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SOLUTIONS TO §-EQUATIONS ON STRONGLY
PSEUDO-CONVEX DOMAINS WITH LP-ESTIMATES

OSAMA ABDELKADER & SHABAN KHIDR

ABSTRACT. We construct a solution to the d-equation on a strongly pseudo-
convex domain of a complex manifold. This is done for forms of type (0, s),
s > 1, with values in a holomorphic vector bundle which is Nakano positive and
for complex valued forms of type (7, s), 1 <r < n, when the complex manifold
is a Stein manifold. Using Kerzman’s techniques, we find the LP-estimates,
1 < p < o0, for the solution.

1. INTRODUCTION

The existence of solutions to the equation dg = f, on strongly pseudo-convex
domains in C”, with LP-estimates when f is a form of type (0,s); 0f = 0, s > 1, and
satisfies LP-estimates, 1 < p < oo, has been a central theme in complex analysis
for many years. @vrelid [5] has obtained a solution with LP-estimates for this
equation. Abdelkader [I] has extended @vrelid’s results to forms of type (n,s) on
strongly pseudo-convex domains in an n—dimensional Stein manifold. In this paper
we extend Abdelkader’s results to forms of type (r, s); 0 < r < n. For this purpose,
we first study the equation dg = f, on strongly pseudo-convex domains in an n-
dimensional complex manifold M when f is a form of type (0,s); f =0, s > 1,
with values in a holomorphic vector bundle. Then, we apply this results to the
vector bundle A" T*(M) (the r'"-exterior product of the holomorphic cotangent
vector bundle 7*(M)) and using the fact that any C—valued differential form of
type (r,s) on M is a differential form of type (0, s) on M with values in the vector
bundle A" T*(M). When r = n, the vector bundle K(M) = A" T*(M) is the
canonical line bundle of M. Therefore it is sufficient in this case to study the
equation dg = f for f with values in a holomorphic line bundle which is the case
in [I]. In fact, the main aim of this paper is to establish the following existence
theorem with LP-estimates:

Theorem 1.1 (Global theorem). Let M be a complex manifold of complex dimen-
sion n and let E — M be a holomorphic vector bundle, of rank N, over M. Let
D € M be a strongly pseudo-convex domain with smooth C*-boundary. Then
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(1) If the holomorphic vector bundle E is Nakano positive, then, there exists an
integer ko = ko(D) > 0 such that for any f € L(ILS(D,E]“); of =0, s>1 and
k > ko there is a form g = TR, f € Lé)s_l(D,Ek) satisfies 0g = f, where Ty,
is a bounded linear operator and E¥ = E®Q E® --- ® E (k-times). Moreover, if
fe Ly (D,EF); 1 <p< oo, there is a constant C¥ such that lgllze . (p.ry <
Cf”f”LgYS(D,Ek). The constant C* is independent of f and p. If f is C°°, then g
is also C°.

(2) If M is a Stein manifold, then, for any f € L; [(D); of =0,0<7r <n,
and s > 1, there is a form g = T°f € L} ) such that dg = f, where T*
is a bounded linear operator. Moreover, i LT)S(D), 1 < p < oo, we have
lgllr 0y < Csllfllze, (). The constant Cs is independent of f and p. If f is
C, then g is also C°.

The plan of this paper is as follows: In section 1, we state the main theorem. In
section 2, we set the notation and recall some useful facts. In section 3, we prove an
existence theorem with L?— estimates. In section 4, we give local solution for the
0-equation with LP-estimates for 1 < p < oco. In section 5, we prove the existence
theorem with LP-estimates.

T,8— 1(
S

2. NOTATION AND PRELIMINARIES

Let M be an n-dimensional complex manifold and let 7 : £ — M be a holo-
morphic vector bundle, of rank N, over M. Let {u;}; j € I, be an open covering
of M consisting of coordinates neighborhoods u; with holomorphic coordinates
zj = (2},23,...,2}) over which E is trivial, namely 7~ '(u;) = u; x CV. The
N-dimensional complex vector space E, = 7~ 1(z); 2 € M, is called the fiber of
E over z. Let h = {h;}; h; = (hju;) be a Hermitian metric along the fibers
of E and let (h;”’) be the inverse matrix of (h;u;). Let 6 = {0;}; 0; = (0%,);

= Ologh; = >I_ 127; 1h”"ah]“"dz =" dz§ and © = {O;};

a=1 jua

0, = (08},); 0%, = V- 1900logh; = /-1 Egﬁ 1@J”Ha5dz A dz be the con-

nection and the curvature forms associated to the metric h respectlvely, where

o0 . .

Cld ——42 1 < pu<N;1<v < N. The associated curvature matrix is
jpoB ddz;

given by

(Hjzpva) = Zhﬂ‘” Juocﬁ
Let T(M) (resp. T*(M)) be the hOlOHlOI‘pth tangent (resp. cotangent) bundle of
M.

Definition 2.1. FE is said to be Nakano positive, at z € u;, if the Hermitian form

Z 778, ua C Cﬁ

is positive definite for any ¢ = (¢¥) € E, ® T,(M); ¢ # 0.

The notation X € M means that X is an open subset of M such that its closure
is a compact subset of M.

Definition 2.2. A domain D € M is said to be strongly pseudo-convex with
smooth C*-boundary if there exist an open neighborhood U of the boundary 9D
of D and a C* function A : U — R having the following properties:
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(i) DNU = {zeU~)\( ) < 0}.

- n 0Nz n

(i) 2 e 1azagzkuauﬁ>L< )ul* 2 € Uy, = (1, pa, .. pin) € C* and
L(z) > 0.

. _ L 0A(2) OM(z) OA(Z) OA(2) ON(z) OA(2)

(iii) The gradient VA(z) = ( Dal ayf ) BT ayg et 8:1:; , ay; ) # 0 for
z=(25,23,..., ])EujﬁU 28 = x§ + iy

Let v = (g1, 1, . - -, fin, Vn) be any multi-index and |y| = > (4 + v;), where
i and v; are non-negative integers. Let DY = 9"l /azk oyt ... Oxtn Oy,

Remark 2.3. By shrinking U we can assume that U € U, where U is an open, A
is C* on U and the properties (i), (ii) and (iii) of Definition hold on U. Thus,
we can choose a neighborhood V' of 0D such that V € U and for any z € V
there exist positive constants L, F and F satisfy L(z) > L, |VA(z)| > F and
|IDYX(z)| < F' < oo for any multi-index 4 with |y| < 4, where X is the a slight
perturbation of A.

Definition 2.4. Let X be an n-dimensional complex manifold and let ® be an
exhaustive function on X, that is, the sets X, = {z € X;®(2) < ¢} € X;c€ Rand
X = UX,.. Wesay that X is weakly 1-complete (resp. Stein) manifold if ® is a C'*°

2
plurisubharmonic (resp. strictly plurisubharmonic), that is, if ZZ, f=1 ng;;; ue P

is positive semi-definite (resp. positive definite) on X for u = (ut,...,u") € Cv
w7 0.

We will use the standard notation of Hérmander [5] for differential forms. Thus
a C-valued differential form ¢ = {¢;} of type (r,s) on M can be expressed, on u;,
as p;(2) =>4 p. PiA.B, (z)dzfr A d,EJBS7 where A, and By are strictly increasing
multi-indices with lengths r and s, respectively. An FE-valued differential form ¢
of type (r,s), on M, is given locally by a column vector 'p; = (¢}, ¢3,...,0%)
where ¢, 1 < a < N, are C-valued differential forms of type (r,s) on u;. A™*(M)
denotes the space of C-valued differential forms of type (r,s) and of class C*° on
M. Let A™5(M, E) (resp. D™*(M, E)) be the space of E-valued differential forms
(resp. with compact support) of type (r, s) and of class C*° on M.

Let h° = {9}, h = (hY ), be the initial Hermitian metric along the fibers of E
and let 0 = {@9} be the associated curvature form. The induced Hermitian metric
along the fibers of the line bundle B = /\N FE is given by the system of positive C'*°
functions {a?}, where a? = det(hY,.)!. Hence, the system {l/ag} also defines a

ui
Hermitian metric along the fibers of B whose curvature matrix (H,z35,,) is given
by (1/a9)(9%log a?/@z}’@éf). If E is Nakano positive, with respect to h°, then B is
positive, with respect to {1/aj}, that is, the Hermitian matrix (9°loga$/ 8z§‘62§ )
is positive definite. Hence,

n
— 0 0. 0 _ _ 92 0 50
= Z Yiap d2jdZ; 5 g5 =10 loga;/0z 0%,
a,B=1
defines a Kdhler metric on M. For ¢, € A™*(M, E), we define a local inner
product, at z € uy, by

(2.1) Z W, 525 (2) A xy (2) = alp(2), (=) dvo,

v,u=1
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where the Hodge star operator x and the volume element dvg are defined by ds3
and a(p, ) is a function, on M, independent of j.

Let LY (M, E) (resp. LpS(M, E)) be the Banach space of E-valued differential
forms f on M, of type (r,s), such that ||f] L? (M,E) = (fM |f(z)|pdv0)1/p < o0
for 1 < p < oo (resp. ||fllree (ar,m) = esssup.en [f(2)] < 00), where [f(2)] =

a(f(2), f(2)).

The Hermitian metric along the fibers of E¥ = E® E® --- ® E, associated to
h, is defined by hoF = {h?k}, where h‘;k = hghg . h‘; (k-factors). The transition
functions of K (M) are the Jacobian determinant

L 8(zj1-,z]2-,...,z;7‘)
Y02}, 22, 2

on u;Nuj. We see that |k;;|? = gig;1 on u;Nuj, where g; = det(9? log a9 /02007") .
Therefore, the system of positive C* functions {g;l} (resp. g = {g;}) determines
a Hermitian metric along the fibers of K (M) (resp. the dual bundle K ~1(M)).

3. EXISTENCE THEOREMS WITH L2-ESTIMATES

Let Y € M be weakly 1-complete domain of M with respect to a plurisubhar-
monic function ® and A(¢) be a real C*° function on R such that A(¢) > 0, A'(¢) > 0
and X”(t) > 0 for t > 0 and A(t) = 0 for t < 0. Let h; = e A9, on u; NY, and
aj = det(h;)~!. Thus, the Hermitian matrix (9% log aj/az;*azf) is positive definite
on u; NY. Hence,

ds* = Z 9jop dzfdif i Gjap = 0%log aj/azjo»‘ﬁéf
a,f=1
defines a Kihler metric on Y. The Hermitian metrics h* = {héC } and g induce a
Hermitian metric b* = {h;?gj}; k > 1, along the fibers of K~1(M) ® E*|y, where
h;“ = hjh; ... h; (k-factors).

Let L2 (Y, K~' (M) ® E*,loc, gh®, dsg) be the space of all K~!(M)® E*— val-
ued differential forms of type (r,s) which has measurable coefficients and square
integrable on compact subsets of Y with respect to ds? and gh% . For ¢, €
A™S(Y, K~Y(M) ® E*) we define a local inner product a(p(z),%(z))xdv by re-
placing g;h¥ and ds® instead of h} and dsj, respectively, in (2.1). For ¢ or
Y € DY, K1 (M) ® E¥), we define a global inner product by

(3.1) (0, ¥k = /Y alip, ) do.

Let w = V=130 5, gjagdzy A dzf be the fundamental form of ds? and let
L = e(w) be the wedge multiplication by w. Let I' : A™*(Y,K~1(M) ® E¥) —
ATLs=H Y, K—Y(M) ® E¥) be the operator locally defined by T' = (—1)"+* x Lx,
where the x operator is defined by ds®. Let 9 be the formal adjoint of O :
A (Y, K~Y (M) ® EF) — A™*+t1(Y, K~! ® E*) with respect to the inner prod-
uct (3.1) and O = 09, + V1,0 be the Laplace-Beltrami operator. The curvature
form associated to b¥ is given by

OF = {0} 0F = V=1001og b} = kY + V—=1(kOOXN(®) — 0D log g;).
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Since the Levi form /—190A(®) is positive semi-definite, £ is Nakano positive with
respect to h? and Y is compact subset of M, there exists an integer ko = ko(Y) > 0
such that K~'(M)® E*|y is Nakano positive, with respect to b*, for k > kq. Hence
as in Nakano [4] we can prove the following lemma:

Lemma 3.1. Let f € L%’S(Y, K=Y (M)®E* loc,gh® ds2); k > ko, s > 1 be given,

then we can choose the function \(t) such that ds® is complete, {f, f)r < oo, and
there is a constant ¢ > 0 such that

(3:2) (00, 00)1; + (910, Inp)i = {0, 0
for any p € D*(Y, K~1(M) ® E¥).

Remark 3.2. We note that when E is a line bundle Lemma 3.1 is valid for forms
in D™(Y, K=Y (M) ® EF) with r + s >n+ 1.

From Lemma 3.1 and the Hilbert space technique of Héormander [5], as in the
proof of [I, Theorem 2.1], we can prove the following theorem:

Theorem 3.3. Let Y € M be weakly 1-complete domain and let E — M be a
holomorphic vector bundle over M. If E is Nakano positive, over M, then for any
feLZ (YK HM)® E* bF ds?) with0f =0, s >1 and k > ko there exists a
formg=Tf € L? (Y, K=Y (M)® E*, b* ds?) satisfies Og = f and two constants

n,s—1
C=C(Y) and ¢, = cx(G,Y) such that
lollzz — ov.k—rnyeerpras2) < Cllflle (v,x—1(an@Ek b ds?)s
n,s—1 s

||g||thsfl(G,K—l(M)@E’“) < Ck||fHL$LYS(G,K*1(M)®Ek)a

where T is a bounded linear operator and G € Y.

4. LOCAL SOLUTION FOR THE O-EQUATION WITH LP-ESTIMATES

Let D € M be a strongly pseudo-convex domain with A and U of Definition |2.2
Let € 9D be an arbitrary fixed point and let W, be an open neighborhood of z
such that W, € uj C U, for a certain j € I, and z;(W,) is the ball B(0,a) € C",
where (uj,z;) is a holomorphic chart. Then, W, can be considered as strongly
pseudo-convex domain in C™ and the volume element dvg can be considered as the
Lebesgue measure on B(0, a).

Theorem 4.1 ([5]). Let G € C™ be a strongly pseudo-conver domain and u €
Ly (G); s > 1. Then, there exist kernels K (&, z) such that the integral [, u(§) A
Ky 1(&,2)du(€) is absolutely convergent for almost all z € G and the operator
T% : Ly (G) — L, 1(G), defined by T*u(z) = [5u(&) N Ks—1(E, 2)du(E), with
norm < c¢; 1 < p < oo. Moreover, if Ou = 0, then, there is a form g = T*u satisfies
0g = u, where du(€) is the Lebesgque measure on C™.

Now, we extend the operator T to Lg’S(D NW,, E). For this purpose, we define
an operator % : f € Ly (DN Wo,E) = T{f € Ly, (DNW,, E); s > 1, by

N
(4.1) Tif(z) = T°f(z) ba(2),
A=1

where f(z) = Zf\vzl f2(2)ba(2), that is, f*(z) are the components of f,, with
respect to an orthonormal basis by (z) on E,; z € u;.
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We consider the following situation: In the notation of Definition 2.2] from
Remark let y € OV~, where V= = {z € V;A(z) < 0} and let W, be a
neighborhood of y such that W, € u; C V, for a certain j € I, and z;(W,) is
the ball B(0,a) C C", a < a, where @ depends continuously on L, F, F' and the
distance d(y, CV) from y to the complement of V. In the above notation, as the
local theorem in [3], we can prove the following theorem:

Theorem 4.2 (Local theorem). Let TR, be the linear operator defined by
and let f € Ly (V~,E*); 0f = 0, where N* is the rank of E*. Then, there is a
formg=T3f € L(l) 1 (V=N W,, EF) such that dg = f. If f is C*, then so is g.
If fe L (V~,E"), then g € L ,_,(V™ N Wa, E¥) and satisfies

gl

Osl

v-rwe,m%) < Cllfllez (v-mr); 1 <p < oo,

where C = C(s,k, N) is a constant which depends continuously on L, F, F' and a.

5. GLOBAL SOLUTION FOR THE 5—EQUATION WITH LP-ESTIMATES

The local result yields Lemma 5.1 (An extension lemma) which in turn enables
one to solve On = f (Wlth bounds) in a strongly pseudoconvex domain D which is
larger than D, D C D. Here we make use of the L2—estimates for solutions of the
0— equation as presented in Theorem

Lemma 5.1 (An extension lemma). Let D € M be a strongly pseudo-convez do-
main with smooth C*- boundary Then, there exists another slightly larger strongly
pseudo-convexr domain D € M with the following properties: D € D for any
felL ,S(D,Ek) with s > 1 and Of = 0, there exist two bounded linear operators
Ly, Ly, a form f = L, f € Lé’s(ﬁ,Ek) and a formu = Lyf € L§ ,_1(D, E*) such
that:

(i) 8f =0inD.

(i) f=f—08uinD.

(iii) If f € L} (D, E*), then f € L} (D, E*) and w € L} ,_, (D, E*) with the

estimates
(5.1) ||fHLgYS(ﬁ,Ek) < Cullflles (p,m0)s
(5.2) lulley (p,pr) < Callfllez (ppr) 1<p< o0,

where the constants C1 and Cy are independent of f and p.
If f is C*° in D, thenf is C*® in D and u is C° in D.

Since 0D is compact, we can Cover 0D by finitely many neighborhoods W; 4,
of x; € 0D, i = 1,2,...,m, such that for each x; we have W;,, € u; € V e U
for a certain ¢ € I. Put @ = minj<;<s, @;. Then as Lemma 2.3.3 and the Claim on
page 321 in Kerzman [3] (see also [I, Proposition 3.2]), we can prove the following
proposition:

Proposition 5.2. Let D be as in the extension lemma and let Wi.a be an open
set of D such that W;, € u; C D, for a certain j €1 and 2j(Wi,a) is the ball
B(0,a) € C". Then, for any f € L§ (Wi q, E*); Of = 0 there is o = Tf €
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Lé,s_l(Wi7a/2,Ek) such that Oa = f, where T is a bounded linear operator. If
fe Ll ,(Wiq E*); 1 <p<2, then, we have a € Lg$£/14n(Wi’a/2, E*) and
||ai|ngi/f”'(Wi,a/2,Ek) < CHf”Lg,S Wi a,E*)>
and for any p, 1 < p < oo, we have
ledlize . wiun vy < ellfllze i B,
where ¢ = ¢(n,a,k, N) is a constant independent of f and p.

The proof of Proposition is purely local. Using Proposition as [, Propo-
sition 3.2], we prove the following proposition:

Proposition 5.3. Let D be as in the extension lemma. Then, there is a strongly
pseudo-convex domain D1 € D such that for every f € L(lhs(D, E®); 0f =0, there

are two bounded linear operators L1 and Lo and two forms fi = Llf € L(l)ys(Dl, Ek)
and my = Lof € Ly o1 (Dy, E*) such that:
(i) 9f1 =0 on Dy,
(ii) f= fi+0m on Dy, ) ) R
i) 1710417300, oy < Dl (e Jor f € Li(D,ER); 1<p<2,
(iv) For every open set W @ Dy and for every p, 1 < p < oo, we have

Ifillez  ow,mx) < CHf”Lg’S([)yEk),
iinliiLgstl(W,E’“) < C||fHLg,s(f),Ek)v
where ¢ = 0(15, W,n,k,N) is a constant independent off and p.

Since every strongly pseudo-convex domain is weakly 1-complete and noting
that A™*(D,K~}(M) ® E*) = A%*(D,E*); k > 1. Then, using Theorem [3.3
Proposition and the interior regularity properties of the d-operator, as [I]
Theorem 3.1], we prove the following theorem:

Theorem 5.4. Let D be the strongly pseudo:convex domfzz;n of the extension lemma
and W € D. Then, for any form f € L(lLS(D,Ek) with Of = 0, there exists a form
ne L(l),s_l(i/V, EF), n= Tf such that On = f, where T is a bounded linear operator.
If f € LY (D, B*) with 1 < p < 0o and k > ko, then n € L ., (W, E*) and
Inllze ,_ owEx) < OHf”Lg,S(b,Ek)
where C = C’(ﬁ7 W, k) is a constant independent off and p. Iff is C*°, then n is
C.
Proof. Proposition[5.3]yields D;. A new application of Proposition[5.3]to Dy yields
Ds. We iterate 4n times and obtain
DDODi2Dy2- 2Dy, W

Hence, for any f € Lé,S(D,Ek);oF’f = 0, there exist f; € L (D;, E*) and v; €
Ly . (D, E*); j=1,2,...,4n. Clearly, we have:

4n
f=f+0v="Ffr400 +0vy=fs+ 001+ 02+ 0vs =+ = fan+ D _v))

Jj=1
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in Dyy, fan € L%,s(DélmEk) and ||f4nHL§1571(D4n,Ek) < KHJ@”L(l))S(D,Ek)-

Now we apply Theorem with D = Dy, and W C Y & Dy,. Let v be the
solution of v = fy4,, obtained from Theorem with

vl L2 v,B*) < KHf4n||L§ (Dan,E*) < K||f||L(1]’S(f),Ek)~

0,5—1 s
Set n = U+Z?Zl v;, then we obtain 8y = du+d(X1", v;) = f4n+5(2§zl v;))=f
in Y (hence in W). Using (iv) of Proposition collecting estimates and the
estimates ||.||L(1))S(157Ek) < K”'”Lﬁ)g(ﬁ,E’C) (since D is bounded), we obtain:

(5.3) InllLrios—10v.emy < Kllfllpe (pgry: 1 <p < oo

Finally, an application of the interior regularity properties for solutions of the el-
liptic 0—operator yields

Inllzz  ower) < K(nlley  oviee) +11f ez orpr)), 1 <p< oo,
which together with (5.3 give the estimates in Theorem d

Proof of Theorem[I.1] Let D D D be the strongly pseudo-convex domain furnished
by Lemma 5.1 (An extension lemma). If f € L§ (D, E*) with s > 1 and 0f = 0,
then Lemma 5.1 yields a form f = Lif € L(IJ,S(D,E’“) and a form u = Lof €
L} ,_,(D, E*) such that: 9f = 0; f = f — Ou in D, and (i), (ii), (iii), (5.1),
in that lemma are valid.

We solve dn = f using Theorem (with W = D). Hence, n € L§ . (D, E¥)
and

n=f=f-0u inD.

the desired solution is ¢ = n 4+ u. The estimates in the first part of Theorem
follows from those in Lemma and Theorem n and u are linear in f and
they are C*° if f is C°°. The first part of Theorem is proved. O

Now, we prove the second part of Theorem In fact, Theorem Lemma,
Proposition and Proposition are valid if we replace the vector bundle
E* by the vector bundle A" T*(M). If M is a Stein manifold, then every strongly
pseudo-convex domain of M is also a Stein manifold. Hence, as [2, Theorem 5.2.4],
we can prove the following auxiliary theorem:

Theorem 5.5. Let M be a Stein manifold of complex dimension n and let D € M
be strongly pseudo-convex domain. Then, for every f € Lf,s(D, E¥ loc) with Of =
0,0<r<nands >1 there exists a form g =Tf € Lg,sfl(D,Ek,loc); dg = f,
and a constant ¢ = ¢(D) such that

lgllzz (D& 10e) < el fllzz  (p,E* 1005
where T is a bounded linear operator. Moreover, for any G € D there exists a

constant ¢y = ¢1(G, D) such that
gl 22

r,s—1

Then, we can apply the result of Theorem instead of that of Theorem
we conclude that Theorem is valid if we replace E* by A" T*(M); 0 < r < n.
Using this result and the identity

A" (M) = A% (M, A"T*(M)), 1<r<n

(G.E* Joc) < C1llfllr2 (p,Er)-
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we obtain the second part of our results.
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