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GROUND STATE SOLUTIONS FOR CHOQUARD TYPE
EQUATIONS WITH A SINGULAR POTENTIAL

TAO WANG

Commumnicated by Claudianor O. Alves

ABSTRACT. This article concerns the Choquard type equation
u(y)|P

O =

V@ (o o yps

where N >3, a € (N—4)4,N),2<p < (N+a)/(N—2)and V(z) is a

possibly singular potential and may be unbounded below. Applying a variant

dy> |ulP~2u, zeRN,

of the Lions’ concentration-compactness principle, we prove the existence of
ground state solution of the above equations.

1. INTRODUCTION

In this article, we study the Choquard type equation

p
—Au+V(z)u= (/RN I|u(;j|)]|\,ady)|up_2u, zeRY, (1.1)

where N >3, a € (N —4)1,N), p € [2, ¥£2) and V is a given potential satisfying
the following assumptions
(A1) V : RN — R is a measurable function;
(A2) Vi :=limyy_o0 V(y) = V(x), for almost every z € R, and the inequality
is strict in a non-zero measure domain;
(A3) there exists C' > 0 such that for any u € H(R"),

|00l V@l > ([ (90 + ).

Clearly, (A3) implies Voo > 0. When N =3, a =2, p = 2, with V =1 just is
the classical stationary Choquard equation
2
—Autu= (/ Mdy)u in R3. (1.2)
RN [T — Y|
This equation appeared at least as early as in 1954, in a work by Pekar describing
the quantum mechanics of a polaron at rest [29]. In 1976, Choquard used to
describe an electron trapped in its own hole, in a certain approximation to Hartree-
Fock theory of one component plasma [I7]. As is known to us, the existence and
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multiplicity of radial solutions to has been studied in [I5] and [I8]. Further
more results for related problems can be founded in [3] O] 1T} [19] 20} 24 28] 30, 32]
and references therein, where V' may be not a positive constant.

In recent years, the existence and properties of solutions for the generalized
Choquard type equation are widely considered. When the potential V is a
positive constant, Ma and Zhao [23] proved the positive solutions for the generalized
Choquard equation must be radially symmetric and monotone decreasing
about some point under appropriate assumptions on p, a, N. They also showed the
positive solutions of is uniquely determined, up to translations, see also [7].
Moroz and Van Schaftingen [25] obtained the existence, regularity, positivity and
radial symmetry of ground state solution of , and they also derived the sharp
decay asymptotic of the ground state solution. For more related problems, one can
see [13 [14} 21], 26]. When the potential V' is continuous and bounded below in R,
Alves and Yang [4] studied the multiplicity and concentration behaviour of positive
solutions for quasilinear Choquard equation

Q) F(u(y))
RN |z —ylH
where A, is the p-Laplacian operator, 1 < p < N, V and (@ are two continuous real
functions on R, F(s) is the primitive function of f(s) and € is a positive parameter.
Furthermore results for related problems can be found in [5 [6l 10, 27, B4] and
references therein.

To the best of our knowledge, there are only a few results on the existence of
ground state solutions of with singular potentials which may be unbounded
below. In this paper, we succeed in finding a ground state solution of under
the assumptions (A1)—(A3). Here we remark the assumptions are introduced in
[1] to study the singular nonlinear Schrédinger-Maxwell equations. Our aim is to
extend the results in [I] to the case of Choquard type equations with some new
techniques. Recall that u € H'(RY) is said to be a ground state solution to ,
if u solves and minimizes the energy functional associated with among
all possible nontrivial solutions.

— P Apu+ V(x)|uff2u = 6“_N< dy)Q(x)f(u) in RN, (1.3)

Remark 1.1. According to [Il Remark 1.3], we can conclude that the potential V'
can be satisfied by the following type of functions which are singular and unbounded
below. Let V(z) = v(x) — Az|~7. Here ~ satisfies (A1) and (A2), and is bounded
below by a positive constant, o € (0,2] and X is a positive constant small enough.
Indeed, we only need to verify (A3). By Hardy’s inequality (see [12]), there exists
C > 0 such that ,
/ iy <C |Vu|?dz.
Y |zf? RN
Throughout this article, we write C for different positive constants. If o € (0, 2),
using Hélder’s inequality, we have
2—o

2 o o/2
[t = (), tean) ([ 1)
RN |2 RN |Z] RN

o

< C(/RN |Vu|2dx)n/2</RN |u|2dx>2% (1.4)

<c( [ (9 + i),




EJDE-2017/52 CHOQUARD TYPE EQUATIONS 3

By taking A > 0 small enough, (A3) holds immediately. In particular, v(z) =
positive constant.

Now we are ready to state our main results.

Theorem 1.2. Let N > 3,a € (N—4);,N),p € [2, ¥£2) and suppose (A1)-(A3)

hold. Then (L.1)) has a ground state solution in H*(RY).

The remainder of this article is organized as follows. In Section 2, some prelim-
inary results are presented. In Section 3, we are devoted to the proof of our main
result.

2. PRELIMINARY RESULTS

In this article, we use the following notation.
e Let N be positive integers and Br be an open ball of radius R centered at the
origin in RV,
e Let H'(RY) be the usual Sobolev space with the standard norm

1/2
i = ([ (7P +uf?) o)

We also use the notation
1/2
Jull = ([ (9uP + V@)
RN

which is a norm equivalent to || - ||z in H*(R™) under (A1)-(A3) (we will prove the
equivalence in Lemma .
o Let O C RY be a domain. For 1 < s < oo, L*(f) denotes the Lebesgue space

with the norm
/|u| dz

If @ = RN, we write |u|ps = |u|ps(q). We can identify v € L*(2) with its extension
to RY obtained by setting u = 0 in RV\(2, which ensures that we can use Hardy-
Littlewood-Sobolev inequality to deal with the nonlocal problem.
e The dual space of H(RY) is denoted by H~1(RY). The norm on H~1(RY) is
denoted by ||+ ||z7-1-

It is well known that the energy functional I : H*(RY) — R associated with

(1.1) is defined by
2 ) [Plu(y) P
= dzx dy.
Ttw) = ” "= 2p/RN/RN ey Y

This is a well defined C2(H'(RY),R) functional whose Gateaux derivative is given
by

I'(u)v = /RN (VuVo + V(z)uwv)dz — /RN /RN |p||1;()|yp;1i(x)v(x) dx dy

for all v € HY(RY). Tt is easy to see that all solutions of (1.1]) correspond to critical
points of the energy functional I. For simplicity of notation, we write

)P |u(y)|P
/ / 2)Plu)l” dy.
ey Jany |z —yNo

To study the nonlocal problems related with -, we need to recall the following
well-known Hardy-Littlewood-Sobolev inequality.
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Lemma 2.1 (see [16]). Lets,t >1and0 < p < N with &+14+1 =2, f e L*(R")
and h € L*(RN). There exists a sharp constant C(N, u,s,t) independent of f,h
such that

/ )d dy< C(N H, S, t)|f|Ls|h|Lt
RN JRN |I—Z/|

Remark 2.2. Suppose N+°‘ <p< N+°‘ and u € L¥¥a (RN). Then according to
Lemma [2.1] we have

D(u) < C(N,a,s,t,)|uf|L:|uP|e = C(N,a, s, t)|ulf ou, [ulf 2xp < 00. (2.1)

L N+o L N+o

& =2

Using [25, Theorem 1 and Proposition 5], we easily obtain the following lemma.

Lemma 2.3. Let N >3, € (0,N), p € (N]'\‘;“, %tg) Then there exists a positive

ground state solution w € H*(RYN) of (1.1) with V = positive constant.

According to the assumptions (A1)—(A3), we have the following lemma whose
proof is standard.

Lemma 2.4. For any u € H*(RY), there exist two positive constants C1 and Cs
such that
Cillulla < lull < Caflulla- (2.2)

In this article, we define the Nehari manifold
N ={uec H'RYN\{0} : I'(u)u = 0}.

Let

= inf I(u).
°=

It is easy to check that 0 ¢ ON and ¢ > 0. Now we show some properties of the
Nehari manifold A.

Lemma 2.5. Suppose (A1)—(A3) hold. Then the following statements hold:
(i) For every u € H*(RN)\{0}, there exists a unique t, € (0,00) such that t,u € N
1

2 2p—2
and t, = (J]I)’Zﬂ)) 7 Purthermore,

P

) = s 1 = = ) (G2 )

(ii) ¢ = infyen I(u) = infye g1 (ma)\ {0} SUDy=o L (Tu).

Proof. Statement (i) follows by a direct calculation. Then by (i), we have I(t,u) =
sup;so I (tu) > inf,ecpn I(u). Hence inf,c g1 (mV)\ {0} SUP¢>0 I(tu) > inf,epr I(u). On
the other hand, for any u € N,

Tl = pic I(bu) 2 legﬁ)\{o} >0 I{tu).
This shows (ii) and completes the proof. (]
Let A > 0. We define
INO / (Vul? + x2) / / Sl UIC)]
2 Jgn D2 Jay Jan Jr—yN 7
c¢(A) = inf I(u (2.3)

ue Ny
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where N, is the Nehari manifold of I,. Then we give some preliminary lemmas
which can be proved by using the similar arguments as in [2] Lemma 2.7] with some
necessary modifications.

Lemma 2.6. Let ¢(\) be defined in (2.3). Then c(\) is a continuous and strictly
increasing function in (0, 00).

Proof. Let A, 9, A, > 0. We first show ¢()) is strictly increasing with respect to A.
To be precise, if A < d, we have ¢(\) < ¢(9).

Indeed, according to Lemma there exists u € H'(RY) such that u is a
positive critical point of Is and I5(u) = ¢(d). On the other hand, by Lemma
(i), we can find a unique t,, > 0 such that t,u € Ny. Then

c(0) = Is(u) > Is(tyu)
— a(taw) + (6 — A) /RN ituul2ds o)

> () + (5= \) / it ul2da.

RN
So if A < 4, it holds ¢(XA) < ¢(9).

Now we prove ¢()) is continuous with respect to A. To be precise, if A\, — A,
then c¢(A,) — ¢(N).

Let A, = A+ hy,, where h,, — 0 as n — oo. It suffices to prove c(A+ h,) — c(A)
as n — o0o. We shall complete the proof by distinguishing two cases.
Case 1. We show that

¢t = lim ¢\ +hy) =c(N).

n—0

In fact, according to the monotonicity of ¢()), we have ¢ > ¢(\) > 0. By way of
contradiction, suppose

ct > c(N). (2.5)
By Lemma there exists a positive function v € H*(RY) such that I{(u) = 0
and Iy(u) = ¢(A). In addition, for each n, there exists a unique 6,, > 0 such that
0nu € Ny, due to Lemma [2.5] (i). Note that

[ 1vul? + Aul? =D

RN

/ |Vl + A Jul? = 02P72D(u).
RN

Then a standard argument shows that (6,,),>1 is uniformly bounded. In addition,
by Lemma (i) and Sobolev embedding theorem, we have

ct <e(A+hy) < Iy, (6pu)

= I\(0,u) + 1(An — /\)/ |0, u|?
2 .
1
<D+ 500 =) [P
2 .

= () + 5 0n =) /RN 10,0

< e(N) + Chy |03
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Letting n — oo, we conclude ¢ < ¢()\), a contradiction to (2.5]).
Case 2. We shall prove

T = 1l A+ hy,) =c(N).
¢ = lm A+ hy) = ()

Indeed, the monotonicity of ¢(A) yields ¢~ < ¢(\). By way of contradiction, we
suppose

™ < c(N). (2.6)
By Lemma for each n > 1, there exists a positive function v, € H*(R™) such
that I} (v,) = 0 and I, (v,) = ¢(\n). Since c(3) < (M) = Iy, (vs) < c(N) for
n large enough, we can find Cy,Cy > 0 such that C < ||v,||lg < Co uniformly in
HY(RY). By Lemma (i), for each m > 1, there exists a unique 6(v,) > 0 such
that 6(vy,)v, € Ny. Note that

/ [Von|* + Anvn|* = D(vn)
RN

/ Vo 4+ Ava|* = 62772 (0,)D(vy,).
RN
Then a standard argument shows that (6(vy,))n>1 is uniformly bounded. In addi-
tion, by Lemma (i) and Sobolev embedding theorem, we have
c(N) < In(0(vn)vn)
1
= [An (Q(Un)vn) + 5(}\ - >\7l)/ |9(Un)fun|2

RN

< Do)+ 500 [ oG

=c(A,) + %(A —n) /RN 16(vy )0 )?

< ¢(An) + Chn||8(vn)vnl[F-
Since lim,, . ¢(Ay) = ¢, letting n — oo, we conclude ¢(A) < ¢~, a contradiction
to (2.6). The proof is complete. O
Lemma 2.7. Let (A1)—(A3) hold. Then ¢ < ¢(Va). Moreover, there exists 1 > 0
such that ¢ < ¢(Voo — pt) < ¢(Vio).

Proof. By Lemma there exists a positive function u € H'(RY) such that
I, (u) = 0 and Iy, (u) = ¢(V). In addition, there exists a unique ¢, > 0 such
that t,u € N. By (A2), we obtain

(Vo) = Iy (u) > Iy,_(t,u)
= I(tyu) + /RN(VOO = V(x))tyul*de (2.7)

> c+/ (Voo — V()| tuu|?dz > c.
RN

By Lemma there exists > 0 such that

c(Vy) —c

(Vo) — eV — )] < = =E

which implies ¢(Voo — p) > ¢. In addition, we have ¢(Voo — p) < ¢(Va). This
completes the proof. O
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3. PROOF OF THEOREM

In this section, motivated by [I] and [8], we shall prove the existence of ground
state solution of by using a variant of Lions’ concentration-compactness prin-
ciple.

Let (un)n>1 C N be a minimizing sequence such that

lim I(u,)=c. (3.1)
n—oo

In what follows, we shall prove (uy)n>1 is a (PS). sequence of I.

Definition 3.1. We say that (u,)n>1 C HY(RY) is (PS),. sequence of I, if (uy)n>1
satisfies
I(un) —c, I’(un) — 0, asn — oo. (3.2)

Lemma 3.2. If (u,)n>1 C N is a minimizing sequence such that (3.1) holds, then
(Un)n>1 ts a (PS). sequence of I.
Proof. The outline of the proof is as follows.
Step 1. We shall show G'(u,) # 0 for any n > 1. In fact, it is easy to check
(tn,)n>1 is uniformly bounded in H*(RY). Let G : H}(RY) — R defined by
G(u) = [lul]® - D(u).
By standard arguments, we deduce G is of class C2(H'(RY),R) and its Gateaux
derivative is given by
P p—2

G'(u)v:2/ (VuVu+V (z)uv) dwdy—2p/ / YPu()] i uz)v(@) dz dy

RN RN JRN |z —y|N -
for all u,v in H'(RY). Since (uy)n>1 is uniformly bounded, by (2.1] -, we deduce
G'(uy,) is uniformly bounded in H~*(RY). Note that for any u € N,

1 1

I(u) = (5~ %)HUH2 > c.

Then, for all u € N,
& (w)u = 2[ul]? — 2pD(u) = (2 — 2p)]jull? < —dpe < 0.
Hence G’ (uy,) # 0.

Step 2. We shall prove I'(u,) — 0 as n — oo. Let Jx(un) = |[[I'(un) —
AG (uy)||g-1. By [33L Theorem 8.5], we assume

min Jy(u,) — 0, asn — oc.
AER

Then up to a subsequence, we have

1
min Jy (u,) < —.
AeR

2n
On the other hand, for each n, we can find A\, € R such that
1

J. n) — min Jy (u, —.

[, (n) = min Jx (un)| < o
Therefore,

I, (un) = [[I'(un) — MG (up)||g-1 — 0, asn — oo. (3.3)

Note that

|I/(un)un - AnG/(un)uM < HI/(un) - )‘nG/(Un)HH—l lln]]- (3.4)
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Since I'(up)u, = 0 and G'(un)u, # 0, we conclude from (3.3) that A, — 0 as
n — oo. Note that G’(u,) # 0 by Step 1. Then we have

17 ()l =1 < 1T (un) = AaG (un) -1 + A G (wn) | -1+ — 0
as n — oo. This completes the proof. [

Next we need some compactness on the minimizing sequence (uy),>1 defined in
in order to prove our existence results. Define the functional J : HY(RY) — R
by

I = (5= 55) [ IVl + V@l
2 2p RN

It is easy to check that for any u € N, we have I(u) = J(u). Using a variant of
Lion’s concentration-compactness principle presented in [8 Lemma 6.1] (see also
[22, Proposition 3.1]), we have the following lemma. Throughout this section, O(u)

denotes a constant depending on p such that |¥| <C.

Lemma 3.3. For any e > 0, there exists R = R(e) > 0 such that for any n > R,
/ (Vanl? + un]?) < c.
|z|>R

Proof. By way of contradiction, we suppose that there exist ¢g > 0 and a subse-
quence (ug)k>1 such that for any k& > 1,

/ ([Vul + ) 2 o (3.5)
z|>

Let
(@) = [ (Vunl + ).
Fix [ > 1 and define ’
A, ={z eRNr <|z| <r+1}, forany r>0.

We shall finish the proof by distinguishing four steps.

Step 1. We shall show that for any u, R > 0, there exists r = r(u, R) > R such
that pr(A,) < p for infinitely many k.

We argue by contradiction. Suppose there exist pg > 0 and R € N such that, for
any m > R, there exists a strictly increasing sequence {p(m)}, - C (0,00) such
that

pr(Am) > po,  for any k > p(m).
By applying this fact, we have

m— R -
lurllZr > pr(Bm\Bg) = ( 7 Jpo, for any m > R, k > p(m).

Take m > R+ ﬁ sup,,>1 |[tn |- Then
||up(m)H%{ > sup ”un”%{ > Hup(M)H%{a
n>1
which is a contradiction.

Step 2. We shall show there exists po € (0,1) such that for any p € (0, 1), we
have the following results:
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(i) It holds
¢ < (Voo — 1) < ¢(Vio)- (3.6)
(ii) There exists R, > 0 such that for almost every |z| > R,,,
V(z) > Ve — > 0. (3.7

(ili) There exists r > R,, such that, going if necessary to a subsequence,

pr(Ar) < p, forall k> 1. (3.8)
(iv) It holds
/ |Vug|? + V(2)|ur|® = O(pn), for all k > 1, (3.9
)P P
/ / |ka ) ﬁ\f a)| dedy = O(p), forall k> 1. (3.10)
RN -

Indeed, (i) follows from Lemma [2.7] n By (V2), we can find R, >0 such that for
almost every |z| > R, (3.7 . holds. Consider p and R,, satisfying (3.6) and .
Then by Step 1, we can take r > R,, such that, going 1f necessary to a subsequence

(3.8) is valid. According to (A2), (3.7)and (3.8)), we can easily obtain (3.9)). Since
€ (0,1), combining (2.1)), we have (3.10).

Step 3. We shall first give some estimates. Let € C°°(RY) such that = 1 in

B, andn=0in Bf ;,0<n< 1 and |Vn| < 2, where r is defined in Step 2 (iii).

Define v, = nug and wk =(1-

It follows from and . that

/'WWF+wmmF=ow»
A (3.11)
/’WWF+wwmwzow»

T

This, combined with (3.9)), implies that
[ 1wl + v
]RN
= / \Vaug|? + V(2)|ux|? +/ \Vog|* + V(z)|vg)? +/ V| + V (z)|wg)?

I3 B B'V‘+l

=/ WWF+meﬁ+/ Wwﬁ+wmmm+/’WwP+wmwm
RN RN

r

- [ Il V@I - [T V@
A, A

= [ VP V@Il + [V Vil + 0.
RN

(3.12)
According to Step 1 above, we can take [ > 0 appropriately large such that

|uk (@) [Plur(y) | Ip\wc( W e —
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Then we conclude from (3.10) and (3.11)) that
)P p
/ / | ()P ( )| dr dy
RN JRN |$* e —yNe

p p
L [ s
p p
|up(z \p|uk / / |Uk |p|uk y)|P
d:zcd + dx d
/r / Te—yNe MY pv Je—gie W

ok () [P [og, (y) [P // lwg (@) [P wy,(y)|?
dx dy dx d
@@wwwa +MM|%WQ y+Ol).
(3.13)

Next, observe that for k > 1 large enough, there exists ¢ > 0 such that
/ [Vwg|? + V(2)|wg]® > €. (3.14)
RN
Indeed, we can conclude from (3.5) and (3.7)) that for & > r + [, it holds that

[ vl + V@)l
RN

> [ Ve (Ve = )l
B

c
r+l

:/ \va+ug—uw%F+/ Vwel? + (Vi — )]
lz|>k Bi\Byr41

> [l (Ve = )l
|z| >k
> min{1, Voo — p}eo.

Hence (3.14) holds.
Therefore, by (3.12) and (|3.14]), the following equality and inequality hold.

J(ur) = J(vx) + J(w) + O(p), (3.15)
J) > Ju) + O(), (3.16)
J(ug) — Ce" > J(vg) + O(u). (3.17)

Step 4. Recall G(u) defined in Lemmam 3.2l By (3.12) and -, we deduce
0= G(uk) = G(U;c) + G(wk) + O( ) (3.18)
We shall complete the proof by distinguishing three cases.

Case 1. Up to a subsequence, G(v;) < 0. By Lemma 2.5 (i), for any k > 1, there
exists a unique t; > 0 such that t,v, € . Then

/N Vo |? + V(2)|ox]? = 377D (vy,). (3.19)
R

Note that
/ |Vv;€|2 + V(:C)|Uk|2 < D(wg).
]RN
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This, combined with (3.19)), implies that ¢; < 1 uniformly. By (3.17]), we obtain
(3.20)

Here and in the following part, we point out ox(1) — 0 as k — oco. By letting 4 — 0
and k — oo, (3.20]) yields a contradiction.

Case 2. Up to a subsequence, G(wy) < 0. For any k > 1, there exists s > 0
such that spw;, € N. Arguing as in Case 1, we have s, < 1 uniformly. Define
Wy, = spwy. Then there exists 0 > 0 such that 0w, € Ny, _,. By (3.7)), we have

/ Vael? + (Vi — p)]d]? < / Vi l? + V(@)|al? = D(wy),
RN RN

which implies that 8, < 1 uniformly. Hence, by (3.16]), we deduce

(Voo — 1) < Iy, — (O 0y)

<G-g0) [ 190 + (Ve =l
<G-3p) [, Vo + Vi (3.21)
< J(wy)

< J(ug) + O(p)
=c+or(1) + O(p).

Letting 4 — 0 and k — oo, we obtain a contradiction with ([3.6)).

Case 3. Up to a subsequence, G(vg) > 0 and G(wy) > 0. According to (3.18), we
have

G(wg) =O0(p) > 0, G(vg) = O(p) > 0.

For any k > 1, there exists s, > 0 such that spwy, € N and then G(spwy) = 0. So
that

/RN |v’wk|2 —+ V(x)\wk|2 = Sip72D(’wk),
/ Vg l? + V(@) wy > — D(wy) = O(u) > 0,
]RN

which implies s; > 1 uniformly. Since (wy)g>1 is bounded, by (3.14]), we have

$2P2 Jew IVwi|? + V() [wy |? N c
g D(wg) € —=0(u)

Hence (sg)g>1 is uniformly bounded when p is small enough.
Now we need to distinguish two cases.
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Case 3-(i). Up to a subsequence, if limy_. o s = 1, for k large enough, 1 < g3 <
1+ O(p). Using similar arguments as in Case 2, we have

C(Voo - M) < Ivoo_ﬂ(ekwk)

1 1
<(I_ 2 2 N (2
<G5 [ VP + V)P
=89 T gy Lo VR =)Wk (3.22)

< (1+0(w)*J (w)
< (L+O0(u)*(J (ux) + O(p))
= (1+0(w)*(c+ ox(1) + O(n)).

Letting © — 0 and k — oo, we obtain a contradiction with (3.6)).

Case 3-(ii). Up to a subsequence, if limy_.o sy = s9 > 1, for k large enough,
sk > 1. On the other hand, we have

00 = Glun) = [ [Vanf? + V(lun? - Dlu)
R
1
:(1_334>/1|uni+vunwuz
RN

Hence

vl + Vi = 0,

RN
which contradicts (3.14). The proof is complete. O

Proof of Theorem[I.3. Since (uy)n>1 is uniformly bounded, going if necessary to a
subsequence, there exists ug € H'(RY) such that u,, — ug in H'(RY) and u,, — ug
a.e. in RN, By Lemma we have I'(u,) — 0 as n — oo, and then I'(ug) = 0
because of [31, Lemma 2.6].

Now we show ug # 0. According to Lemma for any € > 0, there exists r > 0
such that, up to a subsequence,

lunl 1 (Bey <€, for any n > 1.

Let s € [2, %) For n > 1 large enough, we have

[Un — uo|ps(mNy = [un — uolLs(B,) + [Un — UolLs(Be)
< e+ Co(llunllmr(me) + lluollm (Be))

Then we deduce u,, — ug in L*(RY) for any s € [2, ]\2,—2) This, combined with

Brézis-Lieb Lemma (see [33, Theorem 1.32]), implies

lun|P — |ugl|P, in L¥¥a (RY).
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Hence using 1) we obtain

ID(un) — D(uo)|
U (2)|P — Pl (y)|P
</ / \ P ~ [wo@)?lua P
RN JRN |z —y|N -
)P — p P
/ / [[wn () [P = Juo(y)I7]luo ()] dvdy. (3.23)
RN JRN |z —y|N -
< Cllunl? = Juol?| | ax |un|p e + Clfun|” = Juol”| | an_ |u0|i§rﬂ
— 0.
Note that I’ (uy)u, = 0 and I'(ug)up = 0. Then
1 1
I(un) = (5 — —)D(uy),
(1n) = (5 = 52)D(un)
I(uo) = (2 — 2)D(uo)
=G5 0
Since I(u,) — ¢ as n — oo, we conclude from (3.23) that I(u,) — I(ug) = c.
Therefore, ug is a ground state solution of (|1.1). This completes the proof. O
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