Electronic Journal of Differential Equations, Vol. 2006(2006), No. 41, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

POSITIVE SOLUTIONS FOR A FUNCTIONAL DELAY
SECOND-ORDER THREE-POINT BOUNDARY-VALUE
PROBLEM

CHUANZHI BAI, XINYA XU

ABSTRACT. We establish criteria for the existence of positive solutions to the
three-point boundary-value problems expressed by second-order functional de-
lay differential equations of the form

—2"(t) = f(t,z(t),z(t —7),2t), 0<t<1,
o = ¢7 I(l) = CU(T]),
where ¢ € C[—7,0],0<7<1/4,and T <7n < 1.

1. INTRODUCTION

In recent years, many authors have paid attention to the research of boundary-
value problems for functional differential equations because of its potential applica-
tions (see, for example, [T} [3, 5l 6] [7, 8, @, 10, T1]). In a recent paper [7], by applying
a fixed-point index theorem in cones, Jiang studied the existence of multiple pos-
itive solutions for the boundary-value problems of second-order delay differential
equation

y'(z) + flz,y(z —7)) =0, 0<z<I,
y(z) =0, —7<x<0, y(1)=0,
where 0 < 7 < 1/4 and f € C([0, 1] x [0, +00), [0, 0)).

For 7 > 0, let C'(J) be the Banach space of all continuous functions ¢ : [—7, 0] =:

J — R endowed with the sup-norm

Il 7 := sup{|e(s)| : s € J}.
For any continuous function x defined on the interval [—7,1] and any ¢ € I =: [0, 1],
the symbol x; is used to denote the element of C(.J) defined by

xe(s)=x(t+s), s

(1.1)

Set
CT(J)={YeC(J):9(s) >0,s€ J}.
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In this paper, motivated and inspired by [I 4, [7, 8], we apply a fixed point
theorem in cones to investigate the existence of positive solutions for three point
boundary-value problems of second-order functional delay differential equation

=" (t) = f(t,z(t),z(t — 7),2), 0<t<1,
To = ¢a 1‘(1) = x(n)a

where 0 < 7 < 1/4, 7 <n <1, f: I xRt x RT x CT(J) — R* is a continuous
function, and ¢ is an element of the space

Co (J) = {¢ € CT(J) : (0) = 0}.
We need the following well-known lemma. See [2] for a proof and further discussion
of the fixed-point index i(A, K., K).

(1.2)

Lemma 1.1. Assume that E is a Banach space, and K C E is a cone in E. Let
K, ={x € K : ||u| < r}. Furthermore, assume that A : K — K is a compact
map, and Ax # x for x € 0K, = {x € K;||z|| = r}. Then, one has the following
conclusions.

(1) If ||lz|| < ||Az]|| for x € OK,, then i(A, K,,K) = 0.
(2) If ||z|| > ||Ax]|| for x € OK,, then i(A,K,,K) =1.

2. PRELIMINARIES AND SOME LEMMAS

In the sequel we shall denote by Cy(I) the space all continuous functions x : I —
R with 2(0) = 0. This is a Banach space when it is furnished with usual sup-norm

||| 1 := sup{|x(s)|: s € T}.
We set
Ci(I):={xe€Co(I):x(t) >0,t €I}
For each ¢ € Cf (J) and = € Cf (I) we define
ot+s), t+s<0,tel, seJ,
zi(s;0) ==
a(t+s), 0<t+s<1,tel, sel
and observe that z;(-;¢) € C*(J).
It is easy to check that ¢;(t) = sin 747t s the eigenfunction related to the
smallest eigenvalue \; = ﬁ of the eigenproblem
=Xz, x(0)=0, z(1)==z(n).
By [4], the Green’s function for the three-point boundary-value problem

—z" =0, x(0)=0, xz(1)=z(y),

is given by
t, t<s<mn,
Gt s) s, s<tands<mn,
7s:
};L t<sands>n,
s+" n<s<t.

Lemma 2.1. Suppose that G(t,s) is deﬁned as above. Then we have the following
results:

(1) 0 <Gt s) <G(sys), 0<t,s<1,
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(2) G(t,s) > ntG(s,s), 0<t,s<1.
Proof. 1t is easy to see that (1) holds. To show that (2) holds, we distinguish four

cases:
o Ift < s <, then

G(t,s) =t > nts = ntG(s, s).
o If s <tand s <m, then

G(t,s) = s > nts = ntG(s, s).
o If t < s and s >, then

1-— 1-—
G(t,s) = 175t > nstlis = ntG(s, s).
n

e Finally, if n < s <'t, then

_ _ 1 —
G(t,s)zs—i_ztzs—i_zzn(l_ns)
n(l—s) s(1—s)
>t =t = ntG(s, s).
e s e (s,8)

O

Remark 2.2, If s <75 and s > 7, then G(s,s) = s and G(s,s) = S(ll:ns), respec-

tively.
For convenience, let
¢ t ) -7 S t S 07
s(ts ) = | )
z(t), 0<t<1.
Suppose that z(t) is a solution of BVP . then it can be written as

/Gts (s,z(s),x(s — 1;0), zs(-; ¢))ds, tel.

Let K C Cy(I) be a cone defined by
K ={xeCi(I):x(t) > nt||z|, Vtel}.
For each x € K and t € I, we have

lze(5d)ls = sup |we(s; )|

s€[—7,0]

SUPe[_ro [Tt +8)|, ift+sel, (2.1)
max{ SUDge(_r o [G(t+ )], if t+5<0

max{||z|r, |||l s}

IN

and

[ze(s )l = sup ]{ff(tJr s):t+sely>xt) > nt]zf (2.2)
s€[—T,0

Define an operator Ay : K — Cy(I) as follows:

(Agpz)(t /Gts (s,x(s),z(s —7;0),xs(;0))ds, tel.
Firstly, we have the following result.

Lemma 2.3. A4(K) C K.
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Proof. For any x € K, we observe that (A,2)(0) = 0. By Lemma (1), we have
(Agz)(t) >0, t € I. It follows from Lemma (1) and (2) that
(Aa)0) 2t [ Gl 915 2(6) (5 ~ 736, ))s
> nt||Agx||r, tel.
Thus, As(K) C K. O
Secondly, similar to the proof of Theorem 2.1 in [6], we get that
Lemma 2.4. Ay : K — K is completely continuous.

We formulate some conditions for f(t,u,v,) as follows which will play roles in
this paper.

(H1) lim inf min M =0
utv+|plls—+oo tel01) u+ v + [|Y]] 5
t
(H2) lim sup max Swvy) 0.
o+l s —+oo €01 U+ v+ [[P]] 5
. . . f(t7 u’ Il}’ /IZ}) 1 71-2
H3) lim inf min > = 1+ M),
(H3) ut v+l —+oo te0,1] w4+ v + ||| s 3(17+1)2( )
where

w2r(n—7)+3r(1—n?) +7r(n+ 1)+ 3(n+1)?

n(n+1) ( o tsinip(t+7)dt+2 [ tsin #tdt) '

(H4) There is a h; > 0 such that 0 < u < hy, 0 < v < max{hq,||¢|s}, 0 <
lv]l; < max{hi,|¢]ls}, and 0 < ¢ < 1 implies

M =

1 —1

6
t,u,0,0) < phi, where p=( | G(s,8)ds) =—0.
o) <. where = ( [ Geas) =

(H5) There is a hy > 0 such that Inho < u < ho, (3 — T)nha < v < ho,
inhe < |[¢[|; < he, and 0 < ¢ < 1 implies

3/4 1 -
ft,u,v,9) > bhy, where b= / G(,t) dt
1/4 2

In the following, we give some lemmas which will be used in this paper.
Lemma 2.5. If (H1) is satisfied, then there exist 0 < ro < oo such that
i(Ay, K, K) =0, r>7o.
Proof. Choose L > 0 such that

3 341
n(Z_T)L/ G (5. )ds > 1.
1

/4
For u,v > 0 and v € C*(J), (H1) implies that there is r; > 0 such that
ftuv,9) > Llu+v+[[Ylly), uwtv+|ol;>r, 0<t<1 (2.3)

Choose rg > 3(147%. For x € 0K,, r > 19, we have by the definition of K and

(2.2) that

<t<§
— _4’

>~

1 1
w(t=7) 20t =7zl = n(; = 7)r> 3,
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o5 = ot) = ntlells = gur > gr. ;<<
So by , we have for such z,
1 s 1
(A¢CC)(*) Z / G(*,t)f(t7$(t),m(t - T3 d))a zt('; ¢))dt
2 1/4 2
3/4 4
— [ GG () e~ 7). )i
1/4
3/4 4
> L[ GG lale) + ol =) + s D)l
1/4

3/4
>0(§ - [ GGt > = ol
4 1/4 2

This shows that
lAgz|lr > |||, Yz e 0K,.

It is obvious that Agx # x for € OK,.. Therefore, by Lemma we conclude
that i(A4y, K., K) = 0. O

Lemma 2.6. If (H2) is satisfied, then there exists 0 < Ry < 0o such that
i(A¢,KR,K) =1 for R > Ro.

Proof. By (H2), for any 0 < & < = (fo (s,8) ds) ! ,u,v > 0and ¢ € CT(J), there
exists R’ > 0 such that

ftu,v,9) <elu+v+19)ls), uwtrv+|y; >R, 0<t<1
Putting

C:: t7 » Uy — € 1,
Orilta<xl 0<u,v, u+v+”'¢)|“]<R/ |f( U, v w) (U’ +u+ ||,(/)HJ)| +

then
fltu,v,9) <e(u+v+||Y||)+C, foru,w>0, ¢ eCH(J), tel (2.4)
Choose

1 1
Ro > (C+2g\|¢||J)/ G(s.s)ds / (1 - 35/ G(s. 5)ds).
0 0
Let R > Ry and consider a point © € 0K g. By the definition of x(¢; ¢), we get
z(s —7;¢) < max{|[z|,[|¢] s}, Vsel. (2.5)
By and. ), for x € 0Kr, R> Ry, and t € I,

(Apx)(t / G(t,s)f(s,x(s),x(s — T;0),25(-; 9))ds
< / G(s, ) (8,2(5), 2(s = 75 6), 04 6))ds
/ G(s,8)[e((s) + 2(s = 73.6) + [|( )1 1) + Clds

< [ Glo, el + 2mact el lol1) + Clds
0
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< / G(s, ) [e(3llzll; + 2]l 1) + Cds
0

1 1
= 3€R/ G(s,s)ds+ (C + 2€H¢>||J)/ G(s, s)ds
0 0

<R= ||(EH[

Thus, ||Agz||; < ||z||; for € KR. Hence, by Lemmal[l.1] i(44, K, K)=1. O

Lemma 2.7. If (H4) is satisfied, then i(Ag, Kp,, K) = 1.
Proof. Let x € 0K}, , then we have by (2.1) and (2.5 that
0<a(t—75¢) <max{hy,|l¢lls}, 0<t<1,

and
0 <[flze(:;@)lls < max{ho, [lofs}, 0<t <1,
Thus, from (H4) we obtain

(Ag2)(t) < / G, 8)f (s, 2(5), 2(5 — 7 6), 2a( #))ds

1
< uh1/ G(s,s)ds =hy = ||zlj5, 0<t<1.
0

This shows that

[Agzlr < llz|r, Vo€ Ky,
Hence, Lemma [L.1] implies i(Ay, Ky, , K) = 1. O
Lemma 2.8. If (H5) is satisfied, then i(Agy, Kp,, K) = 0.

Proof. For x € 0K}, , we have
1
ha = llallr = ot —7) 2 n(t = 7|2l 2 n( —7)he,
and

1
ha = [lz[lr > sup }x(t+ s) = ze(50)lls 2 a(t) 2 ntllzlls = 7 nha,
s€|—T,0

for + <t < 2. It follows from (H5) that
1 41
(Aer)(3) 2 [ G002 7))
1/4

3/4 1
>bh2/ G(i,t)dt:hgz H.’I?HI
1/4

This shows that
|Apz|r > |lzllr, Vo € 0Kny,.
Therefore, by Lemma we conclude that i(Ag, Kp,, K) = 0. 0
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3. MAIN RESULTS

Theorem 3.1. Assume that (H3) and (H4) are satisfied, then BVP (1.2) has at
least one positive solution.

Proof. According to Lemma we have that

i(Ag, Ky K) = 1. (3.1)
Fix m > 1, and let g(t,u,v,v) = (u+ v+ ||[¢||,)™ for u,v > 0 and ¢ € CT(J).
Then g(t,u, v, ) satisfy (H1). Define By : K — K by

1
ﬂ%@@%zzgG@ﬁmww@hﬂsfﬂ¢%%cwnﬁ,teI.

Then By is a completely continuous operator. One has from Lemma that there
exists 0 < hy < rg < 0o, such that r > ry implies

i(By, Ky, K) = 0. (3.2)

Define Hy : [0,1] x K — K by Hg(s,z) = (1 — s)Agx + sByx, then Hy is a
completely continuous operator. By the condition (H3) and the definition of g, for
u,v >0, € CT(J), and ¢ € I, there are € > 0 and r’ > rg such that

Fltu,0,8) 2 500+ M)+ )+ v+ [l utot [0l > v,
o(t,0,0,9) 2 5000+ M)+t o+ [6l0), uto+ vl >,

where \; = ﬁ We define

1
Ci= 0% o2 w0 9) = S (14 M) e+ v+ [[9]])]

1
M+ M L.
tmax ke e e ) = S (L M) tel(ut v+ [[Yll)] +

It follows that

(b, 0,6) 2 SDa( M) +el utoH0ll)—C, w02 0, 4 € CH(), 1€ 1, (33)

g(t,u,v,1) > %[)\1(1+M)+6}(u+v+||¢||J)—C, u,v >0, e CH(J), tel (3.4)

We claim that there exists r; > ' such that
Hy(s,x) #z, Vse[0,1], zeK, |z|>r. (3.5)

In fact, if Hy(s1,2) = z for some z € K and 0 < s; < 1, then z(t) satisfies the
equation

_Z//(t) = (1 - sl)f(ta Z(t)v Z(t - T ¢)a Zt(’; (rb))
+s19(t, 2(t), 2(t = 750), 24 (5 9)), 0<t <1,

and the boundary condition

(3.6)

0)=0, (1) = 2(n). (3.7)
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From the above condition, there exists £ € (n,1) such that z/(£) = 0. Multiply-
ing left side of lb by @1(t) = sin —t and then integrating from 0 to &, after

integrating two times by parts, we get from Z'(€) = 0 that

£ 13
/0 () ()t = & (€)2(€) + A / (O (). (3.8)

By (3.6) and (3.7), we have that —z"(t) > 0 for each ¢t € I. Thus we obtain from
(3-6), (3.8) and (H3) that

A /01 z(t)pr (t)dt > Ay /j z(t)pr (t)dt
-/ C e 0t — (©)2(6)
> [" = 0pd - ety
—(1-s) / F(t2(0), 2t~ 730), 2005 6)pr (D)t

d1 [ 20,500 = 70 s (5D ea e - el
Combining @2), G3), B-) and GJ), we get >
1
A /0 2()r (£)dt
> 5= s+ 20+ 2) [ al0) + 20— 730) + a9 er (1

. sl)C/Onwl(t)dt

431430 +9) [0+ 560 - 7i0) + a9 er (0

—5.C ! -
t)dt
S1 /0 %01( ) 1||Z||I

= a4 M) +9) [0 + 2= 0) + s o) e (0
0

C/Onsm(t)dt el
({1 + M) +e) / (1) + 2(t — 7:8)]ipr (£)dt

0

- ! dt —
p1(t)dt
/0 1() n 1||Z||I

> 30400 +9)(2 [0+ [ st - o)

w\»—t

3

C ng@ d
_ Hdt —
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- %(Al(l + M) +e) (2 /Onz(t)gol(t)dt—&— /Tnz(t - T)gpl(t)dt)

~c [ ettt - el

1 U] n—r
:g(/\l(1+M)+e)(2/0 z(t)cpl(t)dt+/0 z(t)gpl(t+7)dt>

—c [Camar- Tl

then we have
(M + o) /OM (D) (E+ 7Vt + 2 /077 (b (1)dt)
<n T er() — ot + 1lde + A / S (1)t

-7

3T

1 n
+2)\1/17 z(t)gol(t)dt—i—?)C/O gal(t)dt+n+1||z||[ (3.10)

<\t = 1llerllillzllz + At =+ 7)ozl

3
+ 220 (1 = n)lleallzllzllr +3Cnlle1llr + m”Z”I

:)\1[ i +@]

n+17(n—7)+3(1777)+7 lIzIlr + 3Cn.

We also have

/"_T (8)pr (¢ + 7)dt +2 /77 ()on (t)dt
0 0 (3.11)

n—r n
2l [ terttr it il [ toroar
0 0
which together with (3.10]) leads to
n—r n
(AlM—i—s)n(/ t<p1(t+7)dt+2/ tor (Dt )12l
0 0

S/\l[ 3(n+1)

(m—7)+31—n)+7+

T

T z||r +3C
o JIELK "
2

= 1 —7)+3r(1—n*) +7r(n+ 1) + 3(n+1)*] ||| + 3Cn;

DL
i.e.,
3C
e( J) T tor(t + T)dt + 2 [ ter (t)dt)
_ 3C .

e( Jy T tsin Io(t 4 r)dt + 2 [ tsin Aotdt)
Let 1 = 1+ max{r’,7}. We obtain (3.5 and consequently, by (3.2]) and homotopy
invariance of the fixed-point index, we have
i(A¢’ K, K) = i(Htﬁ(O’ ) Kry, K)

=i(Hy(1,-),K,,,K) =14(By, K, ,K) = 0.

Izl <

(3.12)
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Use (3.1]) and (3.12)) to conclude that
i(A¢7 K?”l \Fhu K) =-1

Hence, Ay has fixed points z. in K,, \ Kp,, which means that x.(t) is a positive
solution of BVP (1.2)) and ||z.||; > hi. Thus, the proof is complete. O

By Lemmas 2.6 and we have the following result.

Theorem 3.2. Assume that (H2) and (H5) are satisfied, then BVP (1.2)) has at
least one positive solution.

Finally, we obtain from Lemmas [2.7] and 2.8 the following result.

Theorem 3.3. If (H4) and (H5) are satisfied, then BVP has at least one
positive solution.
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