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ABSTRACT. In this article, we consider the stabilization of a wave equation
with variable coefficients and internal memory in an open bounded domain,
by the Riemannian geometry approach. For the wave equation with a locally
distributed memory with a kernel, we obtain exponential decay of the energy
under some geometric conditions. In addition, for the wave equation with
nonlinear internal time-varying delay without upper bound, we obtain uniform
decay of the energy.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
Let © be an open bounded domain in R™ with smooth boundary I". Define
du=—divA(x)Vu for u € H(Q), (1.1)

where A(x) = (ai;(x))nxn i @ symmetric, positively definite matric for each € R™
and a;;(x) is a smooth function on R™ for each 1 <14,j < n.
We consider the stabilization of the problem

i+ ot o))+ 2 [ Koot~ p)dg] =0
(z,t) € Q x (0, 4+00),
w(z,t)|. =0 te(0,+00),
w(z,0) =up(x), wu(x,0) =ui(x) z€Q,
ug(z,t) = fo(z,t) (z,t) € Q x (—00,0),

(1.2)

where a(z) € C1(Q) is a nonnegative function and the kernel k(-) satisfies

| koo =1 (13)

Moreover, p1, pio > 0, and the initial data (ug,u1, fo) belongs to a suitable space.
Stability results for system (1.2)) in the case of us = 0; that is, without memory,
were obtained by some authors. See [0} 12, [26].
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Time delays often arise in many physical, chemical, biological and economical
phenomena. In recent years, different equations with time delay effects have become
an active area of research. In particular, as is well-known that an arbitrarily small
delay may be the source of instability and some dissipative mechanism need to be
introduced to against the instabilities, the control and stabilization of the wave
equations with time delay have been extensively studied by several authors (see
for example, [T, 2, [10, (13} 08, 19, 20, 21, 22, 23, 24, 25] and many others.) To
be specific, with a internal or boundary constant delay term, the stability and
instability results of the constant coeflicient wave equation are given by [T, 18] 25].
The results in [I8] have been extended to the variable coeflicient wave equation in
[22, 24]. Besides, with a time-varying delay term in the boundary or interior, the
uniform decay results of the energy of the constant coeflicient wave equation are
obtained by [2] 10} [13] 19} 20} 2T, 23].

The following system was studied in [I7].

ug + Au=0 (x,t) €Qx(0,+00),

u(z,t) =0 (x,t) € Ty x (0,+00),

ou
vy

+ but(mvt) +A k(t - p)ut(va)dp =0 ((E,t) el x (07+OO)7 (14)

u(z,0) = up(z), w(z,0)=ui(z) =€,
w(z,t) = folz,t) (z,t) €1 X (—00,0)

where [ = Ty UTy, Ty NTy = () and T'y # (). b is a positive constant and 68;; =

(A(z)u,v) is the co-normal derivative, (-,-) denotes the standard metric of the

Euclidean space R™ and v(x) is the outside unit normal vector for each z € T'.
The exponential decay of the energy of system is obtained under the fol-

lowing assumptions: the kernel k(-) satisfies

k(t) >0, K(t) < —k(t), K'(t)>—-yk(t), (1.5)

where 9,71 are positive constants, and there exists a vector field H on © and a
constant pg > 0 such that

DyH(X,X) > po|X|? for X eR} z€Q, (1.6)
sup div H < inf div H + 2py, (1.7)
z€Q e

Hv<0 z€l's and H-v>§ =zely, (1.8)

where ¢ is a positive constant.

Note that the initial memory of wu; is zero and fot k(t — p)us(z, p)dp = fo_t k(p)
ug(x, t+ p)dp in . Our objective in this paper is to study the exponential decay
of the energy of system with a nonzero initial memory of u;, a more general
kernel k(-) and vector field H than (L.4)).

To obtain our stabilization result, we assume that

po < 1. (19)
Let
+oo
G(h) :/h |k(p)|dp for h>0. (1.10)
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Define the energy of system ((1.2)) by

E(t) = %/Q (uf + i aijumiuxj)dac

h=1 (1.11)
+e [ N | a@)Gloptta.t = p) deap,
where £ is a positive constant satisfying
to < 26 < 2u1 — po. (1.12)
As in [29, [15], we define
g=A"(z) forzecR" (1.13)

as a Riemannian metric on R™ and consider the couple (R™,g) as a Riemannian
manifold. For each x € R”, the metric g introduces an inner product and the norm
on the tangent space on R? = R" by

(X,YV)y = (A" (2)X,Y), |X]2=(X,X), X,Y€eR],
where (-, -) denotes the standard dot metric. Let f € C*(R™), we define the gradient
V,f of f in the Riemannian metric g by

X(f) = (Vof, X)g; (1.14)

where X is any vector field on (R, g).
We denote the Levi-Civita connection of the metric g by Dy. For the system
(1.2f), our main assumption is as follows:

(A1) There exist €, po > 0,€%; C Q with smooth boundary 0€2; and C? vector
fields H* on Q;,i=1,2,...,m such that ;N Q; =0,0 <i < j <m and
DyH'(X,X) > polX[7 for X eR} ze, (1.15)
a(z) > ag, forxzeViNQ, (1.16)
where m is a positive integer and
Vi = QOR(UZ,TH U (R U2, 90)), (1.17)
where
R(S5) :_Uxes{yGR"II_y*:c\ﬁs}, S CRY, (1.18)
Ty ={x € O|H (x) - v'(z) > o},

with 2%(x) the unit normal of dQ; in the Euclidean space R"™, pointing
towards the exterior of €);, and ¢ is a nonnegative constant satisfying
I DU {z € a0 < Hi(zx) vi(r) <eo} (1.19)
For 0 < &' < e, we set
Vo = Ror (U2 T U (Q\ U2 ). (1.20)

Assumption is a verifiable condition used in [29] to establish the control-
lability of the wave equation with variable coefficients. There some examples of
the global existence of such vector fields are given by using the Riemann curvature
theory. So far, it has been widely used in the study of control and stabilization of
many variable-coefficient systems, see for example [4] [7, [9, [IT], [16] 27, 28].



4 Z.-H. NING, F. YANG EJDE-2018/160

If o = 0 in ([L.18)), Assumption (A1) is used in [5] [6] to study the locally dis-
tributed control and stabilization of the wave equation with variable coefficients. If

g0 # 0, Assumption (Al) is a weaker than the geometric conditions in [5 [].
If J =1 and Q; = Q, then from (1.17)), we have

Vil L, CToC Vi (1.21)

60750 EQZO7

where
Ty = {x € 9QH(2) - v(z) > 0}. (1.22)

Ty is widely used to study the control and stabilization of the wave equations with
boundary feedbacks. See [8, [I'7, 23 [29].

In what follows, we denote by C or C; any positive constant which may be
different from line to line. The following is the stability results of system ([1.2]).

Theorem 1.1. Assumption (Al) holds, and that €q is sufficiently small and there
are positive constants A > 1 and Ty > 0 such that

G(p) > A\G(p+Ty) VYp>0. (1.23)
Then there exist constants C1,Cy > 0, such that
E(t) < Cre”“*'E(0), Vt>0. (1.24)

Example 1.2. Let G(h) = ,joc e Pdp = e " h > 0, where |k(p)| = e~ satisfies
(T.3). Since G'(h) = —e™" < 0, condition (1.23) holds naturally.

In this paper, we also consider the stabilization of the problem
Uy + Fu+ argi(u(z, t) + azga(u(z,t — 7(t))) =0
(x,t) € Q x (0,400),
u(z,t)|. =0 te(0,+00), (1.25)
u(z,0) = up(x), wu(z,0) =wui(x) x€Q,
ut(:r?t) = ho(ﬂj,t) (Ivt) €O x (77_(0%0)7
where a1 > 0, a2 € R are constants and 7(t) satisfies

7(t) >0 and 7'(t)<d<1 Vt>0, (1.26)

where d is a constant. And there exist positive constants c¢i;,p > 1 such that
91,92 € C(R) satisfy

g1(0) =0, sg1(s) > max{|s|?, (g2(s5))?} for s € R, (1.27)
lg1(8)] < eqls| for |s] > 1. (1.28)

In [2, 10, I3, 19, 20, 211, 23], the well-posedness and stabilization of the wave
equation with a time-varying delay was studied under the assumption that 7(¢) has
a upper bound. While in this paper, we will consider the stabilization of system
with a more general 7(t), that is, 7(¢) does not need to have a upper bound
(See ) To obtain our stabilization result, we assume that

|as|
1—-d

<ay. (1.29)
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We define the energy of system ((1.25) as
1 n
J(t) = 5/9 (ut2 + Z aijumiumj)dx
=1 (1.30)
#(t)
+ 77/ /Qut(w,w(p))gl(ut(x,w(p)))dx dp,
t

where 7 is a positive constant satisfying

|as] n 2]

< <a — —2
Wi-d 1-d " 9/1-4

(1.31)

and ¢(t), p(t) satisfy
ot)=t—7(t), Vt>0, &)= '(t), Vt>-1(0). (1.32)

Since ¢'(t) =1 —7'(t) > 1 —d > 0, ¢(t) and ¢(t) are strictly increasing functions
satisfying

tiiglooga(t) = +o0, tligloo @(t) = +oo. (1.33)
As in [3, [14], we let h € C([0,+00)) be a concave increasing function such that
h(0) =0, s*+(91(s))* < h(sg1(s)) for [s| < L. (1.34)
We define
F(t)=sup{r(p) + 110 < p <t} Vt>0. (1.35)

The following is the stability results of system (|1.25)).
Theorem 1.3. (a) Assume that

91(s)] < cals|  for |s| < 1. (1.36)
Then there exist constants C1,Cy > 0, such that
C1J(0)
J(t) < e vt > 0. (1.37)
(b) Assume that
F(t
im Z0 _ g, (1.38)
t—+oo ¢
Then .
t
lim F(ot) =0. (1.39)
t——+400 t
Also there exist constants Cy,Coy > 0, such that
Co F(o(t))
J(t) < Cih(—=J(0 C J(0),Vt > 0. 1.40
(1) < Cah(S57(0) + C—=F0(0), ¥ > (1.40)
Example 1.4. Let 7(t) = tiiTQl’ then 7/(¢t) = —%, which implies relation (|1.26]).
Since )
F(t d H+10<p<t
fm Z0 - gy A/t DHU0spst} (1.41)
t—+oo ¢ t——+o00 t

condition (|1.38)) is satisfied.

This article is organized as follows. Section 2 is devoted to presenting the well-
posedness of systems (|1.2)) and (|1.25). The technical details of the proof for Theo-
rems [L.1] and are given in Section 3 and Section 4, respectively.
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2. WELL-POSEDNESS

To obtain the well-posedness of system (|1.2]), we define

L2(Q x (—o0 / / (z,t —p)dxdp < —l—oo}. (2.1)
LQ(Q HY( ))
/ / (z,t— )+ui(x,t—,0))d$dp< +oo}, (2.2)

Note that system is a linear equation and the kernel k() defined on [0, +00)
does not change With time ¢. Using the methods in [I8], by a similar proof, we
obtain the following well-posedness result.

Theorem 2.1. For any initial datum (ug,u1, fo) € HE(Q) x L?(Q) x L2(2 x
(—00,0)), there exists a unique solution u of system (L1.2)) satisfying

u € CH([0,+00), L*(Q)) N C([0, +00), HE()), us € C([0, +00), L2( x (—o00,1)).

Moreover, if (uo,u1, fo) € (H2(2) N HE()) x HL(Q) x L2(Q, H'(—00,0)) satisfies
the compatibility condition fo(-,0) = uy, then the unique solution u satisfies

u € C1([0,+00), Hy (2)) N C([0, +00), H*(Q) N Hy(2))
and u; € C([0,+00), L2(Q, H!(—00,t)).
To obtain the stabilization of system (1.25]), we assume system (|1.25]) is well-
posed such that

/ O)/ h() 91 ho( ( ))) dx dt < +00 (23)
and u € C'([0, +00), L*(Q)) N C([0, 4+00), HE (2)).

3. PROOFS OF THEOREM [I.1]

The following lemma is given in [29, Lemma 2.1] to introduce the relations
between the standard dot metric (-,-) and the Riemannian metric g = (-, -),.

Lemma 3.1. Let © = (x1,--- ,x,) be the natural coordinate system in R™. Let f,
h be functions and let H, X be vector fields. Then
(a)
(H(x), A(x)X(2))g = (H(z), X(x)), x€R™ (3.1)
(b)
V,f = Z (Za” f%) = A(x)Vf, zeR", (3.2)
i=1  j=1

where V f is the gradient of f in the standard metric;
(c)
Vof(h) =(Vef,Vgh)g =(Vf, A(x)Vh), zeR", (3.3)

where the matriz A(z) is given in the formula (1.1)).
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Let 1
Eo(t) = 5/ (uf + |Vgul?)dz . (3.4)
Q
Using (1.11) and -, we have
Eu>=1%u>+§/’u/auxxmuﬂmt—pMMdm (3.5)
Q
#(t)
J(t) = Eo(t —|—n/ /ut ) g1 (ue(z, o(p))) dz dp. (3.6)
Let Q be a subset of Q, we define
N 1
Eo(Q,t) = 5/ (w2 + |Vyul?)da, (3.7)
Q
B@0) = Eo(@)+¢ [ [ a@Glopidat - p)dudp (3.8)
0o Ja

Lemma 3.2. Suppose that (1.12)) holds. Let u(x,t) be the solution of (1.2)). Then
there exist constants C'y,Cy > 0 such that

E(0) — ) > Cl/ / ut x,t) +/0°<> |k(p)|uf(x,t—p)dp> dxdt, (3.9)

B(0) - <@//’ (u20)+ [ Ikl ot~ p)dp) dode, (310)
0 0
where T > 0. The assertion (3.9) implies that E(t) is decreasing.
Proof. Differentiating (1.11f), we obtain

E/(t) :/ (utUtt +V u - Vut)

+2£/ / plugt(,t — p)ug(x,t — p) da dp.
Applying Green’s formula, the fact that
ut(xat - P) = 7up(xat - p)v utt(z’t - P) = upp(xvt - P),
and integrating by parts, we obtain
B0 = [ a@)[( - mue.t) - pauite.t) [ hlphusta.t - pdp)
@ 0 (3.12)

(@) = [ Ikt = pp) o
With (|1.3)) we deduce that

wiet) [ Kpule.t - p)ig

y+5( [ Kot pip)”

Vig | ol [ ko p)dp
Vhg | Rt o
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Then, it follows from (1.12) and (3.12) that

Bt < —Cy / a(a) (u?(x,w + [ K ot = p)dp)da, (3.13)
Q 0
02 ~Co [ a@)(uwt)+ [ ko).t~ pidp) . (3.14)
Q 0
where C1,Cy > 0 and C satisfies
B

Then inequalities ) and - follow directly from and - 3.14) by inte-
O

grating from 0 to T.
By a similar proof as in [29] Proposition 2.1], we have the following identities.

Lemma 3.3. Suppose that u(x,t) solves the equation
oo
uge + Au+ a(zx) [ulut(:n, t) + o / k(p)us(x,t — p)dp} =0 (3.15)
0

for (x,t) € Q x (0,+00), and that H is a vector field defined on 2. Then

/ / 7, Hwydldt + 3 / / — |Vyul?)H - vdldt

(us, H |0 / / u)[prug(, t) +M2/ k(p)ui(z,t — p)dp] dz dt

+/ /DgH(Vgu,Vgu)dxdt—l—f/ / u§—|vgu|2) divH da dt.
o Ja 2J)o Ja g

Moreover, assuming that P € C*(Q), we have

/ / — |V, u| )P dx dt
(ut,uP / /V Pu d:cdt—/ /Pu—dl"dt (3.17)
Oy

/ / Pu,ulutxt)—l—ug/ k(p)us(z, t — p)dp] dz dt.

0
The following is the energy inequality for our stabilization problem.

Lemma 3.4. Let the conditions i[Theorem hold, and let u(z,t) be the solution
of system (1.2]). Then there exists T' > 0 such that, for T > T, there exists a positive
constant Cr such that

) < C’T/ / ut z,t) —|—/ |k(p)|ui(z,t — p)dp| da dt. (3.18)
0
Proof. Let ¢' € C§°(R") satisfy 0 < ¢* < 1 and

. 1, ze€ Qz\‘/l
¢ = 3.19
(b {0, r e Vs, ( )

(3.16)

for 1 <i < m. Set

H=¢'H', P=-(div(¢'H")—po), =0

DO =
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Substituting (3.17) into (3.16)), we have
se,

T
_ (ut’¢iHi(u)+Pu)|§+p2—o/ Fo(, t)dt
0

1
/ / Dg (6"H')(Vgu, Vgu) — Po|vgu\§ + §ng(U2)) dx dt

(3.20)
/ / )" H' (u) [ (, 1) +u2/ k(p)u(z,t — p)dp] dx dt
/ / ) Puljn (2,1) + i /OOO k(p)us (2t — p)dp] da dt,
where
/ /BQ o (¢'H'(u) +uP) dl'dt o)

+ §/ / (uf = |Vqul?) ¢'H" - vdldt.
0 Joo,
Note that 9Q; € Vo UT%, where I'Y = {z € 9Q; NT|H(z) - v(z) < 0}. We
decompose Ilpq, as
Haq, = aq,nv, + Hga,nri)\vss (3.22)
where

T
o o
Hoo,nv, = / / aiu (qulHZ(u) + uP) dldt
0o Joo,nv, OV

LT (3.23)
7/ / (uf —|Vqul?) ¢"H" - vdldt,
20Nz
irri
Hpa,nrinv, = / /{m - 3%{ (¢'H'(u) + uP) dldt o)
+ 5/ / _ (uf — |Vgu|§) ¢'H" - vdldt.
0 J@unri\v
From , we have
Hoq,nv, = 0. (3.25)
Since u|(anF§)\VZ = 0, we obtain vrgu|(aﬂmri)\vz = 0; that is,
Vyu = ;VZ{Z"!% for x € (99 NT%)\Va. (3.26)
Similarly, we have
ou H-v ,
H(u) = (H,Vgu), = for z € (092 NTY)\Va. (3.27)

31/% |V,Q¢|§

Using formulas ( and (3.27)) in , with (1.19]) and (1.20] m, we obtain
o0, ) Y drdt
(0Q:NTi\ V2 — A /69 ATV 5%{ |ug¢|2

<C’€0/ / 6%2{ dl"dt.

(3.28)
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Let H; be a C! vector field on ) satisfying

Ve

H, =
|ver 12

zeT. (3.29)

Replacing ‘H with H; in (3.16) and noting that u|F = 0, by a similar discussion on

I' with (3.26) ~ (3.28) we have

dth
//3141
T
= (ug, Hy(u |O /dt/Dng(Vgu,Vgu)dx
/dt/ — Vg u| div Hydx
/ it [ a) i) [imn(e.0) +e | Kot = p)dp]ds
0

< Gy (B(0) + B(T)) + C / " Byt

+ 03/ / ) [uf (z,t) / k(p)|ui(z,t — p)dp] da dt.
0

Substituting (|3.25| , and ( - ) into , and using and ( -, we

obtain

(3.30)

T
/ Eo(Q\V1,t)dt
0
T T
< C4(E(0) + E(T)) + 0560/ Eo(t)dt +/ / (CQUQ + a|un\3) dx dt (331)
0o Jao, '
et / [ a@lin+ [ ket = oo+ 9,0k dot,
0
where « is sufficiently small. Then, noting that Q C (|J;~, Q; U V1), we have
T
/ Eo(Q\V4, t)dt
0
< Cam(E(0) + E(T ))+C’5m60/ Fo(t)dt
+Z/ / (Cou® + |V, u\ dxdt—|—C’6m/ / o) [uZ(x,t)

+/0 k(P2 (et — p)p + [V gul2] da dt

(3.32)

T T
< Cym(E(0) + E(T)) + Csmeg Eo(t)dt + C’7/ / u? d dt
0 0

+C’g/ / )[uZ(x,t) / k(p)|uf (x,t — p)dp + |V gul?] dx dt.
0
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Then, using (1.16)), we have

T
/ Eo(t)dt
0

< Cy(E(0) + E(T +Cm/ /u d dt (3.33)
+C’11/ / V[uZ(x,t) / k(p)|ui (z,t — p)dp + |V gul2] da dt.
0
Set P = a(x) and substituting identity (3.17]) into identity (3.33)), we obtain
T
/ Ey(t)dt < C12(E(0) + E(T +013/ /u da dt
0

+Cl4/ / V[u?(z,t) /0 |k(p)|u2(z,t — p)dp] d dt.

From (|1.23)), we have

/ K / N | a@lko) et = p) dedps
:/OT° /O:/Qa(x)|k:(t+p)|ut2(a:,—p)d:l:dpdt .
Z/Oo/a(a:) /To|k(t+p)|uf(a:,—p)dxdpdt

1—f / / (p)u(w, —p) da dp dt.

Then, for T > T}, with . ) and (| we obtain
Ci2(E(T) + E(0)) + E(0) < (2012 +1)E(0)
= (2C12 + 1)Ep(0) + (2C12 + 1) §/ / p)ul(z,t — p)dxdpdt
< (2012 + 1)E0(0)

4 (200 + 1)( g/ / / V(. t — p) dz dpdt.

Note that for T' > 2C15 + 1,

(3.34)

(3.36)

2C12+1
(2C12 4 1)Eo(0 /Eo dt+/ +(Eo() Eo(t))dt

2C12+1
/ / / x)ug(z, t) [prug(x, 1)

+M2/ k(p)ui(x,t' — p)dp] dz dt dt+/ Eo(t)dt  (3.37)
2C12+1

< (2C12 + 1)( ,u1—|— / / ut (z,1)
0

+/0 |k(p)|u?(z,t — )dp]dxdt—i—/ Ey(t)dt.
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Substituting (3.36))-(3.37) into (3.34)), for sufficiently large T', we obtain
oo
) < C15/ / ut x,t —|—/ |k(p)|uf(x,t—p)dp) dx dt
0
+ Ci3 / / u? dx dt.
0o Jo

Estimate (3.18)) follows from the inequality (3.38) by a compactness-uniqueness
argument as in [24]. O

(3.38)

Proof of Theorem[I1. Let T > 0 be given by Lemma Then it follows from
(3.9) and (3.18) that, for T > T,

) < CT/ / Y(u?(z,t) /ODO k(p)|ui (x,t — p)dp) dz dt (3.39)

< CrCit E(T)).
Then
E(T) < CTC?CIIZ 1E(o). (3.40)
Estimate follows from the inequality . ([l

4. PROOF OF THEOREM [L3|

Lemma 4.1. Suppose that (1.29) holds, and let u(x,t) be the solution of (1.25)).
Then there exist constants C1,Cy > 0 such that

J(T:
4.1
e / / g (. 0) + o e O sl dodt,
4.2
< 02/ / (ue(z, ) g1 (u (2, 8)) + w2, ©(8)) g1 (ue(z, @(t))) dx dt, 4.2)
where Ty, > T1 > 0. Assertion implies that J(t) is decreasing.
Proof. Differentiating , with , we obtain
70 = [ e+ Vg V) dz 76/ (2) [ o 091w, 0)de
@ @ (4.3)
0 [l 0wl p(0)) o
Q
Note that
1o 1 _ 1 1
Y= em T em) ST -



EJDE-2018/160 STABILIZATION OF WAVE EQUATIONS 13

by Green’s formula, we deduce that

J%wznwuyéuxawmwx%wa
—néumudﬂmmM%wﬁﬂﬁ
+ [ v (w) - ayuga(us(o. o(0))dz (45)

< [ [ mate. o0ttt + ﬂiﬂmﬁwuwuwm
Q

a
+/Q (—alutgl(ut) 2\}% Uy + utgl(ut)>d$-

From (1.27)), (T.29) and (T.31]), we obtain

J'(t) < —01/Q[Ut(x,t)gl(ut(x,t))+Ut(w,w(t))gl(Ut(x,w(t)))]dx, (4.6)

where C7 > 0 satisfies

C1 = min {al —

las| 7 n_vl—d|a2|}
2v/1—d 1-d’ 2 '

Note that
¢ (t)>0 Vt>0. (4.7)

From the first step of (4.5), with (1.27)) we obtain

J'(t) > _02/9[ut(x7t>91(ut(37,t)) +ui(, (1) g1 (us (2, (1)) d, (4.8)

where Cy is a positive constant. Then the inequality (4.1))/(4.2)) follows directly
from (4.6)/(4.8) integrating from T to To. O

Proof of Theorem[I.3 Let To > Ty > 0. Multiplying (1.25) by u and integrating
from T3 to Ty, we have

/ / |Vgu|§) dx dt

. (4.9)
= (uy, u)|§j +/T /Qu (a1g1(ue(x,t)) + aage(ui(z,t — 7(t)))) dx dt.
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Then

T

Eo(t)dt

—2/ /ut dx dt — / / -V, u| ) da dt
*2/ /ut dz dt

(4.10)
(10, / / w (@91 (ue) + asga(un(p(2)))) da dt

<2/ / 2dz + C(J(T1) + J(Ty))
+€/ /u ddec/ /gl (s (2,1)) + g2 (e (2, (1)) d dit.

From (1.27)), we have
gi1(s) > |s| for seR. (4.11)

Then, from (4.10)) it follows that

T B
Eo(t)dt < C(J(T1) + J(T2)) / 91 u(x, 1))

Ty

(4.12)
+ ur(, 9(0) g1 (we(, (¢ >>>} da d,

where C' is a positive constant.

Proof of (a). From and ( we have

g7 (s) < max{cy,co}sgi(s) for s € R. (4.13)

Then, from (4.12) it follows that

T>

Balt)dt < CI(T) + I(12)) +C | : /Q [ 1)1 (. 1)

T (414)

+U%%¢U»9Mmtmwdnﬂdxﬁ.
Since J(t) is decreasing, from (3.6) we deduce that

C(J(TY) + J(Ty)) + J(Ty)

< (2C +1)J(Ty) (4.15)

~ ~ T1)
= C+VEM)+C+0n [ [ e o) (ule. o0 drar
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From (1.27)), we deduce that
(2C + 1)Eo(Ty)

T1+2C+1 T1+2C+1
:/ Eo(t)dt+/ (Eo(T1) — Eo(t))dt

T1 Tl
T1+2C+1 Ti+2C+1 pt

:/ Eo(t)dt+/ / /ut(x,t')[algl(ut(a:,t'))
Tl T1 0 Q

+ asga(u(z, o(t')))]] dz dt’'dt

T1+20+1 _ las|
< / Eo(t)dt + (2C + 1) (a1 + 7)
T

Ty 4+204+1
x / /Q e, )91 (e (2, ) + g2 ez, (£))]

T

Ty 42C+1

T1+25+1 _ ‘GQ‘
< / Eo(t)dt + (2C + 1) (a1 + 7) /
T1 Tl

un(, ot))gi (s, (1)) dar dt.

15

/ e, ) (o (1))
Q

(4.16)

Substituting (@.15) and (£.16) into [{L.14)), for Tb > max{T} + 2C + 1, $(T})}, with

(4.1) we have

T
J(I)<C / [ue (@, £) g1 (ue (@, 1)) + ue(z, (1)) g1 (ue (2, ¢(t)))] dz dt
T Q

< CCTN(J(Ty) = J(T2)).
Then
J(T2) < M\J(Ty),

where 0 < A < 1 is a constant and Ty > max{T} + 2C + 1, ¢(T1)}.
From (|1.32)), we have

1 1 1
' (t) = = < , Vt>—7(0).
W= 56w ~ 176w = 1-d ©
Then
t 0
o)< 7O 20 vi > (o).
Let d < dy < 1 and T be positive constants satisfying
d t
—_— < =: >
1_d(t+7(0))_ T d M(t) vVt >Ty,

M(Ty) =Ty > 2C + 1,
where C is given by ([4.12). From (4.20), we have

M(T) > ¢(T) and M(T)>T+2C+1 VT >Ty.

From (4.18)) and (4.23)), we have

I(qmg)" ') <21m) < X100)

Noting that J(t) is decreasing, the estimate (1.37)) holds.

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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Proof of (b). From ([1.38)) and (4.20]), we have
im 200 (4.25)

t—+oo t

Then estimate (1.39)) holds
We let T in (4.12)) be a positive constant satisfying 77 > 7(71), with (1.32]) and
(3.6) we deduce that

T>
/ J(t)dt
T
T2 ré(t)
= dt+77/ / /ut ) g1 (u(z, o(p))) de dp dt
T Jt

Q

T2 ré(t)
< dt—f—n/ / /ut N1 (u(z, ¢(p))) dz dp dt
T

Q

Ty t)
/ / /wxw )1 (w2, (p)) de dp it
T1 ) T1

o(T2) ro(T2)
—m/ / /m )gr (e (2, (p))) da dp dt
Ts

(T2)
:73%(“+7A /%m/mx@wMMan>»Mﬁ@

(4.26)

T> ¢ (T2)
:/ %mﬁ+¢é (WWMDAWQM@MmewwDWﬁ

T
T>

- 1%®ﬁ+n/ TwAQMaw@mxmuwumdmw
Ty T1
Substituting (4.2)) and (| into , we have
Ts ¢(T2)
/ J(t)dt < C / g3 (ug(x,t))
T
+F@m@w@MMﬂammﬂmw+éﬂnx

where C is a positive constant.
Since J(t) is decreasing, we deduce that

#(T2)

(4.27)

/ P it > (Ty - TOI(Ty). (4.28)
T

Substituting (4.28)) into (4.27)), for 7o > T7 + 25, we have
(T2 = T1)J(T2)

o(T2)

<c | L/mwxﬂHFUw(ﬂmmW@#@mWﬁ
(Tz)

<c[ (s t)) + u o )] dode
T {zeQ|us(x,t)[<1}

#(T2)
+C /F [ue (@, t) g1 (ur(x, t) + we(@, (1)) g1 (ue(x, p(t)))] da dt
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&(T2)
<C / h(utgr(uy)) dz dt
Ty {z€Quq(z,t)[<1}

o (T2)
+ CF(6(Ty)) / e, )91 (e () + e (2, 0(8)) g1 (e (., 0(1)))] d dit
T Q
o(T2)
<c / / W(usgn (ur)) da dt + CF(&(T2))(J(T1) — J(S(T)
T, Q

< C(p(Tz) — T1) meas(Q)

1 o(T2)

/Q ugg () dirdt) + CF($(13))(T1)

1
(¢(T2) — T1) meas(Q) J(T1)>

W Gy T e

< O($(Tx) — Th) meas(Q)h(

+ CF(6(T>))J(Th).
Noting that T3 is a constant, for sufficiently large T5, with (4.20]) we have

J(T2) < Clh(¢(cj32)J(o)) + olF(%TQ))

Since J(t) is decreasing, estimate ((1.40]) holds. O

J(0).
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