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A MULTIPLICITY RESULT FOR QUASILINEAR PROBLEMS
WITH CONVEX AND CONCAVE NONLINEARITIES AND
NONLINEAR BOUNDARY CONDITIONS IN UNBOUNDED

DOMAINS

DIMITRIOS A. KANDILAKIS

ABSTRACT. We study the following quasilinear problem with nonlinear bound-
ary conditions
—Apu = Aa(@)|ulP~2u + k(z)|u|9%u — h(z)|u|*%u, inQ,
|VulP=2Vu -+ b(z)|ulP"2u =0 on 99,

where Q is an unbounded domain in RY with a noncompact and smooth
boundary 0€2, 1 denotes the unit outward normal vector on 092, Apu =
div(|Vu|P~2Vu) is the p-Laplacian, a, k, h and b are nonnegative essentially
bounded functions, ¢ < p < s and p* < s. The properties of the first eigen-
value A\; and the associated eigenvectors of the related eigenvalue problem are
examined. Then it is shown that if A < A1, the original problem admits an infi-
nite number of solutions one of which is nonnegative, while if A = \; it admits
at least one nonnegative solution. Our approach is variational in character.

1. INTRODUCTION
Consider the problem
—Apu = (@) |uP~2u + k(2)|u|T2u — h(z)|u]*2u, =€Q,

b2 b2 (1.1)
[VulP~*Vu - n+b(x)|uP u=0, z¢codf,

on an unbounded domain 2 C R with a noncompact smooth boundary 952, where
n is the unit outward normal vector on 9Q and A,u = div(|Vu[P~2Vu) is the p-
Laplacian.

Throughout this work the following hypotheses are assumed:

(D) 1<p<N,1<q<p,p" i=5L <s<+oo.
(A) There exist positive constants ay, Ay, As with ay € (p, N), such that

A1 A2

7& < 7& a.e. in Q.
(T4 fz)™ (14 [a])™

a(z) <
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2 D. A. KANDILAKIS EJDE-2005/57

(K) kE(.) > 0, m{z € Q : k(z) > 0} > 0 and there exist positive constants K3
and a, with % < @a=N "such that

ang’
K,
k() L — &5
D= T

(H) he L*®(Q), h >0 a.e. and m{z € Q: h(z) >0} > 0.
(B) be C(RY) and

a.e. in Q.

B,
p—1 =
(L+ |z])
where By, By > 0.

The growing attention in the study of the p-Laplace operator A, is motivated by
the fact that it arises in various applications, e.g. non-Newtonian fluids, reaction-
diffusion problems, flow through porus media, glacial sliding, theory of supercon-
ductors, biology etc. (see [14], [6], [T0] and the references therein). The existence
of nontrivial solutions to equations like (1) with a power like right hand side has
received considerable attention since the work of Brezis and Nirenberg [5]. When
Q is bounded, p = 2 and 1 < ¢ < s, existence, nonexistence and multiplicity of
solutions in H{ () was studied in [2] according to the integrability properties of
the ratio k*~1/h9~1. If p # 2, p < q < ¢*, h = 0, we refer to [§], where existence
of two solutions in W, *(€) is provided for A < A + ¢ for some € > 0. If @ = RN
and h > 0 we refer to [9] where it was shown that admits an infinite number
of solutions in D¥P(RY).

In this paper we study in connection with the corresponding eigenvalue
problem for the p-Laplacian:

By

b(z) < ————,
S e

—Apu = Xa(x)ulf~2u

subject to the nonlinear boundary condition in . We show that the first eigen-
value \; is positive, simple and isolated, the associated eigenvectors do not change
sign and form a vector space of dimension 1. Then we combine the method em-
ployed in [9] with the results in [11] in order to show that if A < A; then admits
an infinite number of solutions, while if A = A; we use the fibering method (which
is also applicable in case A < A1) to show that it admits at least one nonnegative
solution. To be more specific, we establish the following

Theorem 1.1. Suppose that (D), (A), (K), (H) and (B) are satisfied.

(i) If A < Ay then admits infinitely many solutions with negative energy.
If in addition k > 0 a.e., then it also admits a nonnegative solution.

(ii) If A= X and k > 0 a.e., then admits at least one nonnegative solution
with negative energy.

The proof of Theorem [I.I] will be given in Sections 4 and 5.

2. PRELIMINARIES

Let C§°(2) be the space of C§°(RM)—functions restricted on 2. Then the
weighted Sobolev space Ej, is the completion of C§°(2) in the norm

1 1/p
_ D P
I[ulll, = (/QIWI d:v+/9(1+|x|)p |u d:c) :
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By [11l Lemma 2] we see that if b(-) satisfies (B), then the norm

o = (/Q|Vu|pd:v+/m b(z) |u|pda(x))1/p (2.1)

is equivalent to ||| - |||, (o() being the surface measure on 012).
Let wq(x) := mwhere a € R. If ¥ is a measurable subset of RV, we assume
that the weighted Lebesgue space

L"(we,X) ={u: /Zwa(ac)|u(;v)|Tdm < 400},

lu

r € (1,400), is supplied with the norm

il = ([ waluta)ras)’

For a nonnegative measurable function h : ¥ — R, the space L*(h,X) is similarly

defined. We associate with it the seminorm |u|), s = ( [5 h(:b)|u(x)\sd:1c)1/s.
Let E = E, N L*(h,). Then E endowed with the norm || - ||g = || |1, + |-
becomes a separable Banach space.

Lemma 2.1. (i) If

h,s

N N —
p<r< P and N>a>N-—-r p,
N—p p
then the embedding E C L"(wq, Q) is continuous. If the upper bound for
7 in the first inequality and the lower bound for « in the second are strict,

then the embedding is compact.

(i) If

N -1 N —
pgmgu and N>B>N—-1—-m p’
N—p p
then the embedding E C L™ (wg,dQ) is continuous. If the upper bound
for m in the first inequality and the lower bound for B are strict, then the

embedding is compact.

(iii) If

- N
1 > B’
a—N ¢
then the embedding LP (wa,, ) C LY (wWa,, ) is continuous.

l1<g<p and

Proof. The first and second part of the lemma corresponds to [I1, Theorem 1],
while the third is a consequence of the following inequality

b—q

1 . 1 e 1 N
/QW|U| de < (/Qmwldx) (/QWM ar)"”,

where d = (agp— @1q)/(p— q). Note that the integral [, mdx converges since

d> N. (]

The energy functional @, : E — R corresponding to our problem is

1 A 1
Dy (u) = f/ |Vu|pd:r—f/a|u|pdx—f/ k|u|?dx
pJa P Ja q.Ja
1 1
—l—f/ h|u|5dx+f/ blu|Pdo(x).
s Ja P Joo
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It is clear that if (D), (A), (K), (H) and (B) are satisfied, then ®,(.) is continuously
differentiable and its critical points correspond to solutions of ([1.1)).

3. THE PRINCIPAL EIGENVALUE

In this section we examine the properties of the first eigenvalue A; and the
associated eigenvectors of the following problem

~Apu = Aa(z)|ufP?u  in Q

) ) (3.1)
|VulP™*Vu-n+b(z)|ulP"u=0 on 9Q.

Proposition 3.1. Suppose that 1 < p < N and hypotheses (A) and (B) are satis-
fied. Then

(i) Problem admits a positive principal eigenvalue Ai.

(ii) The set Ey of eigenfunctions corresponding to A1 is a vector space of di-
mension 1. The elements of E1 are either positive or negative and of class
Cllof( ). A positive eigenfunction always corresponds to Ai.

(iii) A1 is isolated in the sense that there exists & > 0 such that the interval

(0, A1 + &) does not contain any eigenvalue other than A;.

Proof. (i) Let I, J : E, — R be defined by

u):xJVMWx+Z;M@WWw@% J@yiéa@nmm$

Then the operators I, J are continuously Fréchet differentiable, I(.) is coercive, J’
is compact and J'(u) = 0 implies that v = 0. Theorem 6.3.2 in [4] implies the
existence of a principal eigenvalue satisfying

A1 = J(lil)le I(u). (3.2)

The positivity of Ajfollows by a standard argument.

(ii) Let u; be an eigenfunction corresponding to A;. Since |uq] is also a minimizer
in , we may assume that u; > 0. We will show first that wq,u1is essentially
bounded in Q. To that purpose for M > 0 define up(x) := min{u;(z), M}. Mul-
tiplying (3.1) by uka k > 0, and integrating over {2, we obtain

/ |Vup P72 Vay - V(u?f;—’_l) dx + / b(z) ug\];Jrl)p do(z) < M\ / a(z) ungrl)P de .
@ 00 Q

(3.3)
Note that
/Q |Vur P2V, - V(@2 de = (kp + 1) / (Vs [Puibda
o kp =+ 1 k+1|p
= /|v ? da, .
So since (I,zfﬁ)lp < 1, it follows that
/ |Vup |P~2 Vg - V(u%’“) dx —|—/ b(m)ug\]flﬂ)p do(z)
Q o0 (3.4)

kp+1 1 (k+1)p* p/p”
> d ) ,
=k yp (/Q (I FJayor ™ O
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due to the embedding E, C LP" (w,,,Q). By hypothesis (A), (3.3) and (3.4) we get

that
(/ 1 LD dx)l/p*
o (L4 [z
< <>‘1A2(k+1)p>1/p (/ L u(k+1)pdzs)1/p
~\ eslkp+1) o (L+]a))™ ’
SO

A Ag(k + 1)P\ 1/ ((k+1)p)
C3(k‘p + 1) )
A bootstrap argument, as in the proof of [7, Lemma 3.2], shows that wg, uy is
essentially bounded. Theorems 1.9 and 1.11 in [7] imply that u; € C’llo’g(Q) and
uyp >0 in Q.
We show next that E; is one dimensional by employing a technique similar to
the one exposed in [I]. Namely, we shall prove that if for A > 0, w; is a solution of

—Apu < a(x)|ufP~2u in (3.5)

ant e, ks < ( [

and z; is a solution of
—Apu > a(x)|ulP~u in (3.6)

wy, z1 > 0 on Q and satisfying the boundary condition in (1.1}, then z; = cw;
for some constant ¢ > 0. For ¢ > 0 let z1. = 21 +¢e. If ¢ € C§°(Q), ¢ > 0, then

P
(212)P~1

P Ll p—2
0< [ |Vo|Pdx — V<ﬁ V21 |P7*Vzrdx
Q Q \z

le

€ E,. By Picone’s identity [I], we get

D D
:/ |V(p|1"dx+/ %Apzldx—/ %|VZI|P—2Vzl.ndU($)
Q Q

le o 21

v 1 v
< / |VlPdr — )\/ pfla(x)sz dr — / ) V21 [P~2V 2 - ndo(z),
Q Q

“1e 0Q 21

while the boundary condition implies that

p—1

@p p—1 QOP p—1
0< [ [VolPde — A [ a(x)— =2 do+ b(x) z1 do(z).
Q Q Z1e 0 Z1e

If we let € — 0 and ¢ — w; in E,, we get

0< / |Vwy [Pdx — /\/ a(z)wldz + b(z)wldo(x). (3.7)
Q Q lg)

We can now work as in Theorem 2.1 in [I] to conclude that E; is a vector space
of dimension 1. The same technique can be used to demonstrate that positive
solutions in 2 correspond only to the first eigenvalue. Assume for instance, that
there exists an eigenpair (A*, ug) such that A* > A\; and ug > 0 a.e. in . Then ug
is a solution of with A = A1 and s is a solution of with A = \*. But
then us = cuy for some ¢ > 0, a contradiction.

(ili) Assume that there exists a sequence of eigenpairs (A, ,u,) with A, — A; and
An € (M, A\ + ), 6 > 0, for every n € N. Without loss of generality, we may
also assume that ||u,|l1, = 1 for all n € N. Hence, there exists @ € E, such that
u, — U weakly in E,. The simplicity of A\; implies that & = u; or 4 = —u;. Let us
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suppose that u, — uq weakly in E,. Multiplying (3.1) by u,, — u,, and integrating
by parts we get

/(|Vun|p_2Vun — [Vt [P 2V ) (Y, — Vi) dz
Q

+ /89 b(x) (Jun [P un — [t [P %t ) (U, — tp) do()
n/ a(@) (Jun P 2un = [Um|P ™ *um) (Un — u) do
Q

A

+ O = An) / (@)t [P~ 2t (1 — )

Exploiting the compactness of the operator J and the monotonicity of the p-
Laplacian operator, we obtain

/|Vun|pdx—>/ [Vuq|P dz.
) Q

The strict convexity of LP(2) implies that w, — w1 in E,. For a fixed n € N and
for every ¢ € I, we have

/ |Vun|p_2VunV¢dx+/ b(x)|un|p_2un¢do(x):>\n/a(m)|un|p_2un¢dx.
Q a0 Q

Let U, =: {z € Q: u,(z) < 0}. By (iii) we must have m(i,,) > 0. By choosing
¢ = u,, = min{0,u,}, it follows that

/ |Vu,, |Pde + / b(x)|u, |P de = )\n/ a(x)|u,, [P dx.
U aonuy; Uy

n

Thus

lun [t < Az (A1 +0)l|u (3.8)

—|P
n ||LP(7JJ01 71/17?)7
by (A). Denote by B, the ball with radius > 0 centered at 0 € R™. For € € (0,1)
there exists r. , > 0 such that

lun 17, < Az (A +0)(Ilu ) Felunliy) - (3.9)

—|P

n ”LT-’(wa1 Un NBr ,
Apply once again the Holder inequality to derive that

— P

LY T

P

([ R GO

’;mBrs,n (1 + |$|)p -P Te,n

By Lemma (i),

. p/p*
V) < el (3.11)

(/ s
Un NBr, ,,

for some ¢ > 0. On combining (3.8)-(3.11]) we get

p*—p

1 =
1 —¢e< Cg(/ ﬁdl‘) g 5
Ui B (14 [a]) 75
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so m(U, NB,_,) > c4 > 0, where the constant c4 is independent of n € N. It is
clear that there exists R > 0 such that
m(Br N (U; NB,..)) > %4 (3.12)

for every n € N. Since u, — u1 in E, we have that u, — u; in i (Wea,, BR N ).
By Egorov’s Theorem, u,, converges uniformly to u; on BrN$2 with the exception of
a set with arbitrarily small measure. But this contradicts (3.12]) and the conclusion
follows. 0

Remark 3.2. If u; is continuous at zo € 0Q, then uq(zg) > 0. Indeed, if
u1 (o) = 0, then by [16, Theorem 5] we would have |Vuy (z0)[P~2Vuy (z0)n(zo) < 0,
contradicting (|1.1)).

4. THE CASE A < )\

We need the following lemma in order to show that ®, is coercive.

Lemma 4.1. If A < A1 then the norm

1/
ulllLp = (/ \Vu|”dx+/ b|u\pd:rf)\/a|u|pd:c> 3
Q [o19) Q

is equivalent to ||ul|1p-

Proof. Suppose that there exists u,, € E,, n € N, such that |ju,|1,, =1 and

/ |Vu, |Pdx +/ blun |Pdo(z) — )\/ alu,|Pdx — 0.
Q o0 Q
In view of (3.2)),

0< (Al—)\)/a\un\pdxg/ |Vun|pdac—|—/ b|un|pda(x)—/\/a|un|pd3:—>0.
Q Q a0 Q

Hence, [, alu,|Pdz — 0, which shows that |uy|l1, — 0. This is a contradiction
with [lup|[1,p, = 1. O

We can now prove our first result concerning (|1.1)).

Proof of Theorem (1) We will show that &, satisfies the Palais-Smale con-
dition in E. So let {u,}nen be a sequence in E such that @) (u,) is bounded and
@ (up) — 0. By Lemma [£.1] we get

1
By (u) = f(/ |Vu|pdx+/ blulPdo(z) fA/ a\u|pdx>
p Q o0 Q
1 1 .
—— | klu|%z+ - | hlu|’dx
q.Ja S Jo

1 1
p q
= Sl = eslllulll, + Sl

implying that ®x(.) is coercive. Thus {uy}nen is bounded in E. Without loss of
generality, we may assume that u,, — @ strongly in LP(w,,,{2) and L9(w,,,?) and
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weakly in LP(wp,—1,0%), Epand L*(h, Q). Thus

/Qa(gc)|un —a|Pdz — 0, /Qk(:b)|un —u|ldz — 0, (4.1)

/8 W@, — Mo (z) = 0 /Q VAP Vay (u, — w)de — 0, (4.2)

/ W) 2Ty — T)dz — 0. (4.3)
Q

Therefore, by (4.1))-(4.3)),
(P (0), up, — 1) — 0.

Since @ (u,,) — 0, we also have that
(@ (up,) — @\ (), up, —u) — 0.
Thus
/ (|Vun [P~*Vu, — |VulP~?Va) (Vu, — Vu)dz
Q

1 / a(@) (JunlP > — [T 20) (un — W)da
Q

- / k() (lunl ™ — [1927) (u — W)de (4.4)
Q

+/ b(2) (|unl??un — [@P~1) (u, —w)do(z)
o

[ ) (fual™ 2 = 11770 (s — ) 0.
Q

On combining ([{.1)-(4.4) we get
/ (IVu, [P~*Vu, — |Vu[P~*va) (Vu, — Vu)dz
Q

+ / b() (|t |2 — [@P~2) (up — W)dor ()
o0

+ [ h(@) (Jua*Pu, — 8| ?0) (u, —u)dz — 0.
Q

We can now use the inequality

o< (e - ([are)")
A (f1ara)”

< [ QAP 18728 (- fade
Q
where f1, fo € L"(Q), r > 1,7 =r/(r — 1), to obtain

_ 1 1_
”v“an = [IVal],, A= unls — ||h=alls .

Exploiting the strict convexity of LP(2) and L*(2) we derive that Vu, — V@ in
(LP())N and u, — @ in L*(h,Q). Consequently, u,, — T in E, proving the claim.

Nowlet Z={x€Q: k(z) =0} and Eg = {u € E : u(z) =0 a.e. in Z}. Define
anorm on Ey by ||u|| g, = ||k*/%u||,. Consider the family ¥ of closed and symmetric
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subsets of E\{0}. For A € ¥ we define the genus v(A) of A as the minimum of
the n € N such that there exists a continuous function ¢ : A — R™\{0} with
o(—x) = —p(z). If no such n exists, we define y(A) = +oo. We claim that for
n € N there exists € > 0 such that y({u € E : ®y(u) < —¢}) > n. It will be
enough to show that the set {u € F : ®y(u) < —e} contains an n-dimensional
sphere centered at 0 € RY. So let E}} be an n-dimensional subspace of Ey. Then

1
Dy(u) = 7(/ |Vu|pdx+/ b|u|pdo(x)—)\/ a\u|pdac)
prJa o0 Q
1 1
—f/ k|u\qu+f/ hlu|®dx
q.Jq s Ja

(I |
< Sllelliip = el + S lulis -

Since all norms on Ef} are equivalent, we have that @ (u) < c’1||qu61 + chllullgp —
cg||u||%3, so there exists ¢ > 0 and § > 0 such that ®y(u) < —¢ for ||ul|gp = J.
Thus {u € EY : |lul|lx = 6} C {u € E: ®x(u) < —e}, implying that y({u €
E:®\(u) < —}) >n. Let £, = {A € X :v(A) > n}. Then the numbers
¢n = inf gex,, sup,c 4 Pa(u) are critical values of @y, providing an infinite sequence
of critical points of ®,. For more details we refer to [3]. For the existence of a
nonnegative solution, see Remark [5.1] in the next section.

5. THE CASE A\ = )\

In this section we apply the fibering method introduced by Pohozaev [12], [13]
in order to show that ([1.1)) admits at least one nonnegative solution.

Proof of Theorem (ii). We decompose the function u € E as u(x) = rv(z)
with r € R and v € E. By (2.2)) we have that

[r[”
Dy, (ro) = == ([ Vol =My [ alolr+ | blofdo(x))
p Q Q o0

q s
,ﬂ/kwuﬂ/hws,
q Ja s Ja

If w is a critical point of @y, , then 00 — 0, so we will search for the critical points

of ®,, among the ones which satisfy this equation, that is
\r|H(/ IVo[Pda — )\1/ alofPda +/ blof?do(x)) + \r|s—q/ hlo|*dz
Q Q o0 Q (

= / Elv|%dz .
Q

Since k > 0 a.e., for every v € E\{0} there exists a unique r = r(v) > 0 satisfying
(5.1). By using the implicit function theorem [I7, Thm. 4.B, p.150], we see that
the function v — r(v) is continuously differentiable for v # 0. Clearly,

5.1)

r(pv)pv =r(v)v  for every p > 0. (5.2)
Also, in view of ([5.1)

rd rd rs

@, (o) = (0= ) /Q Hoftde + (5 - =) /Q Bolfde <0, (5.3)
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/\Vv|pda:—)\1/a\v|pdx—|—/ blv|Pdo(z /h|v| dzx.

The variational characterization of A; and hypothesis (H) imply that H(v) > 0 for
everyv € E. Let W = {v e FE: H(v) =1}. By (3.2), W is bounded in L5(h, Q).
Since

(H'(v),v) =p /|Vv|pdx—)\1/a|v|pdx+/ blv|Pdo(x —|—s/h|v| dx

we see that (H'(v),v) # 0 for v € W. In view of [8, Lemma 3.4], any conditional
critical point of the function ®y, (v) := Py, (r(v)v) subject to H(v) = 1 provides a
critical point r(v)v of ®y,. Consider the problem

= inf{®,, (r(v)v) :v e W}.
Suppose that {v, }nen i @ minimizing sequence in W, that is

D, (r(vp)v,) — My

Let

and
H(v,) = (/ |V, |Pda — )\1/ alvpPdz +/ b\vn|pd0(x)) +/ hlon|*dz = 1.
Q Q a0 Q
Assume that [|v,||1,, — +ooand let u,, = In where an = ||vpll1,p.- Then

mn

afl(/ |V, [Pde — )\1/ a|un|pdx—|—/ b|un|pdo(x)) —l—afl/ hlu,|®dz =1,
Q Q o0 Q
so, by (8.2),

1
0</ |Vun|pdx—/\1/a|un|pdx+/ unlPdo(e) < =0 (54)

and
0< / hluy|’dx < i@ — 0. (5.5)
Q an
Thus
lim )\1/ alu, |Pde = 1. (5.6)
n—oo - Jo

Since ||unll1,p = 1, by passing to a subsequence if necessary, we may assume that
U, — u weakly in E,. In view of (5.6 we get

Al/a|u|pdx:1,
Q

so u # 0. The lower semicontinuity of the norm of E, implies that

/\Vu\pd:ch/ blu|Pdo(x) <1,
Q G19)

/\Vu|pdx+/ b|u\pda(:v):)\1/a|u|pdx.
Q 09 Q

Thus uis an eigenfunction corresponding to A\;. But then

/h|u|sdxgliminf/ hlu,|?dz =0,
Q n—oo Jo

and (5.4)) gives
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by (5.5), a contradiction. Thus {v,}nen is bounded in E,. Since {vy}nen is also
bounded in L*(h,Q) we conclude that {vy}nen is bounded in E. Going back to
we get that r(W) is also bounded. Consequently, I = {®,(r(v)v) : v € W}is
a bounded interval in R with endpoints A, B, A < B < 0. We will show that A € I.
To that purpose let {v,}nen € W such that @y, (r(v,)v,) — A. Without loss of
generality we may assume that v, — vy weakly in E, and in L*(h, ). Furthermore,
we may also assume that r, = r(v,) — d, d € R. Clearly r,v, — dvy weakly in
E,. Since ®,,(.) is weakly lower semicontinuous we have

D, (dvo) < liminf®y, (Tnvn) =A,

n—-+o0o

so dvy # 0. By lemma r(vn)vn — dvg strongly in LP (w,,, ) and in LY (wa,, ).
Exploiting the lower semicontinuity of the norms in the relation H(v,) =1 and in

(5.1) we get
(/ |Vv0|pdm—|—/ blvo|Pdo(x) —)\1/ a|v0|pda?) —|—/ hlugl®dx < 1
Q o0 Q Q

and

dH(/ |W0|de+/ b|v0|pda(m)—)\1/ a|v0|pdx) +dH/ hlvo|* daz
Q o0 Q Q
§/k\v0|qu.

Q

Thus d < r(vg). We will show that d = r(vg). So assume that d < r(vg)and define
G(r) = @y, (rvg). For 7 € [0, r(vg)) we have

!
G(jl) :rP—fI(/ |V1}0|Pdm—)\1/a|vo‘l’dx+/ b|vo|pd0'(x))
r iy Q o0

—|—rs_q/ hlvo|*dx —/ klvo|?dz < 0,
Q Q
by (5.1). Thus G(-) is strictly decreasing on [0, r(vp)). Consequently,
D, (d’Uo) = G(d) > G(T’(’Uo)) =d,, (T(’UQ)U()). (58)
Let v > 1 be such that
(/ |VAyvo|Pd —l—/ blyvolPdo () — )\1/ a|7v0|pdx) —|—/ hlyvol®dz =1, (5.9)
Q a0 Q Q

mmplying that yvg € W. On combinin . .8|) an .9) we obtain
implying that yvo € W. O bining (5.2)), (5.8) and (5.9) btai
@3, (r(700)yv0) = @, (r(v0)vo) < P, (dvg) < lim inf @, (r(v)on) = 4,

(5.7)

that is @y, (r(yvo)yve) < A, a contradiction. So d = r(vg). By taking v > 1 as in

[.9) we get
Dy, (r(yvo)yvo) = @i, (1(v0)vo) < Uminfdy (rpv,) = A,

n—-+4oo
s0 @y, (vo) = @, (r(vo)ve) = A. Since |vg| is also a minimizer, we may assume that
vo > 0. [8 Lemma 3.4] guarantees that wy = r(vg)vpis a nontrivial nonnegative

solution of (|1.1)).
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Remark 5.1. It is easy to see that the proof of Theorem [1.1[ii) can be applied for
the case A < A;. Therefore admits also a nonnegative solution for A < A\;. If,
in addition, A = 0, then working as in Proposition we see that this solution is
positive in Q.
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