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SOLUTIONS AND EIGENVALUES OF LAPLACE’S EQUATION
ON BOUNDED OPEN SETS

GUANGCHONG YANG, KUNQUAN LAN

ABSTRACT. We obtain solutions for Laplace’s and Poisson’s equations on
bounded open subsets of R™ (n > 2), via Hammerstein integral operators
involving kernels and Green’s functions, respectively. The new solutions are
different from the previous ones obtained by the well-known Newtonian poten-
tial kernel and the Newtonian potential operator. Our results on eigenvalue
problems of Laplace’s equation are different from the previous results that use
the Newtonian potential operator and require n > 3. As a special case of the
eigenvalue problems, we provide a result under an easily verifiable condition
on the weight function when n > 3. This result cannot be obtained by using
the Newtonian potential operator.

1. INTRODUCTION

The Newtonian potential kernel and Newtonian operator have been used to study
the following three problems:

(i) solutions of Laplace’s equation Au(xz) = 0 in R™\ {0},
(ii) solutions of Poisson’s equation —Au(z) = v(z) in £, and

(iii) eigenvalue problems of Laplace’s equation —Au(z) = pg(x)u(z) in Q.

It is shown in [3, p.21-22], [, p.17], and [I5, Lemma 2.1 (P3)] that a solution
¥(-,0) is a harmonic function in R™ \ {0} for n € N with n > 2; that is, ¥(-,0)
is a solution of Laplace’s equation and belongs to C?(R™ \ {0}), where ¥ is the
Newtonian potential kernel, and has singularities. We refer the reader to [12] [13]
for a study on the Newtonian potential, and to [2, [6l [14] for a study on fractional
differential equations, where the related operators involve singularities.

When  is a bounded connected open subset in R” with n > 2 and v € C#(Q), it
is showed in [4, Lemma 4.2 | that Lv is a solution of the Poisson’s equation, where
L is the Newtonian potential operator. This result is generalized to the case that
Q2 is a bounded open subset of R™ in [I5, Theorem 2.3].

FEigenvalue problems of the Laplace’s equation can be solved by the result on the
weight Newtonian potential operator [I5, Theorem 2.4] together with the Krein-
Rutman theorem. These eigenvalue results can be used to study the existence
of positive classical solutions of nonlinear Poisson’s equations, see [I5, Section 3].
However, the Newtonian potential kernel alone cannot be applied to the eigenvalue
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problems with n = 2 because the Newtonian potential kernel changes sign when
n=2.

In this article, we study the above three problems via different approaches and
deal with the case n > 2 in a unified setting. We only assume that €2 is a bounded
open subset in R™, and the connectedness on € and the smoothness on the boundary
of Q are not required. Some previous results on existence of classical or weak
solutions of some linear or nonlinear elliptic boundary value problems required the
connectedness and smoothness, for example, see [I} p.633] and |7, 8, [T}, 12} [13].

First, we study the Laplace’s equation in Bp and in 2, and obtain solutions of
the Laplace’s equations via Hammerstein integral operators S5 , with newly defined
kernels ®s5. We give properties of ®; and Ss, including the domain of ®5 and
compactness of Ss ,.

Next, we study solutions and nonnegative solutions of the Poisson’s equation in
2 and give these solutions via Hammerstein integral operators Ls, with Green’s
functions ks := ¥+ ®; for v € C*(Q2). These solutions Ls ,v are obviously different
from those given by Lv when n > 3 and are new when n = 2.

Finally, we consider the eigenvalue problems of Laplace’s equation in 2 and allow
n = 2. We prove that the spectral radius of the linear integral operator ., with
the kernel ksg is the eigenvalue of the Laplace’s equation in 2. As a special case,
when n > 3, we obtain a simple condition on g which ensures that the spectral
radius of .7} is the the eigenvalue of the Laplace’s equation.

In Section 2 of this paper, we provide some results on the Newtonian potential
kernel and the Newtonian potential operator, some of them are new. These results
will be used in Sections 3-5. In Section 3, we introduce the kernel &5 and study its
properties. The properties of integral operator with the kernel ®5 are given. The
integral operator is then used to give solutions of the Laplace’s equation, and its
compactness will be used to obtain compactness of the integral operators involving
the Green’s functions ks in Sections 4 and 5. In Section 4, we give solutions of the
Poisson’s equation via integral operators involving the Green’s functions ks. The
result will be useful for studying the existence of nonzero nonnegative solutions of
the nonlinear Poisson’s equation. In Section 5, we show that the spectral radii of
the integral operators involving the weight Green’s functions are the eigenvalues of
the Laplace’s equations when n > 2.

2. NEWTONIAN POTENTIAL OPERATOR

Let n € N with n > 2 and let R™ be the Euclidean Banach space with norm
lz| = /> i, =7 and inner product z -y = Y .-, z;y;. We always assume that Q is
a bounded open subset in R”. Note that €2 is required neither to be a connected
set in R™ nor to have any smoothness on 0f2.

We consider the Newtonian potential operator L defined by

(Lv)(z) = /Q\Il(x,y)v(y) dy for z € R™, (2.1)

where ¥ : R™ x R" \ {(x,2) : z € R"} — R is the Newtonian potential kernel
defined by

—5=In|z —y| if n =2,

2.2
if n > 3, (22)

V(z,y) = -T(lz —yl) = {

n(n—2)w,|z—y|*—2
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where I' : (0,00) — R is defined by

Inu if n =2,
I(u) = {2“2 L fn> 3 (2.3)

T nn—2)w,un—2

where wo = 7, w, = 711%:(74/22) is the volume of the unit ball in R™ for n > 3, and I'gy

is the Gamma function I'g(u) = [~ s“"te™* ds.

The Newtonian potential operator was studied, for example, in [I5], where Q is
only required to be a bounded open subset in R™, and in [3],[4], where 2 is a domain
(i.e. a connected open subset) in R™ with suitable smoothness on 9€2.

Notation. For p > 0 and 2 € R", let B,(z) = {y € R" : |z — y| < p}, B,(z) =
{yeR": |z —y| < p} and 0B, (x) = {y € R : |z — y| = p}. We write
B, =B,(0), B,=DB,(0), 0B,=0B,(0).

Let p,q € [1,00] be the conjugate indices, that is, they satisfy

l/p+1/g=1 (2.4)
and if p = oo, then ¢ = 1; and if p = 1, then ¢ = co. Hence, if p € (n/2, 00|, then
1 ifn=2
ge oo Hn=2, (2.5)
[1, 1f5) ifn>3.

The following results on the Newtonian potential kernel can be found in [I5]
Lemma 2.1] and will be used to prove Theorem in Section 3.

Lemma 2.1. The Newtonian potential kernel U has the following properties.
(1) ¥(-,y) € C®R™\ {y}) for each y € R".
(2) A (z,y) =0, 82\;;9;,@;) =0 for z,y € R™ with x # .
(3) If q satisfies (2.5), then Z\Il(am -) € LI(Q) for each x € R™.

Let D be a nonempty subset of R”. We denote by .#(D) the set of all the
functions from D — R. Let Dy C D be a nonempty subset and f € .%# (D). We still
use f to denote the restriction of f on Dy. For p € (0,1), we denote by C*(D) the
vector space of all locally p-Hélder continuous functions on D, see [I, p.629]. If D
is bounded and closed, then we denote by C(D) the Banach space of all continuous
functions from D to R with the maximum norm || - ||.

We denote by LP(€Q) and L% (£2) the Banach space of functions for which the pth
power of the absolute values are Lebesgue integrable with norm || - ||z»(q), and its
positive cone of all the nonnegative functions in LP(f2), respectively.

Proposition 2.2. Ifp € (n/2,00], then L maps LP(Q) into F(R").
Proof. Let n > 2, p € (n/2,00] and v € LP(L2). Let ¢ satisfy (2.5). Let z € R" and
v € LP(2). By Lemma 3), for each = € ), we have
1/q
L@l < [ [¥@ oIy < ([ 19l ds) ol <.
Hence, Lv € #(R"). O

Proposition is given in the proof of [I5, Theorem 2.1]. By Proposition if
p € (n/2,00], then L maps LP({2) into .# (D) for each nonempty subset D in R™.
We need the following known results from [15, Theorems 2.1, 2.2 and 2.3].
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Lemma 2.3. The operator L defined in has the following properties.
(1) If p € (n/2,00], then L maps LP(Y) into C(Q).
(2) If p € (n,q], then L maps LP(Q) to C*(R™).
(3) L maps C*(2) into C?(Q).
(4) If v e CH(Q), then —A(Lv)(z) = v(z) for each x € .
Remark 2.4. We note that the following question has not been solved yet.
Is L: LP(Q2) — C(Q) compact for p € (n/2,00]?

We generalize Lemma [2.3(1) (that is, [I5, Theorem 2.1]) from C(f2) to C(R").
Theorem 2.5. If p € (n/2,00], then L maps LP(Q) into C(R™).

Proof. Let D be a nonempty bounded open subset in R™ satisfying 2 C D. It
suffices to prove Lv € C(D). We define a Hammerstein integral operator

(L*v)(z) = /D U(z,y)o(y)dy for x € R™.

By Lemma (1), for p € (n/2,00], L* maps LP(D) into C(D). Let v € LP(S).
We define a function v : D — R by

o July) ifyeq,
U(y)_{o ify e D\ Q.
Then

o) = [ W= |

(e, y)o(y) dy + / U, y)o(y) dy
Q

D\Q

= /s U(xz,y)v(y) dy = (Lv)(x) for each x € R".

o~

This implies

(Lv)(z) = (L*v)(z) for each z € D.
This, together with L*v € C(D), implies Lv € C(D). O
Lemma 2.6 ([I5, Lemma 2.4]). Let p € (n/2,00] and g € L (). Then

lim / |W(z,y) — U(r,y)|9(y)dy =0 for each T € Q.
Q

T—T

Lemma 2.7. Let p € (n/2,00] and g € L% (). Then the operator Ly defined by

Lyo(@) = [ WG g)aw)otw) dy (2:6)
is a compact linear operator from C(2) to C(Q).
Proof. (i) By Lemma (3), for each z € 2, we have

L)l < [ o alolowlds < ([ 12l dn) ol oo <

By a proof similar to that of [B, Lemma 2.1] and applying Lemma Ly maps
C(Q2) to C(£2) and is compact. O

Note that the linear operator L, in Lemma is different from [I5, Theorem
2.4], where the kernel is |¥(z, y)]|.
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3. SOLUTIONS OF LAPLACE’S EQUATION

In this section, we study solutions of the Laplace’s equation
Au(z) =0 for each z € B,. (3.1)

A function u : B, — R is said to be a (classical) solution of (3.1)) if u € C(B,)N

C?%*(B,) and u satisfies (3.1)). B
If Q is a bounded open subset in R™ and 2 C B, then a solution of (3.1)) is a
solution of the Laplace’s equation

Au(x) =0 for x € Q. (3.2)

Recall that a function u :  — R is said to be a harmonic function in Q if u € C?(£2)

and u satisfies Au(x) = 0 for = € €, see [3| p.20] or [4, p.13]. Hence, every solution
of (3.2)) is a harmonic function in €.

It is well known that ¥(-,0) is a harmonic function in R™ \ {0}, see [3 p.21-22],

[, p.17], and [I5] Lemma 2.1 (P3)]. At the end of this section, we shall provide
other harmonic functions via a Hammerstein integral operator.

Notation. For each § > 0, let
ys = Bly| 2y fory € R\ {0}, (33)
D5 = D1 U (Da9)s, (3.4)
where Dy = {(z,0) € R" x R" : z € R"} and
(D2)s = {(@,5) € R x (R"\ {0}) : y € R™\ {0} and & # ys },
(Do)s = {(z,2) : x € Bs}, (3.5)
r=max{|z|:2 € Q}, §>r, pclsd*/r). (3.6)

For z,y € R™, we denote by (Zs)1(z) and (Zs)2(y) the cross sections of Zs at x
and y, respectively. Then

(Dsh(z) ={y €R" : (x,9) € D5}, (Zs)2(y) ={x €R" : (x,9) € Z5}.  (3.7)
Lemma 3.1. Both (Zs)1(x) and (Zs5)2(y) are open subsets in R™ for x,y € R™.
Proof. 1t is easy to verify that for each x € R™,

(@5)2(0) = 0} Uy € B\ (0) s # 7). 59
(re ity —0ecR",
i = {Rn V) iy R {0) .

It follows from that (Z5)1(0) = R™ and
R™\ (Zs)1(x) ={y € R*"\ {0} : ys =z} for x € R™\ {0}.

It is easy to verify that the set on the right-hand side of the above equation is a
closed set in R™. Hence, (%s)1(x) is open in R™ for each € R™. By (3.9), it is

obvious that (Zs)2(y) is open in R™ for each y € R™. O
Let z € R". For each i € I, := {1,--- ,n}, we write
T = (xla oy Li—15 Ty Tt 1500t 717”) = (zia‘f’i)a
where #; = (z1, -+ ,%i—1,Tit1, "+ ,&n). For (z,y) € R®" x R™ and i € I,,, we write

(xay) = (xzvfwy) = (x7ylagz)
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We denote by Zs(2;,y) and Ds(x,y;) the cross sections of Zs at (£;,y) and (z,J;),
respectively. By Lemma we see that the cross sections %5 (&, y) and Zs(x, y;)
are open in R. These open cross sections will be implicitly used in some partial
derivatives such as in the proof of Theorem [3.8

The following result provides some useful subsets of Z;.

Proposition 3.2. (1) If § > r, then (Bs2;, x Q) U (Bsz;, X Q) C 5.
(2) If 6 > 0, then (Bs x Bs) \ (Dg)s C Ds.
Proof. (1) Let 6 > r and (z,y) € Bé2/r x Q. If y =0, then
(z,y) = (z,0) € D; C Y.
If y # 0, then |2z| < §2/r and y € Q. Since € is open, we have 0 < |y| < r. Hence,
62191 2y| = %/lyl > 6%/r = |al.

This implies x # §°|y[ 2y = ys. By B.4), (z,y) € (D2)s C Zs.
Let (x,y) € Bsz2/r x Q. If y =0, then (2,y) = (2,0) € Dy C 5. If y # 0, then
|z] < §2/r and 0 < |y| < r. Hence, we have
0%yl ~2y| = 6%/ly| = 6*/r > |a.

This and (3.4), imply (z,y) € (D2)s C Zs.

(2) Let (z,y) € (Bs x Bs) \ (Dg)s. Then |z| < 4§, |yl < dand x #y. Ify =0,
then (z,y) = (z,0) € D1 C 5. If y # 0, then x # ys. In fact, if not, then x = ys.
Since x # y, we have ys # y. Hence, |y| # 6. This, together with |y| < 4, implies
ly| < 6. By # = ys and |y| < d, we have

2| = lys| = 6°/ly| > 62/6 =8 > |,
a contradiction. Hence, (x,y) € (D2)s C Ds. O

Remark 3.3. In the proof of Proposition we see that we need the hypothesis
that (2 is open to prove Bz, x € C Zs, but the inclusion Bsz/,. x 2 C Zs holds
for any bounded subset 2 C R™.

Corollary 3.4. (1) If (3.6) holds, then

QXQCBgXQCBPXQCBgz/TXQC@(s. (3.10)
(2) If § > r, then

(Q2x Q)\ (Do)s C (Bs x )\ (Do)s C (Bs x Bs) \ (Do)s C Ds.
Proof. Since § > r, we have Q C Bs. The results (1) and (2) follow from Proposition
(1) and (2), respectively. O
For each 6 > 0, we define a function 75 : R” x R — R by
_ 2
ns(z,y) = (67 allyl)” — 22 -y + 6% (3.11)
Lemma 3.5. For § > 0, the function ns in (3.11) has the following properties.
(i) ns € C°(R™ x R™).

52 if (z,0) € R x R",
0 2ylPle —ysl*  if (z,y) € R™ x (R™\ {0}).

) n
(iii) ns(z,y) > 0 for each (z,y) € Ds and ns(x,y) =0 for each (x,y) € R™\ .
(iv) ms(w,y) = 072(6% — |2*) (0% — [y[*) + & — y|* for z,y € R™.

(11 5(.%, y) =
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Proof. (i) By (3.11)), we see that ns : R x R™ — R is continuous, and

n

ns(z,y) =62 [i yf} {Z w?] ~2 {Zj: xy} + 462,

i=1

Differentiating both sides of the above equation implies that for each i € I,,,

IMs(z,y) _ —21,12 (92775(96,y) _ o5—21,.(2
el =2l ], g =207
and
Ms(z,y) —21,..12, . ) Pns(x,y) _ 95=2(,.2
9y 2[6 |z |y, xz}, 07 26|z |2

Moreover, all other partial derivatives are 0. It is easy to see that all of the partial
derivatives are continuous on R™ x R™. Hence, the result (i) holds.

(ii) Let « € R™ and y € R™. If y = 0, then by , we have n;5(z,y) = §2. If
y # 0, then by , we have

_ 2
ns(z,y) = (6 Hally)” — 2z -y + 6% =

and the result (ii) holds.
(iii) The result follows from the result (ii).
(iv) Since

(12 = 22 - ys + 36f?) = Lo — s
vs +1ysl*) = 5 le = s

Ivl®
02

o —y* = |2’ =22y + |y|* for z,y €R",

for z,y € R™ we have

na(w.y) = (57 allyl)” + 0% =20y = (57 fellyl)” + 0> + o~y — | — |y

= 572(0% — |2]2) (% — yl?) + o — y?

and the result holds. ]

From Lemma we obtain the following result.
Corollary 3.6. Let § >0 andy € R™. Then (y,y) € Ds if and only if |y| # §.
Proof. Let y € R™. Tt is easy to verify that if y € R™\ {0}, then

y=ys if and only if |y|=0.

Assume that (y,y) € Ds. If y =0, then |y| =0 # 4. If y # 0, then by Lemma
(ii), y # ys. It follows that |y| # §. Conversely, if |y| # §, then y = 0 or y # 0 and

y # ys. It follows from Lemma (ii) that (y,y) € Ds. O
With p > 0 and the function 7s defined in (3.11)), we define a kernel function

(X .@5 - R by
®5(z,y) = L'(Vns(x,y)). (3.12)

By Lemma (iii), ns(x,y) > 0 only when (x,y) € Ps. This, together with (2.3)),
implies that I'(y/ns(z,y)) exists only when (x,y) € 5. Hence, Zs is the natural
domain of ®;.

Remark 3.7. By Corollary if 6 > r, then Q x Q C Z5. By Proposition (1)
with 6 = r and Q = B, and Lemma 3.5 (iv) with § =7, z = y and |z = §, we see
that

B, xB,.CB,xB,C%,, B,xB,{¢ 2,.
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Hence, the natural domain of ®5 contains Q x € if § > r, but the natural domain
of ®, does not contain B, x B,.

Theorem 3.8. For § > 0, the function @5 has the following properties.
(i) ®5: D5 — R is continuous.
(ii) @5(-,y) € C>((Zs)2(y)) for eachy € R™.
(iil) Ax®@s(x,y) =0 for (x,y) € Ds.
Proof. (i) By Lemma[3.5 (i), 75 : R" xR™ — R is continuous. By (2.3, T": (0, 00) —
R is continuous. These, together with Lemma (iii), imply that @5 : 5 — R is
continuous.

(ii) By (2.3), (3.11) and (3.12), we have for (z,y) € s,

I'(6) if y =0,
Ps(x,y) = 2m) (6 yl) — W(x,y5) ify#0, n=2, (3.13)
—(Oly|= "2 (x, y5) if y #0, n> 3.

This, together with Lemma [2.1] (1), implies that the result (ii) holds.
(iii) By (3.13)), we have for each i € I,

0*s(x,y) ’ 020 (2,ys) ?f v=0
oz ) ify#0, n=2,
I R e L
It follows that for (z,y) € s,
0 if y =0,
Ay ®s(x,y) = § — Xiz % ify #0, n=2, (3.14)

~(ly ) R, SRR iy £ 0, n 23,
Note that (z,y) € Zs with y # 0 implies z # ys. By Lemma (2),

N
AU (z,ys) = lzzl 8(5127%) =0 for (z,y) € 5 with y # 0.
This and (3.14) imply A, ®s(z,y) =0 for (z,y) € Ds. O

Corollary 3.9. If holds, then the following assertions hold.
(i) @5 € C=(B, x Q).
(i) Ay®s(x,y) =0 for (z,y) € B, x Q.
Proof. (i) By Corollary we have B, x Q C %5. By Lemma (i) and (iii),
ns € C®(B, x Q). Since I',y € C*(0,00), where y(z) = /= for z € (0,00). It
follows that ®sT'(y(ns)) € C(B, x ).
(ii) Since B, x Q C s, by Theorem [3.§| (ii), the result (ii) holds. O

Let § and p satisfy (3.6). With the kernel ®s given in (3.12)), we study the
Hammerstein integral operator

(Ss,pv)(x) = / s(z,y)v(y)dy for z € B, (3.15)
Q
where v : @ — R is a function.

Theorem 3.10. If (3.6 holds, then the following assertions hold.
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(1) S5, maps L*(Q2) to C>=(B,).
(2) Ss,p: L) = C(B,) is compact.

Proof. (1) By Corollary [3.9] (i), ®5 € C=(B, x Q). This, (3.15), and the Leibniz

integral rule (see [9) Lemma 2.2, p.226]), imply S5 ,v € C*°(B,) for v € L'(Q).
(2) By Corollary (i), @5 : B, x  — R is continuous. The result (2) follows
from [5l Lemma 2.1]. O

Theorem 3.11. If (3.6) holds, then for each v € L*(R2), the function us,, : Bp — R
defined by

us,p(x) = (Ss,pv)(x) = / ®s(z,y)v(y)dy for each x € B,

o
is a solution of .
Proof. By Theorem we have
us,, = S5, € C(B,) N C?*(B,).
By Lemma (i), ®5 € C*(B, x Q). By [9, Lemma 2.2, p.226] and Lemma

(i), we have for each z € B,,

Aug () =A/Q<I>5(w,y)v(y)dy=AAwés(w,y)v(y)dy- (3.16)

By Corollary (ii), we have
A, ®s(z,y) =0 for (z,y) € B, x Q.

This and (3.16]), imply that us , satisfies (3.1). O
As a special case of Theorem [3.11] we give solutions of the Laplace’s equation
(3-2).

Corollary 3.12. For v € L'(Q) and 6 > r, the function us :  — R defined by
us(x) = / ®5(z,y)v(y)dy for each x €
Q

is a solution of (3.2)).

This corollary provides harmonic functions via functions in L!(Q), where Q is
not necessarily a domain. As mentioned in the Introduction, ¥(-,0) is a harmonic
function in R™ \ {0} given in [3] p.21-22], [, p.17], and [15, Lemma 2.1 (P3)].

4. SOLUTIONS TO POISSON’S EQUATION
In this section, we study solutions of the Poisson’s equation
— Au(x) =v(z) for each z € Q, (4.1)
where © is a bounded open subset in R™, n > 2 and v € C*(Q).

Definition 4.1. Let Q C D. A function v : D — R is said to be a (classical)
solution of [@&.1) if u € C*(Q) N C(Q) and u satisfies (4.1). A solution u of [{@.1) is
said to be nonnegative if v € P, where P is the cone in C(2) defined by

P={ueC(Q) :u(x) >0 forxec}. (4.2)
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A classical result [4, Lemma 4.2 | shows that if © is a bounded connected open
in R” and v € C#(Q2), then Lv is a solution of . This result was generalized
to the case that Q is a bounded open subset in R™ in [15, Theorem 2.3 (2)]. In
the following, we provide other solutions involving an integral operator with the
Green’s function in bounded open subsets in R™. We show that some of solutions
u of satisfy the Dirichlet boundary condition

u(z) =0 for z € OBs, (4.3)

where § is the same as in (3.6]).
For each ¢ > 0, we define a function ks : Z5 \ {(z,z) : © € R"} — R by
k(;(xvy) = \I/(xvy)+(b5(x7y)7 (44)

where ¥ and ®; are the same as in and . If Q is a domain (a connected
open subset in R"), then following [ p.19], ks : @ x Q\ {(z,2) : z € R"} - R
is called the (Dirichlet) Green’s function for Q. When = Bs, the expression of
the Green’s function ks is given and studied in [4, (2.23), p.19], where G(z,y) =
—ks(x,y). In the following, we study the Green’s function ks in for a general
bounded open subset 2 in R™.
Lemma 4.2. The Green’s function ks in has the following properties.
(i) ks: D5\ {(z,z) : x € R"} = R is continuous.
(ii) If 6 > r, then the following assertions hold.
(ii.1) ks(z,y) >0 for (z,y) € Bs x Bs \ (Do)s-
(ii.2) ké(l’,y) >0 for (x,y) € Bs % Bgi\ (DO)Q
(ii.3) Ic(;(x,y) =0 for (:v,y) € (835 X B(;) U (35 X 835) \ (Do)g,

Proof. (i) By (2.2)), ¥ is continuous at (z,y) € R™ x R™ with = # y. By Theorem
(i), @5 : Zs — R is continuous. The result follows.
(ii.1) Let (x,y) € Bs x Bs with  # y. Then |z| < § and |y| < 4. By Lemma

(ii), we have
ns(a,y) > e =yl Vns(z,y) > |z —yl.

Because I is increasing on (0, 00), we have
ks(z,y) =T(vns(z,y)) —T(lz —yl) = 0.
(ii.2) Let (z,y) € Bs x Bs with = # y. By Lemma [3.5] (iv), we have
776(1'72/)>|37_y‘27 v’l]g(l’,y)>‘l'—y|.
Because I is increasing on (0, 00), we have

ks(z,y) =T(v/ns(z,y)) = T(lz — y|) > 0.
(ii.3) Let (x,y) € (0Bs x Bs) U (Bs x 0B;) with z # y. By Lemma (i), we
have ns(x,y) = |z — y|> and \/ns(x,y) = |z — y|. Hence,

ks(z,y) = T(v/ns(z,y)) = T(lz —y|) =0
and the result holds. O

With (3.6)), we define an integral operator Ls , by

(Ls,pv)(x) = (Lv)(z) + (S5,,v)(x) = /Q ks(z,y)v(y)dy for x € B,,. (4.5)
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Theorem 4.3. Assume that (3.6) holds. Then the operator Ls, in (4.5) has the
following properties.

(1) If p € (n/2,00], then Ls, maps LP(SY) into C(B,). Moreover, for each
v e LP(Q), (Lssv)(z) =0 for x € 0Bs.

(2) If p € (n, 0], then Ls, maps LP(2) to C*(B,).

(3) Ls, maps C*(Q) into C%(2).

Proof. (1) Since p € (n/27oo] then by Theorem L maps LP(Q) into C(R").
Since 6 > r and p € [0,6%/r), by Theorem (1), Ss,, maps L'(Q) to C>(B,).

It follows from (4.5)) that L ,v € C*(B,) for v € LP(Q). By Lemma (3),
ks(z,y) =0 for (z,y) € (0Bs x Bs) \ (Do)s-
Hence, by (4.5) with p = ¢, for each v € LP(§)) we have

(Ls,sv)( /kgmy y)dy =0 for each = € Bs.

(2) Since p € (n, 00|, by Lemma 2.3 (2), L maps LP(Q2) to C*(R"). By (@5),
Ls,v e CYB )forvGLp(Q)

(3) By Lemma. , L maps C*(Q) into C?(2). By Theorem (1), Ss,p
maps L' () to C*°(B,). Smce Q C By, by [LH), Ls v € C?(Q) for v e CH(Q). O

Theorem 4.4. Assume that (3.6 holds. Then the following assertions hold.

(i) If v € C*(Q), then Ls,v is a solution of (4.1). Moreover, Lssv is a
solution of (4.1) subject to (4.3).

(ii) Ifve PNCH(Q), then Ls v is a nonnegative solution of (4.1). Moreover,
Ls sv is a nonnegative solution of (4.1) subject to (4.3).

Proof. (i) By Theorem. and (3), Ls,v € C2(Q)NC(Q) for v € CH(Q). Since
§ >rand p € [§,0%/r), by Theoremm we have for v € C*(Q),

A(Ss5,v)(z) =0 for each = € B,,.
By Lemma (4),
—A(Lv)(z) =v(x) for each z € Q.
Hence, we have for each = € €,
—A(Ls pv)(2) = —A(Lv)(2) — A(S5,0v)(2) = v(z)

and Ls ,v is a solution of (4.1]). By the last result of Theorem (1), the solution

Lssv of (4.1) satisfies (4.3)).
(ii) By Lemma (1), we have

ks(x,y) >0 for (z,y) € Bs x Bs \ (Dy)s-

Since v € P, it follows that Ls,v(xz) > 0 for x € Q. The last result follows from
the last result of Theorem (1). O

Theorem gives solutions (Lv) + (S5 ,v) of (4.1) which are different from those
Lv obtained in [4, Lemma 4.2 | and [I5] Theorem 2.3 (2)].
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5. EIGENVALUES OF LAPLACE’S EQUATIONS
We study the eigenvalue problem of the Laplace’s equation
— Au(x) = pg(z)u(z) for z € Q, (5.1)

where € is a bounded open subset in R”, n > 2 and ¢ : Q — R is a function.

The eigenvalue problem is to determine that under what conditions on g, there
exist 4 > 0 and u € P\ {0} such that holds, where P is the same as in (£.2)).

If n >3, pe (n/2,00] and g € LY (), the eigenvalue problem can be solved by
[15, Theorem 2.4], with the well known Krein-Rutman theorem, where the operator
Ly in is used. However, the method cannot be applied for n = 2 because the
Newtonian potential kernel ¥ in changes sign.

In the following, we study the eigenvalue problem using the linear Ham-
merstein integral operator

(L) () = /Q ks(z, w)g(w)o(y) dy for z € Q. (5.2)

Proposition 5.1. Let n > 2, p € (n/2,00|, g € L () and § > r. Then the linear
integral operator £, defined by (5.2) is a compact operator from C(Q) to C(Q)
satisfying £, (P) C P.

Proof. (i) Sincen > 2,p € (n/2,00] and g € L% (Q), by Lemma L, is a compact
operator from C(Q) to C(2). We define an operator (S5,), by

ith p =4, S5, : L'(Q) — C(B;) is compact. It
(Q) — C(Q) is compact. It is obvious that the

Since § > r, by Theorem [3.10| (2

follows from Q C B that 55 P
map T defined by

(Ss.p)gv / Yo(y)dy for o € Q. (5.3)
) w
: Lt

(Tw)(x) = g(x)v(z)
is continuous from C(2) to L*(Q). Hence, (Ss,), = Ss,,T is compact from C(Q) to
C(f2). Noting that £, = Ly + (Ss,,)4, We see that %, : C(Q) — C(R) is compact.
By Corollary (2) and Lemma (1), we have

(QxQ)\ (Do)s C (Bs x Bs)\ (Do)s, ks(x,y) >0 for (z,y) € Bs x Bs\ (Do)s.
This implies
ks(x,y) >0 for (33 y) € (QxQ)\ (Do)s. (5.4)
Since g € L% (), it follows from and (5.4) that
.,qu(x) >0 forveP z€Q,
and Zyv € P for v € P. O

The following Krein-Rutman theorem can be found in [I0].

Lemma 5.2. Assume that P is a total cone in a real Banach space X and L :
X — X is a compact linear operator such that L(P) C P and r(L) > 0. Then there
exists an eigenvector u € P\ {0} such that r(L)u = Lu.

It is well known that the cone P defined in (4.2) is a total cone in C(Q).
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Theorem 5.3. Letn >2, p € (n/2,0q], g € LY (Q) and 6 > r. Assume that there
exists a measurable set Qg C ) with meas(Qy) > 0 such that

vi= inf{/Q ks(z,y)g(y)dy : x € Qo} > 0. (5.5)

Then the following assertions hold.

(i) 7(Zy) > 0, where r(Zy) = limy, 00 7/ |1-L5"]| is the spectral radius of £,

(ii) There exists an eigenvector v € P\ {0} such that

1
()
where P is the same as in (4.2)).

Proof. (i) The proof is similar to that of [15, Theorem 2.4]. Let u(z) =1 for z € Q.
Then

(Zyu)(@) = /Qka(:v,y)g(y)U(y) dy > /Q ks(x,y)g(y) dy =~ for z € Qo.

0

Since Lyu € P, for x € Qp we have

— Au(z) =

g(@)u(x) for x € 9, (5.6)

Lru(x) = [ ks(z,y)g(W)[Lou) dy > | ks(x,y)g(y)[Lyuly)] dy > ~*.

9
Q Qo
Repeating the process implies £ u(x) > ™ and r(Z;) > 7.
(ii) It is well known that P is a total cone in C(Q). The result follows from
Lemma [5.2] Proposition and the result (7). O

Theorem is different from [I5, Theorem 2.4], where ks is replaced by |¥|.
The conditio depends on Green’s function ks. In the following, we provide a
sufficient condition for with n > 3 to hold, which is independent of ks and is
easily verified. To do that, we first prove the following result.

Lemma 5.4. Letn>2 and 0 < 0 < 6 < oo. Then the following assertions hold.

(i) ®5(z,y) =T (0762 - 02) for (z,y) € By x B,.
(ii) If n > 3, then

ks(z,y) > T (6 \/5272) for (z,y) € By X B, \ (Do)s-
(i) If n =2, then
52(62 — 02)
[z =yl
Proof. By Lemma (iv), for =,y € B, we have
n6(w,y) = 672(6% — [a]*) (8% = |y[*) + |z — yI?
> 0726 = 0%)(6° = 0°) + |z —yf (5.7)
=6"2%(8% - 02)2 + |z —y|2.

ks(z,y) > %ln{l + ] for (z,y) € B, x B, \ (Do)s-

(i) By (5.7)), we have
ns(z,y) > 6 %(6° —0?) for (z,y) € B, x B,.

Since I is increasing on (0, c0), we have

®s5(z,y) =T(Vns(z,y)) > T(67'V/82 —02) for ( € B, x B,.
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(ii) Since n > 3, by (2.2) we have

1 1 _ _
N = > f Bs x B Dy)s-
(iC,y) n(n — 2)wn |$ — y|n_2 >0 or (.’IJ, y) € Ds X Ds \ ( 0)5

This, (4.4) and the result (i), imply
k(s((E,y) > (1)5($,y) > F(6_1 V 62 — 02) for T,y € Ba X B(r \ (D())6~
(iii) Since n =2, by (2.2)) and (4.4), for (z,y) € D5 \ (Do)s, we have

1 1
ks(@,y) = W(z,y) + Ps(w,y) = ——In |z —y| + %MF( ns(z,y))

1
1 m(y)
dm o —y)?

1
= - [mns(@,y) = nfo —yf?] =

This and (5.7)), imply that

2
1, ns(z,y) 1. 672002 —0?)" +]z—yl?
k =1 > —1
)= g e 2 g |z —yl|?
1 672(6% — 02)2 L
> — b ,
> = m{l R P } for (z,y) € By x By \ (Do)s
and result (iii) holds. O

Corollary 5.5. Letn >3, p € (n/2,00] and g € L% (Q) with [, g(y)dy > 0. Then
r(%,) > 0 and there exists an eigenvector u € P\ {0} such that (5.6]) holds.

Proof. Let r < § and o € [r,§). By Lemmal5.4] (ii), we have

ks(z,y) > T(67'/82 — 02) for (z,y) € By x By \ (Do)s.

Since o > r, we have Q C B, C B,. Hence,

/Qk:(;(x,y)g(y) dy > I‘(&_l\/ 62 — 02) / g(y)dy >0 for x € Q.

Q

This implies

yzinf{/gk‘(;(x,y)g(y)dy:xGQ} 2F(6_1\/62—02)/g(y)dy>0.

Q
The results follow from Theorem (ii). O

By Leﬁmmaﬁ (iii), we see that when n = 2, ks has no positive lower bound on
the set B, x B, \ (Dp)s since |x —y|? may tend to zero on B, x B, \ (Dg)s. Hence,
it is not clear whether Corollary [5.5] holds when n = 2.
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