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MULTIPLICITY OF SYMMETRIC SOLUTIONS FOR A
NONLINEAR EIGENVALUE PROBLEM IN R”

DANIELA VISETTI

ABSTRACT. In this paper, we study the nonlinear eigenvalue field equation
—Au+ V(|z|)u + e(—Apu + W' (u)) = pu

where u is a function from R" to R**! with n > 3, ¢ is a positive parameter
and p > n. We find a multiplicity of solutions, symmetric with respect to an
action of the orthogonal group O(n): For any ¢ € Z we prove the existence of
finitely many pairs (u, i) solutions for € sufficiently small, where u is symmetric
and has topological charge ¢. The multiplicity of our solutions can be as large
as desired, provided that the singular point of W and e are chosen accordingly.

1. INTRODUCTION

In this paper, we find infinitely many solutions of the nonlinear eigenvalue field

equation

—Au+V(jz)u+e(=Apu+ W' (u)) = pu, (1.1)
where u is a function from R” to R™t! with n > 3, € is a positive parameter and
p € N with p > n.

The choice of the nonlinear operator —A, + W is very important. The presence
of the p-Laplacian comes from a conjecture by Derrick (see [14]). He was looking for
a model for elementary particles, which extended the features of the sine-Gordon
equation in higher dimension; he showed that equation

—Au+ W' (u) =0

has no nontrivial stable localized solutions for any W € C' on R™ with n > 2.
He proposed then to consider a higher power of the derivatives in the Lagrangian
function and this has been done for the first time in [6]. So the p-Laplacian is
responsible for the existence of nontrivial solutions. As concerns W', it denotes
the gradient of a function W, which is singular in a point: this fact constitutes a
sort of topological constraint and permits to characterize the solutions of by
a topological invariant, called topological charge (see [6]).
The free problem
—Au —eAgu+ W' (u) =0
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has been studied in [6], while the concentration of the solutions has been considered
in [I]. In [7] and [8] the authors have studied problem respectively in a bounded
domain and in R™. In [3] the authors have proved the existence of infinitely many
solutions of the free problem, which are symmetric with respect to the action of the
orthogonal group O(n).

In this paper, we find a multiplicity of solutions, symmetric with respect to
the action considered in [3], of problem in R™: For any ¢ € Z we prove the
existence of finitely many pairs (u, ) solutions of problem for e sufficiently
small, where u is symmetric and has topological charge q. The multiplicity of the
solutions can be as large as one wants, provided that the singular point &, = (&, 0)
(£ € R, 0 € R™) of W and ¢ are chosen accordingly.

The basic idea is to consider problem as a perturbation of the linear problem
when € = 0. In terms of the associated energy functionals, one passes from the
non-symmetric functional J. (defined in ) to the symmetric functional Jj.
Non-symmetric perturbations of a symmetric problem, in order to preserve critical
values, have been studied by several authors. We recall only [2], which seems to be
the first work on the subject, and the papers [10] and [I1].

In fact, the existence result is a result of preservation for the functional J,
of some critical values of the functional Jy, constrained on the unitary sphere of
L?(R"™, R™H1).

Since the topological charge divides the domain A of the energy functional J. into
connected components A, with ¢ € Z, the solutions are found in each connected
component and in two different ways: as minima and as min-max critical points
of the energy functional constrained on the unitary sphere of L?(R™ R"*1). More
precisely we can state:

Given q € Z, for any & = (£,0) (with & > 0 and 0 € R™) and for any € > 0,
there exist py(e) and uy(g) respectively eigenvalue and eigenfunction of the problem
(1.1), such that the topological charge of uy(e) is q.

Moreover, given q € Z\ {0} and k € N, we consider £ = (&y,0) with & large
enough and 0 € R™. Let \; be the eigenvalues of the linear problem with € = 0.
Then for € sufficiently small and for any j < k with X\j_1 < Aj, there exist p;(e)
and u;(g) respectively eigenvalue and eigenfunction of the problem , such that
the topological charge of u;(e) is q.

2. FUNCTIONAL SETTING

Statement of the problem. We consider from now on the field equation
—Au+V(jz)u+e"(—Apu+ W (u) = pu, (2.1)

where u is a function from R™ to R**! with n > 3, € is a positive parameter and
p,r € N with p > n and » > p — n (for technical reasons we prefer to re-scale
the parameter €). The function V is real and we denote with W’ the gradient of
a function W : R"™1\ {&,} — R, where & is a point of R"*1, different from the
origin, which for simplicity we choose on the first component:

& = (£,0), (2.2)

with & € R, £y > 0 and 0 € R".
Throughout the paper, we assume the following hypotheses on the function V :
[0,400) — R:



EJDE-2005/05 MULTIPLICITY OF SYMMETRIC SOLUTIONS 3

(V1) TETOOV(T) = 400
)

(V2) V(|z|)e~l*l € LP(R™,R)
(V3) essinf,cpo,400) V(r) >0
The assumptions on the function W : R"*1\ {£,} — R are as follows:
(W1) W e CHR™ N\ {¢,},R)
(W2) W(€&) >0 for all ¢ € R*TH\ {&} and W(0) =0
(W3) There exist two constants ¢1, ca > 0 such that

EER™ 0< ¢ <cp = W(&+€) > 0=

(W4) There exist two constants ¢z, ¢4 > 0 such that
EER™L 0<E] <z = [W'(§)] < culé].

(W5) Forall &€ € R\ {&,}, € = (£1,€) with €' € R, € € R” and for all g € O(n),
there holds 5 B
(g, g&) =W(E' ).
The space E. We define the following functional spaces:
I'(R™,R) is the completion of C§°(R™, R) with respect to the norm

1217 @ gy :/]R V(2] [2(2)[* + [V2(2)*]do (2.3)
['(R™,R"*1) is the completion of C§°(R™, R"*!) with respect to the norm
o gorsny = [ [Vl fule)? + V(e e (2.4
For s > 1, we set
n+1 .
IValle = [ [Vul'ds = 3190 (25)
" i=1
with u = (u!,u?, ... u"t!).
The spaces I'(R™,R) and T'(R", R"*!) are Hilbert spaces, with scalar products
(Zl, ZQ)F(RW.JR) = / [V(\x|) 2129 + V21 . VZQ] dzx s (26)
R'VL
(u1, u2)pRe Rot1) = / V(Jz]) w1 - ug + Vug - Vug| dz. (2.7
RTI,

We recall a compact embedding theorem (see for example [4]) into L2

Theorem 2.1. The embedding of the space T'(R™,R) into the space L?(R",R) is
compact.

We define the Banach space E as the completion of the space C§°(R™, R"*1)
with respect to the norm

ulle = llullp@n mo+1y + | Vul Lo - (2.8)

The space F satisfies some useful properties which are listed in the next proposition.
They follow from Sobolev embedding theorem and from [3, Proposition 8].

Proposition 2.2. The Banach space E has the following properties:
(1) It is continuously embedded into L*(R™,R"T1) for 2 < s < +o0;
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(2) It is continuously embedded into WP (R™ R"*1);
(3) There exist two constants Cy, C1 > 0 such that for every u € E
[ul| Lo rn mr+1) < Collulle
u(z) — u(y)| < Cilz — y|' 7 [ullwrr@n g ;
(4) If u € E then lim),| o u(x) = 0.

The energy functional J.. In the space F, by Proposition [2.2] it is possible to
consider the open subset

A={ue E: & &ulR™)}. (2.9)
On A we consider the functional
1 1 r
Je(u) = / [§|Vu|2 + §V(|x\)|u\2 + %\Vu|p + €W (u)] dz, (2.10)
]R'n.

which is the energy functional associated to the problem (2.1)).
It is easy to verify the following lemma (see Lemma 2.3 of [g]).

Lemma 2.3. The functional J. is of class C' on the open set A of E.

The topological charge. On the open set A a topological invariant can be defined.
Let ¥ be the sphere of center &, and radius & in R”*!. Let P be the projection of
R\ {£,} onto X

£ — &
PE) =€, + . 2.11
Definition 2.4. For any u € A, u = (u!,...,u""!) the open and bounded set

K, ={z eR":u'(z) > &)}
is called support of u. Then the topological charge of u is the number
ch(u) = deg(P o u, Ky, 2¢,) .

To use some properties of the topological charge, we need to recall the following
result, whose proof can be found in [6].

Proposition 2.5. If a sequence {u;,} C A converges to u € A uniformly on A C
R™, then also P o u,, converges to P ou uniformly on A.

This proposition permits to prove the continuity of the charge with respect to
the uniform convergence:

Theorem 2.6. For every u € A there exists r = r(u) > 0 such that, for every
veEA
||U — u||Loo(Rn7Rn+1) S r = Ch(v) = Ch(u) .

The connected components of A. The topological charge divides the open set
A into the following sets, each of them associated to an integer number ¢ € Z:

Ay={ueA:ch(u)=q}. (2.12)

By Theorem [2.6] we can conclude that the sets A, are open in E. Moreover it is
easy to see that
A={JAg, ApnA=0ifp#g
qEZ
and each A, is a connected component of A.
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3. SYMMETRY AND COMPACTNESS PROPERTIES

Action of O(n). We consider the following action of the orthogonal group O(n)
on the space of the continuous functions C'(R", R"+1):

T: O(n)x C(R*,R**1) — C(R",R™)

(g’ U’) [— Tgu (31)
where
Tyu(z) = (u'(g2), g~ a(gx)) (3.2)
with
u(z) = (u' (z),a(z)) = (u' (2),v*(@), ..., " (2)). (3.3)

In particular O(n) acts on the space F and so one can prove the following result.

Lemma 3.1. The open subset A C E and the energy functional J. are invariant
with respect to the action .
Remark 3.2. More precisely every connected component A, of A is invariant with
respect to the action (3.113.3)) of the orthogonal group O(n). Moreover for any
u € E and for any g € O(n)
[Toulle = [lulle -
Let F' denote the subspace of the fixed points with respect to the action (3.143.3)
of O(n) on E:
F={ueE:VYgeOn)Tyu=u}. (3.4)
Remark 3.3. The set F' is a closed subspace.
The set
A =ANF
is a natural constraint for the energy functional J.. In fact, if u € AF is a critical
point for Je|, ., it is a global critical point (see [3]):
Lemma 3.4. For every u € A and v € E, we have

J(u)(v) = Ji(u)(Pv)

€

being P the projection of E onto F.
We denote by Ag the subset of the invariant functions of topological charge ¢:
F
Ay =ANF.
Results of compactness. Next proposition provides a compact embedding for

the subspace of the invariant functions of E into L®(R™, R"+1):

Proposition 3.5. The space F' equipped with the norm ||-||g is compactly embedded
into L*(R™,R" ) for every s € [2, 2.

The proof is a consequence of [3, Proposition 4] and of Theorem [2.1

We set

S={ucE:||lullp2mnrnt1y = 1}. (3.5)

To get some critical points of the functional J. on the C? manifold AN .S we use
the following version of Palais-Smale condition. For J. € C1(A,R), the norm of the
derivative at u € S of the restriction J. = Je|png is defined by

7! I v R,
[ Je(w)ll = min || J¢(w) — tg' (u)]

E*
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where g : E — R is the function defined by g(u) = [, [u(z)*dz.

Definition 3.6. The functional J, is said to satisfy the Palais-Smale condition in
ceRonANS (on A;NS, for g € Z) if, for any sequence {u; }ieny € ANS ({u;}ien C
A, N S) such that J(u;) — ¢ and ||J/(u;)||« — 0, there exists a subsequence which
converges tou € ANS (u € AgNS).

To obtain the Palais-Smale condition, we need a few technical lemmas (see [8]

and [@]).
Lemma 3.7. Let {u;}ien be a sequence in A, (with ¢ € Z) such that the sequence
{Je(ui) bien is bounded. We consider the open bounded sets

Z;={z e R" : Ju;(z)| > e3}. (3.6)
Then the set U;enZ; C R™ is bounded.

Lemma 3.8. Let {u;}ien C A be a sequence weakly converging to u and such that
{Je(u;) }ien C R is bounded, then u € A.

Lemma 3.9. For any a > 0, there exists d > 0 such that for every u € A

J(u)<a = iean" |u(z) — &| > d.

Now it is possible to prove (see [8]) that the functional .J. satisfies the Palais-
Smale condition on AN S for any ¢ € R and 0 < € < 1. As a consequence the
following proposition holds:

Proposition 3.10. The functional J. satisfies the Palais-Smale condition on A¥'NS
(onAqFﬂSforqEZ)foranyceR and 0 < e <1.

Proof. Given a Palais-Smale sequence {uy, }men for J. on AFNS € ANS, it strongly
converges to a function u € AN S by Proposition 2.1 of [8]. As the subspace F is
closed (see Remark [3.3), u € AY. O

4. EIGENVALUES OF THE SCHRODINGER OPERATOR

Existence of the eigenvalues. We define the following subspace of invariant
functions with respect to the action of O(n) (see (3.143.3)):

Lr(R™,R*") = {u e T(R™",R") : Vg € O(n) Tyu = u} . (4.1)

By Proposition the identical embedding of I'r(R™, R"*1) into L2(R", R"*1)
is continuous and compact. Then there exists a monotone increasing sequence
{Am }men of eigenvalues

m—00

0<A <A< <Ay ™5 oo
with

PV Hv”%‘F(Rn,Rn«Fl)
m= - 7

b

1 max 3
Ep €Em VEEm, v£0 ”vHL2(R",R"+1)

where &, is the family of all m-dimensional subspaces E,, of I'r(R™, R**1). Also
there exists a sequence {@m, }men C I'p(R™, R"1) of eigenfunctions, orthonormal
in L2(R™, R™"*1), such that

(P V)T g (Rr &7 41) = A (O V) 2 (e g1y, Vo € Tp(R™,R™), ¥m e N.
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Regularity of the eigenfunctions. The eigenfunctions ¢,, have been found in
the space I'r(R"™, R"*1). Nevertheless they possess some more regularity properties,
as it can be shown using the following theorem:

Theorem 4.1. If V(z) — +oc as |z| — oo, then for any z € H(R™,R) such that
—Az+V(z)z = Az
the following estimate holds:
|2(2)] < Cueak (42)
where a > 0 is arbitrary and C, > 0 depends on a.
For the proof of this theorem, see [9, p. 169].

Proposition 4.2. The eigenfunctions @, € I'r(R™,R"*1) of the Schridinger op-
erator —A 4+ V(|z|) belong to the Banach space E.

Proof. We prove the result for the real-valued eigenfunctions e,, so that the state-
ment of the proposition follows immediately. By the regularity result of Agmon-
Douglis-Nirenberg, if z € T'p(R™,R) is such that —Az — Az = —=Vz and if Vz €
L?(R™,R) N LP(R™, R), then z € W2P(R" R).

So we only have to verify that Vz € L*(R",R) N L?(R",R). By Theorem
and (Vg) we get

p

< 400
L»(R™,R)

Moreover, if R > 0 is such that for x € R™ \ Bg» (0, R) V(|z|) > 1, we have
JRCEIRE

<c( [ WaPerHlas+ [ V() Pe?lelde) < +oo.
Bgn (0,R) R™\ Bgn (0,R)

O

/“ [V (|z[)z(z)[Pdz < C HV(|$|)6_|9”|

Useful properties. We give here another variational characterization of the eigen-
values (see for example [I3] and [I6]) and we introduce the subspaces spanned by
the eigenfunctions.

Definition 4.3. For m € N we consider the following subspaces of I'p(R™, R"*1):
F,, =span[p1,...,0m], (4.3)
Fi={ueTp®R"R"™): (u,¢;)2(mn gnt1y = 0 for 1 <i <m}. (4.4)

Lemma 4.4. The following properties hold:

~ . ||u||12"F(]Rn7Rn+l)
Am = min — (4.5)
u€lp (R™ R7HD), ur0 ”uH%?(R" Rn+1)
(w,23i) L2 (gn gn+1y=0 ’
Vi=1,...,m—1

and ~
((pi, (pj)l“F(Rn‘]RTH»l) = Aiéij Vi,j € N. (4.6)
Moreover,

HUH%F(RnJRn+1)

UEFm,U#O g 5\1< Sj\ma (47)

||u||%2(Rn7Rn+l)
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||u||12_‘F(R1L7R7L+1) ~

ueEF: ut0 = > A1 - (4.8)

||UH%2(RTL7R1L+1)

5. MIN-MAX VALUES

The functions ®¢. We introduce here a particular class of functions in F, which
are invariant with respect to the action of the orthogonal group O(n). Let us
consider the functions ¢ : R — R"*! defined in the following way (see [12]):

w1 (lz)) ) for x #£ 0
p(x) = Rl (5.1)
1(0) forx =0
0

where ¢; : [0,4+00) — R for ¢ = 1,2. In fact for any g € O(n) and x € R”
Typ(x) = ().

By Proposition the set F), defined in (4.3) is a subset of E. Then, for any
m € N, let S(m) denote the m-dimensional sphere:

S(m) =FNS, (52)

where S has been defined in (3.5).
Fixed an integer k£ € N, we introduce the number

Mk = Ssup HUHLOQ(Rn’Rn#»l) . (53)
ueS(k)

Then we choose the first coordinate &y of the point &, = (£y,0) in such a way that
€0 > 2M,, . (5.4)
We can now introduce for any ¢ € Z \ {0} the functions ®¢ : R — R"*1 of type

B-D):

(I)q
IR
I AL TR
Pl(x) = 1 (0) (5.5)
a1 for x =
0
where
9 (|a]) = 2¢p[cos(m|z|) +1] for Ry < |z| < Ry
al o for 0 <|z| < Ry or |z| > Ry (5.6)
o7 ) (|z]) = alz|e” " sin(£r|z|)
with
(i) a>0

(ii) The sign in the argument of the sine in ®7 , is equal to the sign of g,
(iii) R is a constant depending on the parity of ¢:

0 if g is odd,

1 if g is even,

R = Ri(q) = {
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(iv) Rg is a positive constant depending on ¢:

if ¢ is odd,
Ry = Ra(q) = 419 if g i
lg| +1 if ¢ is even.

Next lemma computes the topological charge of the functions just defined (see
31)-

Lemma 5.1. For any q € Z \ {0}, the functions ®! defined in (5.5), (5.6), with
the hypotheses (i)-(iv), belong to E and have topological charge

ch (®7) =
Proof. The functions ®¢ belong to the space E. If we consider the components
filat,2? o at) = @f 1(\ml)
filat,a®, o a") = @ 5l I)
where 2 < i < n+ 1, we have
Ve fil? = 18, (2]

|52
Vo fil* <C <‘I>Z,2'(|33)|2 + Fl'#

and consequently

TilIIVfZIILz R™ R™) <C/ <|‘I’ () + | , "(r )|2+|<I>gi2(7")|2> rtdr
< 400

%HVLHL,,(R” Ry < C/ (|<I> )P+ o, (r ”HW) P21 gp
< 400

Moreover the following inequalities hold:

| v IME:M )2da

R>
<c WM@vaw4m+/'WMMﬁamm%w
R4 R™
<O+ |V(z))e ™| po@n mylla®[zPe V| agn gy < +o0,

where ¢ = 1%.
The functions ®¢ belong to the space A. In fact, if ® ,(|z]) = 0, then [z| €
NU {0} and hence ®{ ,(|z|) € {0,4}, so that ®I(R") % .
The functions ®¢ have topological charge g. Let P be the projection introduced

in (2.11)) of R™*! onto the sphere ¥ of center &, and radius & in R**1; then

®2 , (|z) &0 s
Po®i(z) = wq)“(lz‘)@ioi m@”(m))z )

@7 (2 —0) 2+ (@7 5 (ja)E la]
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If Kgq is the support of ®Z, we can consider on it the local coordinates obtained

by the stereographic projection of the sphere ¥ from the origin onto the plane
I = {&' = 2&}:
p o ¥ — II
2 3 n+1
(€,€%,. ., — 2 (b5 S ).

Then the function ®¢ in the new coordinates becomes

3! (x) = po Podl(x) = ff(lxl)%,
where
<I)q
F2(la]) = a2(l7) 5.7)

@7 1 (lz]) — & + 50\/(¢Z,1(\$|) —&0)? + (2 5(])))?
The topological charge is therefore
ch(®?) = deg (62,[(@3,0) .
Let 6 be a positive parameter, § < % and let i1, io € NU {0}, with
i1=Ry, do=max{i e NU{0}:2i+1<Ry}.
Then the sets
Ki={xeR":2i—6<|z|<2i+d},

for i € NU {0}, i1 < i < g, are disjoint and their union satisfies the inclusion:

2

| Ki € Kas .

=11

Moreover this subset of Kg¢ contains all the zeros of the function ! that is:

io
{$€K¢g :62:0}c U K.
1=11

By the excision and the additive properties of the topological degree we can write

o
deg(@y, Kpg,0) = > deg(Py, K;,0).
i=iy
To conclude we want to prove that
deg (2, 1c,,0) — { Jena) - fori =0,
2sign(q) fori e N.

In fact consider the function

i) = 2O,

where f4(|z|) is defined in (5.7). Since vy coincides with @ on the boundary of
Ky, i.e. for any z € 0K

xT

Da(x) = f(|2))
the degrees of the two functions coincide too, so
deg(®,, Ko, 0) = deg(vo, Ko, 0) = sign(q) .

i
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Finally, for 1 <i < iy, set
Kf={zeR":|2|<2i+0}, K; ={zeR":|z|<2i—5};
then the degrees satisfy
deg (@5, K;,0) = deg (®;, K;",0) — deg (@, K;,0) .
Analogously to the previous argument, we introduce the functions:

(2149 9(2i — 90
o) = I, oy = FHED,

As vii coincides with ®" on the boundary of K * we conclude that
deg (Bo, K;,0) = deg(v;", K;,0) = sign(q),
deg (52,[({,0) =deg(v; , K; ,0) = —sign(q).
This completes the proof. ([
The following corollary is now immediate.
Corollary 5.2. For all ¢ € Z the connected component A(f is not empty.

Lemma 5.3. Fized q € Z \ {0}, there exists a, > 0 such that for every a > a, the
functions ®4 have the following properties:

(1) The distance of ®1 from the point &, is &y, i.e.
A(B3,€) = inf [¥3(x) ~ & =&
(ii) If we expand ®4 of a factor t > 1, t®% € AT and
A(r21,€) = inf [193(x) ~ €] = &.
Proof. (i) We prove that there exists a sufficiently large such that
| (z) — & = &o
for all x € R™. For z € R"™ with 0 < |z| < R; or |z| > Ra, it is immediate that
|8 (2) — & = a®[aPe ™ sin® (nla]) + &5 > &5 -
As for z € R™ with Ry < |z| < Ry there holds:
|94 (x) — & = (2 cos(nla]) + 17 + a®[af*e I sin® (x|])
= (4&] — a®|z|Pe21"1) cos® (m|w]) + 4€3 cos(r|z|) + & + a®|z|?e 21"
Let f, :[0,4+00) — R be the function
fa(r) = (463 — a®r®e™2") cos?(mr) + 4€] cos(mr) + a’rPe™?".
We consider the polynomial
P(y) = Pa(y) = (465 — o) y* + 45y + o*,

where o = a,(r) = are™", on the interval [—1,+1].
Now, if a? = 42, the only zero of P(y) is y = —1 and therefore on [—1,1] P(y)
is nonnegative. On the contrary, if a? # 4£32, the zeros of P(y) are:

262+ (o? —2€2) {—1

Yi2 = 2 D) «
45 — o aZ—4g2
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For a? > 4£2 we have y; = —1 and y2 > 1, so P(y) > 0 on [—1,1]. For 262 < a? <
4¢2, we have yo < —1, so P(y) > 0 and consequently
a*r?e™ > 263 = f.(r) > 0.
If we consider
V26
- R2€7R2
and R; =1 (i.e. ¢ even), there always holds a? > 2£2.

If on the contrary ¢ is odd and so Ry = 0, for a as in (5.8) (a.(r))? < 2£3 for
0 <r < ry, where ry is such that

(@a(r1))® = 263 - (5.9)

We choose a sufficiently large to have 71 < 3: then cos(rr) € (0, 1] for any r € [0,77)
and so

(5.8)

min f,(r) > 0.
'rE[O,rl)f ( )

(#7) For any x € R™ with 0 < |z| < R; or |z| > Ra, it is immediate that
108 () — &I = 20 [af?e 2 sin® () + 6 > € -

On the contrary for z € R™, Ry < |z| < Ry, there holds:

[t®(x) — &, = &2[2t cos(w|z|) + 2t — 1] + t2a®|z|2e~ 2% sin? (n|z])

=1? (45(2) - a2|x|26_2‘”|) cos? (m|x|) + 4t(2t — 1)&2 cos(m|z|)
+&2(2t — 1) + t2a?|z|?e 27l
As before we consider f, : [0,400) — R defined by
fa(r)
=12 (4¢3 — a®r®e™?") cos?(mr) + 4t(2t — 1)&5 cos(nr) + 4t (t — 1)&] + t2a’r?e "
The polynomial P(y) becomes
P(y) = Poly) = t2(463 — o®)y* + 4t(2t — 1)y + 4t(t — 1)&8 +t2a® .

If a2 = 4£3, the only zero of P(y)is y = —1 and so on [—1,1] P(y) is nonnegative.
If a2 # 4€2, the zeros of P(y) are

(2 —4)€3 £ (263 — ta?) {1

Y12 =

3 4(1—1t)E2 —ta?
t4& — o) e
For o2 > 4¢2 we have y; = —1 and y, > 1, then P(y) > 0 in [~1,1]. For

262 < a? < 4€2, there holds 3, < —1, so P(y) > 0 and consequently
a?r?e™? > 262 = fo(r) > 0.

Now, with the choice of a done in (i) and R; =1 (q even), a? > 2£2.
Finally, if Ry =0 and a is as in (i), a? <28 for 0 <r <r; < % (where 71 is as
in (5.9)),

in f,(r)>0.
Tenl}igl)f(ﬂ_

This completes the proof. (I
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Definition 5.4. For any ¢ € Z \ {0} and for @, as in Lemma we define the
function
1 = 7 . (5.10)

Evidently for i = 1,2 we pose (®4); = @gq -

Moreover we introduce the rescaled functions ®¢, with ¢ € Z\ {0} and 0 < e < 1:

B9(z) = B (f) . (5.11)
Remark 5.5. (1) The functions ®¢ belong to AqF.
(2) By definition of ®¢ and by Lemma the image of ®¢ does not intersect
the point &, and the distance of the image from the point is &.
(3) Even if we expand the functions ®¢ (0 < € < 1) of a factor ¢ > 1, their
image is such that they do not meet the point &, and the distance is still
&o. Hence t®7 € Af for all £ > 1 and € € (0, 1].

Remark 5.6. The norms of the functions ®? satisfy the following equalities de-
pending on the parameter e:

1PE][7 2 sy = € [P F2mn g1y » (5.12)
[VeL|7: = " 2|V, (5.13)

1
Ve, = o Ve, . (5.14)

The functions ®¢ own some fundamental properties, which are presented in the
following lemma.

Lemma 5.7. Given g € Z\{0} and k € N, we consider &, = (§o,0) with § > 2M,
where

Mk = Sup Hu||Loo(Rn7Rn+1) s
ueS (k)

and 0 € R™. There exist pq > 0 and €;, with 0 < €, < 1, such that for all0 < e <&,
we have

(1) |92 + pgullL2rn rrt1y < 1 for all u € S(k),

(i) Fei({}f? 97 + pqul[2®n gn+1) > 0,

ql

uweS (k)
®4(z) +
(i) inf | —r@FPuD ) S
Loy 12+ paullL2@n grin) 2
weS (k)
@ + pgu

(iv)

A i k).
87T s, © a1 for all e S(k)

Proof. (i) For any p > 0 and 0 < € < 1 we have
192 + p“||L2(R"hR"“) <e? ||‘I’q||L2(Rn,Rn+1) +p.
Let €, be such that

1 2
€ < | 74— )
a (”@q”LQ(Rn,Rn%—l)) (5.15)
€ <1.

Then there exists p, > 0 such that ||(I)gq | L2 mrt1) + Pg < 1.
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(ii) As [|®Z + pgull L2 ®n mrt1y > Pg — || P2 L2 (@®n rrt1), reducing if necessary €,, we
get ||‘Dg + [Squ||L2(Rn,Rn+1 > 0
(iii) By (ii) of Lemma [5.3| we deduce that for all u € S(k)

. d(x
e€(0,€q] € pq L (Rn,Rn+ )

To get (iii) it is sufficient to prove that, reducing if necessary €, for all e <,

pAqHu”Loo(]Rn’Rn#»l) 50
—— <.
ues(k) 19 + pgull L2 mnt1y 2
‘We observe that

Pallull oo (rn g1 Pg M,
wes(k) 19+ pgull 2n gty = inf [ ®F 4 pou| 2 (mn met1y
ueS(k)
< Mi

1- %H‘I’qHL?(Rn,RnH)
Since M}, < %0, for €, sufficiently small we have (iii).
(iv) follows immediately from (iii). O

The values cg, ;+ Using the properties of the functions ®¢ seen in Lemma it is
possible to introduce the following subsets of A¥' N S:

Definition 5.8. Fixed k € N, ¢ € Z \ {0} and 0 < € < €, where €, is defined in
Lemma [5.7] we set
O+ pgu

M = -
=t 19 + pgull r2(rn mr+1)
with j < k and p, defined in Lemma We pose by convention /\/1370 =0.

cue Sy} (5.16)

Remark 5.9. We outline the following properties of the sets Mg it
(i) ngj,l c M!?

e,j;

(i) MI, CAFNS;

(iii) MY ; is a compact set;

(iv) M{; is a sub-manifold of Af for 0 < e <& (see Lemma [5.7).

Next definition introduces the min-max values cZ i
,

Definition 5.10. Fixed k € N, for all ¢ € Z\ {0}, j < k and 0 < € < €, (¢, is
defined in Lemma , we define the following values:

¢ = inf Je(h(v)), 5.17
€y = uf s (h(v)) (5.17)

€7

where H{ ; are the following sets of continuous transformations:
Hl, = {h : AqF ns — AqF N .S : hcontinuous, h|/‘/‘3171 = idM‘j,j,l} .

We observe that H? ,; C H{ .

Lemma 5.11. Fized k € N, for all g € Z\ {0}, j <k and 0 < € <&, we have
(i) ¢!, €R,

(i) e < ji-
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6. MAIN RESULTS
Minima. We recall now the Deformation Lemma:

Lemma 6.1 (Deformation Lemma). Let J be a C'-functional defined on a C?-
Finsler manifold E. Let c be a regular value for J. We assume that:

(i) J satisfies the Palais-Smale condition in ¢ on M,

(ii) there exists k > 0 such that the sublevel J°T* is complete.
Then there exist 6 > 0 and a deformation n:[0,1] x E — E such that:

(a) n(0,u) =u for allu € E,

(b) n(t,u) =u for allt € [0,1] and u such that |J(u) — c| > 26,

(¢) J(n(t,u)) is non-increasing in t for any u € E,

(d) n(1,JeF0) C Je=o.

To apply Lemma on each connected component Afj , with ¢ € Z \ {0}, inter-
sected with the unitary sphere S we need the completeness of the sub-levels of the
functional J. It is simple to verify next:

Lemma 6.2. For any q € Z, € € (0,1] and ¢ € R, the subset Ag NSNJE of the
Banach space E is complete.

Now we get easily the minimum values of the functional J. on each set A(I; ns:

Theorem 6.3. Given q € Z, for any & = (£,0) with & > 0 and 0 € R™ and for
any € > 0, there exists a minimum for the functional J. on the subset AqF NS of
ANS.

Proof. For any t > 1 we have that t®¢ € Al (see (iii) of Remark and in

particular the function ——2°  isin Af' N S. This means that A¥ NS is not
1290 L2 @n gnt1y q q

empty for all g € Z, since it is obvious that AL N .S # 0.
The claim follows by the fact that AqF N S is not empty, the functional J, is
bounded from below and satisfies the Palais-Smale condition on AqF NS (see Propo-

sition [3.10)). O

Remark 6.4. We point out that to have this result there is no need to require
that the first coordinate &y of the point &, is sufficiently large (see (5.4)). In fact
this assumption is necessary to have properties (ii7) and (iv) of Lemma while
here we only have to show that AqF NS is not empty for all g € Z.

Critical values. The next theorem is an existence and multiplicity result of solu-
tions for the problem (P).

Theorem 6.5. Given ¢ € Z \ {0} and k € N, we consider & = (£0,0) with
&o > 2My,, where

My = sup |ullpo@n rrt1y,
u€eS (k)

and 0 € R™.
Then there exists é; € (0,1] such that for any € € (0,¢,] and for any 2 < j <k
with \j—1 < Aj, we get that ¢! ; is a critical value for the functional J. restricted

to the manifold A} NS. Moreover ¢! ; | < ¢l .

The proof of this theorem is similar to the proof of Theorem 3.1 in [§], but for
the convenience of the reader we summarize it here.
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Proof. We begin with some notation: if u € F' we define the projections

J
Pp,u = Z(u, Ci)rp@r Rt Qi QFu=u— Ppu. (6.1)
i=1

It is immediate that

(iju, (pi)pF(RanJrl) = S\i(QFjuv (pi)Lz(]RanJrl) =0 Vi= 1, cee ,j . (62)

We divide the argument into five steps.
Step 1 For any h € H; the intersection of the set h(MZ ;) with the set {u € F :
(U Pi)rp (e mntty = 0Vi = 1,...,j — 1} is not empty: in fact there evists v € M{ ;
such that Pr;_ h(v) = 0.

This is obtained by an argument of degree theory (for the proof see [7]).
Step 2 We prove that

sup Je(v) < Aj +o(e) (6.3)
veEM?
;< Aj + ole) (6.4)

where lim._,g o(€) = 0. First of all we verify that

~ HQFj ‘DEH% (R™ ,R7+1)
sup Jo(v) < Aj+ sup - —
veEM? ! u€S(j) HPF,- ¢ + Pqu”%%RanH) + ||QFj©g||%2(R"7R"+1)

. (6.5)

In fact by Definition (6.1) and (6.2) we have:

N 2
P+ pgu

||<I>2 + pAqUHLQ(Rn’Rn«Fl)

sup Jo(v) = sup
veM? ues (i)

g (R?,R7H1)

| P, ®¢ + ﬁqu”%F(R",R”Jrl) + ||QF;‘I’3H%F(R",R"“)

= sup -
ues() I1PF; ¢ + Pq“H%z(RanH) + ||QF]-(I>2H%2(RTL7RTL+1)

| Pr, @7 + ﬁqUH%F(RanH)

| Pr, @ + ﬁqu”%Z(Rn’RnJrl)

IN

sup (
ueS(7)

+ ||QFj¢(EZ||]2—‘F(R"7RTL+1) )
||PFJ-‘I)2 + ﬁqu||iQ(Rn’Rn+l) + HCQFJ (Dgnig(Rn’]Rn#»l)

< 5\ + sup ||QFj(bg“%F(R"L,R7L+1)
= 73 uES(j) ||PFJ‘I)2 + ﬁqU“sz(Rn)RnH) + ||QFJ(I)?||%2(R")RW,+1) .
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Using the definition of J, and (6.5]), we prove the following inequalities:

c?. inf  sup Je(h(v
€,] hG'HzJ UGMPZJ ( ( ))
< sup J(v)
veM?
1
< sup Jo(v)+€" sup / <Vv|p+W(v)) dx
veM? vem?  Jrr \P
- 1Qr, 2, rn e (6.6)
<X+ sup )
uw€eS(j) ||PFj(be + pqu||L2(Rn’Rn+1) + ||QFJ¢E||L2(Rn’Rn+1)
L V@,

P ues(y) |®¢ + ﬁqu||1£2(Rn,Rn+1)

P+ p
+¢ sup / W( 7 f+pqu )dx.
u€S(j) JR™ H<I)E+pqu||L2(R",]Rn+1)

At this point we note that lim. .o ||QF, éngz“F(R",R"“) =0, in fact

1@, LT oty < NPENE o sy

= [ 1ver@)de+ [ V(i) Pds,
R~ R~
where the right-hand side tends to zero for € — 0, because (5.13) holds and

/Rn V(|a))| @ (2) Pde = /}R V(jz|) ‘(qﬂ)l ('f) i n ‘(iﬂ)z (|96C> 2] e
€R>

< c/ERl v @ (D) r-tar

o ()

< n—1 _ n
_(crerr[%)z}ﬁz]V(T)RQ (R R1)>e

2
el

+ ||V(|x|)e_|x|||LP(JR”,R)

La(R™,R)

n

+ (V0D o g NP o 2 ) €

where ¢ denotes the dual exponent of p.
Moreover by (ii) of Lemma [5.7| we obtain

1
sup  sup —
0<e<e ueS(j) ||PFj¢g + Pqu||2L2(Rn,Rn+1) + HQF]‘ (I)g||2L2(Rn,]Rn+l)

< 400,

in fact
||PFj¢ZH%2(R",R”+1) S €n||¢)q||%2(Rn7Rn+1) 9
1Qr; |72 gn g1y < €192 (gn gnsay -

Therefore the second term of the last inequality of goes to zero when € goes
to zero.

Now we observe that the following inequality holds:

r=(p=m)

. P
IV + pyulll, < (€75 VO 1 + €8 | Vul1n )
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Then by this inequality and (i¢) of Lemma [5.7| (we recall that r > p — n), we have
that the third term of the last inequality of (6.6)) tends to zero when e tends to zero.
Regarding the last term, we verify that

/ w ( e+ pyu > dx
n ||<I>§ + pAqu||L2(Rn7Rn+1)

is bounded uniformly with respect to ¢ € (0,€] and u € S(k). In fact by definition
of ! and by the exponential decay of the eigenfunctions (see Theorem there
exists a ball Bg» (0, R) such that, if we write u = Y7 _| ampm with >/ _ a2 =1,
for all x € R™\ Bgn (0, R) the following inequalities hold
’ Q@)+ pue) | palu)]
||<I>§ =+ ﬁqu||L2(Rn7Rn+l) ||<I>2 + ﬁquHL2(Rn7Rn+l)
C' pq ( Zin:l |am|>€7‘z‘
- ||<I>2 + ﬁqu||L2(Rn7Rn+l)

< Me™ 1"l < ¢y

where the constant M does not depend on u € S(j) nor on ¢ for € small enough
(see the point (ii) of Lemma . By (W) we get

W ( () + pyu(x) ) (@4 (x) + pyu(x)?
||(Pg + ﬁquHLQ(]R",]R"‘H) |(I)g + pAquH%%R",R"*l)

_C4|

for any x € R™ \ Bgn (0, R). Concluding we have

/ w ( et pyu ) dx
n ||<I’§ + ﬁqu||L2(Rn7Rn+l)

P71+ p
S C4+/ W( - Ae+Pqu )‘dl‘
Bgn (0,R) @< + Pqu”N(R",R"“)

where the integral on the right hand side is bounded by (#4i) of Lemma So we
have the claim. ~
Step 3 We prove that Cg,j > Aj. By Step 1 and by the positivity of W we get

¢ > ipf Y C) ]| Sp—
Ci 2 At S 10T (e 1)

¢
- 2
= sup AT @ rert1)
€, v e
>\
In fact by Step 1 for all h € H?; we have that the set h(M{ ;) intersects the set

{u€F:(up;)=0Vi=1,...,5—1} and so from (4.8]) we get the claim.
Step 4 If \j_1 < Aj, then for € small enough we have:

cji1 < ¢y (6.7)
sup  Je(v) < ;.

veM?

e,ji—1
By Step 2 and 3 we obtain for € small enough

Cz,jfl <Ajm1to(e) <A < Cg,j’
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sup  J(v) < Nj_1 +o(e) <\ <l

€J "
UGMZ,%l

Step 5 If \j_1 < \;, then !
manifold Ag ns.
By contradiction we suppose that cg’» is a regular value for J. on Ag NnS. By

Proposition [3.10] and Lemmas [6.1] and there exist 6 > 0 and a deformation
n:[0,1] x Af NS — AN S such that

n(0,u) = u VueA?ﬁS,

; is a critical value for the functional Je on the

n(t,u) =u Vte|0,1], Vu € J:Z’j_%,
(1, 00y € el
By we can suppose
vei}tl‘}) Je(v) <¢l;—20. (6.9)

e, i—1
Moreover by definition of ¢f ; there exists a transformation h e H?, such that

SUP, e e . Je (ﬁ(v)) < cij + d. Now by the properties of the deformation 7 and by
we get n(l,ﬁ(.)) € H{; and sup,e e Je(n(l,fz(v))) < ¢!, — 0 and this is a

contradiction. (]
Remark 6.6. (1) In the assumptions of Theorem 6.5
min  Je(u) =¢? ;.
u€EAFNS () = e

Nevertheless the critical point corresponding to the minimum, found in
Theorem is not attained in the framework of Theorem In fact, to
conclude that a value cg’ ; 1s critical, j must be strictly greater than one.
(2) Provided that we choose suitably &, and e, it is possible to find as many
solutions of (Pe) as we want. In fact, let us suppose that we want K € N

solutions, then, since S\j — 00, there exists k € N, k > K, such that among

the first k& eigenvalues A there are K “jumps” S\j < 5\j+1, so that Theorem
6.5] gives K critical values.
(3) For all ¢ € Z\ {0}, € € (0,1] the critical values ¢{ ; tend to the eigenvalues

A; when € tends to zero.
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