — m'(Ry) /2 > 0
for x € By, (ey) and all A < A4, where
M/(Ry) 1= ma{Ao™(y) s [y) = Ri}, m(fy) o= min{u*(y) : Jy| = R},
! (Ry) = min{o*(y) : [yl = Br}.

By choosing A\; = min{\1, Ao, A3, A4, 5\1} we get the conclusion. O
Let Ao :=sup{A < 0 : AUx(z) < 0, AVi(z) < 0, Ux(x) > 0, and Vi(z) >

0 in Z)\}.

Remark. By continuity, we have AUy, (z) < 0, AV),(z) <0, Ux,(z) > 0 and

VAO(m) >0in Xy,.

Lemma 5.6 Uy, =0 if and only if V), = 0.

Proof. If Uy, # 0 and V), = 0, by (5.7) we have é(z, \g)Uy,(z) < 0. Since
é(x, Ag) > 0, then Uy, < 0. Since also Uy, > 0, this is a contradiction. O

Proposition 5.7 If \g < 0 then Uy, =0 and V), =0.

Proof. Suppose by contradiction that the conclusion of the proposition is not
true. By Lemma 5.6 we conclude that Uy, # 0 and V), # 0. Since
AUy, <0 in Xy,

Uy, >0, Uy, #£0 in 3y,
Uy, =0 onT),

and since Uy, (x) — 0 when || — oo, by the maximum principle we have that

Ux,(z) > 0in 3y,. By the same arguments we can prove that Vy,(z) > 0 in S
Then _
AUy, > c(z,M0)Vay >0 in %y, (5.9)

and, as a consequence,
AUy, >0 in 5y,
AUy, <0 in 3y,
AUy, =0 on Ty,.
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Since AUy, (z) — 0 when |z| — 0, by the maximum principle we must have
AUy, (z) < 01in Xy,. Using the Hopf maximum principle we obtain that

OAU,,

o (l‘) >0 on T)\m

where v is the outward unit normal to Xo- We will prove that this is impossible.

From the definition of )\% there exists a sequence of real numbers A, \, Ao
and a sequence of points in 3, where AU, or AV, is positive or Uy, or Vy,
is negative.

If AU, (z) > 0 for some z € 3y, , then

n?

c1 :=sup AUy, > 0.
i/\n

We shall see that this supreme is attained. Let

ce = max AU,, <0.
9By (exg)
2

With 0 < 7 < \g/2, we define g(z) = AUy, (x)+ca(|z—ex, > NrV=2-1), forz €
By, 2(ex,) \ Br(ex,). It is easy to see that g(x) < 0in 9(B),/2(ex,) \ Br(ex,))-
Then we have
Ag=A?Uy, >0 in By, a(ex,) \ Brlex,)
g <0 ond(By2(ex) \ Brlex,))

By the maximum principle, g(x) < 0 for all x € By 2(ex,) \ Br(ex,). Since 7 is
arbitrary, we conclude that

AU)\O(SC) <ce <0 in BAO/Q(e)\O),

where By(ey,) denotes the punctured ball By(ey,) \ {ex, }, for s > 0. By conti-
nuity, we have

c Lo
AU)\TL($) < 52 <0 in BA0/4(€>\71)’

for large n. As AU, (x) — 0 when || — 400, there exists r,, such that, for all
|z| > 7y, AU, (x) < ¢1/2. Thus

sup AUy, = sup {AU,, (z) : @ € (Ex, \ By,ja(er,)) N By, (0)}.
pIPN

Then there exists a sequence (z,) C (S, \ By, /a(ex,)) N By, (0) such that

sup AUy, = AU, (z,) > 0.
EAn

Hence
V(AU )(zn) =0 and A(AUy,)(zn) < 0. (5.10)
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It follows from Lemma 5.3 that (2,) is bounded. Thus, up to a subsequence,

Tp — T wWith g € i)\o. Passing (5.10) to the limit we obtain
V(AU )(x0) =0 and A(AUy,)(z0) < 0. (5.11)
Thus from (5.9) and (5.11) we conclude that z¢ € T),. Since

OAUs, . OAUy,, .
0< o (130) = axl (Io) = 0,

we have a contradiction.
The case when AV}, takes positive values and the cases when Uy, and Vj,
take negative values are proved similarly. O

Proof of Theorem 1.2 completed. I) In applying the moving planes method,
we must consider two cases.

(a) If A\gp < 0, by Proposition 5.7 we have Uy, = 0 and V3, =0, so u*(x) and
v*(z) are symmetric with respect to the plane Ty,. Since the bilaplacian

is invariant for dilations, from (5.4) we get a contradiction. So u =v =0
in RV,

(b) If Ag = 0 then Up(x) > 0 and Vy(x) > 0 in X, i.e.
w(—z1,2") > u(zy,2') and v(—z1,2") > v(z,2")  for z; <0. (5.12)
Defining @(x1,z') := u(—2z1,2) and o(z1,2’) := v(—2x1, ), we have
A=
A%y =3’
in RN. By performing the latter procedure, we deduce the existence of a

corresponding value Xo < 0. If \g < 0 then @ = ¥ = 0 and consequently
u=uv=0.If \g =0 then

u(—z1,2') > u(zy,2’) and o(—z1,2") > v(xy,2")  for z; <O.

By (5.12) we conclude that v and v are radially symmetric with respect
to the origin.

We can perform the Kelvin transform with respect to any point, thus v and v
are radially symmetric with respect to any point. This implies that 4 and v are
constant functions. From system (1.1), we get u =v = 0.

IT) We proceed like Figueiredo and Felmer in [2]. O
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