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EXISTENCE OF SOLUTIONS FOR A SINGULARLY
PERTURBED NONLINEAR NON-AUTONOMOUS
TRANSMISSION PROBLEM

RICCARDO MOLINAROLO

ABSTRACT. In this article we analyze a boundary value problem for the Laplace
equation with a nonlinear non-autonomous transmission conditions on the
boundary of a small inclusion of size e. We show that the problem has solu-
tions for € small enough and we investigate the dependence of a specific family
of solutions upon e. By adopting a functional analytic approach we prove that
the map which takes € to (suitable restrictions of) the corresponding solution
can be represented in terms of real analytic functions.

1. INTRODUCTION

This article is devoted to the analysis of a singularly perturbed nonlinear trans-
mission problem for the Laplace equation in the pair of sets composed by a perfo-
rated domain and a (small) inclusion. The study of the behaviour of the solutions of
boundary value problems in domain with small holes or inclusions has attracted the
attention of several pure and applied mathematicians and it is impossible to provide
a complete list of contributions. From an application point of view, boundary value
problems in domains with small holes or inclusions can be the mathematical model
of the heat conduction in bodies with small cavities and impurities and thus they
are extensively studied in the theory of dilute composite materials (cf. Movchan,
Movchan, and Poulton [43]). In particular, transmission conditions like the ones
that we study in this paper can be analytically derived in the case of a thin reac-
tive heat conducting interphase situated between two different materials (see the
works of Mishuris, Miszuris and Ochsner [37, [38], and of Miszuris and Ochsner [41]
and the references therein). Moreover, we point out that nonlinear transmission
conditions arise also in the framework of elasto-plastic material (see e.g. Miszuris
and Ochsner [40] and Mishuris, Miszuris, Ochsner, and Piccolroaz [39]), and in the
framework of articular cartilage problems (cf. Vitucci, Argatov, and Mishuris [49]).

In order to introduce our specific problem, we begin by presenting the geometric
framework. We fix once for all a natural number

n >3,
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which will be the dimension of the Euclidean space R™ we are going to work in,
and a parameter
a €]0,1]
which we use to define the regularity of our sets and functions. We observe that
the case of dimension n = 3 has physical relevance. However, the analysis for n = 3
and for n > 3 is much the same and for this reason we opt for the more general
setting. Instead, the case of dimension n = 2 requires specific techniques.
Next, we introduce two sets ° and Q! such that

Q°, QF are bounded open connected subsets of R™ of class ohe,
with exteriors R™ \ Q° and R" \ Q¢ connected and the origin 0 of
R™ belongs both to 2° and to Q.

Here the superscript “o” stands for “outer domain” whereas the superscript “i
stands for “inner domain”. We set

o = sup{f €]0,1[: eQf C Q°, Ve €] — 0,0[}
and we define the perforated domain §2(€) by setting
Qe) = Q°\ Qi
for all € €] — €g, €o[. Then we fix three functions
F:]l—€,e[x00 xR =R, G:]—ee[x0 xR—-R, f°ecCb(00°).

For € €]0,¢g[, we consider the following nonlinear non-autonomous transmission
problem in the perforated domain (¢) for a pair of functions (u®, u’) € C1*(Q(e)) x
CLe (eQ):

Au® =0 in Q(e),
Aut =0 in e,
u’(z) = f°(x) Yz e 00°,

. (1.1)
u’(z) =F (e, ;,uz(x)) Yz € ed),

Vegi - Vu®(z) — veqi - Vu'(z) = G (e, %, ui(x)) Vr € 0.

Here v.q: denotes the outer exterior normal to )’

Problem may, for example, model the heat conduction in a (nonlinear)
composite material. Indeed, ©u° and u? could represent the temperature distribution
in Q(e) and in the inclusion €2’ respectively. The third condition in means
that we are prescribing the temperature distribution on the exterior boundary 92°.
The fourth condition says that on the interface e9Q* the temperature distribution
u° depends nonlinearly on the size of the inclusion, on the position on the interface,
and on the temperature distribution w’. The fifth condition, instead, says that
the jump of the heat flux on the interface depends nonlinearly on the size of the
inclusion, on the position on the interface, and on the temperature distribution .

Since problem is nonlinear, one cannot, a priori, claim that it has a solution.
As a first result, we will prove that under suitable conditions on F and G and
possibly shrinking €, problem has a solution (u?, u?) € CH*(Q(e)) x C1(eQF)
for all € €]0, ¢p[. Then, we will turn to analyze the asymptotic behavior of the family
of solutions {(u?,u!)}ccjo,e,[ as € approaches the degenerate value 0.
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In the literature, one of the most used approach to do that would be to write
out an asymptotic expansion of u2 and u’. Asymptotic expansion techniques for
singularly perturbed linear transmission problems have been exploited by several
authors: here we mention the works of Ammari and collaborators [, 2] 8], 4} [l @],
Maz’ya, Movchan, and Nieves [36], Nieves [44], Novotny and Sokotowski [45], and, in
particular, concerning nonlinear problems, Iguernane, Nazarov, Roche, Sokotowski,
and Szulc [26]. Cluster of holes have been also considered in the work of Bonnaillie-
Noél, Dambrine, Tordeux, and Vial [13], Bonnaillie-Noél and Dambrine [9], and
Bonnaillie-Noél, Dambrine, and Lacave [12]. Moreover, functional equation meth-
ods for the analysis of linear and nonlinear transmission problems in domains with
circular inclusions have been applied, for example, in Castro, Kapanadze, and Pe-
setskaya [14], Kapanadze, Mishuris, and Pesetskaya [27, 28], Kapanadze, Miszuris,
and Pesetskaya [29]. We mention that potential theoretic techniques have been
widely exploited to study nonlinear boundary value problems with transmission
conditions by Berger, Warnecke, and Wendland [§], by Costabel and Stephan [I7],
by Gatica and Hsiao [24], and by Barrenechea and Gatica [7], and that boundary
integral methods have been applied also by Mityushev and Rogosin for the analysis
of transmission problems in the two dimensional plane (cf. [42] Chap. 5]). Finally,
we point out that problems with small holes or inclusions have been analyzed also
from the numerical point of view, for example in the works of Chesnel and Claeys
[15] and of Babuska, Soane, and Suri [I0]. We also mention the works of Mishuris,
Miszuris and Ochsner [37,[38], and of Miszuris and Ochsner [41], in which transmis-
sion conditions are numerically tested with simulation based on the finite element
method.

In this article, instead, we adopt the functional analytic approach proposed by
Lanza de Cristoforis for the analysis of singular perturbation problems in perfo-
rated domain (cf. Lanza de Cristoforis [30]). We prove that (suitable restriction
of) the family of solutions {(u?, u!)}ecjo,e,[ can be described in terms of real ana-
lytic functions of €. Such a result implies the possibility of expanding the solutions
in terms of convergent power series of the singular perturbation parameters. We
note that the functional analytic approach has been first applied to study boundary
value problems in a domain with a small hole confined in the interior (cf. Lanza
de Cristoforis [32]) and then has been extended to more involved geometric con-
figurations, such as moderately close holes (cf. Dalla Riva and Musolino [20, 21]),
holes approaching to the boundary (cf. Bonnaillie-Noél, Dalla Riva, Dambrine,
and Musolino [I1]), and perturbations close to the vertex of a sector (cf. Costabel,
Dalla Riva, Dauge, and Musolino [I6]). Moreover, as in this paper, it has been
applied also to boundary value problems with nonlinear conditions as in Lanza de
Cristoforis [31] and Dalla Riva and Lanza de Cristoforis [I8].

We observe that a similar problem, but with homogeneous contact conditions
(i.e. with F' and G which do not depend on the position on the contact boundary)
has been studied by Lanza de Cristoforis in [33] for a bounded domain with a small
hole and in Lanza de Cristoforis and Musolino [35] in the periodic setting. We also
mention the work of Dalla Riva and Mishuris [I9], where the existence of solutions
for problem has been investigated in the case of a “big” inclusion with a
method based on the Schauder fixed point theorem. As we shall see, the analysis
of this paper is instead based on the implicit function theorem.
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We briefly summarize our strategy. We first introduce a suitable representation
of a solution of problem in terms of layer potentials with unknown densities.
Then, by an appropriate change of variables and by exploiting the Taylor expan-
sion of certain terms, we convert problem into a system of nonlinear integral
equations on the boundaries of Q° and Q¢. The new system is constructed in such
a way that we can use the implicit function theorem to analyze its solution around
the degenerate case when ¢ = 0. In such a way, we find the unknown densities as
implicit functions and we deduce that they depend real analytically on e. Finally,
we exploit again the integral representation of the solutions to prove the existence
of u? and u! and to analyze their dependence on e.

This paper is organized as follows. Section [2]is a section of preliminaries. In
Section [3] we introduce some classical notions and results of potential theory. In
Section [4] we prove two technical lemmas that we exploit in Section [5| to convert
problem into a system of nonlinear integral equations. In Section@ we analyze
the limiting system, i.e. the system obtained for ¢ = 0. In Section [7] we apply
the implicit function theorem to obtain a real analytic continuation result for the
unknown densities of the integral equation system. In Section [§ we state our main
Theorem where we show an existence result for 42 and u! and we analyze their
dependence on € in Theorem

2. NOTATION

We denote the norm of a real normed space X by || - || x. We denote by Ix the
identity operator from X to itself and we omit the subscript X where no ambiguity
can occur. For z € X and R > 0, we denote by Bx(z, R) = {y € X : |ly—z| x < R},
when X =R? d € N\ {0, 1}, we simply write By(z, R) and when X = R we write
B(z,R). If X and Y are normed spaces we endow the product space X x Y with
the norm defined by ||(z, )]l xxy = ||zlx + ||lylly for all (z,y) € X x Y, while we
use the Euclidean norm for R? d € N\ {0,1}. We denote by £(X,Y) the Banach
space of linear and continuous map of X to Y, equipped with its usual norm of the
uniform convergence on the unit sphere of X. If U is an open subset of X, and
F :U — Y is a Fréchet-differentiable map in U, we denote the differential of F' by
dF. Higher order differentials are denoted by d™F, m € N\ {0,1}. The inverse
function of an invertible function f is denoted by f(~1), while the reciprocal of a
function ¢ or the inverse of an invertible matrix A are denoted by ¢! and A~!
respectively. Let  C R™. Then € denotes the closure of Q in R”, 9Q denotes the
boundary of Q, and v denotes the outward unit normal to 9. For x € RY, x;
denotes the j-th coordinate of x, || denotes the Euclidean modulus of = in R%. Let
Q2 be an open subset of R™ and m € N\ {0}. The space of m times continuously
differentiable real-valued function on Q is denoted by C™ (92, R) or more simply by
C™(2). Let r € N\ {0}, f € (C™(Q))". The s-th component of f is denoted by
fs and the gradient matrix of f is denoted by Vf. Let n = (m1,...,n,) € N* and

Inl=mnm + -+ n,. Then D"f oy

— 9zit,....0z "
second-order partial derivatives of f is denoted by D?f. The subspace of C™ (1)
of those functions f such that f and its derivatives D" f of order |n| < m can be
extended with continuity to Q is denoted C™(€2). The subspace of C™(£2) whose
functions have m-the order derivatives that are Holder continuous with exponent
a €]0,1[ is denoted C™<(Q). If f € C%*(Q), then its Holder constant is defined

If r = 1, the Hessian matrix of the
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as |f: Qo = sup{% s,y € Q,x # y}. The space C™%(Q), equipped with
its usual norm || f{|cm.a @ = [ fllom@) + 2 =m [P f : Qla, is well know to be a
Banach space. We denote by C]"“(R™ \ ) the space of functions on R™\ Q whose

restriction to U belongs to C"™(U) for all open bounded subsets U of R™\ Q. On
C*(R™\ Q) we consider the natural structure of Fréchet space. Finally we set

loc
Cre Q) = {u e C™(Q)NCHQ) : Au =0 in Q.

harm

We say that a bounded open subset of R™ is of class C"™ ¢ if it is a manifold with
boundary imbedded in R" of class C™<. In particular if  is a C™® subset of
R™, then 0 is a CY* sub-manifold of R of co-dimension 1. If M is a C™® sub-
manifold of R™ of dimension d > 1, we define the space C™(M) by exploiting a
finite local parametrization. Namely, we take a finite open covering Uy, ..., Uy of
M and C™ local parametrization maps 7y, : Bq(0,1) — U, with [ = 1,...,k and
we say that ¢ € C"™(M) if and only if ¢p oy, € C"™*(By4(0,1)) for alll =1,... k.
Then for all ¢ € C™*(M) we define

k
||¢HCM’O‘(M) = Z ||¢ © ’YlHCm’O‘(Bd(O,l)) .
=1

One verifies that different C™ finite atlases define the same space C™ (M) and
equivalent norms on it. We retain the standard notion for the Lebesgue spaces L?,
p > 1. If 09 is measurable then we denote by do the area element on 02. If Z is
a subspace of L'(02), then we set

Zoz{fezz/mfdazo}.

3. CLASSICAL NOTIONS OF POTENTIAL THEORY

For the proofs of the results of this section we refer to Folland [23], Gilbarg and
Trudinger [25], Schauder [47], and to the references therein.

Definition 3.1. We denote by S,, the function from R™ \ {0} to R defined by
o2
Sn(z) = ——— VzeR"\ {0
(@)= g Ve eRM\{0)
where s, denotes the (n — 1)-dimensional measure of 0B, (0,1).

Sy, is well known to be a fundamental solution of the Laplace operator. Now let
Q be an open bounded subset of R™ of class C1®. We define

Q" =R"\ Q.
Definition 3.2. We denote by vq[u] the single layer potential with density u given
by
volp](z) = ” Sn(z —y)u(y)do, Yz eR"

for all u € C%(09Q).
We denote by wq[u] the double layer potential with density u given by

waolul(z) = — /asz va(y) - VSu(z —y)u(y)do, Yz eR™

for all p € C1(09Q).
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It is well known that, if u € C%*(9€), then vo[u] € C°(R™). We set
v = valulg,  vglul = velul g
Moreover, if p € C1*(8Q), then wq[u]jo admits a unique continuous extension to

Q, which we denote by w¢ [u], and wq [1]jo- admits a unique continuous extension
to Q~, which we denote by wg, [1].

Definition 3.3. We denote by Wyq[u] the boundary integral operator defined by

Woalpl(e) = = | va(s)- VS, (e = pu(w)do, ¥a €00

for all u € C1(09Q).
We denote by Vg the operator from C%%(9Q) to C1(9Q) which takes u to
Va[p] defined by
Valu] = valu]oq-
We denote by Wjq,[p] the boundary integral operator defined by

Wiali(@) = [ va(e)- VS,(o —y)uty) o, Vo € 00

for all u € C%(09Q).

One verifies that Wyg : C1*(92) — C1*(02) and W}, : CO*(99Q) — C**(99)
are transpose one to the other with respect to the duality of C1*(9Q2) x C%(99)
induced by the inner product of L?(95).

In the following Theorem we summarize some classical results of potential
theory.

Theorem 3.4 (Property of single and double layer potentials). The following
statements hold.
(i) For all u € C%*(09), the function volu| is harmonic in R™\ 0Q and at
infinity.
(ii) If p € C%*(0R), then vh[u] € CH(Q) and the map from CO*(0Q) to
Ch2 () which takes p to vy [u] is linear and continuous. Moreover, vy, [u] €

CL(Q7) and the map from CO*(39) to CLY(Q~) which takes ju to vg (]
is linear and continuous.
(iii) If p € C%(9Q), then we have following jump relations
1
v Voglul@) = (F 31+ Waa)lul(@) va € 0.
(iv) The operator Vaq is an isomorphism from C%*(99Q) to CH(99).
(v) For all u € CH*(09), the function waqlu](-) is harmonic in R™\ 9Q and it
18 harmonic at infinity. Moreover, we have the following jump relations

will(e) = (2 51+ Woa) lil(a) va € 002

(vi) Let p € CH*(dQ). Then wdlu] € CH*(Q) and wg[u] € CLY(Q7) and we
have
vo - Vwd ] — va - Vwg W] =0 on 0Q.
(vii) The map from C1*(9Q) to C1*(Q) which takes p to wg[u] is linear and
continuous and the map from C1(9Q) to C’llo’f (Q7) which takes u to wg, [1]
is linear and continuous.
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(viil) Ifu € OL% (Q), then

arm

u(z) ifreQ,
waolupal () — valve - Vupal(z) = § su(z) if z € 09,
0 ifzen.

Moreover, the following classical result by Schauder holds.

Theorem 3.5. The map which takes 1) to Waq[y)] is compact from CH*(08) to
itself.

We summarize some results concerning the null-spaces ker (:l:%[ + Wag) of the
operators =11 + Wyq from C1(09) to itself.

Theorem 3.6. Let Q4,...,Qx be the bounded connected components of ) and

Qy, Q0 ,...,Q,, be the connected components of Q~. Assume that Q7 , ..., are
bounded and that Q) is unbounded. Then the following statements hold.

(i) ker (%I + Wag) consists of the functions from 9 to R which are constant

on O8Y; for all j € {1,..., M} and which are identically equal to 0 on 0€Y; .

(ii) ker (7%1 + WaQ) consists of the functions from 0X) to R which are constant
on 08 for all j € {1,...,N}.

Finally we recall the following important result which will be widely used in the
sequel.
Theorem 3.7. The following statements hold.

(i) The operators +11+ Waq are Fredholm of index 0 from C1*(09) to itself.
(ii) IfT €]—1,1], then the operator 1+7Wj, is an isomorphism from C%*(9)
to itself.

In particular, for a proof of Theorem (ii), we refer to Dalla Riva and Mishuris
[19, Lem. 3.5].

4. PRELIMINARY RESULTS

Let Q" be bounded open connected subset of R™ of class O with R™ \ QF
connected, 0 € Q" and Q" C Q°. Here the superscript “h” stands for “hole”. In
the sequel we will exploit the inequality

o Spdo <0 (4.1)

which follows by the fact that S,,(x) < 0 for all z € R™\ {0}. Let us define
Q=0°\ Q"

Lemma 4.1. Let p € R\ {0}. The map from CH2(9Q°) x CH¥(9Q")s x R to
Cho (Q) which takes (u°, p", €) to the function

harm
ulp®, p, €] = (o [1%] + weu ("] + p€ Sn) g

is an isomorphism.
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Proof. The map from CH%(90Q°) x CL(dQ") to CL% (Q) which takes a pair
(¢°,¢") to the unique solution u[¢?, "] of the Dirichlet problem with boundary
data ¢° and ¢ on 9Q° and 90", respectively, is well known to be an isomorphism.
Then we consider the operator L = (Ly, Ly) from C1®(9Q°) x C1*(9Q")s x R to

CLe(90°) x O (9QM) which takes (u°, 1", €) to

(o] 1 o -
Ly[pe,p", ¢ = (514- Wa@o)[# ]+ won [1"]j090 + PESn 000,

o 1 o
Lofp®, ", €] = ( - 51 + Wam)[uh] + who [1%] |00 + PESnja0n -

We observe that we can rewrite L as L = L + L where L and L are the operators
from C1(992°) x CL¥(90")g x R to CH(9Q°) x CH*(9Q") defined by

PO 1, 1
L[M 7ﬂh7§] = (5;“’ ’_guh +PfSn|th)»
Llp®, ph ¢ = (Wam (1) + we [1"] + p€S Waan [1"] + weh [1°]
s Qh |8Qe T PSPn|ane, YWaoar [ Wao [ ] |00 ) -

We observe that, for all (¢, ¢") € C1*(8Q°) x CL*(9O"), we have L{u°, ul, €] =
(¢°, ") if and only if

_ Joqn ¢ do Snjoan
pf(’)Qh Sn do’ fth STL do oQh

(cf. (4.1))). Hence, one can exhibit a bounded inverse LY of L from CH*(9Q°) x
CH(00M) to C1(90°) x C1(90")g x R and as a consequence one deduces that
L is an isomorphism. Next we observe that L is compact. In fact, by Theorem
the map which takes p® to Waqe[u°] is compact from CH(90°) to itself and
the map which takes " to Wygn[uh] is compact from C1*(9Q")y to CL*(9QN).
Moreover the map which takes p to wg, [11"] a0 is compact from Ch*(9Q"), to
C1(09°) and the map which takes p° to wg, [11°]|aqn is compact from C*(9Q°)
to C1(9Q"), because Q" € Q° and the integrals involved display no singularities.
Finally the map which takes § to pSy|pn-§ is compact from R into CL(09°),
because it has a finite dimensional range. So L = L+Lisa compact perturbation
of an isomorphism and henceforth a Fredholm operator of index 0. Accordingly,
in order to prove that L is an isomorphism, it suffices to show that it is injective.
Thus we assume that L[u°, u", ¢] = 0 and we prove that (u°, u", &) = (0,0,0). If
L[pe, u", €] = 0, then by the jump formulas of Theorem v) and by the uniqueness
of the solution of the Dirichlet problem in 2 we have

u=2¢°, ¢ W= —2f" 42 ¢" do

(o [1°] + we [1"] + pESy) g = 0- (4.2)
Hence
Ammwvw&WHw&Wmemwzo (4.3)
By a standard argument based on the divergence theorem, one shows that
/ van - Vwd,[u°] do = 0 (4.4)
aQh

and by jump relation of Theorem vz’) we obtain

/ von - Vg, (1" do = / van - Vwg, (") do = 0. (4.5)
oan an
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Finally, by the definition of the double layer potential and by Theorem [3.4]viii), we
have

/th van - V(pSpé) do = pé& van - VS, do = p&wg, [1](0) = p&. (4.6)

aQn
Hence by (4.3))-(4.6), we deduce that £ = 0. Then by (4.2]) we have
(weho [1°] + 1w [1"]) g = 0. (4.7)

Now we consider the function u € C1*(99) defined by
pe(z)  if x € 09,
z) =
@) {—uh(x) if x € 9Q".
Equality (4.7]), the jump relations of Theorem V), and the fact that
va(z) = —vgn(z) Vo € 00",

imply that (37 + Waq) [u] = 0. Then, by Theorem i), we obtain that u° = 0
on 99Q° and p" is constant on 9Q". Since p* € C(90M),, it follows that p =0
and we conclude that (u°, u",¢) = (0,0,0). Hence L is injective and our proof is
complete. O

Lemma 4.2. The map from C*(902%)y x R to CH(90) which takes (u, &) to the
function
1
Tis€l = (= 51+ Woa: ) 1] + € Sujon
is an isomorphism.
Proof. We write
1
Jlp, €] = ( —ght €Sn\8(2i) + Waqi (]

Then we observe that the map which takes (u,&) € Ch*(8Q)y x R to —5u +
§ Snjaqi € CL2(9Q) is an isomorphism with inverse given by

s (_ 2(h B Joqi hdo Sn|6ﬂi) , Joqi hdo )
faﬂi Spdo fam S, do
(cf. ([.3))). Moreover, Wpq: is compact from C1*(99%), to C1*(99) by Theorem
Hence, J is a compact perturbation of an isomorphism and therefore a Fred-
holm operator of index 0. Accordingly, to prove that it is an isomorphism it suffices
to show that it is injective. Let (i, &) € CH(90)y x R be such that

Jp, €] = (* %I + Wam) (1] + &Snjani = 0. (4.8)

Then by Theorem H(v) we have that wg,; [11]ja0i = —& Sn|aq: and, by the unique-
ness of the solution of the exterior Dirichlet problem in Q= (note that S, and
wg,: [¢] are both harmonic at infinity), we deduce that

wo[p)(z) = =€ Sp(z) Vo€ Qi (4.9)
Then we observe that

"Pwelpl(@) =0, lim (n = 2)sy|2]" (=€ Su(2)) = ¢

lim (n—2)s,|z
|z|—+o00

|| —+o00
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(recall that here n > 3). Hence & = 0 by (£.9). Then, (— 21 + Wyq:)[u] = 0 by
(4.8). Finally, by Theorem ii), and by the membership of p in CH(90%)g, we
also have p = 0. Hence (i,£) = (0,0) and the proof is complete. O

5. FORMULATION OF THE PROBLEM IN TERMS OF INTEGRAL EQUATIONS

In this section, we introduce a formulation of problem (|1.1)) in terms of integral
equations. In the sequel we denote by u® the unique solution in C*®(Q°) of the
interior Dirichlet problem in Q° with boundary datum f°, namely

Au’ =0 in Q°,
u’ = f° on 0Q°.
We indicate by 0.F and OcF' the partial derivative of F' with respect to the first

the last argument, respectively. We shall exploit the following assumption,

There exists ¢* € R such that F(0,-,¢") = u°(0) (5.1)

and (9. F)(0,-,¢") is constant and positive. '

Then we have the following proposition, where we represent harmonic functions

in Q(e) and €Q? in terms of u°, double layer potentials with appropriate densities,
and a suitable restriction of the fundamental solution .S,,.

Proposition 5.1. Let e €]0,¢9]. The map (U2, -, -, ]’EZ[’ ) from CL2(90°) x
CLo(901)g x R x CL(907) to CH* (Q(e)) x CL () which takes (¢°, ¢, ¢, 1)

/ . harm harm
to the pair of functions

(U2[6°,¢", ¢ 0", Ul[9°, 6", G, 0'])
defined by
UZlo°, ¢, ¢, 9] (2)
= u’(z) + ewg, [¢°](2) + ew [(ﬁz(g)] (z) + €71 Sp(z) Vo e Q(e), (5.2)
Uil6°, ', ¢, ¥)(w) = ewlon [0 (D)) (@) +¢ Vo €
is bijective.
harm harm

there exists a unique quadruple (¢°, ¢*,¢ € CH(09°) x CH*(90)y x R x
C12 (99" such that

(Uele®, ¢, ¢, '], Ul[6°, ¢, ¢, 9]) = (v°,0"). (5.3)
Indeed, is equivalent to

Wi [6°)() + wig [6° ()] () + €3S ()
(5.4)

Proof. Let € €]0,¢[ and (v°,v%) € C1% (€0 \ Q) x C2% (eQ7). We prove that
,9°)

= H(e(@) (@) Ve €O,
Wi [9(2)) (@) = ~ (i) ~ ) V€ A (5.5)

arm

Since 1(v° — u®) € CL2 (90 \ eQ), the existence and uniqueness of (¢, ¢',¢) €
CH(00°) x C1*(90Q) x R which satisfies (5.4) follow from Lemma (with
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p = €""2). By Theorem v) and by the uniqueness of the solution of the interior
Dirichlet problem, equation (5.5 is equivalent to

(57 + W) [#(2)] = 20" —C)peome.

By Theorems and one verifies that %I + Wepqi is an isomorphism from
C1e(edQ) to itself. Hence there exists a unique 1" € C1*(9Q¢) solution of (5.5)).
|

In the following lemma we consider the Taylor expansion of the function F. In
addition, we assume that

For all t € Q' fixed, the map from | — €, o[ xR to R
which takes (e, ) to F(e,t,¢) is of class C2.
Lemma 5.2. Let hold. Let a,b € R. Then
F(e,t,a+eb) = F(0,t,a) + (9. F)(0,t,a) + eb(9:F)(0,t,a) + €2 F(e, t,a,b),
for all (e, t) €] — €, €o[xON?, where

(5.6)

1
F(e t,a,b) = / (1 —7){(02F)(7e,t,a + Teb) + 2b(9.0: F)(7e, t,a + Teb)
0

(5.7)
+v? (82F)(7'e, t,a + Teb)} dr.
Proof. Tt suffices to consider the following two identities:
de(F (e, t,a+ €b)) = O F(e,t,a+ €b) + bO: F(e,t,a + €b)
and
d?(F(e t,a+ eb)) = (02F)(e,t,a + eb) + 2b(0.0c F) (e, t,a + eb) 58)

+ bQ(G?F)(e,t,a + eb),

and to take the Taylor expansion of F'(e, t,a + eb) with respect to ¢ and with
remainder in integral form. [

Moreover, under assumption (5.1)), we have the following technical Lemma
Lemma 5.3. Let (5.1) hold. Then
u®(et) — F(0,t,¢%) = et - Vu®(0) + €2a°(e,t) Ve €] — €, €0, t € ON' (5.9)

with
1 n
(e, t) = / (1=7) > tit;(0s,00,u°)(ret) dr . (5.10)
0 i=1
Moreover, the map from ] — €g, €9 to CH*(O0) which takes € to u°(e,-) is real
analytic.

Proof. To prove and it suffices to take the Taylor expansion of u°(et)
with respect to € and with remainder in integral form (see also ) Then we
observe that the map from ] — €, €o[ to (C([0,1] x Qi))" which takes € to the
function ert of the variable (7,t) is real analytic. Moreover we have ert € Q° for

all € €] — €0, €o[ and all (7,t) € [0,1] x Q7. Then, by the real analyticity of 0,0, u°
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in Q° and by known results on composition operators (cf. Valent [48, Thm. 5.2, p.
44]), one verifies that the map from

{h e (Ch(]0,1] x Q)™ : h([0,1] x Q) C Q°}
to C1([0,1] x QF) which takes a function A(:,-) to 9,,05,u(h(-,-)) is real ana-

lytic. Since the sum and the pointwise product in C>*([0, 1] x Qi) are bilinear and
continuous, the map from ] —¢g, €o[ to C1([0, 1] x Q%) which takes € to the function

(1 =7) ) tit; (0e,00,u)(ret)
ij=1
of the variable (7,t) is real analytic. Then, since the map from C'%*([0,1] x QF) to

C(Q7) which takes a function g(-,-) to fol g(7,-)d T is linear and continuous and

since the restriction operator is linear and continuous from C%*(Qf) to CH*(9Q7),
we conclude that the map from ] — €, o[ to C1(9Q¢) that takes € to (e, -) is real
analytic. ([l

We are now ready to provide a formulation of problem (|1.1)) in terms of integral
equations.

Proposition 5.4. Let assumptions (5.1) and (5.6)) hold. Let € €]0, €] and
(¢, ¢, ¢, ¥t € CH(90°) x CH (90 ) g x R x CL¥(90). Then the pair of functions

(U2[9°, 6", ¢, 0", Ul[¢°, 6", ¢, 9"))
defined by is a solution of if and only if
1 o _ . n—1 . X _ i
(37 Won )@ = | ) VSue )y,
+ €2 S, () =0 V€N,

£V 0) + € (e,) + (= 3T+ Woar )[671(0) + € Silt) + s [6°)(et)
= (0F)(0,1,C7) + (0 F)0,1,¢) (51 + Wan: ) 100 (5.12)
T eF (e,t, ¢t (%I + Wam) [W’](t)) Vit € 00,
vou(£) - (Vu (et) + eV [6°)(et) + Vg, [6'](¢)
+CSa(t) - Vo [w'](t) (5.13)
- G(e,t, e(%[ + Wmi) [w)(t) + ci) Vit € 9.

Proof. The assertion can be deduced by definition (5.2)), by the jump formulas of
Theorem (V), by changing the variable x with et in the integral equations on
€0 and in the integrals over €9, by Lemma with @ = ¢* and b = (%I +

Waai)[¢](z), and by Lemma O
Incidentally we observe that, by integrating (5.13)) over 992, one shows that
1 ) .
(= [ Gletie(1+Wan))() + ) dor

for all € €]0, €[ (see also Theorem [3.4{viii)).
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6. LIMITING SYSTEM

In this section we prove an existence and uniqueness theorem for the limiting
system, i.e. for the system of integral equations obtained by letting ¢ — 0% in
(5.11)), (5.12)) and (5.13|). It consists of the following three equations:

(%I + Wone )[¢°)(2) =0 Va € 092,

£V (0) + (= 5T+ Wo ) [91(0) + € Sult) + wihs [6°](0)

= (OF)(0.4.0)+ (OcF)0.0.C) (3T + Wan )l) weeoei,

vai(t) - (Vu"(()) + Vwg, [0°](t) + ¢V S, (t) — Vw;; W](t))
=G(0,t,¢Y) vt e o'

We begin with an existence and uniqueness result for an auxiliary exterior trans-
mission problem.

Lemma 6.1. Let A > 0. Let fi € CL*(0Q%) and f2 Ggo’a(aﬁi). Then there
exists a unique solution (u™,ut) € CH(R™\ Q) x CH¥(Q?) of

Au~ =0 inR"\Q,
Aut =0 in Q)

uw" =X ut 4+ fi on 09, (6.2)
voi -VuT —vgi - Vut = fy  on 00,
xlg{)lou (x) = 0.

Proof. We first prove the uniqueness. By linearity it suffices to show that the only
solution with f; = fo = 0 is (uv™,u") = (0,0). If f = fo = 0, then by the
divergence theorem and by the harmonicity at infinity of u~, we compute

0< |Vut|?de = —/ ut Aut dx —|—/ ut v - Vut do
Qi Qi ot

1 1
:/ —u vgi - Vu© dcr:ff/ |Vu™|? dx < 0.
o0i A A Jrmai

It follows that u~ and ut are constant functions (note that A > 0), hence the
fifth condition of implies that v~ = 0 and, in turn, the third condition (with
f1 = 0) implies that u™ = 0.

Now we show that the solution of exists for any f; € CL*(9Q%) and f, €
C%(00") fixed. To do so, we prove that there exists a (unique) pair (¢,u) €
OO (9N0F) x C%*(HN) such that the pair of functions (u™,ut) € CL% (R™\ Q%) x

harm

Che () defined by
u” = Mvgi[@] on R™\
wt =vg[o+pl on O,
is a solution of (6.2). Indeed, since v} [¢] = vg,[¢] on 9, the third equation of
(6.2) is equivalent to

1 _
Vaqiu] = Xfl on 0€Y',
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and then the existence (and uniqueness) of u € C%*(9%) follows by Theorem
iv). Moreover, by the jump relations for the normal derivative of the single
layer potential (see Theorem [3.4](iii)), we deduce that the fourth equation of
is equivalent to

1 N 1 X i
)\(§I+ Wm)[(;s] - (— ST+ WQQ)[¢+N] = f, on 9.
By straightforward computation we obtain
1. A 1 * i
(37+ 55 Wan) 6] = oy (Fo+ (= 5T+ Waa) ) on 00,

and the existence (and uniqueness) of ¢ € C%*(9Q) comes from Theorem ii)
(note that |31 ST 1| < 1). To complete the proof, we observe that lim,_,«, vg;[¢](z) = 0
and thus u~ satisfies also the last equation of (6.2)). O

We now get back to the analysis of .
Theorem 6.2. Let assumptions and hold. Then, the quadruple
(65, Db, o, 1) € CH*(09°) x CH*(091)g x R x CH(90)
is a solution of Lf and only if ¢ = 0 and the pair of functions (v—,v") €
CLe(R™\ Q) x CL*(QF) defined by
v = w;y- [60] + Co S on R™\ €,
= w, [1/}0] on O,
s a solution of
Av™ =0 inR"\ Qi
Avt = in QF,
v (t) = (0cF)(0,¢, (Yot (t) + (0F)(0,¢,¢") —t-Vu(0) Vt€ I,  (6.4)
voi(t) - Vo~ (t) — vgi(t) - Vo (t) = G(0,t,¢") — vgi(t) - Vu®(0) Wt € 99,
tlggo v (t) =0.
In particular, there exists a unique solution (v—,vt) € CH*(R™\ QF) x CL*(QF) of
d a unique solution (¢, #4, Co, i) € CH(9Q°)x C1(90) g x Rx CH(9Q7)
of

Proof. By Theorem [3.6(i) and by Theorem i) the only solution of the first
equation of is 9§ = 0. Then, by Theorem v), one verifies that the triple
(@b, Co, ) € CHA(ON)y x R x CL(90) is a solution of the last two equations
of if and only if the pair (v—,v") defined by (6.3) is a solution of . In
addition, Lemmaimplies that (6.4 . ) has a unique solutlon (v, vt) e CL (R™\

harm

Q1) x Cﬁ;:m( i). Then the existence and uniqueness of (¢, (y) € C1*(9Q%)y x R
follow by the uniqueness of the solution of the exterior Dirichlet problem, by the
jump relations of Theorem [3.4(v), and by Lemma Finally, the existence and
uniqueness of ¥§ € CH*(9Q) can be deduced by the uniqueness of the solution

of the Dirichlet problem, by Theorem v)7 by Theorem i) and by Theorem
O

B7G).
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We incidentally observe that by integrating the third equation of (6.1]) over 9Q¢
we obtain

CO = G(O, tv Cl) dat
oNt

(cf. Theorem [3.4|(viii)).

7. APPLICATION OF THE IMPLICIT FUNCTION THEOREM

In view of the equivalence of problem (1.1)) and equations (5.11), , and
(5.13), we now introduce the auxiliary map M = (M;, My, M3) from

] — €0, €0[xCL(0Q°) x CH(9N)g x R x CH(9N?) to CH¥(90°) x CL2 (90 x
C%(00") defined by

Mile, 9%, ¢", ¢, ¢'](z)
= (514 Woar ) 0°)@) = " | i) - VS - ) () do
B o n Y
F e S, (z) Vo€ 090°,
M2 [67 ¢07 ¢i7 4-7 W](t)
=t-Vu°(0) + ei’(e, t) + (— %I - Wmi)[aﬁi](t)
+ C Sn(t) + wSJgO [(bo](af) - (86F) (07 ta CZ) - (aCF)(Oa tv CZ)
X (%1 + Wam> [wi](t) — eﬁ(e, £, ¢t (%1 + Wmi) W‘](t)) vt € 9,
MS [67 ¢Oa d)ia Cv W](t)
= vgi(t) - (Vuo(et) + eV, [¢°)(et) + Vg, [¢°](t)

FUSA(0¢ ~ Vug [w)(0) - et e(%]  Wag )[W)(1) +¢') Vi € 00,

for all (e,¢°, ¢, (,¥") €] — €, €0[xR x CL¥(90°) x C1* (90 x R x CH(9Q7).
Then one readily verifies the following result.

Proposition 7.1. Let assumptions (5.1)) and hold. Let € €]0,€[. Then the
system consisting of equations (5.11), (5.12), and (5.13)) is equivalent to

Mle,¢°,¢", ¢, ¢'] = (0,0,0). (7.1)

We now wish to apply the implicit function theorem for real analytic functions
(see, for example, Deimling [22 Thm. 15.3]) to equation around the degenerate
value € = 0. As a first step we have to analyze the regularity of the map M. We
begin by introducing some notation.

Definition 7.2. If H is a function from | — €y, €[ x99’ x R to R, then we denote
by Ny the (nonlinear non-autonomous) superposition operator which takes a pair
(€,v) consisting of a real number € €] — €, €o[ and of a function v from 90 to R to
the function Ny (e, v) defined by

Ni(e,v)(t) = H(e,t,v(t)) Vte Q.

Here the letter “N” stands for “Nemytskii operator”.
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Remark 7.3. If H is a function from ]| — €g, €o[x0Q" x R to R such that the
superposition operator N is real analytic from | — eg, €[ x C1*(9Q%) to CH (90,
then for every (e,v) €] — €g, eg[xC1*(9Q?) we have

duNg (e,0).0 = N m)(€,0)0 Vo € CH*(9"). (7.2)

The same result holds replacing the domain and the target space of the operator Ny
with | — €g, €[ xC(0Q%) and CO*(90?) respectively and using functions v,7 €

CO (00 in ([T2).

The proof of Remark is a straightforward modification of the corresponding
argument of Lanza de Cristoforis [31], Prop. 6.3].
To prove that M is real analytic we will exploit the following assumption:

For all (¢,v) €] — €9, €0[x C1*(9Q) we have Np(e,v) € CH(9N?)

and Ng(e,v) € C%*(9Q%). Moreover, the superposition opera-

tor N is real analytic from | — €g, eg[x C1*(99Q) to C1*(9Q) (7.3)
and the superposition operator Ng is real analytic from | —

€0, Eo[Xcl’a(BQi) to C’O’“(é)ﬂi).

Then we have the following technical Lemma [7.4]

Lemma 7.4. Let assumptions (5.1), (5.6), and (7.3) hold. Then, the map from
] — €0, €0[xCLY(OQF) to CH(0Q) which takes (€,") to the function

F(e, £, ¢, (%I + W) W‘](t)) Vit € O

is real analytic (see also (5.7))).

Proof. We plan to exploit Theorem [9.3] in the Appendix. We begin by observing
that, by the definition of F' in (5.7) and by equalities (5.8)) and (7.2), we have

B, (51 + War ) [07](0)
= /0 (1- T){([“)EQF) (Te,t,Ci + Té(%f + Wagi) [W](t))

+2(51+ Won 0 )(O00cF) (re, .61+ re(5T + Won) 5](0)

+ ((%1 + Wagi) [wi]>2(t)(6§F) (Te, ¢+ Te(%] + Wagq:i) W](t)) } dr
— / (1-7) df./\/’p (7‘6,7’6(%] + Wam)[W] + Ci>.(1, 1)(t)dr

0
+2(5T 4+ Woae ) 07](0)
X /0 (1—-7)ded,NF (TE,TG(%I + Wag: ) ['] + CZ)-(L Log:)(t) d7
1 N\ 2
+ ((GI+Won) ) @
X /0 (1 — 7') d?}NF <7‘6, TG(%I + Wagz) [¢Z} + <Z> .(1391‘, lagzi)(t) dr

for all (e, t,9%) €] — g, eo[xIQ x CH*(9Q) (cf. Remark [7.3). Here above 150
denotes the constant function identically equal to 1 on 9QF.
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Now let A be the map from | — €g, eg[xC1?(92) to CH(9N?) which takes a
pair h = (h1, ha) to
A(h)(t) = d2Np (ha,ha +C') (1, 1)(t) V€ OQ.
By assumption ([7.3)) one deduces that A is real analytic and thus Theorem in
the Appendix implies that the map from | — g, €[ x C1:*(9Q¢) to C1:*(9Q*) which
takes h to

1
/ (1 -=7)A(Th)dr

0

is also real analytic. Then we set
, . A 1 .
hle. ) = (fe, '], hale, v')) = (e e(51 + Won:)[0])

for all (e,9%) €] — €0, eg[xC1*(92) and we observe that the map from the space
] — €0, €0[x C1@(0Q?) to itself which takes (e, %) to hle, 1] is real analytic (because
the first component is linear and continuous and the second one is bilinear and

continuous). Since the composition of real analytic maps is real analytic, it follows
that the map from | — g, €o[xC1?(9Q) to C1*(9Q") which takes (e, ") to

1 1 ) )
/ (1= 7) 2N (re, me(51 + Waor) 0] + ¢) (1, 1) (1) dr
0

is real analytic. In a similar way, one can prove that the map from the space
] — €0, €0[xC1¥(8Q) to C1*(9Q!) which takes (e,9?) to

1
1 ) .
/ (1—7)dedyNE (Te, T€(§[ + WaQi) [v'] + Cl> (1, 1pq:)(t) dr
0
and the map from | — €g, €[ x C1*(9Q) to C1*(9Q) which takes (e, %) to

1
/0 (1 =) 2N (e, me(5 T+ Woar) 0]+ C7) (Lons, Toae) (1) dr

are real analytic. The map from C1*(9Q?) to itself which takes 1¢ to the function
(%I + WaQi) [47] is linear and continuous, hence real analytic. Since the product of
real analytic maps is real analytic, the map from C1:%(9) to itself which takes 1!
to the function ((%I + Wam) [WDZ is real analytic. Finally, since the sum of real

analytic maps is real analytic, we conclude that the map from | — g, eg[ x C1*(92°)
to C12(9Q%) which takes (e,1?) to the function

- 1 . .
F(e,t, ¢ (5T + Wagi)[w](t)) Vi € 00
is real analytic. The lemma is now proved. O

We now show that M is real analytic.

Proposition 7.5. Let assumptions (5.1), (5.6), and (7.3) hold. Then the map
M is real analytic from | — €g, €o[xCH*(9Q°) x CL (90 x R x C1*(9Q%) to
CLe(90°) x CL2 (90 x CO*(90).

Proof. We first show that M; is real analytic from the space | — €q, eg[x C1*(92°) x
CLe(00)g x R x CL*(9927) to C1(9Q°). To do so, we analyze M; term by term.
The map from CH*(90°) to C**(99°) which takes ¢° to (51 + Wagqo)[¢°] is linear
and continuous, so real analytic. The second term can be treated in this way: one
considers the integral operator from | — €', ¢[x L1(99) to C1*(9§2°) which takes
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the pair (e, f) to [,5: vai(y) - VSn(- — ey) f(y) doy,. By the real analyticity of S,
on R™\ {0}, by the fact that the integral kernel does not display singularities and
since C12(9Q")p is linearly and continuously imbedded in L!(9"), we conclude
that the map from | — €, €/ [xC1®(9Q%)y to C1*(9°) which takes the pair (e, ¢)
t0 [o0i Vi (y) - V.S (- — ey) ¢’ (y) doy, is real analytic (see also Lanza de Cristoforis
and Musolino [34]). Finally, one easily verifies that the map from | — €/, €[ xR to
C12(990°) which takes (€,¢) to €*725,(-)C is real analytic.

We now analyze M. For the first term there is nothing to say, because it does
not depend on (e, ¢°, ¢¢, (,9%). For the second term, we invoke Lemma The
map from C1*(990%) to C1*(9€") which takes ¢’ to ( — 31 4+ Wagi)[¢'] is linear
and continuous, so real analytic. Since continuous linear maps are real analytic,
the map from R to C1*(992) which takes ¢ to ¢S, (-) is real analytic. The map
from | — €9, o[ x C1*(99°) to C'1*(00?) which takes € to wg, [#°](e-) can be proven
to be real analytic by the properties of integral operators with real analytic kernels
(see Lanza de Cristoforis and Musolino [34]). For the sixth term there is nothing
to say, because it does not depend on (e, ¢°, ¢*,(, ). For the seventh term, the
map from C1*(9Q%) to C*(99) which takes ¢ to (9¢F)(0,-,¢") (31 + Waqi ) [¢']
is linear and continuous and hence real analytic. Finally, for the eighth term, we
invoke Lemma [Z.4l o

Then we pass to consider Ms. The map from | — e, o] to (C%*(Q))" which
takes € to the function et of the variable ¢ is real analytic. Moreover we have et € 2°
for all € €] — €, €o[ and all t € Qi. Then, by the real analyticity of vg: - Vu® in Q°
and by known results on composition operators (cf. Valent [48, Thm. 5.2, p. 44]),
one verifies that the map from

{h € (C™* Q)" : h(Q) C Q°}

to C%%(Qf) which takes a function h to vq: - Vu®(h(-)) is real analytic. Since
the restriction operator is linear and continuous from C%(Q?) to C**(9Q?), we
conclude that the map from | — €, ¢'[ to C%%(9Q°) which takes € to vgi - Vu°(e-)
is real analytic. Since continuous linear maps are real analytic, the map from R
to C%(9Q%) which takes ¢ to vqi - VS,( is real analytic. By the properties of
integral operators with real analytic kernels (see Lanza de Cristoforis and Musolino
[34]) it follows that the map from ] — ¢, /[xC1*(9Q°) to CO*(9?) which takes
(€,9°) to vgi - eVwdh,[¢°](e-) is real analytic. Since linear and continuous maps
are real analytic, the map from CH%(9Q%) to C%*(9N!) which takes ¢' to vgi -
Vg, [¢'], the map from C1*(9Q%) to C%*(9Q") which takes ¢ to vgi - Vg [¢7],
and the map from CH*(99Q%) to C%*(9Q") which takes ¥' to (31 + Waq:)[¢?] are
real analytic. Since product of real analytic functions is real analytic, the map
from | — €, e[xC1*(9Q7) to C%(9Q) which takes (e,1") to €(31 + Wi ) [0] +
¢? is real analytic. Finally using hypothesis and again the fact that the
composition of real analytic functions is real analytic, we conclude that the map
from | — €, e[x CH¥(9N) to CO(90?) which takes (e,9?) to

1 , , 1 . ,
G(ene(GT+ Woa ) W]() +¢') = No (e, e(51 + Won ) 0] + ¢')
is real analytic. The proof of the proposition is now complete. (|

To analyze problem (1.1)) for € > 0 close to 0, and thus equation ([7.1]) for ¢ > 0
close to 0, we need to consider (7.1)) at the singular value ¢ = 0. Then, by the
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definition of M, by a straightforward computation, and by Theorem [6.2] we deduce
the following proposition.
Proposition 7.6. Let assumptions , , and hold. Then the equation
MI0,6°%,¢",¢,4"] = (0,0,0)
is equivalent to the limiting system and has one and only one solution
(65, Bh, Co, W) € CH(90°) x CH*(9N)g x R x CH(9927).

Finally, we have the following Lemma [7.7] concerning the partial differential of
M with respect to (¢°, ¢%, (, ") evaluated at (0, ¢, ¢, Co, ¥i)-

Lemma 7.7. Let assumptions (5.1), (5.6), and (7.3) hold. Then, the partial dif-
ferential of M with respect to (¢°, %, (, 1) evaluated at (0, G, ¢y, Co, 1), which we
denote by

Ao gt ¢y M0, 03, 65, Co, 5] (7.4)

is an isomorphism from C1*(90°) x CH*(90")g x R x CH(90) to CH(90°) x
CH(00%) x CO(001).

Proof. By standard calculus in Banach spaces one verifies that the partial differen-
tial ((7.4) is the linear and continuous operator delivered by

(g g ¢y M [0, 65, B0y, Co, V5).(6°, 0, C, 90 ()
= (%I + Wage)[¢°](z)  Va € 9Q°,
e 0 ¢ 00y M2 [0, B, 0, Co, 151 (67, 61, &, 9) (8)
=(—%I+W%mﬂ&Kﬂ+55Mﬂ+UEJ&Km
— (@F)(O,1,¢) (3T + Woa)[§7](1) Vi € 00,
Ogo i ¢y M3[0, 83, 0%, Co, W] (6°, &1, C, ) ()
= v (1) (Vwg [67](6) + C VS, (1) = Ve [57](1) v € o9,

for all (¢°,¢,C, %) € CH(90°) x CH(9Q)y x R x CH*(90F). Then, to prove
that 0 go ¢i,cui)MI0, ¢§, B, Co, 3] is an isomorphism of Banach spaces it will suffice
to prove that it is a bijection and then apply the open mapping theorem. So let
(9", W', he) € Ch(9) x CH(9) x CH*(99°). We have to prove that there
exists a unique quadruple (¢°, ¢, ¢, 9?) € CL¥(90°) x CL (90 x R x C1(9Q1)
such that

a(qﬁo,qi)i,C,wi)M[O’ ¢87 ¢67 Cos %](¢°a ¢i7 Ca ¢Z) = (gzv h17 h'o)' (75)

The last two equations of ( written in full are
(— *I+ Wdﬂl)wZ J() + ¢ Su(t) + wdio[6°1(0)
— @F)0,1,C) (5T + Woa)[F7)(1) = (1), (7.6)
voi (1) - (Vg [97](t) + CVSa(t) — Vuli [§7](8) = k' (1),
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for all t € 9Q°. Then, by Theorem V), one verifies that the triple (¢, ,¢7) €
CLa(0QY)y x R x CH*(9Q7) is a solution of system (7.6]) if and only if the pair
(u™,u™) defined by

U = U}él [dﬂ + ESnUR”\Qi in R" \ Qi,

ut = wf, [i] in Qi 1)
is a solution of the transmission problem
Au™ =0 inR"\Q,
Ayt = in QF,
u” = (9cF)(0,-,CHut — wh, [6°](0) + ¢* on 9, (7.8)
vgi - Vu~ —vgi - VuT =h' on 09,
IILII;O u (x)=0.

By assumption and by Lemma the solution (u~,u") of problem
exists and is unique. Then the existence and uniqueness of (¢7, () € CH*(90)y x R
follow by the first equation of , by the uniqueness of the solution of the exterior
Dirichlet problem, by the jump relations of Theorem v), and by Lemma
The existence and uniqueness of ¥¢ € CH*(9Q) can be deduced by the second
equation of , by the uniqueness of the solution of the Dirichlet problem, by
Theorem v)7 by Theorem i) and by Theorem [3.7(i). Finally, to prove that
¢° exists and is unique we observe that the first equation of is

(57 + Woar)[6°] = h°

and by Theorem [3.6(i) and by Theorem [3.7(i) the operator %I + Wagqe is invertible
from C1(99°) into itself. O

We are now ready to show that there is a real analytic family of solutions of
equation (7.1]).
Theorem 7.8. Let assumptions (5.1), (5.6), and (7.3) hold. Then there exist
¢ €]0,€o[, an open neighborhood Uy of (¢, by, Co,18) in CH(9Q°) x C12(90)g x
R x C1(0Q), and a real analytic map

(q)o[']v (I)iH» ZH? \Iﬂ[]) : ] - 6/7 6/[_> Uo
such that the set of zeros of M in | — € ,€'[xUy coincides with the graph of the
function (®°[], ®[], Z[], ¥i[-]). In particular,
(®°[0], (0], Z[0], ¥*[0]) = (45, ¥ Co» ¥0)- (7.9)

Proof. 1t follows by Proposition by Lemma [7.7} and by the implicit function
theorem for real analytic functions (see, for example, Deimling [22] Thm. 15.3]).
The validity of ([7.9) is a consequence of Proposition a

8. REAL ANALYTIC REPRESENTATION OF THE FAMILY OF SOLUTION

We are now ready to exhibit a family of solutions of problem (1.1]) for € sufficiently
small and describe its asymptotic behaviour in terms of real analytic functions of
€.
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Definition 8.1. Let (5.1)), (5.6), and (7.3) hold. Let ¢’ and (®°[-], ®'[-], Z[-], ¥*[-])
be as in Theorem Then, for all € €]0, €[ we set

ul(x) = U2[@°[], @[], Z[e], V'[d](x) Va € Qe),
ul(x) = UL[®°[¢], ®'[e], Z[e], V'[e]](z) Vzx € Qi
with U°[-,-,,-] and U¢[-,-, -, ] defined as in .

As a consequence of Propositions and and of Theorem we have the
following.

Theorem 8.2. Under assumptions (5.1), (5.6)), and (7.3), the pair of functions
(u2,ul) € C*(Q(e)) x CH(eQ?)
is a solution of (L.1) for all € €]0,¢€'[.

We now verify that the map which takes e to (suitable restrictions of) the pair
of functions (u?, u!) admits a real analytic continuation in a neighborhood of € = 0.

€ €

Theorem 8.3. Let assumptions (5.1)), (5.6), and (7.3) hold. Then the following
statements hold.

(i) There exists a real analytic map
Ul :]—¢€,€e[— Cho(Qi)
such that
ug(et) = ¢" + €U, [e](t) Ve Ol
for all € €]0,€'[.

(ii) Let Qs be a bounded open subset of 2°\{0} such that 0 ¢ Qpr. Let ey €]0, €[
be such that

QuNeQi =0 Ve €]l —em,eml-
Then there exists a real analytic map
USr o] — enrsenm[— CH* ()
such that
ul(x) = u®(z) + eUyle](z) Va € Qu
for all € €]0, epy]. o
(#ii) Let Q, be a bounded open subset of R™ \ Q. Let €., €]0,€'[ be such that

Qm CN° Ve €] — e, eml.
Then there exists a real analytic map
U ] = €ms €m[— CH(Q)

such that
ul(et) = u®(0) + eUS [€](t) Vte€ Qn
for all € €]0, €y, .

Proof. We first prove (i). By (5.2]) and by Definition we have

ul(z) = ewly, [\Iﬂ[e](g)] (x) + ¢ Vo € e,
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for all € €]0, ¢’[. Then, by a computation based on the theorem of change of variable
in integrals and on the homogeneity of V.S,, we obtain that

ul(et) = ewlo, [V ()] (et) + '
=—ee" ! / vqi(s) - VS (et — €s)W'[e](s) dos + '
ot

= [ vls) VSt = )W) do +
— wd (W) + ¢ e,
for all € €]0, ¢'[. Then it is natural to take
Ubld = wi (0[] Vee] -, €]

Since wg,[] is linear and continuous from C*(09) to C**(Q) (cf. Theorem
M(vii) and U[-] is real analytic (cf. Theorem , we conclude that the map U},
is real analytic. The validity of (i) is proved.

We now proceed with (ii). By and by Definition we have

ul(z) = u’(z) + ewdh, [R°[e]](2) + ew y,, [®7[e] (<) ] () + €" 7 Z[e]Sn(z) Va € Q(e)

€

for all € €]0, €/[. Then, by changing the variable of integration over edQ) we obtain

ul(z) = u®(x) + ewd, [@°[e]](x) — e/aszi voi(s) - V.S (x — es)®'[e](s) "L do,

+ "1 Z[€] Sp(z) Va € Qe)

for all € €]0,¢'[. Then it is natural to define

U lel(z) = wih, [@°e]](z) — "t /{m Vi (s) - VS, (x — €s)®"[€](s) dos

+ "2 Z[€e] Sp(x) Va e Qu

for all € €] — enr, ep].

Since ®°[-] is real analytic (cf. Theorem|[7.8)), since wg,[-] is linear and continuous
from C'1%(9Q°) to C1(Q°) (cf. Theorem [3.4{vii), and since the restriction operator
from C1:2(Q°) to C1*(Qyy) is linear and continuous, then the map from | — ez, ear]
to C1*(Q) which takes € to wg, [®°[e]] is real analytic. Then, one considers the
operator from | — enr, ear[x L1(OQ) to CH*(pr) which takes the pair (e, f) to
S vai(s) - VSu(- —€s) f(s) dos. By the real analyticity of S, on R™\ {0}, by the
fact that the integral does not display singularities (by hypothesis Qs N Qi =10
for all € €] — ear,enr[), by the real analyticity of the map from | — epr, e[ to
CH(99")o which takes € to ®’[e] (cf. Theorem[7.8) and since C'1*(9Q%)q is linearly
and continuously imbedded in L!(92"), we conclude that the map from | —epr, eas|
to C1*(Qa) which takes € to €* ™t [, vgi(s)-VS, (-—es)D'[¢](s) do is real analytic
(see Lanza de Cristoforis and Musolino [34]). Finally, by the real analyticity of Z[]
(cf. Theorem , one verifies that the map from | — ey, ear[ to CH(Qyr) which
takes € to €""2Z[e] S,, is real analytic. Hence, one deduces the validity of (ii).

Finally we prove (iii). By (5.2), by Definition by exploiting the homogeneity
properties of S,, and VS,,, and by adding and subtracting the term u°(0), we obtain
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that
u(et) = u°(0) + u(et) — u°(0) + ewgh. [3°[e])(et)

- 6/391‘ vgi(8) - VS (t — 8)®'[€](s) dos + €Z[e] Sp(t) Yt € Qp

for all € €]0,€'[. Then one observes that the map from | — €, €[ to (C1¥(Q,,))"
which takes € to the function et of the variable ¢ is real analytic. Moreover, we have
et € Q° for all € €] — €, €[ and all t € Q,,. Then, by the real analicity of u® in
2° and known results on composition operators (cf. Valent [48, Thm. 5.2, p. 44)),
one verifies that the map from

{h e (CH Q)" : h(Qm) C Q%)
to C1(€,,) which takes a function h to u°(h(-)) is real analytic. Hence, the map
from | — €, €m[ to C1¥(Q,,) which takes € to u®(e-) — u°(0) is real analytic and
equal to 0 for € = 0. This implies that the map from | — €, €,[\{0} to C1*(Q,,)

which takes € to M has a real analytic continuation to | — €, €,[. Then
it is natural to define

u®(e) —u?(0)

+ Z[e] Su(t) Vte Qp,

U [e](t) = +wd, [0°]e]) (et) — / Vo (5) - VS (t — )B7[c](s) dors

219K

for all € €] — €, €.

By the real analyticity of ®°[] (cf. Theorem and by the properties of integral
operators with real analytic kernels (see Lanza de Cristoforis and Musolino [34]), it
follows that the map from | — €, €[ to C1¥(Q,,) which takes € to w, [®°[e]](e-)
is real analytic. Then, one considers the operator from L*(99%) to C1*(Q,,) which
takes f to [5q: Yai(s)-VSu(-—s)f(s) dos. By the real analyticity of S,, on R™\ {0},
by the fact that the integral does not display singularities (by hypothesis 2, C
R” \ Q7), by the real analyticity of the map from | — e, €[ to CH*(9Q7) which
takes € to ®i[e] (cf. Theorem and since C1*(9Q%), is linearly and continuously
imbedded in L'(9Q%), we conclude that the map from | — €, em| to C1(Qy,)
which takes € to [5, voi(s) - V.S (- — s)®'[€](s) do is real analytic (see Lanza de
Cristoforis and Musolino [34]). Finally, by the real analyticity of Z[] (cf. Theorem
, the map from | — €, €[ to C1*(€2,,,) which takes € to Z[e] S,, is real analytic.
Hence, one deduces the validity of (iii). (]

9. APPENDIX

In this section we present a technical result on the integration of real analytic
maps in Banach spaces. We will denote by X’ the space of continuous linear
functionals from X to R, namely X' = £(X,R). Moreover, if N € N\ {0}, Xi,
..., Xn are Banach spaces, and i1, ..., ¢x are positive natural numbers, then
LN (X, ..., X; X) will denote the space of continuous multilinear maps from
X' x -+ x X to X endowed with the norm

lallginin (xy,xix) = Sgpl\a[:vl,u..~,:v1,z-1,m,wzv,17 o rNin]llx

where

Q: {(1‘1717...,$17i17...,xN)l,...,.’L'N)iN) GX{I X e XX;'\]]V :
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lerillx, <L llzinllx <1 -llevallxy <1 llonvy lxy < 13

Finally, to shorten our notation, we set
(i1) (in)

27", e =2, T, TN, TN
——— —_———
11 —times iny —times

We now find convenient to recall the definition of real analytic maps from a
Banach space X to a Banach space Y (see, for example, Deimling [22]) and the
definition of Pettis integral in the case of maps from a bounded interval of R to a
Banach space X (see, for example, Pettis [40]).

Definition 9.1. Let X,Y be real Banach spaces. Let U be an open subset of X.
We say that a function f from U to Y is real analytic if for every € U there are
p, M €]0, +o0[ and multilinear maps a;(z) € £7(X,Y), with j € N, such that

0y
llaj (@)l zix,yy < M (p) Vj €N,

oo
fly) = Zaj(x)[(y — )] Vy € Bx(,p).

Definition 9.2. Let X be a Banach space and a,b € R. A function F from ]a, b|
to X is said to be Pettis integrable over |a, b[ if there exists an element z € X such
that

L] = /bL[F(T)} dr vLeX,

where the integral on the right hand side is the standard Lebesgue integral on R.
Then we define

b
/ F(r)dr = =.
a
Our aim in this appendix is to prove the following theorem.

Theorem 9.3. Let X,Y be Banach spaces. Let U be an open star-shaped subset
of X and let A be a real analytic map from U to Y. Let f € L'([0,1]). Then, for
all w € U the integral

/0 f(A(Tw) dr (9.1)

exists in the sense of Pettis and the map from U to'Y which takes w to (9.1)) is real
analytic.

Proof. Since real analyticity is a local property, it suffices to prove the statement in
a neighborhood of a fixed point w* of U. In the first part of the proof we introduce
a suitable neighborhood.
Step 1. We begin by observing that, being U open and star-shaped, for every
7 € [0,1] there exist d; €]0,4+o00[ and an open neighborhood Uz (w*) C U of w*
such that

Twe U VY(r,w) €]T — d7, T + 0z[xUz(w"). (9.2)
Then, by the compactness of [0, 1], there exist 71,..., 7, € [0, 1] such that

[07 1] C U?:I]Tj - 57’_7‘773 + 57'_7’[
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with . as in (9.2) for all j € {1,...,k}. If we now define
Uw*) = O?ZlUT]. (w*) and I(w*)= U;?:l]Tj — 07,75 + 07, [,
then U(w*) and I(w*) are open,
[0,1] € I(w"), (9.3)

and

TweU VY(r,w) e I(w*) xU(w").
As a consequence, the map from I(w*) x U(w*) to U which takes (7, w) to Tw is
well defined and, being bilinear and continuous, it is also real analytic. It follows
that the map from I'(w*) x U(w*) to Y which takes (7, w) to A(7w) is real analytic,
being the composition of real analytic maps. By Definition [0.1] of real analytic maps
we deduce that, for all fixed 7/ € I(w*), there exist positive real numbers M (7', w*)
and p(7',w*) and a family of multilinear maps {a;;(7",w*)}; jen C L (R, X;Y)
such that

lag; (7', w*)l| o < M(+ w*)(é)”j Vi,j €N
(7', LI (RXY) S , p(rw") ’
and such that
Alrw) = Y aig(r w)[(r = )9, (w = w) D]
i,j=0

for all (r,w) €7’ —p(7/,w*), 7'+ p(7', w*)[ X Bx (w*, p(7’, w*)). Moreover, since the

first ¢ arguments of the a; ;(7/, w*)’s are real, one verifies that there are multilinear
maps b; ;(7/,w*) € L7(X;Y) such that

ai,i (7', w)[(1 = 7D, (w = w) D] = (7 = ') by (7', wh)[(w — w) D] Vi, j EN.

Then we have

) i} 1 i+ o
Ihs(r' s ey < MG ) (Srs) T vigeN, o
A(rw) = Y (1= 7')bi (7', w*) [(w — w*) D] (9.5)
i,7=0

where the series converges absolutely and uniformly for (7, w) in |7" — p(7/, w*), 7" +
(7!, w*)[ x Bx (w*, p(7/,w*)). We now observe that the set {B(7/, p(7/,w*)/2) :
7/ € I(w*)} is an open covering of [0,1] (cf. (9.3)). Then, by a standard compact-

ness argument it follows that there exist 7{,...,7, € [0,1] and disjoint intervals
I,..., I, C[0,1] such that I; U---U I, =[0,1] and
/ *
I B(Tl/, W) Vie{l,... h} (9.6)

(some of the I;’s might be empty). Finally, we define
* — : / *
plw”) = min p(7/,w"). (9.7)

In the next step of the proof we show that the statement of the theorem holds in
B(w*7 @) To do so, we also find convenient to set
M(w*) = max, M (7, w*). (9.8)

=1,...,h
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Step 2. We claim that for all w € B (w*, p(g)*)) the Pettis integral

/O ' F ) A(rw) dr

is given by the sum

>

h
=

([ 1@ =70 dr )it w)w = w) . (9.9)
- I,

11,7=0

To prove it, we first verify that defines an element of Y. Indeed, if w €
B (w*, p(“;)), then (9.4), (9.7), and imply that

i (i, w*) [(w = w*) ]|y

< 6w (o) (P52)

p(r), w*
J " i w* Y (910)
< (%) M(r, w )<p(Tl/TIU*)> <Pp(/ )))
1

< (§)j M(W*)(W)l

for all 7,j € N. Hence, by and (9.10) we have

([ 1) =y ar gt [ =)

4 T/,’IU* i * *\ (7
< 1o () oy ot = )]y

1 i+j N
< (5) N o,y M (w).

The last inequality readily implies the convergence in Y of the series in .

In view of Definition [9.2] of Pettis integral, we now consider a functional L € Y’
and we observe that for all fixed w € B (w*, @) the function which takes
7 €]0,1[ to L[A(7w)] is continuous. Since f € L([0,1]), it follows that the function
which takes 7 €]0, 1] to

L{f(T)A(rw)] = f(r)L[A(Tw)]

belongs to L'(]0,1]). Then, by splitting the integral on 7 €]0, 1] over the partition
I1,...,In, by the uniform convergence of the series in (9.5)), and by we obtain
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that

/ )7 — 7)) Lbij (1], w*) [(w — w*)D]] dr .

Iy ,7j=0

To verify that the Pettis integral of f(7)A(Tw) on [0,1] is given by (0.9), it remains
to show that we can change the order of the integration over I; and of the summation
on %,j in . By a classical corollary of the dominated convergent theorem it
suffices to prove that

Z (7 —7) L bij (], w*) [(w — w*) D] | dr

3,7=0
is a convergent series. This latter fact can be deduced by noting that, as a conse-
quence of (9.10), we have

‘(T — Tl/)iL[bij(TlI,w*)[(w . w*)(j)u ’
< (W)ZHLHW(l)jM(w*)(/l))Z

p<7—l7w*
<(3 Y Ly M ()

foralli,jeN,le{l,...,h}, and 7 € I,.
Now that we know that the integral fol f(T)A(Tw) dr is given by (9.9), the real

analyticity of the map that takes w to fol f(m)A(Tw) dr is a direct consequence of
Definition of real analytic maps. O
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