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STEADY-STATE BIFURCATIONS OF THE
THREE-DIMENSIONAL KOLMOGOROV PROBLEM

ZHI-MIN CHEN & SHOUHONG WANG

ABSTRACT. This paper studies the spatially periodic incompressible fluid mo-
tion in R3 excited by the external force k2(sinkz,0,0) with k > 2 an integer.
This driving force gives rise to the existence of the unidirectional basic steady
flow up = (sinkz,0,0) for any Reynolds number. It is shown in Theorem 1.1
that there exist a number of critical Reynolds numbers such that ug bifurcates
into either 4 or 8 or 16 different steady states, when the Reynolds number
increases across each of such numbers.

Thanks to the Rabinowitz global bifurcation theorem, all of the bifurcation
solutions are extended to global branches for A € (0,00). Moreover we prove
that when X passes each critical value, a) all the corresponding global branches
do not intersect with the trivial branch (ug,A), and b) some of them never
intersect each other; see Theorem 1.2.

1. INTRODUCTION

The three-dimensional Kolmogorov problem, which was first formulated by Kol-
mogorov (see [1]), refers to the Navier-Stokes equations defining the spatially peri-
odic fluid motion in the following form:

% — Au+ )\(UV)U + )\Vp = k’2(SiIl kz707 0),

div u =0,

u(t,z,y,2z) = ult,z +2m,y, 2) = u(t, z,y + 2m, 2) = u(t, z,y, 2 + 2m),

/ udrdydz =0.
T3

Here u = (u1,us2,us) is the velocity field, p the pressure, A > 0 the Reynolds
number in this dimensionless formulation, k a positive integer, and T" = R" /(27 Z)™
(n = 2,3) the n-dimensional flat torus. In particular ug = (sinkz,0,0) solves this
problem for all \.

There have been extensive mathematical and physical studies for the Kolmogorov
problem as well as for general fluid equations; see for instance [6, 8, 9, 10, 11, 13,
16, 17, 18, 19, 20, 21, 22, 23, 24, 27], and the references therein. From the bifurca-
tion point of view, most of the literatures are devoted to the existence of secondary
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steady-states of the Navier-Stokes equations, and in particular the detailed rigor-
ous mathematical analysis on the bifurcation of the solutions of the Kolmogorov
problem as well as the general Navier-Stokes equations is still in its early stage, due
partially to the difficulty in estimating the eigenvalues of the associated linearized
operators.

The main objective of this paper is to establish the existence of multi-branches
of steady-state solutions bifurcated respectively from ug at some critical Reynolds
numbers. The multi-branches are obtained in some flow invariant subspaces, which
are defined using special Fourier modes in terms of some n—tuple integer vectors.

Let N be the set of all positive integers, and Z be the integer set. The following
condition for an integer vector (I, j, i, k) will be used often to define some invariant
function spaces:

(P+72+2 )P +52+(k—19)? -k <0,
0<I<k, jeZ, 0<i<k.

(1.5)

For such an integer vector (I, j,1, k), we set
no = max{n € N| n?1? + n?j2 + min{{ni}?, (k — {ni})?*} — k* < 0}, (1.6)
and
4, when j = {ngi} =0,

io =4 8,  when |j| + {noi} > 0 and j{nei} =0, (1.7)
16, when j{nei} # 0.

Here {n} is defined by
{n} =n (mod k). (1.8)

Let H™(T?) be the usual Sobolev space of scalar and periodic functions endowed
with the usual H™ norm || - ||gm=, and let H™(T3) = H™(T?)3 be the vectorial
Sobolev space. For m > 1, we use the following function spaces of divergence-free
vector fields:

H? = {u € H™(T?)| divu=0}.
Let H™(T3) = H™(T?)/R, H™(T?) = H™(T?)/R, and H2 = H2/R. When m = 2,
we can use ||ul|gz = [|Aul[z2 as the norm of H2.

As we mentioned before, the main objective of this article is to find and possibly
classify steady-state bifurcations of the Kolmogorov problem in some subspaces of
H2 invariant to the Navier-Stokes equations. Now we state two main theorems of
this article without specify invariant subspaces, which will be explicitly given in
Sections 4-6.

Thanks to the Rabinowitz global bifurcation theorem, we obtain in these two
theorems i different global branches of steady-state solutions bifurcating from wg
at a single critical value. Each of those branches undergoes local supercritical
bifurcation around the bifurcation point, whereas half (i9/2) of those branches
never touch each other away from the bifurcation point.

Theorem 1.1. Let (1,j,4,k) be an integer vector satisfying (1.5). Then there ex-
ists a critical Reynolds number X\ j;x > 0 such that (1.1-1.4) with 0 < A < oo
admit ig steady-state solutions wy jiknx (N = 1,...,9) branching off (A j.ik,uo)
continuously such that: 1

1See (6.1-6.5) for specific spaces where these bifurcation solutions are located.
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FIGURE 1.1. The global branch u; ;; kn,x in C;. Here the dotted
horizontal lines represent ||ul| ;1 = cok?, and dotted vertical line is

C1

Y

FIGURE 1.2. The global branch u; j; k.n,x in C2. Here the dotted

vertical line is \ =
03k2()\2k4 +1).

c
k—;, while the dotted curves represent ||ul||zz =



4 Z. M. CHEN & S. WANG EJDE-2000/58

a). Zf )\l,j,i,k < /\, then
UL, j,i,k,n,x = U0,
b) Zf Al,j,i,k < X and ”A(Ul,j,i,k,n,)\ — UO)”Lz + |/\ — /\l,j,i,k| < € fOT some small
€ >0, then

UQ 7 UL j ik, 7 UL jikn! A 7= UO- (1.9)

We remark that for one value of A € (0,00), there might be more than one
steady-state solutions on the global bifurcation branch as shown in Figures 1.1 and
1.2. It is easy to see that all steady-state solutions of the Kolmogorov problem lie
in both the following subsets of H x (0, 00) and H2 x (0, c0):

ca:ﬁmmeﬂ;x@ag| s < eak?, Az%} (1.10)
Cc
U{(O,)\) | o<Agk—;},
. c
Co={(X €H2 x (0,00) | [ullw> < esk®(WR +1), A=} (L1D)

¢
uﬁmm |0<A§ﬁ}.
Here the absolute constants c;, ¢o and c3 are given in Lemma 3.2 in Section 3.
The set C; is as shown in Figure 1.1. Since stronger H? norm is used in Co, the
schematic picture of Cy shown in Figure 1.2 is similar to C; depicted in Figure
1.1 but with the dotted horizontal lines replaced by quadratic line of A given by

llull gz = csk®>(\2k* + 1).

Theorem 1.2. Let (1,4,1,k) be an integer vector satisfying (1.5). Then all bifur-
cation solutions uy j i kn,x given by Theorem 1.1 satisfying the following properties:

1. each branch v ;i kn,» extends to A = oo in Cy N Cy as shown in Figures 1.1
and 1.2;

2. each branch vy j; k.n,x intersects with the A—azxis only at the line segment pq.
In particular, uy j i xn,x never touches the A—azxis for A > Xy jix;

3. for j #0 and for i1 =0 orig/2,

Uljikna A 7 Uljsik,n/ As (1.12)
if
) . 1o P 1)
)\l,jﬁi,k<z\<oo,21+1§n§21+z<n §Z1+5.

The above two main theorems are the first ones showing the existence of ei-
ther 4 or 8 or 16 global branches of steady-state solutions undergoing supercritical
pitchfork bifurcations from a single bifurcation point for a Navier-Stokes problem.
The method we employ in the proof of these theorems is the Rabinowitz global
bifurcation theorem combined with continuous fraction method first introduced by
Meshalkin and Sinai [17] and with Fourier analysis.

The central gravity of the proof relies on estimating the eigenvalues of the lin-
earized Navier-Stokes operator associated with (1.1-1.4). One of the main difficul-
ties is that the eigenvalues of the linearized Navier-Stokes operator always have the
multiplicity 2m for some integer m. Thus careful examination is necessary for the
bifurcation analysis. To overcome this difficulty, we reduce the problem in some
flow invariant subspaces. More specifically, we find that for such an eigenvalue
there exist exactly 2m flow invariant subspaces, in each of which the eigenvalue is
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simple in the algebraic sense. Then the global bifurcation theorem introduced by
P. Rabinowitz [21] can be used to complete the bifurcation analysis.

Furthermore, restricting to each flow invariant subspace, the Navier-Stokes equa-
tions undergo local supercritical bifurcation around the bifurcation point. For the
first time, we obtain in Theorem 5.2 the precise local asymptotic expansions of the
bifurcation branches in terms of the Reynolds number A near the bifurcation point;
see (5.6). Technically speaking, the local asymptotic expansion of each bifurca-
tion branch is obtained by studying the projection of Navier-Stokes equations to
the unstable direction, and by carefully examining the nonlinear interaction of the
corresponding unstable mode given by u* as in (5.4)).

The two-dimensional (2D) Kolmogorov problem is the 2D Navier-Stokes equa-
tions with the special zonal forcing k2(sin ky, 0). In this case, the first study of this
problem is due to Meshalkin and Sinai [17] using the continuous fraction method.
They proved the absence of instability phenomena of the 2D Kolmogorov problem
with £ = 1 regardless the magnitude of the Reynolds number. This result was
also confirmed in Marchioro [16] with an alternative approach. The bifurcation
analysis to the 2D Kolmogorov problem was first examined by Iudovich [10] in a
two-dimensional elongated domain [0, 27/a] x [0,27] with 0 < a < 1, and the su-
percritical pitchfork bifurcation phenomenon with respect to some critical values
Ak with 1 =0,1,...,k— 1 was examined in [6] based on the analysis and numerical
computations.

Back to the three-dimensional case, the governing linearized Navier-Stokes sys-
tem may be reduced to a two-dimensional one via the Squire transformation. Thus
the three-dimensional linear instability phenomenon may be observed from a two-
dimensional problem; see [12] for details. We note, however, that the Squire trans-
formation is not invertible, and thus is not suitable for bifurcation analysis.

It is not difficult to see that the steady-state solutions not branching off the
first bifurcation point are unstable. One may think that unstable steady-state
solutions are not of physical interest, but they are necessary in the understanding
of the transition to turbulence. Moreover it is normally difficult to give a numerical
scheme ensuring the time-dependent discretized solution converging to an unstable
steady-state solution as t — oo; see, for example, [4]. In this article a bifurcated
steady-state solution is obtained in a flow invariant space, in which the solution
is locally stable at least for A close to the associated bifurcation value. Therefore
one may derive a convergent numerical scheme with respect to every bifurcated
steady-state solution above. In addition, noticing (see [3, 25]) that steady-state
solutions to a three-dimensional Navier-Stokes system are regular. Thus the local
stability of a steady-state solution in a flow invariant subspace shows the global
existence of time-dependent regular solutions starting from large initial data near
the steady-state solution, although the global existence of a regular time-dependent
solution to a three-dimensional Navier-Stokes system remains to be a fundamental
open question, and only partial regularity for a solution are available; see e.g.
[5, 14, 15, 26].

2. SPECTRUM OF THE LINEARIZED PROBLEM

From now on, we consider only the steady-state problem of the Navier-Stokes
equations (1.1-1.4), which can be rewritten as

—Au+ AB(u,u) = k*(sinkz,0,0), u € Hg, (2.1)
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where B(u,u) = Plu - Vu] is the bilinear term, and P : H2(T3) — H2 is the Leray
projection operator.

Linearizing (2.1) around the steady-state ug = (sinkz,0,0), we derive —Au +
AAwu = 0. Here the linearized operator A is defined by

Au = P[(up - V)u+ (u-Vup)] = P |sin kz% + ugkcoskz(1,0,0)|, (2.2)

for any u = (u1,u2,u3) € Hg
To obtain the steady-state bifurcation result, we are interested in the real eigen-
values of the linear operator in H2. Namely we study the nontrivial solutions of

Au — MAu = pu. (2.3)
For reasons which will be clear later we first introduce some invariant subspaces

of A — AA. For an integer vector (I, 7,4,k) with [,k > 1,0<i < k and j € Z, we
define the following subspaces of H2:

Eijik= {u e H2 |u= Z(gn,nn,gn) sin(lz + jy + iz + nk’z)} ,

nez

IEM,“C = {u eH2 |u= Z({n,nn,gn) cos(lz + jy + iz + nkz)} .
neZ

The spectrum of this operator in these subspaces is examined in the following
theorem.

Theorem 2.1. Let (1,7,4,k) be an integer vector subject to the condition (1.5).
Then there exists an eigenvalue p; ik @ (0,00) — R of (2.8) such that for any
A>0
dpiji,k(N)
d\
Jlm pujik(A) = o0,

>0,

. . _ 2 _ -2 _ . -2 . 2
)\lir{){r pLiik(A) = =1 — j° —min{i*, (k — i)°}.
Furthermore for any A > 0 and p > — (1> + j2 + min{i?, (k — i)?}),
dim | J {u € By ikl (A= XA = p)™u =0} <1,
meN
dim | J {u € Bkl (A—AA—p)"u=0} <1,
meN
dim | J {u € Bijp—in (A—XA=p)mu=0} <1 ifi#0,
meN
dim | J {u € Epjhirl (A=MA—p)"u=0}<1 ifi#0,
meN

where the equalities hold if and only if p = p1 j,i k().

The proof of Theorem 2.1 will be accomplished by converting the eigenvalue
problem Au — AAu = pu to coupled continuous fraction equations. This approach
was first used by Meshalkin and Sinai [17] in a stability problem of fluid flows.
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To proceed, we first recall a theorem on continuous fraction [17]. Consider three
term recurrence equations:

dnen+en_1—€p11 =0, nez, (2.4)
where d,, and e,, are complex numbers. Then we have

Theorem 2.2. Assume
Red,, > 0, forn # 0,

lim Red, = .
[n|—o00

(2.5)

Then the following two assertions are equivalent:
(i) There exists a nontrivial solution {en}nez of (2.4) such that
Z len]? < oo. (2.6)
nez
(ii) The following equation holds true:

1 -1
do + 1 = 1 . (2.7)
dey - —— —T
d_og+ — do + —

Furthermore, the solution obtained in (i) or (i) is unique up to a constant factor
and satisfies that

either e, = 0 for alln € Z, or e, # 0 for alln € Z. (2.8)

Proof. 1. Let {en }nez be a nontrivial solution of (2.4). If e,,, = 0 for some ng > 0,
multiplying the n-th equation of (2.4) by €,, and summing up the resultant equations

for n > ng + 1 yields
Z Red,|e,|? = 0.
n>no+1

This together with (2.5) gives e, = 0 for n > ng + 1, and thus (2.4) shows e, =0
for all n € Z. In the same way, the assumption e,, = 0 for some ng < —1 implies
en =0 for n <ng — 1 and then e, = 0 for all n € Z. Namely (2.8) holds true.

2. Dividing the nth and —nth equation of (2.4) by e,, and e_,, respectively yields
that for any n > 0,

en -1
= z ,
en—l dn — ’I’L—H
€n
€_n 1

Namely, for any n > 0,
€in Fl

€+(n—1) B din + 1

di(ny1) +

d e:t(n+m+1)
+(n+m) Ct(nim)
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This together with (2.5-2.6) implies that for any n > 0,

€tn def ¥l
= Yin = 7 ) (2.9)

di(ni1) + I
di(ng2) + —

In particular, (2.7) follows from (eg/e_1)~! = e_1/eo.

3. Furthermore we infer from (2.9) that for any n > 1,
€n = €071 """ Tny
€—n =€07Y-1""""Y—n,

which are uniquely determined up to constants, i.e. an arbitrary choice of eg.
4. Moreover, if (2.7) is valid, we can also define {~y, }rnecz and a nontrivial solution
{en}nez as above. O

Proof of Theorem 2.1. We divide the proof into several steps.
Step 1. We observe that the condition (1.5) is equivalent to either
24524+ < k2,
P42+ (k—1)? > k2,
0<i<k/2, (2.10)
J €L,
0<I<E,
or
4 5% +4% > k2,
P24 (k—1i)? < k2,
k/2 <i<k, (2.11)
J €L,
0<Il<k.

We first consider the case where (2.10) holds true.
Step 2. An equivalent form of the non homogeneous problem (— A+ p)u+AAu =

(=A+p)f. _
For either u, f € By ;1 or u, f € Ey;; 1, we write

U= Z(énﬂ?n:@b)‘ﬁm f= Z(ambmcn)(bn,

ne’ neZ
where
¢n =sin(lz + jy+ iz +nkz) if u, f € By ik,
¢n = cos(lz + jy + iz +nkz) if u, f € By
Here
(&ns s Cn) = (§n(l, 5,3, k, A), (1, 5y 35 ks N), Ga (1, s 3, Ky N)),
(Anybnycn) = (an(l, 4,0, k, N), bn(l, 7,4, k, A), en(l, 7,4, ky A)).
Let

B = Bu(l, §,i, k) =12+ 52 + (nk +i)2. (2.12)
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Then direct computation yields that (—A+p)u+AAu = (—A+p)f can be specified
as follows:

5+ 9en —en) 45 61— 040) + 5 G+ o)) o = 0o
ne
(2.13)
%((ﬁn +p) (M — bn) +§(77n—1 - 77n+1)) bn = —Oyp, (2.14)
§:Z<(ﬁn +0)(Gn — n) +§(@H - <n+1)) $n = —0sp, (2.15)
ne
Z;lﬁn + 0 + (i + 1nk)C) b = 0, (2.16)
E(lan + jbn + (i + nk)cn)én = 0. (2.17)
nel

It follows from (2.13-2.14) that

Z <(Bn + p)(l£n+j77n —la, — jbn)+¥(l§n—1 +INMn—1 — l£n+1 - jnn+1)> On

nez
ANk
+ Z 7(<n71 +Cnt1)dn
nez
= —10zp — jOyp.

Applying the operator 0, to this equation and the operator —19, — j9, to (2.15)
respectively, and summing the resultant equations, we have

Al
((ﬂn +p)(l§n +inn — lap — ]bn)+ 5(l§n—1 +JMn—1 _l§n+1 _jnn—i-l)) (’I”Lk + Z)

+%(QH +Cnt1)(nk + 1)

Al )
= (B4 6 = ) 45 1 =Guan) ) (4 ) e
Moreover, eliminating the pressure function p from (2.13-2.14) yields
Al Ak :
((ﬂn +p)(§n — an) +?(£n—1 —&n+1) +7(<n—1 + Cn+1)) J
Al
=\ (B +p)(n = bn) + 5 (-1=1+1) | I, 1 € Z.

Thus by (2.16-2.17), we see that the non homogeneous problem

(—A + p)u + MMu = (—A + p)f, u, f € E; ik OT u, fe El,j,i,k
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is equivalent to the following set of coupled algebraic equations

WQL + (Bn—l - kQ)Cn—l - (,6”4_1 - k2)<n+1 (2.18)
_ 260(Butp)
- Al (8]

POt G, ) 4 Ui6as — )~ Wir — ) (219)
= —kj(Ca—1+ Cng1) + W(g‘an —1b,),

In + Jnn = _(i + nk)Cna (2.20)

lap + jbn = — (i + nk)cy, (2.21)

for any n € Z.

Step 3. Claim: {&, }nez and {ny, }nez are uniquely determined by {ja, — by, }nez
and {Cy ynez when p > —(1% + 52 +i2).

Let S be

S= {{Tn}n€Z| Z |7_n|2 < OO} ) (222)

neZ

and L : § — S be a linear operator defined by

Tn_1 — T
L{Tn}nEZ = {7nﬁl n ;+1 } .
n nez

Then (2.19) can be rewritten as

2 : B (ST ) 2 Gay —

It is easy to see that L : S — S is a compact operator for p > — (.
We now show that —2/Al is not an eigenvalue of L or the coupled algebraic
equations

2(Bn + p)
V)
has no nontrivial solution {7, }nez € S. Otherwise, let {7, }n,cz be a nontrivial
solution, then by Theorem 2.2,

~2(Bo +p) _ 1 . 1
Al 28 +p) | 1 2(8-1+p) 1
Al 2(B2+p) 1 bV 2(B_24+p) 1

N T N T

Tn+ Tno1—Tnt1 =0, n€Z (2.23)

Since — (8o + p)/(Al) < 0 while the right-hand side of this equation is positive, this
leads to a contradiction. Hence (2.23) has no nontrivial solution.

By the Riesz—Schauder theory, it is easy to see that (2/A\l +L)™1:S — Sisa
bounded operator, and

2 )—1({]6]'(6171 + Cnt1) QZ

{an - lnn}nGZ = _(ﬁ +L (/Bn + p)l }neZ + {/\_(Ja” - lb”)}nebz)'

This together with (2.20-2.21) implies the desired assertion.
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Step 4. Existence and uniqueness of p = p; ; ; x(A) for the eigenvalue problem

Au— Au = pu, u € EijikU El,j,’i,k- (2.24)

It follows from (2.10) and (2.12) that 8y — k% < 0 and 3, — k* > 0 for n # 0.
By Steps 2 and 3, (2.24) is uniquely determined by (2.18) with ¢, = 0 or set of
equations

260 (Bn + p)
Al
which is in the form of (2.4) with 7,, = (8, — k?)¢,. By Theorem 2.2, it becomes to

show the existence and uniqueness of p = p; ;i in the following algebraic equation

~260(Bo +p) 1

Cn+ (Bno1 — k) Cn1 — (B — k) Cuy1 =0, (2.25)

(oK)~ it ] (2.26)
N(Br— k%) 2B(82+p) 1
N(B2 — k) .
1
REEEICEETIN ]
M(B-1 —k2) 28_2(B_2 + p) " 1
NG —R) T
Multiplying this equation by —I(8y — k?)(80(Bo + p)) " gives
2 1 1
P S W=7 RS S
A g2p) 1 g—2(p) 1
T T
where
2/8:|:n/60(/6:|:n + p)(/BO + P) if nis odd,

12(k? — Bo)(Ban — k2)
2840 (Ben + p)(K* — Bo)
Bo(Btn — k%) (Bo +p)

Let G(), p) be the right-hand side of (2.27), and for n > 1 we set

gin(p) =

if n is even.

1
Gin(Ap) =
£n(Xp) 911(P)+ 1
A g+2(p) + 1
o
' gin(p)
A

We have
G p) = lim Gn(Ap) + lim G_p(X,p).

For any A > 0, ¢ > 0 and M > 0 arbitrarily large, we see that {G,(\,-)}n>1 and
{G_ (N, ) }n>1 are Cauchy sequences of the Banach space C'([—3 + €, M]), and
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thus G(),-) € CY([—B + ¢, M]),

0G\p) _ oy 9GnNp) o 0G-a(Ap)
dp n—00 ap n—00 dp
_ = (=1)" dgn(p) A2 A2
o (=1)" dg—n(p) ~e A2
+nz::1 )\ d,O G—l()\7p) G— (A p)?
with
R 1
Gin(A,p) =
* ( p) gin(p) 1
A gi(n;n(l’) n 1

By direct calculation, we infer from (2.10) that for any n > 1, dgin(p)/dp > 0
when n is odd, and dgi,(p)/dp < 0 when n is even. Therefore when p > — Gy, we
obtain

9G(A, p)
5y <O (2.28)

Hence the observation

lim G\, p) = d lim G\, p) =0
Aim (A, p) =00 and lim G(2, p)

implies the existence and uniqueness of p = py ;i x(A) > — By satisfying

2

b = G()\apl,j,i,k()‘))- (2.29)
Step 5. Notice that

1 1
AG(A, p) = n
W= I ) I
2 1 2 1
A (p) + A g-2(p) +
9 gs(p) 1 B g-3(p) 1
A2 . A2 .

Arguing as in the derivation of (2.28), we have
IAG(\ p))
oA
(2.29) gives for p = p1 5.k (N),

>0 for A>0 and p > —[p.

d(AG(A, p))
d\
0G0 0G0 dp

B 9p  dx
9GO ) dp
dp dX’

This shows, by (2.28), that dpy j: x/d\ > 0.

0 =
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Furthermore, multiplying (2.26) by A gives
~ 2B0(Bo + pujiik(A))

l(ﬂo ~k2) (2.30)
1
26181+ prji k(M) n 1
N2(B1 — k?) 2082(B2 + pur,j,i,k(N)) n 1
1(B2 — k2) :
. 1
26_1(B=1 + p1,5,i, (M) . 1
ANU(B_1 — k?) 28-2(f-2+ prjin(N)) 1
(B2 — k?) -

Passing to the limits A — 0% and A — co respectively, we obtain immediately
2

. . _ 2 _ -2 i
Jim p k(M) = =7 = 57 =,
li . - 0.
Hm pr ik (A) = 00
In addition, it follows from (2.18) with p = p; j,; x(A) and Theorem 2.2 that

1.2
Vin = (Ben = k)G forne N

(Bt (n—1) = k2)Cx(n—1)

with (,,, subject to the following condition

CO = ¢,
(Bo = k*)v41 - Yin
= c n € N.
C:‘:’I’L Bj:n _ k2 Y
Here ¢ is an arbitrary constant. Notice that ., are uniquely determined by
pLi5k(A) and Bo, B+1,---. Thus all the eigenfunctions of the spectral problem

Au — AAu = p; j ; ,u form a one-dimensional subspace in E; ; ;  and I~El7j,i,k respec-
tively.

Step 6. Claim: ker(A — MA — p)™ = ker(A — AA — p) (m > 1, p > —[o).

It suffices to consider the operator with p = p; ;; x in the space E; ;. We start
with the case m = 2. Let

u= Z(fn, M, Cn) sin(lz + jy + iz + nkz) € By jix
nez
such that
(A= XA —p)u =0,
or equivalently,
(1—XA —p) tA)%u = 0.
This implies the existence of
u = Z(@/ﬂ m, Co)sin(le + jy + iz +nkz) €Eyjik
nez
such that
(—A+ p)u+ Nu = (—A + p)u/,

2.31
(—A + p)u’ + XAu' = 0. (2:31)
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Thanks to (2.18-2.21), the above system (2.31) is equivalent to the following set of
coupled algebraic equations:

265 (Bn + p)

)\l Cn + (/anl - kz)Cnfl - (/BnJrl - k2)Cn+1 (232)
20, (Bn + p) ¢
o Al n

wugn - lnn) + l(jgn—l - lnn—l) - l(j£n+1 - l"7n+1) (2-33)
= ki + ) + 2D (et ),

WC& + (Ba1 = k)1 = (Buy1 — K*)Cpiq =0, (2.35)

) (16, — i) 4 Uy — )~ WiEa ) (230)
= _k.](C:'Lfl + C’II’L+1)7

1&, + jny, = —(i + nk)¢,, (2.37)

for any n € Z.
Thus it amounts to showing that ¢/, = 7., = &, = 0 for any n € Z. Indeed, (2.32)
gives the following equation in S defined by (2.22)

(L +T)H{(Bn = k*)ntnez = {(Bn = ¥*) I ez, (2.38)

with the operator T in the form

)‘l(/@n - k2)
20 (Bn + p)

Since T': S — S is compact, by the Riesz-Schauder theory, (2.38) is solvable if and
only if

> " (Ba — ¥)Cra = 0 for all {7 }nez € S with (14 T*) {7 }nez = 0,
nez

T{ru}bnez = { (oot — TnH)}

nez

where T* denotes the dual operator of T'.
To specify the kernel of 1 + T*, we note that

T, SES I HES I
28, -1(Bn-1+p) nt 26n+1(Bnt1 + p) e neZ
Thus (1 + T*){7}nez = 0 becomes, for n € Z,
26n(ﬂn + P) m )‘l(ﬂm - k2) T
N (B — k2) 26m(Bm +p) ™

or {on}nez € ker(1 4+ T). If {¢, }nez # 0, applying Theorem 2.2 to (2.35) gives
¢, # 0 for all n € Z and

T*{ru}nez = {

On +Un—1 — On41 = 07 Om = (_1)

n )\l(/Bn B k2)

{On}nez = {(—1) 280 (B + )

Tn} =c{(Bn — k2)<;}n€Z
nez
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for some constant ¢ # 0, whenever {7, }nez # 0. This implies

n2/8n(/6n + p)(ﬂn - k2) 2
Z(ﬂn - k2)<;z7_n = CZ(_l) \ ,n' (2.39)
nez nes
On the other hand, multiplying by (3, — k?)¢, the nth equation of (2.35) and
summing up the resultant equations yield

QBn(Bn + ,0) (ﬁn - k2)
Z Al

12

¢h =0

neZ
This together with (2.39) implies

S (B~ K)o = —e 3 Pt Gona E0)Gonin W) 2,

Al
nez neL
This leads to a contradiction, and thus {(},}nez = 0. From (2.36-2.37) and Step 3,
we have {1}, }nez = 0 and {&], }.ez = 0. Hence we have v’/ = 0 or
ker(A — M — p)? = ker(A — M\ — p).

To reach the case where m > 2, suppose (1 + A(—A + p)"1A)™u = 0 for some
u € By ;i k- Then there exits a u’ € Ey ;; 1 so that

(A +pw+Av = (=A+p)d,
(A=XA—-pl/ = 0,
A+X-A+p) '™ 20 = o

It follows from the argument for the case m = 2 that v’ = 0. Hence, we obtain the
case for m > 2 by induction.

Step 7. We now consider the case where (2.11) holds true.

Obviously, it follows from the Steps 2 and 3 that spectral problem Au—MAu = pu
with u € Ey ;5 UE; ;, is uniquely determined by the system
2B _n— —n—1+t

. l(il i) C-n-1+ (B—n—Q - k2)<—n—2 - (B—n - k2)c—n =0, forneZ

with 8, = B,.(l, 4,1, k). Setting 8., = B,.(l,j,k — i, k) and observing that
Bon-1(,7,4, k) = Bun(l,j, k — i, k), we see that

2,8y, +
Wé‘_n_l + (/6%-‘1-1 - k2)<—n—2 - (,6%_1 - k2)<_n = O’ for n & Z
By setting ¢, = (—1)"(_n—_1, we have
26,,(8, +p
#sz + (Bp-1 = kQ)C;L*I - (/67/z+1 - k2)<7/1+1 =0, forneZ.

Thus the above argument implies the unique existence of the eigenvalue p; ;; k()
so that Au—AAu = pyj; ru with k/2 < i < k also form a one-dimensional subspace

in E; ;,;, and E; ;; » respectively. In particular,
i prjik(A) = =0 = =% + j% + (k —1)?).
A—0t

Likewise, we obtain the assertion on the spaces Eqj x—ir and Eyjx—sr. Obvi-

ously, we have py ;i k(X) = p1,jk—ik(A)-
The proof of Theorem 2.1 is complete. O

For reader’s convenience, we state an elementary lemma.
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Lemma 2.1. Let (1,7,i,k) be an integer vector such that I,k > 1,0 <14 < k and
7 €Z. Then

2424+ >k implies n2(1%>+5%) + {ni}®> > k% Vn>2,
and
P42+ (k—49)2 >k implies n?(1%>+5%) + (k—{ni})> > k* Vn>2.

Proof. Notice that the desired conclusion holds true if n2(12 + j2) > k2. It suffices
to consider the integers n subject to the condition n?(I2 + j2) < k2.
In the case where [2 + j2 + 4% > k2, we have

(n? — 1)k? S (n —1)2k?

2 12 2 2
A A
= J = n2 )

which yields
nk >ni = (n— 1)k + {ni} > (n — 1)k.
Namely {ni} = ni — (n — 1)k > 0. Hence
n?(12+ %) + {ni}? = n?*(1®*+5%) + (ni — (n — 1)k)?

= 022+ 7% +i%) + n%k? — 2nk? — 2n(n — 1)ki + &?
> 2n(n— Dk(k —1d) + k* > k%

For the second case where 1% + j2 + (k — i)? > k?, we have

(n? — 1)k? S (n —1)2k?

-\ 2 2 2 -2
(k=i 2k =1 = j° > iy —

)

which shows {ni} = ni < k, and the second part of the lemma can be proved in
the same fashion. O

We are now in position to state the main result of this section.

Theorem 2.3. Let an integer vector (I,7,i,k) satisfy (1.5), ng be given by (1.6),
and {ni} be defined as (1.8). Then the following assertions hold true:
(i). For A >0, n € N withn > ng and p > —(1? + j? + min{i?, (k — i)?}),

dim{u € Enl,nj,{ni},k U IEnl,nj,{n'i},k| Au—AAu — pu =0} =0,
dim{u € Enl,nj,k—{ni},k U Enl,nj,k—{n'i},k| Au— Au — pu =0} =0, if {ni} # 0.

(ii). There exist ng eigenvalues ppipj iniyk : (0,00) = R forn =1,...,n9 such
that

dpnl,nj,{ni},k(/\)
d\
)\11>Ht>lo pnl,nj,{ni},k(A) = o0,
lim pnl,nj,{ni},k(/\) = _n2(l2 + ]2) - min{{ni}27 (k - {m})Q},

A—0t

>0,
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and
dim U {u S Enl,nj,{ni},k' (A — A — p)m’u, = 0} <1,
meN
dim U {u € Enl,nj,{ni},k| (A — A - p)mu = 0} <1,
meN

dim | {u € Bppnj—(niy.el (A= AA = p)™u =0} < 1if {ni} #0,
meN

dim | J {u € Eppnjne(nip.l (A = AA = p)™u =0} < 1if {ni} #0,
meN
where the equalities hold if and only if p = ppinj niy,x(A) for A > 0.

Proof. (i). Let n > ng + 1. Without loss of generality, we may assume that
{ni} < k — {ni}. By the definition (1.6) of ng, we observe that

n2(1 4+ 5%) + (k — {ni})? — k% > n?(1® + j) + {ni}> — k* > 0.

As in the proof of Theorem 2.1, for u € Ep pnj fni},x U Enl,nj,{ni},kv the spectral
problem Au — MAu — pu = 0, is uniquely determined by the following analog of
(2.18):

2Bm (Bm + p)
Anl

where 3, now equals (3, (nl,nj, {ni}, k) = n*(1? + j2) + (mk + {ni})%
Multiplying the m—-th equation of (2.40) by (8, — k?)(;n and summing the re-
sultant equations yield

Z Anl

Cm + (Bm—1 = k*)ém-1 — (Bmt1 — )1 =0, m € Z,  (2.40)

Gm|? = 0.

mEeEZ

Notice that £, — k2 > 0 for m # 0. Thus (,, = 0 for m # 0, and (; = 0 as well in
view of (2.40).

In the case where {ni} # 0 and u € By nj k—{ni},x U Enl’m’k_{m’}’k, the spectral
problem Au — AAu — pu = 0 is uniquely determined by

Wé‘m + (Bm—l - k2)€m—1 - (Bm—i—l - kz)Cm+1 = O7 m E Z7

with By, (nl, nj, k — {ni}, k) = n?(1*> + j2) + (mk + k — {ni}). Then as before, it is
easy to see that (,, = 0.

(ii). For 1 < n < ny, it follows from Lemma 2.1 and the definition of the integer
ng that (nl,nj,{ni}, k) satisfies (1.5). Thus Assertion (ii) is a direct consequence
of Theorem 2.1. O

3. INVARIANT SUBSPACES AND PROPERTIES OF THE STEADY-STATE SOLUTIONS

In the previous section, we found that the eigenspaces of the spectral problem
Au — Mu = pu in H2 are even-dimensional. Thus it will be difficult to obtain
steady-state bifurcations in the whole space H2. Fortunately, (1.1-1.4) admit many
flow invariant subspaces, in which it will be convenient to examine the bifurcation
phenomena.
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First, by the divergence free condition dviu = 0, we observe that the bilinear
term B(u,u) = Plu- Vu| can be alternatively given by

B(u,u) = u-Vu— VA 0:(u-Vur)+ 0y(u- Vuz) + 8,(u - Vuy))
= V- (u®u)— VATV (u®u)
with

3 3 3
V-(u®u)= (Z O (unuy), Z On (unusg), Z (unus )
n=1 n=1

n=1

and

3 3
V2-(u®u)zzz hm, (U, Uy,

for (81, 82, 83) = (833, 8y, 82)
Let the integers I > 0, j € Z and 0 < ¢ < k. We introduce the following subspace
of the scalar function space H?(T3):

Hl,j (T = {’U € HX(T?) |v = Zgn sinnkz
neN

+ Z Z NDm,n Sin(milz + mjy + {mi}tz + knz)} ,

meNNEZ

ﬁl,jzk(T3) {UGHQ(T3)|'U: Z{nsmnkz

neN

+ Z Z Dmn c0s((2m — 1)(lz + jy) + {2mi — i}z + nkz)
meNneZ

+ Z Z Cm,n sin(2m(lz + jy) + {2mi}z + nkz)} :

meNNEZ

Here H}; ;. (T?) is a Hilbert space with the norm

[ollgz = [[Av]|L2
1/2
- (Z#kﬂg P+ (mP(+5%) (nk+{mi})2)2|nm,n|2> )
neN meNNEZ
while I?l%j7i7k('ﬂ‘3) is a Hilbert space with the norm
[0l g2 = [|Av] L2
(Z n G+ D Y (@m = 1)+ %) + (nk + {2mi — i})*)? [l
neN meNneZ

1/2
+ 30D (@m)P(E + %) + (nk + {2mi})2)2l<m,nl2> :

meNnEZ
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Then we are ready to define the invariant subspaces for the Navier-Stokes equa-
tions by

Hl%j,i,k = {u = (u1,ug,u3) € H§| U1, Uz, U3 € Hl%j7i7k('ﬂ‘3)}, (3.1)

~2 ) ~

Hy k= {u = (u1,ug,us) € H§| u, Uz, Uz € Hl%j,i7k('ﬂ‘3)}. (3.2)
. 2

Lemma 3.1. Let X be either Hij,i’k or Hy ; ;. with integers 0 < I, j € Z and

0<i<k. Then for any u € X, A~ B(u,u) € X. Consequently, X is invariant

under the steady-state Navier-Stokes equations (2.1).

Proof. For u € X, it follows from Hoélder’s inequality and Sobolev’s inequality that
IB(u, w)llz= < ellullza]Vul ro < el AulZ..

This together with the divergence free condition V- A= B(u,u) = 0 gives

A7'B(u,u) € H2.

If u = (u1,uz,u3) € Hf;; 1, we see that u is in the form

(ur,ug,u3) = Y (&n1,6m2,€n,3) sinnkz

neN
+ Z Z(Um,n,l: Mmon,2s Mm,n,3) sSin(miz + mjy + {mi}z + knz).
meNnNeZ
This gives, for i', 7' =1, 2, 3,

Uy = ( Z &n,iv sinnkz + Z Z N, i sin(mlz + mjy + {mi}z + knz))
neN meNneZ

x ( Z &,y sinnkz + Z Z N, Sin(milx + mjy + {mi}z + knz))

neN meNneZ

= Ci 4+ E gn,i’,j/ cosnkz
neN

+ Z Z Nmon,it 0 cos(mlx + mjy + {mi}z + knz)
meNn€eZ

for some constants ¢/ j/, &n i, 5o and Nm,n,ir,;2. This yields

B(uvu) = Z(f:z,hg;,%g;,?;)ﬁnnkz

neN

+ Z Z(nfm,n,la n;n,n,Qv n;n,n,B) sin(mlx + m]y + miz + knz)
meNNEZ

for some constants &, i+ and 7,,, ,, ;. We thus have A™'B(u,u) € Hf; , .

Likewise, if u = (u1, ug,us) € Hl’j,i’k with

(u1,uz,u3)
= Z(fn,hén,z,ﬁn,g)sinnkz
neN
+ Z Z(’?m,n,l;ﬁm,n,z,nm,n,g) cos((2m — 1)(Iz + jy) + {2mi — i}z + kn2)
meNnNEZ

+ Z Z(Cm»”vl’ Cmon,2, Cmon,3) sin(2m(lz + jy) + {2mi}z + knz),
meNneZ
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we have, for i/, j' =1, 2, 3,

Up Uy = Z &n,iv 50 cosnkz
neN
+ Z Z Nmon,i g sin((2m — 1)(lz + jy) + {2mi — i}z + knz)
meNneZ
+ei o + Z Z Cmyn,ir,jr cos(2m(lz + jy) + {2mi}z + knz)
meNn€eZ

for some constants c;/ jr, &n,ir,j7y Mmon,it,j7 a0 Cmon,iv,j7- It thus readily seen that
":"2
A7 B(u,u) € Hy j; 1 O
. 2
Remark 3.1. Both Hl2,j,i,k and Hj ; ; , are also invariant with respect to the time-

dependent Navier-Stokes equations (1.1-1.4). Hence, (1.1-1.4) can be restrict to
either of the invariant subspaces.

Lemma 3.2. 1. For any X\ € (0,00), there is at least one steady-state solution
for (2.1).
2. There exists an absolute constant ci independent of A and k such that ug =
(sinkz,0,0) is the unique solution of (2.1) for any 0 < X < c1/k>.
3. For any solution u € H2 of (2.1), there exist two absolute constants indepen-

dent of \, k and u such that
lu|| g1 < cak?, (3:3)
lull gz < esk*(A2k* +1). '

Proof. The proof of the first two parts of the lemma is standard; we omit the details.
The first inequality (3.3) is a direct consequence of the standard energy estimates,
while the second inequality follows from the following computation:

1Aullzz < X|B(u,u)z2 + K [luo|| 2

< c)\Hu-VuHLz—l-kQHuOHLz
< Ml sl Vull s + B2 [luol 2
3/2 1/2
< eN|[Val 32| Aull 15 + k2 |uol o2
1
< N[ VulE + FlAul e+ Fuol e
1
< XK uoll3e + 5 Aull e + K ol

O

. <2
Lemma 3.3. Let X be either Hl%j,i,k or Hy ; ;. with integers 0 < I, j € Z and

0<i<k Then A*A and A~'B are compact and continuous operators from X
into itself.

Proof. 1t suffices to notice that for u € Hg,
[Aul|L2 < c|[Vul| L2,
IB(u)llzz < cllull 2| Vullprzs < €l Vull7 /.
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4. GLOBAL BRANCHES OF STEADY-STATE SOLUTIONS

In this section, we consider (2.1) in the flow invariant subspace Hiol noj{noitk 1O
show the existence two global branches of steady-state solutions bifurcating from

the basic flow ug at a critical value Ay j k.

Theorem 4.1. Let (I,7,4,k) be an integer vector satisfying (1.5) and ng be the
integer given in (1.6). Then there exists a critical Reynolds number A j;x > 0
such that problem (2.1) admits two different global branches of steady-state solutions
ull7j7i,k7/\, ul2,j,i,k,)\ € Hiol,noj,{noi},k C Hl%j,i,k C M2 branching off the bifurcation
point (A1 ik, o) continuously such that for m =1, 2,
1. each branch wj"; ; ;. | extends to A = oo in C1NCy as shown in Figures 1.1 and
1.2;
2. each branch up’; ;. \ starting from the bifurcation point (N ;i K, uo) never
touches the A—axis for A # i ji k-

Proof. For the integer ng given in (1.6), we see that H%“k D Hiol noj{noi} .k’ which
is in the following form

{u €2 |u= Z({n,l,ﬁn,g,émg) sinnkz

neN

+ Z Z(nm,n,la Nm,n,25 nm,n,?)) sin(mnolx + mnojy + {mnol}z + knz)
m>2ne’

+ D (Gn15Gn 2, Cns) sin(nole + nojy + {noi}z + knz)} .

ne”Z
It is obvious that the spectral problem

Au—NAu=pu for p> —f and u € H? (4.1)

nol,noj,{noi},k

has no eigenfunction in the form

Z (én,lv gn,Q, £n73) sinnkz.

neN

Thus it follows from Theorem 2.3 that (4.1) has a unique eigenvalue py, i nj,{noi}.k
transversal across the imaginary axis at the origin, and the choice of the integer ng
ensures the simplicity of this eigenvalue.

Let us denote by A ;; 5 the critical Reynolds number such that

Prolinoj, {noi} .k (ALjik) = 0. (4.2)

Taking u’ 4 ug in place of u in the steady-state equations with respect to (2.1)
reduced in Hiol’noj, {(noit.k and omitting the prime, we have
u=AMTAu+ AT Bw), w0 ik (4.3)

of which the linear part

u— AT Au =0, ueH? (4.4)

nol,noj,{noi},k
has a simple eigenvalue 1/); ;;, or a simple characteristic value A;;;x in the
notation of Rabinowitz [21]. It follows from [21, Theorem 1.40] that (4.3) ad-
mit two continuous branches of solutions (X, uj ;; . \ — uo) and (A, uij,i’k’)\ — o)

other than the branch (A, 0) in the space R x Hiol noj, {noi},k under the norm
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[\ u)|| = (A2 + ||Aul|z2)Y/2. Each of those two branches meets (\; ik, 0) and

either

2
nol,noj,{noi},k’

(i) meets (X, 0), where X # A, i 1 is a characteristic value of (4.4).

Observe that (),0) is the unique solution of (4.3) when 0 < X\ < ¢/k%. Thus
these two branches of solutions are contained in the space (0, 00) x Hio Lnoji{noil k"
Meanwhile, the a priori bounds of the the steady-state solutions of (2.1) for every
A > 0 show that both branches of the bifurcation solutions extends to A = oo in
C1 N Cy; see Figures 1.1 and 1.2.

Furthermore, the above second alternative is excluded due to the fact that A; ;i x
is the only characteristic value of (4.4) for A € (0,00). Hence, each branch u"; ; ; |
intersects with the A—axis only at the line segment pq shown in Figures 1.1 and 1.2.
In particular, each branch w;" , , | starting from the bifurcation point (A, to)
never touches the A-axis for A # Ay ;i k-

(i) meets oo in R x H or

O

5. SUPERCRITICAL PITCHFORK BIFURCATION

In order to reach our main results, it is necessary to give the local behavior of
the global branches of the steady-state solutions ul1 ik and uﬁj’i,k, y close to the
bifurcation point (A k,uo0). More precisely, we have the following supercritical
pitchfork bifurcation theorem.

Theorem 5.1. Let the steady-state solutions U’ll,j,i,k,)\) u%’j’i’k,)\ cH
given in Theorem 4.1. Then for m =1, 2,

2
nol,noj,{noi},k be

m
U, j,i,k, A = U0 for X < Aijik,

1 2 (5.1)
U0 F U kn 7 ULk \ 7 U0 Jor Xijik <A,

provided that

)

IA@ ik = wo)llL2 + (A = Al <€ (5.2)
for some small constant € > 0.
For simplicity, we set
Ao = At jiks uj\r = uzl,j,i,k,,\: uy = UlQ,j,i,k,,\- (5.3)

The proof of Theorem 5.1 will be achieved by analyzing the local asymptotic
expansion of uf in terms of A.

First, notice that he bifurcation phenomenon of the Navier-Stokes system (2.1)
reduced to the subspace Hio Lnoj{noil.k is excited by the external force k%ug and the
unstable subspace of the bifurcation point (Ao, ug) is contained in By ngj,{noi}, k-

The unstable subspace is given by the nontrivial solution u* € Ey,g1,nj, {noi},k Of
the spectral problem Au* — \gAu* = 0:

u* = Z(§n7 Tny gn) Sin(nolw + nojy + {nOZ}Z + nkz) € Enol,noj,{noi},kv
ner 5.4
o =1, (5-4)
Au* — MAu* =0,
By Theorem 2.3, for any n, ¢, # 0. Hence there exists a unique nontrivial solution
u* of (5.4) with (o = 1.
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Then we examine the nonlinear interaction of the unstable direction given by u*.
To this end, we notice that

* *
B(u*,u*) € Eo,0,0,k D Bangi,2n0,{2noi} k-
Hence, we can decompose B(u*,u*) as

B(u®,u®) = Bo(u®,u") + Ba(u,u) + Bs(u, u),

Bo(u*,u*) = % B(u*,u*) - up dz dy dz,
T
B (5.5)
By(u*,u*) € o0, with By(u*,u*) - updrdydz = 0,
T3

* *
Bz(u*,u”) € Bangt,2n05,{2n0i} k-

To prove Theorem 5.1, it suffices for us to prove the following stronger result,
providing a detailed local asymptotic expansion of the bifurcation solutions in terms
of A.

Theorem 5.2. If (5.2) holds true for some small number ¢ > 0, then the two
branches of steady-state solutions (\,uy) close to the bifurcation point (Ao, uo) un-
dergo the supercritical pitchfork bifurcation in the following sense:

Ug A< /\0,
Uf =g+ oz—v)‘;)‘ou* + %[—uo + a2 A7 By(u*, u*) (5.6)
—|—0¢2(—A+)\QA)_IB3(’UJ*,’LL*)] +O()\_)\0) A> X

Here the eigenfunction u* is given by (5.4) and the constant « is defined

2km3/2

1/2
( B(u*,u*)-uodacdydz>
T3

o= (5.7)
The definition of the constant « in (5.7) is justified in the following lemma.

Lemma 5.1.

B(u*,u*) - ugdx dy dz > 0.
T3

Proof of Lemma 5.1. By the divergence free condition and integration by parts,
/ B(u*,u*) - ugdzdy dz (5.8)
T3

= —/ B(u*,up) - u* dxdydz
T3

—k Z &nlm / sin(nolz + nojy + {noi}z + nkz)
T3

n, mez
x sin(nolx + nojy + {noi}tz + mkz) coskz dx dy dz
= —2]{?71'3 Z gn(gnfl + <n+1)'

neZ
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On the other hand, recall from (2.18)-(2.20) that u* satisfies the following set of
coupled algebraic equations

2 2

i n T (/anl - kQ)Cnfl - (BnJrl - k2)<n+1 - 07 (59)
At i kMol

26, . . .
A in (Jgn - lnn) + nOZ(Jén—l - lnn—l) - nol(]£n+1 — l77n+1) (5.10)

3J5Ts

= _kj(gnfl + <n+1)a

= nojnn = nol&n + ({noi} + nk)Gn, (5.11)

for any n € Z, where 3, = n3l? + n2j? + ({noi} + nk)?.
Multiplying (5.9) by ¢, and summing up the resultant equations yield

26, o

N gt T Z(ﬂn — Brs1)CnCns1 (5.12)
nez l,j,z,knO neZ
= Z k(2{noi} + 2nk + k)CnCnt1-
nez

Moreover, multiplying (5.10) by j&, — In, and summing up the resultant equations
yield

> 20n (& — Imn)? = =k > (5%6n = 1jnn) (Gt + Cnp1)- (5.13)

ey Mgsik ez
We infer then from (5.8), (5.11), (5.12) and (5.13) that

Z 26 (Jgn _lnn)2

=5 Mok

= kY (P + P+ nio({noz‘} 1)) Gt + o)

nez

kl
= R+ D EnlGuma + Gur) = 1o > ({mod} + 1K)Cn (Gt + Cnta)

nez nez
12 4 42 Kl
= B(u*,u*) - - = 2{ngi} +2 nCn
S8 [ Bty wdrdyds 2 L2000} 420k 4 HGG
12 + 52 282

= B(u*,u*) -ugdrdydz —
278 /]1‘3 () ,LEE:ZAI,J',LW% "

We thus have

/ B(u*,u*) - updrdydz =
T3

47T3 2/, 2 2 ~2
5 > (Bund(j€n — lna)? + B2C2) > 0.

(2 + 720010 255,
O

Now in order to facilitate the understanding of the problem, we consider the infi-
nite mode truncation model by projecting (2.1) onto the unstable space Span{ug} @
Enol,noﬁ{noi},k:

Find v € W = Span{uo} ® Ey 1,n0j,{noi},k Such that

/ (=A(u —ug) + AB(u,w)) - ¢pdxdydz =0, VéeWw. (5.14)
T3
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Lemma 5.2. The parameter X\ = Ao is a supercritical bifurcation point of (5.14)
with the two bifurcation branches given by

U when A < A,
- {uo + a@u* - %uo when A > Ao, (5.15)
for [|A(u — uo)||r2 + |A — Ao| < € for some constant € > 0.
Proof of Lemma 5.2. Decompose u as
u=pug+v with y e R, v e Enol’noj’{noi},k.
Then (5.14) becomes
—Av + ApAv =0, (5.16)
E(u—1) + A B(v,v) -updrdydz =0, (5.17)
473 Jpa

It follows from Theorem 2.3 that u = pug + v solves (5.16)-(5.17) if and only if
A =X and v =cu* for some c € R,
where the eigenfunction u* is defined by (5.4). Thus (5.17) becomes

45273 (A — Xo)

2 = 02/ B(u*,u*) -ugdzdydz.
T3

This together with Lemma 5.1 implies

0 if A < Ao,
CcC =
taY2220 A > N,
Thus (5.15) follows, and the lemma is proved. O

Proof of Theorem 5.2. Lemma 5.2 implies that the bifurcation solutions uf\c close
to the bifurcation point (Ag,ug) are in the following form:

+ VATl AT R0 A= ), (5.18)

uy = up + h wl—l—Tw—l—o

with wy, w € Hiol noj{noi},k independent of A\. Here w can be decomposed as

w = —ug + we + ws

Wy € EO,O,O,Iw / wa - Ug AT dy dz = 0,
T3

/ ws - pdrdydz =0 Vo € Eo 0,0,k -
T3
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Thus
)\B(uf, uf)

A=\ A=\
= VA=)l <B(u0+ 3 O(w2—u0),w1)+B(w1,u0+ y O(wg—uo))>

A=A A=A\
s o) wa) + Bl o + 2w = o) )

+(>\ — /\0) <B(UO —+

A
A=A
2200 Bl )+ o(1r = o))
A=A
VA2l (B(ag, ) + Bl wo))
A=A A=A
Y200 B (g, ws) + Bl we)) + 2520 By, wn) + 01— )
Hence the stationary Navier-Stokes system
—A(uy —uo) + AB(uy,uy) =0 inHZ e (5.19)
becomes
VA=A — —
0 = YRRl Au, - 2520w, ) - 252 Auy
A=A A=A A=A
+%)\0Aw1+¥)\014w3+ | 0|B(’LU1,’LU1)+O(|)\—)\Q|).
This yields
—Awi + NAw; = 0,
(/\—Ao)(A(wg —U0+’w3)—/\0Aw3) = |)\—)\0|B(w1,w1).

By Theorem 2.3, we see w1 = cu® € Ey 1 n0j,{noi},x for some constant ¢ with u*
defined by (5.4). Hence
B(wy,w1) = *B(u*,u*) € Eo 0,0,k @ Eangt,2n0j,{2n0i} k>

with B(u*,u*) decomposed by (5.5).
Then (5.19) yields

0 = —Au*+ \Au",
(X = Xo)k?ug I\ — Xo|Bo(u*, u*) (5.20)
A= Xo)Awy = c*I\— \o|Ba(u*,u*),
(A= o) (—Awsz + NAws) = —c*|A — \o|Bz(u*,u*).
By Lemma 5.1 and (5.20), we obtain that for A < A9, ¢ = 0. For A > )y, we have
0 = —Au"+ MAu”,
c = =a, (5.21)
wy = AEAT'By(ut,u*) € Eopo.k,
wy = c*(A—XA) 'Bs(ut,u) € Eonot,2n0,{2n0i} k-

Here we have used Theorem 2.3, the definition of ny and the Riesz-Schauder theory
to obtain the boundedness of the operator (—A + XoA)™! in Eopi 200j,{2n0i} k-
Thus the two branches of steady-state solutions ()\,uf) close to the bifurcation
point (Ao, up) undergo the supercritical pitchfork bifurcation in the sense given by
(5.6). The theorem is proved. O
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~2
To copy the results of Theorems 4.1 and 5.1 to another space H,, ; . i tn0i}.5- W€
~2

notice that H2 > H which is in the form

nol,noj,{noi},k>

{u € ]HI?r |u= Z(ﬁn,l,émg,{n,g) sinnkz

neN
3 S it T ) con((2m — Dol + 07)
m>2n€e’l
+ {2mnoi — noitz + knz)

+ 57 (Gonts Gz Gua) sin(@m(nolz + nojy) + {2mnoi}z + knz)
nez

+ 2(771,71,1, M1,n,25 M,n,3) €08(nolz + nojy + {noi}z + k’”z)}v
nes

and
2

2 ~
Hirj.ik 2 Hngtngs, noiy & for no odd .
~ ~2
We see that for each (I, 7,1, k) satisfying (1.5), Enol,noj, {noi},k Hnol,noj’{noi}’k. It
follows from Theorem 2.3 that py,ingj,{nei},k 1S simple and is unique eigenvalue of
the spectral problem
~2
Au—XAu=pu for p>—PF and u € H,,; 105 tnoi}k

which is transversal across the imaginary axis at the origin. Then the argument as
that given in the above proof of Theorems 4.1 and 5.1 shows that there exist two
steady-state solutions
U jikens Uik € Hngtings fnoi} k
globally branching off the bifurcation point (A; ;; k, uo), where Ay ; ; i is defined by
(4.2). More precisely, we have the following Theorem.

Theorem 5.3. For the critical Reynolds number Ay ;i > 0 obtained by (4.2), the
problem (2.1) with 0 < A < co admits also two steady-state solutions
~2

1 2 ; 2
Uik Uik € Hngrmgj,fnoiye © Ho
branching off the point (A j ik, uo) continuously such that form =1, 2,
Uik =0 for X< Ak,
U0 F Uy pn 7 Uljikn 7 U0 for A > Nyjik,
provided that, for some small constant € > 0,
A 60 — uo)ll2 + A= Ao| <e
Furthermore, both of the global branches of bifurcation solutions ﬂffj,i’k’)\ satisfying
the following properties:

1. each branch ﬂl”fjmk,/\ extends to A = oo in C1NCq as shown in Figures 1.1 and
1.2;

2. each branch uj; ; . \ intersects with the A-azis only at the line segment pq.
In particular, wj" ; \. \ never touches the A—azis for A > N\ j i k.
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6. PROOF OF THEOREMS 1.1 AND 1.2

For an given integer vector (l,7,7,k) satisfying (1.5), let wj™y;;\ \, Uik
U k—igx and 4 ;o\ be the bifurcation solutions obtained in Theorems 4.1,
5.1 and 5.3, and let

UL,5,i,k,m,XA = ul,] i,k A € Hnol noj,{noi},k’ for n = 17 2. (61)

For {n(k — i)} = k — {noi}, we define other bifurcation solutions u; j i xn,x as
follows:

a). Case {ngi} =j =0:

~2
ulomn,\—uloik/\é]ﬂlnolo(mfornf?)4 (6.2)
b). Case {ngi} = 0,5 # 0:
n—2 —
Uik € Hnol —10j.0,k for n = 3,4,
~2
Wiikmn = Wi € Hnol 10,0,k for n =5,6, (6.3)

~n—6
U zk)\eH !

y—Jsts nol,—no37,0,k for n = 7,8.

n—2 _
Uy 0,k—ikx € Hnol 0k—{noitkr formn =34,
na B
W0k = 4 L0k € HW 0.{noi},k for n = 5,6, (6.4)

Uy 0,k—i,k,\ EHnolok {noi},k forn=17,8.

d). Case {ngi} #0, j # 0:

n—2 —
ul]k 3k, eHnol noj,k—{noi},k’ forn*374’
n—4 2 —
Uy y— bk, A EIHInol —noj,{noi},k’ forn—5,6,
n 6 —
U ,— i, k—i,k, )\ E Hnol —noj,k—{noi},k’ for n = 7’ 8,
~n—8
Uik = 4 ik € Hnol;‘“ {noi}k (6.5)
anT 10 —
Up g k—i kA € Hnol noj.k—{noi},k for n =11,12,
n—12 —
ul_“kkeH for n = 13,14,

nol,—noj,{noi},k
~2

~n 14 o
Uy jk—ik\ € Hnol,—noj,k—{noi},k for n = 15, 16.

Lemma 6.1. The above defined solutions u; j; k.n,x bifurcate from the same critical
Reynolds number A\ j; .

Proof. By Theorem 2.3, the fact {ng(k—4)} = k—{noi} in case of {n¢i} # 0 and the
proof of Theorem 2.1, it is easy to see that ppnginej,0,k = Pnol,—noj,0,k When {ngi} =

0, and Pnolinog,{noit,k = Pnolnoj,k—{noit,k = Pnol,—noj,{noi},k = Pnol,—noj,k—{noi},k
when {ngi} # 0. Therefore we infer from (4.2) that A; .t = Ai,—j,s,x When {ngi} =
0, and Ay jik = Arjk—ik = M,—jik = N,—j,k—ik When {noi} # 0. O

Proof of Theorem 1.1. It suffices to prove (1.9). To this end, set
(l/,j,, ’i/) = (nol, noj, {nol})

Then we consider the following function spaces:
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Casei = j =0:
. 2 o~ ’:"2
El’,j',i/,k C Hl',j',i’,k}’ El/,j',i',k C Hl',j',’i',k;
Case j #0,1 =0:
. 2 ~ ":"2
B ik CHp o o0 g By ik CHy g oo g
Yy ~ ~2
By —g e CHp g ir s Bur—jr e ©Hy _jr v i3
Case j =0, ¢ > 0:
. 2 ~ ’:"2
B i CHY s i s B i CHy g oo g
~2
o ~ - .
By g e—ir e C s it g By g =it e © By o v s
Case ji' # 0:
o ~ ~2
By e CHi g g By jrir e © Hy g g
~2
o ~ -
By —jrie CHp _jrr Bu—jrie CHy _jin g
. 2 ~ ’:"2
Ev jre—ir e CHY v kit oo By jrk—ir ke C Hy o pir ks
~2
Y - -
B L U T Bur,—j k=it e C Wy _jr i i

It is easy to see that for any integer vector (I, 7,1, k) satisfying (1.5) and for each
case,
1. each of these subspaces contains an unstable subspace of (2.1), generating the
bifurcation solutions; and
2. these subspaces are orthogonal to each other in H2.

Hence (1.9), consequently Theorem 1.1, follows. O

Proof of Theorem 1.2. 1. By Theorems 4.1, 5.1 and 5.2 and (6.1-6.5), it remains
to show (1.12). For the integer vector (I, 7,4, k) given by (1.5), we set

Y = {u € Hij,i7k| u= Z({n,nn,gn) sink‘nz}.

n=1

It is easy to see that ug = (sinkz,0,0) is the unique steady-state solution of (2.1)
in Y. With this observation in mind, the cases where {ngi} = 0 and {ngi} # 0 for
(1.12) are shown respectively as follows:

2. In the case where {ngi} = 0 and j # 0, by (1.7), i = 4. Then we need to
check, for i; =0, 4,

UL ik 7 Uikt ns i Mgk <A <00, i1 +1<n<ip+2<n <ip+4.
(6.6)

Indeed, when i; = 0 it is obvious that
Y= H%olmojﬁ,k N Hiol,—noj&k’
and from (6.1) and (6.3),

T2 T2
Uik € Hpot ngjos Wijikn/x € HE o os00 k-
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By Assertion 2 of Theorem 1.2,
Ul ji kA 7 U0 7 UL,k A £OT A > Ny g
This gives (6.6) with i1 = 0.
For 71 = 4 we see that
2

~2 ~
Y = Ho01,105,0,6 N Higl,—nog,0,k0

and from (6.3),
’:’2
uljikn A € Hygtng 0,00

~2
U gk, x € Hyyor —ngjook-

By Assertion 2 of Theorem 1.2,
Ul j i kyn, A 7 U0 7 Uljigkyns A £OT A > Ag k.

This gives (6.6) with i1 = 4.
3. In the case where j{ngi} # 0, we see that ic = 16. When i; = 0, we notice
that

Y

12 2 12

Hnolmo]}{noi},k n (Hnol,—noj,{noiLk U Hnoh—noik—{noi},k)

12 2 2

Moot h—{noi} 1 (Hnoz,—noj,{noi},k U Hnoz,—noj,k—{noi},k) :
From (6.4) it follows that

‘T2 T2
ul,j,i,k,n,)\ e Hnol,noj,{noi},k U H’nol,noj,k—{noi},k fOI' 1 S n S 4’

and
2 2
ULk’ A € Hnol,*nojv{noi}yk U Hnol,fnoj,kf{noi}yk for 5 <n <8.
By Assertion 2 of Theorem 1.2, we thus have
UL i kn\ 7 Uik for 1 <mn <4 <n’ <8

When i; = 8, we see that

~2 ~2 ~2
Y = Hnol,noj,{noi},k N <Hnol,—nojv{noi}7k U Hnoh—noik—{noi},k)
~2 ~2

~2 > >
- Hnol,noj,k—{noiLk N <Hnol,—noj7{noi}7k U Hnol,—noj,k—{noi}7k> )

and, by (6.4),
~2 ~2
utgiknx € oot ngj tnoiy ke Y Bnglng s k—{noi} ko

<2 ~2
ul,j,i,k,n’,)\ € H’nol,—noj,{noi},k U H’nol,—noj,k—{’noi},k
for 9 <n <12 < n/ <16. From Assertion 2 of Theorem 1.2 it thus follows that

UL, 5,i,k,m,\ # UL, j,5,k,n’ A it A > /\l,j,i,k and 9 <n<12< n' < 16.

Hence, we obtain (1.12) and thus Theorem 1.2 is proved. O
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