Electronic Journal of Differential Equations, Vol. 2022 (2022), No. 21, pp. 1-24.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

NONSTATIONARY LAME SYSTEM WITHOUT
DEFINITE SIGN ENERGY

MANUEL MILLA MIRANDA, ALDO T. LOUREDO,
MARCONDES R. CLARK, GIOVANA SIRACUSA

ABSTRACT. This article concerns the existence and decay of solutions of a
nonstationary Lamé system. This system has a nonlinear perturbation that
produces an energy without definite sign. We consider displacement and trac-
tion conditions at the boundary and a general nonlinear boundary damping.
We also obtain exponential decay of the energy.

1. INTRODUCTION

We consider an isotropic homogeneous elastic body that in its equilibrium posi-
tion occupies a bounded set € of R3. Suppose that at the instant t = 0 an external
force acts on the body and then stops. As a consequence of this, the particles of
the body begin to oscillate. The motion of these small oscillations of the particles
can be described by the nonstationary Lamé system

(2, t) — pAu(z,t) — (A + p)Vdivu(z,t) =0, z€Q,t>0, (1.1)

where u(z,t) = (ug(z,t), ua(x, t), us(x, t)) denotes the displacement of the particle
z of the body at the instant ¢, u/(x,t) = %u(z,t), Au(z,t) = (Auq (z,t), Aug(z, t),
Auz(z,t)), V = (8%1, 8%2, 8%3), divu(z,t) =30, gzl (x,t) and \, pu are the Lamé
coefficients of the material of the body with x> 0 and A+ p > 0 (see, for example,
Ciarlet [4], Duvaut and Lions [6] and Landau and Lifshitz [I1]).

Existence of solutions of the mixed value problem for the system can be
found, for example, in Marsden and Hughes [I7]. The decay of solutions for
with linear boundary conditions is analyzed in Caldas [3] and in Komornik [9]. The
decay of the energy for some variations of is investigated in Bociu, Derochers
and Toundykov [2] and in Cordeiro, Santos and Raposo [5]. The inverse problem
and observability for system are studied in Belishev and Lasiecka [I] and in
Imanuvilov and Yamamoto [7].

We introduce a nonlinear perturbation in and consider a given nonlinear
boundary damping acting on a part of the boundary of 2. This in the n—dimensional
frame work.

The objective of this paper is to investigate existence and decay of global solu-
tions of the above mixed problem. Thus we consider an open bounded set 2 of R™
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whose boundary T, of class C?, is constituted of two parts I'g and I'y, both with
positive Lebesgue measures, and I'o NT'; = (. The unit exterior normal vector at
x € I' is denoted by v(z). In these conditions we have the problem

(2, t) — pAu(z,t) — (A + p)Vdivu(z,t) + |u(z, t)]? =0, in Q x (0,00);
u(z,t) =0, on [y x (0,00);

(

(
(@, t) + (A + p) divu(x, t)v(z) + h(z,u'(z,t)) =0, on Ty x (0,00); (1.

(

ou
N@ 4)
u(z,0) = u’(z), wu'(z,0)=u'(x), z€Q, 1.5)
where u(z,t) = (ui(x,t),...,us(x,t)), Au = (Auy,...,Au,), V= (8%, cey %),
divu = Y0, g’;l, Gu = (Qu %) ulp = (Ju?, ..., |ual?) (p is a positive
real number) and h(z,u) = (hi(z,u1),...,n(z,uy)), with h;(z,s) is measurable
in I'; and continuous in R, i =1,...,n.

To obtain the existence of global solutions of the above problem we must over-
come two serious difficulties. First, note that

/Q|u(x7t)|”.u’(x,t)dx= ;/ﬂ|ui(x,t)|pu§(x,t)dx

"1 d
= s [t e a.
o Pt Q

Then

n

/ot /Q fule, D" ' (z, t)dads = Z ﬁ /Q |ui(z, )| u;(z, t)dz

i=1
— zn:l/ |w; (2, 0)|Pu;(z, 0)dx.
parll e 1 /g

Note that each term [, |u;(x,t)|?u;(x,t)dz does not have definite sign. Thus the
energy method does not work in the present problem to obtain global solutions.
To overcome this difficulty, we introduce a significative generalization of an idea of
Tartar [24] (cf. [13] [19] 20} 21] for a direct application in [24]). This method simplify
the potential well method due to Sattinger [22]. Of course, the norm of initial data
u? and ! are related to p and this p depends on the embedding of Sobolev spaces.

The second difficulty is caused by the generality of the functions h;(z,s). As-
suming that each h;(x, s) is strongly monotone in R, h;(x,0) = 0 a.e. in z € I'; and
using an approximation of continuous function by Lipschitz continuous function (cf.
[16], 23]), we overcome this difficulty. Also in this part we introduce a trace result
given by a theorem for non-smooth functions.

In our approach on the existence of solutions we use the Galerkin method with
an special basis in order to obtain a second a priori estimate of the approximate
solutions. This choose is related to the boundary condition at t = 0. In the
passage to the limit on the nonlinear terms of the approximate problem, we use
compactness arguments (see Lions [I3]) and a result by Strauss [23].

The decay of solutions is derived by the multiplier method (see Komornik and
Zuazua [10]). In our approach considered a boundary damping given by a strongly
monotone Lipschitz continuous function. We note that Lasiecka and Tataru [12] and



EJDE-2022/21 NONSTATIONARY LAME SYSTEM WITHOUT DEFINITE SIGN ENERGY 3

in Komornik and Zuazua [8] considered a wave equation with boundary damping
given by a function h(s) with |h(s)| < Lls| for |s| large enough.

2. NOTATION AND MAIN RESULTS

The notation introduced in the previous section for the n-dimensional case will
now be complemented for establishing our results.

Let L2(Q) be the usual Hilbert space equipped with the following inner product
and norm:

9 = [ fwgis and (57 = (1),
We use the Hilbert space
H%O(Q) ={we H(Q):w=0o0nTy}

equipped with the following inner product and norm:

(u, 2) Z/@xl (x)dz and |Jw|? = ((w,w)).

We use capital letters with double trace to represent the n—product of the same
space. Thus L2(§2) = (L2(Q))", H}() = (H} ()", LA(Ty) = (LA(T))",
HY/2(Ty) = (HY?(T'1))". Each of such space is endowed with its product topology.
The dual of H'/2(I';) is denoted by H~/2(I';).

Remark 2.1. We consider Hf, () with its usual product topology and V =
H}, (©2) with the inner product

(1, 0))v = (1, 0)) + O+ o) (v, div o) 2 .
We have
1/2||u||]HI1 (@) < lully < [p+n2(\+ w2 llwlen, L (@) Vu € Hr, ().
We will use the notation H = L2(Q2) equipped with the inner product (u,v)y =

> (u;,v;). Let B be the positive self-adjoint operator of H defined by triplet
{V,H, ((u,v))v} (see Lions [14]). Then

(Bu,v) = ((u,v))v, Yue D(B), YveV,
and
B=—-—puA—-AN+p)Vdiv, DB)={veV:Bue Hyiu=0onT1}, (2.1)
where
MU= ug + (A + p)(div w)r. (2.2)

Note that v is well defined (cf. Theorem [3.3]).
We make the following restrictions on p:
p>1 ifn=12, (2.3)
n+1
n T n-—
The notation X — Y indicates that the space X is continuously embedded in Y.
From restrictions , we have

HE(Q) = LT (Q) < L2(Q) — LFTY(Q) — LP(Q),

gp<L2 if n > 3. (2.4)
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LT () = L""=D(Q),

where ¢* = % if n > 3. Then there exist positive constants kg, ..., k5 such that
lwllLorr ) < kollwll,  [[wllre@) < Fallwl], (2.5)
wllz2e @y < kallwll, (W]l pner-10) < k3w, (2.6)

[wllze @) < Fallwll, w] < Esllw], (2.7)

for all w € Hy, (€2). Note that HIE(CQ(IH) < L9 (T'y) where ¢f = 2(::11), n > 3, and
g7 > p+1. Thus

HE(Q) = HY(Ty) < L9(Ty) < LPTY(Dy) < L*(T).

Then there exist positive constants kg and k7 such that
[wllzotiry) < Kollwll,  l[wllzz,y < krflwll,  for all w € Hy, (T'1). (2.8)

We assume that the function h = (hq, he, ..., h,) satisfies

h e C°'(R,L>(T)); (2.9)

hi(z,0)=0 ae. forzinTy, i=1,2,...,n; (2.10)

[hi(z,8) — hi(x,r)](s —7) > do(s — 1), Vs,r €R, ae. xin Ty, (2.11)
where i = 1,2,...,n and dy is a positive constant.

Remark 2.2. An example of functions h;(z,s), i = 1,2,...,n, satisfying (2.9)—-
(2.11) is given by

hi(z,s) =d6(x)(s +|s|*s), z €T1,s€R

§ € L*>®(T'1), 6(x) > do > 0 and o > 1, @ constant.

Consider
1\ ptl
A= (—) T and N= "R (2.12)
AN (p+1u">
We make the following assumptions on the initial data u° and w':
u’ € D(B), u'e€H(Q), (2.13)
[u®llv < A%, (2.14)
Loz o Lyog2 ”k8+1 ojp+t _ 1 2
- - —_— (A= 2.15
Sl + 5 lluclly + ot VR [l < 5 (A7) (2.15)
Let A be the operator
A=—pA — (A4 p)Vdiv, (2.16)
and the Hilbert space
W={ueV:Aue H} (2.17)
be provided with the inner product
(u,v)w = ((u,v))v + (Au, Av)g. (2.18)

Note that the operators A and B, introduced in ([2.1)) and (2.16)), respectively, have
the same form but D(B) is contained in W.
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Theorem 2.3. Suppose that (2.3)), (2.4), (2.9)-(2.11)) and (2.13)-(2.15) hold. Then

there exist a function u such that

u € L>(0,00; V)N LE (0, 00; W), (2.19)
v € L*(0,00; H) N L2.(0,00; V), (2.20)
u” € L2.(0,00; H), divu € L=(0,00; L*(Q)), (2.21)
satisfying
u” — pAu— N+ p)Vdivu + |ulf =0 in LE(0,00; H), (2.22)
v+ h(-u') = 0 in L (0, 00; H™Y2(T) + LY(Ty)), (2.23)
u(0) =u°, 4/ (0) = u'. (2.24)

It is worth noting that

(1) The energy FE of system ([2.22)—(2.24)), which is defined in (2.42)), does not

has definite sign.

(2) The uniqueness of solution of Problem 7 is an open problem.
The difficulty is due to the general assumption made about the function
h(-,u).

To obtain the decay of the energy of the Problem 7, we make some
restrictions on I' and h;(z, s). This will lead us to a new theorem on the existence
of solutions. The justification of this new theorem will be find in the proof of the
decay of the energy, in Section 5. We assume that there is 2 € R™ such that

To={zel:m(z) v(z) <0} and T;={xeTl:m(x) v(z)>0}, (2.25)
where m(z) = x — 2%, z € ', and x - y is the inner product of R™. Let
R = max{||m(x)|| : x € T'1}, (2.26)
0 < by = min{m(z)v(z);x € I'1}. (2.27)
Assume also that each h;(z, s) has the form
hi(x, s) = [m(z) - v(z)]pi(s),
where p;(s) is strongly monotone and Lipschitiz continuous, namely,

[pi(r) — pi(8)](r —s) > d(r —s)?, Vr,s €R, p;(0)=0,i=1,2,...,n, (2.28)

lpi(s)| < Lls|, VseR,i=1,2,...,n, (2.29)
where d and L are positive constants.
Let
1 1 2n 2R
N, = { — (n= D[k + 22 gt } 2.30
1 = [p+1+|p+1 (n—1)|] &8 n+p+16 n (2.30)

where ko and k¢ were defined in (2.5 and (2.8)), respectively. We consider the real
number

ERY
A = (W) . (2.31)
and introduce the hypotheses

u’ € D(B), u' € H}Q), (2.32)

[u®llv < AT, (2.33)
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1

190 1 o2 nkp+ WO+ 12
§||U ||H+§HU ||v+m|| 17 < 1()\1) . (2.34)

Note that AT < \*, where \* was given in (2.12)).
Theorem 2.4. Assume ( , , (2. 28, 2 29, 2.32))—(2.34)) hold. Then there

exist a unique function u in the class (12.19)—(2.21)) such that u satisfies
v — pAu— (AN + p)Vdiv u + |u|p =0 in L} .(0,00; H), (2.35)
yiu+ [m()v()p(u’) =0 in L, (0,00, HYA (), (2.36)
u(0) = u®, ' (0) = ul. (2.37)

We assume that the solution u given by Theorem [2.4] has the regularity
u € L (0,00, H?(Q)) (2.38)
Note that the u given by Theorem 2.4 is solution of an equation
Au=f inQx(0,00) (f € Le(0,00 H)),
u=0 onTyx (0,00),
yu=g onTyx(0,00), (g€ L. (0,00;HY2(TY)).

If 2 is a bounded domain of R? with boundary I' € C?, then u has regularity ([2.38))
(see Ciarlet [4, Theorem 63-6, p. 296]).
We consider the constants

1
M = 7 [AR +2(n — 1)ks], (2.39)
P= i(n —1)?R?L2k2 + lR?L2 +R, (2.40)
1 bod
J:mm{QM PO} (2.41)

where k5 and k; were defined in (2.7) and -, respectively. We introduce the
energy

B(#) = SOl + sl + (@) u@)a, t20.  (242)

p+1

Theorem 2.5. Let u be the solution given by Theorem and assume ([2.38)
holds. Then

E(t) <3E(0)e 23 vt >0.
Before proving Theorem we will show some previous results concerning to
the trace vyyu for a function © € W and on the approximation of the function h by
a Lipchitz continuous function h;.

3. PRELIMINARY RESULTS

Let O be a star-shaped subset of R™. Consider the linear homotetic transforma-
tion o, (z) = nz, n > 0. Note that for n > 1,

O c O C 0,(0). (3.1)
We consider a vectorial function v defined in O. For n > 0 introduce the function

opov:oy(0) = R", (0,00)(y) =v(o1/n(y)).
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Note that when 1 > 1, the domain of the function o, o v contains the domain of w
(see (3.1)).
Proposition 3.1. Let S € D'(O). Then
(1) 0,08 defined by
1
<U?70Sa0> = 777<Sa0-109>5 GED(UW(O))
n
belongs to D'(o,(O)) (n > 0).
(2) a%i(an 0S) =noyo (a%is) (n>0).
(3) If n > 1, n — 1, the restriction to O of o, 0 .S converges in the distribution
sense to S.
(4) IfveLP(0) (1 <p<o0), opov € LP(0,(0)) (n>0). Forn>1,n—1,
the restriction to O of o, o v converges to v in LP(O).

The proof of the above proposition can be found in Temam [25].

Theorem 3.2. The space (D(2))™ is dense in W.

Proof. Let U be an open set of R" with boundary OU of class C2. We introduce
the Hilbert space

X(U)={uecH(Q): Auc L?(Q)}
equipped with the scalar product

(u, 'U)X(U) = (u, v)m W)+ (A’LL7 Au)]Lz(U).
The proof will be divided into four steps:
Step 1. By truncation and regularization (see Lions [I4]), we prove that (D(R™))™
is dense in X (R"™).
Step 2. Let (U;)1<i<m be an open cover of I'y and I'; with UlJr = QNU, star-shaped
with respect to one of its points, I = 1,2,...,m. Let (¢;)o<i<m be a C° partition
of unity subordinate to the open convering €2, (U;)1<;<, of Q. Thus

SDO(‘T) + Z@l(m) = 13 Vr € ﬁv Yo € D(Q)ﬂol € D(Ul)a I = ]-727 cee, M.
=1

Considering u € W,

m
u = pou + Z L. (3.2)
1=1
We use the notation v; = pyu for I =0,1,...,m.

Analysis of vg = (vo1,-.-,v0n). Represent by Uy an open of R™ such that
supp o C Uy C Q is contained in Uy and Uy is star-shaped with respect to one of
its points. After translation, we consider Uy as being star-shaped with respect to
0 € R™. We define

opovy = (0y0vo1,...,00000), n>1

Then by (3.1)) and Proposition part 1, we have that o, ovg is defined in o, (Up).
Consider ¢ € D(0,(Uy)) such that ) =1 on Up, and

woy = Ylom o v, n > 1. (3.3)
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Then supp wo,, is contained in o, (Up). By Proposition [3.1] part 2, we obtain

0 0 0
%wOn = 87;/)_[0-7] o UO] + m/J (0'77 © 871;0)7 (34)
Awoy = f(n)¥lon o Avol+ Y ga(n)Pa(t)loy 0 Qp(vo)), (3.5)
1<[a|<2
B1<1

where f(n) and gg(n) are real functions of n with f(n) — 1 asn — 1, « and j3, are
multi-indices o = (ay,..., o), 8= (61,...,Pn) and P,, Qg are partial differential
operators.

By the two preceding equalities, we obtain that wo, € X (0, (Up)). Consider wo,
the extension of wg, by zero outside of ¢,(Up). Then wy, € X(R™). By the first
part, we have that wg, can be approximated in X (R™) by functions of (D(R™))".
Consequently

woy can be approximate in X (o,(Up)) by functions of (D(oy(Up)))". (3.6)

By 7 we have
w0n|U0 = Un °© UO|U07

a’LUO»,]’ = 5oy o Vo |
8$i Uo K 8331' Uo’

AwOn’UO = f(n)[aﬁ o Ao ‘Uo'

Then by Proposition [3.1| part 3, we obtain
w0"|U0 — vy inL%(Q)asn—1,

Aoy vy
8l’i ami
Aw0n|U0 — Avg  inL*(Q) as n — 1.

in L?(Q) as n — 1,

|U0 -

By (3.6)) and the last three > convergences we conclude that vy can be approximated
in X (Up) by functions of D(Uy).

Step 3. Analysis of v;, [ = 1,2,...,m. In this case we apply similar arguments to
those used previously for vy. Thus we take U, l+ instead of Uy. We can assume the
U;" is star-shaped with respect to 0 € R". Consider o, (U;") instead of o,,(Up). We
introduce

Y € D(oy,(U;") with =1 on U;".
Consider wy,, = [0y, o v], n > 1. Then
wiy € X (0, (U1)),
supp wy,, is contained in Jn(Ul+),
wy, belongs to X (R™),
wln|U+ — v, in X(Ul+) asn — 1.
l
Thus v; can be approximated in X(U;") by a function of (D(Uif))” By (3.2)

and the above results we conclude that v € W can be approximated in X (£2) by
functions of (D(2))".

Step 4. Theorem follows because X (2) and W have equivalent norms in W. O
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Theorem 3.3. There exists a linear continuous map v, : W — H-Y2(Ty), u
Y1u such that

Yu = u% + A+ p)(divu)y, Yue (D(Q)". (3.7)
Furthermore
(Au,v)g = ((u,0))v — (V1u, V)g-1/2(0,)xm/2(r,), YU €W, veV. (3.8)
Proof. Let u € (D(Q2))" and v € V. By Gauss’s Divergence Theorem, we obtain

(Au,v)g = ((w,v))v — (71U, V)L2(1y)- (3.9)
Then
|(y1u, vzl < llullvvllv + CllAul|z o]l

Therefore,

N80, s ey | < Cllullwllolv (3.10)
Let &£ € Hl/Z(Fl), then by the Trace Theorem there is v € V' such that yov = £ and
the map

H'Y2(T) =V, £ v

is continuous. By the above map and , we obtain

|<71u’ £>H_1/2(F1)XH1/2(I‘1)| < C||U||W||§HH1/2(F1); Vu € (D(ﬁ))n7§ € Hl/Q(F1>-

By this inequality and the density of (D(Q))" in W given by Theorem we
obtain (3.7). The equality (3.9) and Theorem (3.2 provide (3.8]. O

Proposition 3.4. Let h be a function satisfying (2.9)—(2.11). Then for each i =
1,...,n there exists a sequence (hy) of functions of C°(R, L°°(T'1)) such that

hit(x,0) =0 for a.e. x in I'y; (3.11)
[ha(z,8) — ha(z,7)](s —7r) > do(s — 1), Vs,r €R for a.e. x €Ty;  (3.12)
There exists a function ¢, € L>(T) satisfying (3.13)

|ha(z, 8) — hi(z, )| < ¢ls—r|, Vs,r €R,for a.e. x inTy;
(hit) converges to h; uniformly on boundary sets for R for a.e. x € T'1.  (3.14)

4. PROOF OF THEOREM
In this section, we will prove the existence of solution of problem ([2.22)—(2.24).

Proof of Theorem[2.3. We employ the Faedo-Galerkin’s method with a special basis
of V (see [16] or [I8] for other special basis). Let (uj) be a sequence of (D(Q2))"
such that

up —u' in H(Q). (4.1)
Fix | € N. With «Y and ull we constructed a basis
ful,wb,...} (4.2)

of V such that u°,uj belong to the subspace [w}, w}] generated by w! and wb.
Consider the approximation (h;) of h; (i = 1,...,n) given by Proposition
Here we will denote (h;) = (ha,y ..., hnt).
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Remark 4.1. Since v’ € D(B) and u; € H}(2), we have vu = 0 and (-, u}) =0
on I'y. Thus

’yl(uo) + hl(-,ul) =0 inIy,VieN.

Consider V!, = [w!, ..., w!, ] the subspace of V generated by the first m vectors
of the basis of . Let us find the approximate solution wu;,, (t) € V!, of Problem

(L.2)-(L.5), that is,
i (8) =Y Gimj ()]
j=1

where u,, (t) € V) is the solution of the system

(W (), V)1 + (Ui (1), v))v + (|wim ()|?, v)
(hl('vulm(t))7 'U)]LZ(IH) =0, Wwe Vrln
wm (0) = u®, ), (0) = uj. (4.4)

(4.3)

System (4.3)—(4.4) has a solution on an interval [0, ¢;,,,) with ¢;,,, < T. This solution
can be extended to the interval [0, T| as a consequence of the a priori estimates
that shall be proved.

First estimate. Taking v = ], (t) € V;,, in ([4.3)), we obtain

1d 1d
5l O + 5 5 N O + (i () ()

(4.5)
+ (i (5 U (), i (£) 121,y = 0
Then
(o Ot (8)) 1 = —— (a1 (D] 10 (8) 1
P Him p+1dt ’
and by (3.12),
(P Ul (8), Ul (D)2(r1) 2 ol ()12 (r, -
Remark 4.2. As h(z,u) = (h ( ) S hy (x,un)) where h;(x, s) is measurable
in 'y and continuous in R, i =1,...,n, by we have
(e gy (6)) Uy ()2 0y = D (it (o3 Ui (8)) W (1))
! (4.6)

> Y dolthns (DI = dolltfom (8)[F2 )

Putting the above two expressions in (4.5 and then integrating on [0,¢], 0 < ¢ <
tim, we obtain

(|U’lm(t) 7

1 1
3 Ut O + 5 lum (I + wim (1)) m

p+1

t
+%/H%Am@nﬁs (4.7
1

g (),

*IIU: I + *II °IIF +
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Next, our goal is to determine for which ¢ € (0,¢;,,) the first member of (4.7)
becomes non-negative. By (2.5) and Remark we obtain

1 p p+1 nkgH p+1
Also o
1 74
| (), ) mr | < —2 [
ptl (p+ Dp"=
Then by (2.15)) we find a positive real number 7 such that
Y
1 1 nkftt 1
Sl 13 + S 110l + ——2— 015 < < ()2, V= (4.8)
2 ) (p+ Du"™ 4

Taking into account the three inequalities in (4.7)), we obtain

1 1 nkft L
5||U2m(t)||%r + §||Ulm(t)||%/ - ﬁllwm(ﬂll’ﬁ

(p+p
t
+ dO/O ||u;m(5)||]i2(l"l)ds (49)

1
<7< 1(A*)Z’, VI>15 VEE [0, tm).

We analyze for which ¢ € (0, t;,,), we would have

1 ’I’Lk"p—"_1 +1
ZH“lm(t)H%/ - ml\mm(ﬂl\’& > 0.
Motivated by the above inequality, we consider the function
1 Ko+t
JO) =-a2— 0 el y >
4 (p+
We find that i1
1 k
T = N[ - el
L (p+1)p~
which implies
1
JA) > 0if0< A< [M]ﬁ . (4.10)
N - 4nk6’+1

To continue the proof we need the following result.

Lemma 4.3. We have
||Ulm(t>||v < )\*, vVt € [0, OO), VI > lp, Ym € N.

Proof. Fix m € N. We argue by contradiction. Suppose that there exists t; €
(0, tim) such that |Jup,(t1)||vy < A* and let 0(t) = |Juim(t)||v. As 6 is continuous
on [0,t1], by the Intermediate Value Theorem we have that there exists 71 € (0, #1]
such that 6(71) = A\*. Let

t* =inf{r € (0,t,) : (1) = \"}.
We have
O(t*) = A" because 0 is continuous on [0, 7, ); (4.11)

0 < t* <, because 0(0) = |[u’lly < \*; (4.12)
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0(t) < A\*, Vtelo,t%). (4.13)
By and , we obtain
J([um@)llvI) =0, vt €0,t).
Putting this inequality in , we find

1 1
1||ulm(t)||%, <7< (N2, Ve [o,t).

4
Taking the limit in this inequality as t — t*, t < t* and using (4.11]), we arrive to
a contradiction. Thus the lemma is proved. (]

By (4.8), Lemma and (4.10]), we obtain

1 1 ¢
g\luém(t)\l?{ + lemm<t)ll2v + do/o [ (8) L2 () ds

1 (4.14)
<7\ ¥EE[0,00), VI > 1y, Ym €N,
Thus
(ur,) is bounded in L(0,00; V) VI > Iy, Ym € N; (4.15)
(u},,) is bounded in L*(0,00; H), VI > ly, Ym € N; (4.16)
(u},,,) is bounded in L?(0,00; L*(Ty)), VI > ly, ¥m € N. (4.17)

Second estimate. We differentiate the approximate equation (4.3)) and then we
take v =, (t). We obtain

1d,
(3 + 5 <l 1)

+ (Pl (8Pt ()] (£), uli (1)) 17 (4.18)
(hz( (ulm( ))ulm( ) ulm( ))]LQ(Fl) =0.

From Hélder inequality applied to + poi i —&—% =1, . . ) and estimate ( ,
we find that

_ 1
[Pl (0)1° ™ 2t ()t (8), i (0) 1| < Clltn BT + 5 [t (D),

where C' > 0 is a constant independent of | € N and m € N. By (3.12)) of Proposition
we obtain

(Rt () Ui (8), Ui (8)) 120y 2 dolfugsy, (8)[E2p, -
Taking into account the last two inequalities in (4.18]), we obtain

1d
(61 + Qdﬂwm<mv+dﬂm;uMé@ﬂ

< Cllup, I} + 5||U2§n(t)||H-

(4.19)

Third estimate. We make ¢t = 0 in (4.3) and then take v = u;’,(0). We obtain
g O)7r + (i (0)))v + (117, i, (0)) a1 + (ha (- 07), ufy, (0)) 2y = 0.
From Remark 4] it follows that
[l O)7r + (Bu®, upy (0)r + ([u°17, iy, (0)) 1 = 0. (4.20)
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In this part the choose of the special basis (4.2)) is crucial.
By applying hypothesis (2.13]) and inequality (2.6) in , we have
uj (0)|% < C, VI >1ly, V¥meN. (4.21)
Consider a real number 7' > 0. Integrating both sides of inequality (4.19) on

[0,t], 0 <t < T, and taking into account the estimate (4.21]) and the convergence
(4.1)), we obtain

1 1 K
SOl + 31O +do [ [ ()]Exqe, ds
0 (4.22)

t
1
<C+ [ (Ol + (o) llds, 0<t<T.
0

where the constant C' > 0 is independent of [ > [y, m € N and T > 0.
By Gronwall Lemma and noting that 7' > 0 was arbitrary, by (4.22)) we obtain

(u},,) is bounded in Li$.(0,00; V), VI > Iy, Vm € N; (4.23)
(up,) is bounded in L;$.(0,00; H), VI > ly, Vm € N; (4.24)
(uj,) is bounded in L2 .(0,00;L2(T1)),; VI > Iy, ¥m € N. (4.25)

Pass to limit in m. In what follows of the paper it will be understood that various
subsequences of the principal sequence will be considered. Also the diagonal process
will be applied to obtain convergence in all (0, c0).

By (4.15)—(4.17) and (4.23)—(4.25), we find that there exists a subsequence of
(Ui ), still denoted by (uyy,), and a function u; such that

Upm — w; weak star in L°°(0, 00; V);
uy,, — u;  weak star in L>(0,00; H) N LiS.(0,00; V);
up,, — uy  weak star in LS (0, 00; H);
u)l — ) weak in L _(0,1L3(Ty)).
It follows from that
uj,, — uj weak star in L (0, oo; HY/2(T'y)). (4.30)
As the embedding of V' in H is compact, we obtain by and that
Uy, — wy in LS (0, 00; H).

Thus
U (2,1) = wi(z,t) ae. in Q x (0,7).

On the other hand, by and 7 we find that
(|t |?)men is bounded in L2(0,T; H).
These two last results, Lions Lemma [I3] and the diagonal process imply that
[upm|? — |w|P weak in L (0, 00; H). (4.31)

In a similar way, noting that the embedding of H'/?(T;) in L?(I';) is compact,
by (4.30) and (4.29)), we obtain
hi(x,u),,) — hy(z,u;) for a.e. in T'y x (0,7) (4.32)
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and by and we obtain that
(hy(-,u},,)) is bounded in L?(0, T;L*(Ty)).
Therefore
hi(x,ul,) — hi(z,u))  weak in L3 (0, 00;L%(T)). (4.33)
Convergences (4.26))(4.29)), and permit us to pass to the limit as
4.3)

m — oo in approximate equation (4.3]). Thus for § € D(Q2) and noting that (4.2) is
a base of V', we obtain

|, o00mac+ [ (), o)
0

0

+ [T e, oo+ [t o), 600, d o

As the set {0v;0 € D(0,00),v € V} is total in L%(0,00; V), the above inequality
implies

[ o emars [, envar+ [ (u@le, pvowar
L. 0 0 (4.34)
+ / (i (1)), )uanydt = 0, Vo € L2(0,003 V),

and supp ¢ is bounded in|0, c0).
Taking ¢ € D((0,00) x (2)™) in (4.33)), we obtain
u + Auy + |w|” =0 in D'((0,00) x (Q)").
As v} and |u|? belong to L2 (0, 00; H), we obtain

u) + A+ |w|” =0 in L _(0,00; H). (4.35)

loc

From now on , ¢ denotes a function satisfying conditions (4.33). We take the
inner product of H with ¢ in both of sides of (4.35). We deduce

[ @i euds+ [ (Au)onds+ [ uls)puds =0, (130)
0 0 0
Note that
u; € L®(0,00; V) and Aw € LE (0, 00; H).
Then by Theorern Part (3.8), we obtain yyu; € L2 (0, 00; H™/2(T'y)) and thus

/ " (Au(s), @) rds = / " ((s), 0)vds - / " (), @)y ds,

where Y = H'/2(T;). Replacing this equality in ([#.36]), we deduce

| s+ [ (o) envas = [ Guus)ohveds .

+ /()Oo(|ul(s)|p,tp)Hds =0.

Comparing (4.33]) and (4.37)) and taking into account the regularity of (-, u;), we
find

1 + hi(-u)) =0 in LE (0, 00, L*(T). (4.38)
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Pass to limit in [. Estimates (4.15)—(4.17) and (4.23)—(4.25)) are independent of
[ > lp. Then as in (4.26)—(4.29), (4.30) and (4.31)), we obtain that there exist a
subsequence of (u;), still denoted by (u;), and a function u such that

u; — u  weak star in L% (0, oo; V); (4.39)

u; — u' weak star in L>(0,00; H) N Ly, (0,00; V); (4.40)
uf —u”  weak star in LS (0, 00; H); (4.41)

lug|P — |ul? weakly in L3 (0, 00; H); (4.42)
uj(x,t) = o' (z,t) ae. (z,t) €Ty x (0,7). (4.43)

Convergence (£41) follows from the compact embedding of H'/2(I'y) in L*(I'y).

Take the limit in .4'33|" Then by convergences (4.39)—(4.41]) and applying similar
arguments used to obtain (4.35)), we deduce

u” 4+ Au+ |ulf =0 in LE (0, 00; H). (4.44)
By estimate and equation , we obtain that
(u;) is bounded in L*°(0, 00; V),
(Aw;) is bounded in L2 (0, 00; H).
Then by Theorem we obtain
g = yu in L2 (0, 00; H™Y2(Iy)). (4.45)

Fix (z,t) € T'1 x (0,7). Then by convergences (4.43) and condition (3.14) of
Proposition 3.4} we deduce

hy(z,u)(z,t)) — h(z,u'(x,t)) ae xin Ty x (0,T). (4.46)

On the other hand, by estimates (4.15)), (:23)), (4.16), and (4.24), we find that
(u;) is bounded in C°([0,T); V); VT > 0; (4.47)
(u}) is bounded in C°([0,T7; H); VT > 0. (4.48)

By (4.33)) and noting that each h;(x, s) is increasing in s, we obtain
T
0 < / (hl(-, uf), u;)]l‘z(pl)dt
0

1 1 1 1 T
= ——|lu(D)|IF + §||ul1H%{ - §||U1(T)||\2/ + §Ilu0||%r - / (Jue?, up) grdt.
0

2
Then by ([#.47), (#.48) and (#.42)), and ([#.40), we have
T
0< / (ha (-, up), up)izr,ydt < C(T). (4.49)
0

It follows from (4.46)), and a results due to Strauss [23] that
hi(-,up) = h(-,u') in LY(0,T; LY (Ty)).
As T > 0 was arbitrary it follows that
hy(-,u)) = h(-,u') in L (0, 00; LY(T})). (4.50)
Taking the limit in and using and , we find that
yu+h(u') =0 in LL (0,00, H™Y2(Ty) + LY(Ty)).
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By equation ([4.44), we deduce that u € L (0, 00; W). Convergences (4.39)- -
provide the imtlal conditions . Thus the proof is complete.

Remark 4.4. The proof of the existence of solutions of Theorem follows by
applying similar arguments used to obtain Theorem In this case, we consider
Ji(A) = 2A2 = Ny LA >0 and

ha(z,s) = [m(z) - v(x)pi(s), YleNi=1,...,n
Note that A} < A*. The uniqueness of solution is derived by the energy method.

5. PROOF OF THEOREM 2.3

By (2.16)) we have

0
(Au); = —pAu; — (A + p) oz,

Proposition 5.1. Let u € H?(2). Then

divu, i=1,...,n. (5.1)

22 (Au);, mVuy)
-2 Z/ |V, dx—u;/r|Vui| (m-v)dl
+2,uZ/
- (A+M)A(divu)2(m~y)dl"+2(A+u)Z/F(divu)(m~Vui)l/idl"

6
:ZM
=1

A0+ O+ @) (n — 2) / (divu)2de

where,
o Mi=p(n—2)3", o V| *dz;
o My=pd " |n |Vul\ (m-v)dT;
o My=2u> " 1f1“ 87 m - Vu;)dl;
e My=A+p)(n—2 fQ (div u)?dz;
o My =—(A+p) [p(divu)*(m-v)dl;
o Mg =2\+p)> " [r(divu)(m - Vu;)vdl.

Proof. Expression (5.1)) provides

22 (Au);,m - Vuy;)
(5.2)

n

:Z2M(Aui,m-vui)+22(>‘+“)<@ii. A >

=1 =1

By the Rellich identity (see Komornik-Zuazua [8]), we have

Z 2p(Aui,m - Vu;) = My + Ms + M. (5.3)
i=1
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On the other hand

o . 0 .
(3%‘ divu,m - Vui) = (dlvu oz, —(m - Vul)) + /F(dlvu)(m -Vu )y dl. (5.4)

Also

0 3u, - 0 /0u;
8l/i(m Vi) = z; ﬁ(@xi)’

i(dlvu ai (m - Vuz)>

i=1
/leU dx—i—Z/ (divu)m [dlvu]dx
:/(diVU)def —/(divu)zderl/(divu)Q(mﬁ/)dF.
Q 2 Jo 2 Jr

Plugging the last expression in (5.4]), we obtain

= 0
Z2(A+u)(a7divu,m~Vui> = My + M; + M. (5.5)

i=1 ‘
The proposition follows from (5.3) and (5.5)). O

Proof of Theorem[2.5. We take the inner product of H in both sides of ([2.35)) with

u’. Then by (2.27)) and ([2.36]) we find that

B(1) < —mollu/ ()22 (5.6)
where 79 = bod(, with dfj defined in . We introduce the perturbed energy
E.(t)=E(t)+ea(t), t >0,e >0, (5.7)
where . .
= 2ui(t),m - Vui(t) + (n = 1) Y (uj(t), ui(t)). (5.8)

i=1 =1

I. Equivalence between E.(t) and E(t). First of all, we note that

1
p+1

@l + ()Pt >0, Ve >0 (5.9)

In fact, since

p+1

nk,
(@, ) ul < nk§ u@®)lg) @ < - lu®IF,
l’L 2
it follows that
1 1 nkpﬂ 1
| +1(Itt(t)l”“7U(t))H\ < 7 llu (][ (5.10)
P nT
Since
1 p+1
pr1 nko —N1,
o+l
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with Ny defined in (2.30]), we obtain

p+1

1 1 nk 1
ZHu(t)H%—i il lu@®)5 > ZIIU(t)II%/—JVllllt(t)ll’é+1 >0, Vt>0, (511)
because

1
Ji(\) = Z’\2 — N AT >0, YO< AL and 0 < |lu(t)||y < A}

(see Remark [4.4] . Inequalities ([5.10)) and ( - provide . Then by (5.9) we
find that 1 1
E(t) > Zll' @)1l + @I (5.12)
On the other hand, we have
la(t)] < 2R[[w ()| lu(®) e @) + (0 = Dllu (@) zllu(®)]| -

Thus

(0] < 1o ()l + 1a)1) + S22 (GOl + 5117,

which implies
1 / 2 1 2
o] < M (I @I + Flu®I ). (5.13)
By (5.12)) and (5.13]), we obtain |a(t)| < M E(t), Vt > 0. Thus
|E.(t) — Et)| = ela(t)| < eME(t), Vt>O0.

Choosing €1 = ﬁ, we have

1
SE0) < E(t) < TE@), vi>0,¥0<e<e. (5.14)

| W

II. Relation between E.(t) and E(t). By (5.8) we obtain

n

o (1) =D 2(uf/ (t),m - Vuy(t +Z ,m - Vul(t))

n 5.15
(n—1 Z (n—1 Z s (t (5.15)
=1
D(t)+ F(t) + G(t) + 1(¢).
We have
D(t) = 2 2(—(Au(t))s, m - V(¢ ;2 lui(t)|?,m - Vul(t)) (5.16)
= D1 (t) + Do(t).
Analysis of Ds(t). We find

(lus(O17, m - Vs §j/ﬁuz om 3mghm

_23/) p+18%|<M%mwa
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n
:—p+1/9|ul( )| Py (t d17—0—7/|uZ Pu; () (m - v)

+12/|u1 (t)])Pu;(t) dx—iz:/mz )| ui(t)(m - v)dl
)

This result and (| - provide

P =Di(0)+ 773 [ lu(0Pu(va
p+1Z/|ul )Pu(t)(m - v)dD

Note that Dy (t) is given by Proposition
Analysis of F(t). We have

(). m -9 0) = 3 [ g0

Then

(5.17)

Thus

Analysis of G(t). We obtain

(i (8), ui(t)) = p(Au;(t), ui(t)) + (/\+u)<£i i (t)aui(t)) = (lua ()7, ua(t))
=L(t) + 12(t) + 13(2),

where

L(t) = _N/Q |Vui(t)|2dx+u/r &gf) u;(t)dl,

Ou(t)
oz, dx

(t) = —(\+ ) / (div u(t))
Then

G(t) = nflpZ/|VuZ )|2da + ( ”*ULZ/‘?“’
(- DA+ ) / (div u(t))2dz

Q

+(n—1) A+ p) /Fdlvu (Zuz 1/2)

—(n=1)> ([us(t)]”, wi (1))
i=1
By (5.4), Proposition (5.1)), (5.17)—(5.19), we find that

o(t)=D(@)+ F(t)+G(t) + I(t),

+(A+p) /F(div u(t))u; (t)v;dr.

(5.19)
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where
D(t)

:M(n—Q)Z/ |VUi(t)|2d$—MZ/F|VUi(t) 2(m-v

+ 2 Z 8“1 m - Vug(t))dl
I

FO+ ) -2) / (520)

(divau(t))?dz — (A + p) / (divu(t))?(m - v)dl'
Q

r
n

20040 3 [ (@) on FusOal + 25 S0l )

i=1
p+12/ |u; () |Pui(t)(m - v)dT'y,

F(t) = —nZ|ui(t)\2+/

i=1 r

Z(u;(t))Q] (m - v)dT, (5.21)

G(t) = n—l,uZ/|VuZ )2dx + n—1u2/ 8% (t)dly
—(n—1\+p) /Q(div u(t))?dx

+(n—1)()\+,u/dlvu (Zuz ul)
(n—1 i (Jug (8)]P, uq(t
i=1

(5.22)

and
n

I(t) = (n—1) 3 [u ()] (5.23)

i=1

The goal is to transform (5.15)—(5.18]) into an inequality of the form

o'(1) < ~B(t) ~ (@)}~ M) + Pl (1) acr,

and then to find conditions to have
1
ZIIU(f)II%/ — Nifu@)|[f™ >0, vt>o0.

This last inequality motivates the introduction of Theorem [2:4]
By reducing similar terms in (5.20)—(5.23)), we obtain

o'(t) = =l (Ol — pllu®)lliy, () — A+ pl divu)?

2 n
o1 2P ui(e) = (0= 1) 3 (s 0) 7, wil6) + Q)
=1 i=1

(5.24)
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where

" Ou;(t)
(t)——uiz_;/FWui(t (m - v)dT + 24 Z/  Vui(#))dD
- (A 4w /F(divu( )% (m - v)dl'
+ 20+ ) Z / (div u(t))2vs(m - Vus())dD
p+12/|u2 )P (t) (me - le"—i—Z/ )dr
nfl ’U,Z/ 3uz
(= 1)+ ) g / (v u())wius (£)T
=Y a;(1)
j=1
By , we have

o'(t) = —2E(t) + 2n

p+1

2 (), () +
— (0= (0,0 + Q).

(lu(®)”, u(t)) r

which implies

1
o'(t) < —E(t) - §Hu(t)||2v +
n 2n
p+1

By (2.5)), we obtain

1 P
) (Ju()]?, u(®))

(lu(@®)”, u(®)) g = (n = D(Ju@)]”, u(t)) g + Q1)

|(Jui(8)17, wi (0)] < kg™ lut )II’)+1

Then

20 (fu(®)]P, u(t)) i — (0 — 1)([u()?, u(t)

(O ul) + =

‘p +1
+1
< wlfu(t)llgg

where
1+2
= | ten (n— 1)‘nk:8+1.
p+1
From ) and - we obtain
1

o/ (1) < ~B(t) = 3 [u®IF +wllu®)5} o, + Q).

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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Let us analyze (5.25)). Note that aul(t) = 6“815” vj in Ty (see Lions [15]). Since

(azgu(t)) v)dl — p Z IVuz (m - v)dT,

NS [ (ot s |
gz2(t) —QU;/FO( By ) (m V)dF—&-Qu/Fl B (m - Vu,(t))dr,
by noting that m - v <0 in I'g, we find that
n 8 ;
a(t) + o () g—uZ/ Vs (8) 2 (m - 1)dT + 24 Z/ Uil) (- Ty (1))
i=17I1
(5.30)
Therefore,
" Ou(t) \2
w(®) <~ [ (255,7) e,
and
- - Buj(t) ) 2
q4(t)_2()\—|—u)/ro (302280 - var
Jj=1
2(A + p) Z/ [(divu(t))vs](m - Vu,(t))dT.
Then
a3(t) + qa(t) <20\ + ) Z/ [(div w)v;](m - Vu(t))dT . (5.31)

By observmg that ,ud“’(t) + (A4 ) (div w(t))v; + (m-v)h; (u}(t)) = 0 on I'y, it follows
from and that
(h(t) oot Q4(t)

<) / VO n-v)ar +23 / [=Om - D) O)]m - T

However

‘/F (m - v)ha(d(£))] (m - Vg (¢ dl“’

< —R3L2/ u; (t)] dF+u/ |V (t)[*(m - v)dT.
,LL Fl 1—‘1
Then the last two inequalities provide
1
q(t)+---+aqat) < ;RSLQHu'(tﬂﬁz(Fl). (5.32)

By noting that u; = 0 in T'g, we find that
4r(t) +as(t) = (n —1 Z / (u (1)) (1)
r

I
(n =1 R L2 K2 [/ (|2, + 7 e®) )
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where k7 was defined in (2.8)). Thus
1 1
qr(t) +as(t) < ;(n —1?R2LPKZ ||/ ()P 2, + ZlIU(t)II\Q/- (5.33)

We have

2 n
< ——R J(t)|Prdr
|%<n_p+1 > o

< At p+1 p+1 (5.34)
< 2 }jn,
2R
Pl p+1
< 2 wumme-
Since u; = 0 on Iy, it follows that
m|<RZ/ Pdr = Rl () Zaqr, . (5.35)

Taking into account (5.32)—(5.35)) in (5.29)), we obtain

o (t) < —E(t) — [i”“(t)”%/ = Nifu®IF] + Pl )2, ), (5.36)

where N; and P were defined in (2.30) and (2.40))), respectively. By applying
Theorem to (5.36]), we find that

o (t) < —E(t) + Pllu'()IE2r, - (5-37)
Now let us to return to the perturbed energy E.(t) given in . By (5.6) and
, we obtain
BL(t) = E'(t) + e/ (t) < —eE(t) — (10 — eP)|[/|[f2r, -
Choosing 0 < &9 < T

we have
E'()<—5E() VO<€<52 (5.38)
Thus for o = min{ 4}, 22} we have that (5.9) and (5.38 (5-38) hold for all 0 < & < 0. By

and ., we obtam

P )

2
EL(t) < —5oE(t),

which implies
E.(t) < E-(0)e” 37",

This inequality and (5.9)) provide Theorem O
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