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VISCOSITY SOLUTIONS OF THE CAUCHY PROBLEM FOR
SECOND-ORDER NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS IN HILBERT SPACES

TRAN VAN BANG, TRAN DUC VAN

ABSTRACT. In this paper we prove the existence and uniqueness of viscosity
solutions of the Cauchy problem for the second order nonlinear partial differ-
ential equations in Hilbert spaces.

1. INTRODUCTION

The theory of scalar partial differential equations in infinite dimensional Hilbert
spaces has been developing very rapidly in recent years. The object of its study is
first and second order PDE’s of the form

G(z,u(x), Du(z), D*u(z)) =0 in Q, (1.1)

where Q is a subset of Hilbert space H,u is a real valued and Du(x) and D?u(x)
correspond respectively to the first and second order Fréchet derivatives of u. Iden-
tifying H with its dual, Du(zx) corresponds to an element of H and D?u(x) to an
element of S(H), the space of bounded, self-adjoint operators equipped with the
operator norm. Therefore,

G:WCHxRxHxSH)—R

is appropriate. If the set W is open in H x R x H x S(H) and G is locally bounded
we call equation bounded. It may however happen that W is just dense in
H xR x H x S(H) and G is not locally bounded. In such case we refer to as
to being unbounded.

The unbounded equations are of importance since they appear as dynamic pro-
gramming equations associated with problems of optimal control and differential
games. Roughly speaking, if one controls an infinite dimensional system governed
by an ODE in a Hilbert space, one has to deal with a first order stationary or
time dependent PDE, while controlling a system for which the state equation is
a stochastic PDE gives rise to a second order stationary or time dependent PDE.
“Unboundedness” arises when the state equation of a system involves unbounded
operators or, in the stochastic case, for instance, so called “white noise”.
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More precisely, we will study the Cauchy problem for the fully nonlinear PDE’s
having the form

ug(t, ) + (Az, Du(t, x)) + F(t,z, Du(t,z), D*u(t,z)) = 0
(t,z) € (0,T) x H (1.2)
u(0,2) = g(x) forx € H,

where H is a real, separable Hilbert space endowed with the inner product (.,.) and
the norm |.| and A : D(A) C H — H is closed linear operator that generates an
analytic Co-semigroup e~ *4 on H. Moreover, we assume that A is positive definite
and self-adjoint and has compact resolvent R(u, A).

There is an increasing interest in and a growing literatures on Hamilton-Jacobi
equations in infinite dimensions. These equations were first studied by Barbu and
Da Prato [1], setting the problem in classes of convex functions and using semigroup
and perturbation methods. Much progress has been made recently due to the
introduction of notion of viscosity solutions. We refer the reader to [4}, [6] [8] 14, [15]
16] for the first order equations. As regards the second order, “bounded” equations
have been investigate in [I1l Parts I and III], and “unbounded” in [II], Part II], [5]
7,91 13, 17]. Except for [Bl [6] [7, 17] the unboundedness in the studied equations was
always coming from the term (Ax, Du(z)). This paper is concerned with equations
that exhibit “bad behavior” in the F also in Du and D?u as the same as in [5, 6],
7,[17]. We notice that, [5] studied the stationary version of (1.2)), [7] studied ( .
with F(t,z, Du(t,z), D?>u(t,z)) has form — Trace(QD?u(t,x)) + G(t x, Du(t, x))
and used a different test functions.

The plan of the paper is the following. In section 2 we give some preliminaries.
In section 3 we present the definition of viscosity solutions and prove a general
uniqueness and existence results for .

2. PRELIMINARIES
For any Hilbert spaces X,Y and E, we denote
UC(X) ={u: X — R;u is uniformly continuous},
BUC(X) ={u € UC(X);u is bounded},
UC.([0,T) x X) ={ue C([0,T] x X);u(t,.) € UC(X) uniformly in ¢ € [0,T]},
BUC,([0,T] x X) ={u € UC,([0,T] x X);u is bounded}.
Let u: (0,T) x E — R. If (t,#) € (0,T) x E and (a,p, Z) € R x E x S(E) we say
that (a,p, Z) € P>%u(t, 1) provided that (see [3])
u(t,r) <u(t, ) +alt — 1) + (p,x — 2) + =
+o(jlz =22+t —1) as (t,z) — ().
The closure of P?*, P%% is defined as follows:
P> Tu(t,z) = {(a,p7 Z)YER X E x S(E) : Aty, xn,an, Pn, Zn) in
(0,T) x ExR x E x S(E) : (an,Pn, Zn) € P>V u(ty,, z,)
and (tn, Tn, u(tn, Tn)y Gny Pny Zn) — (2, u(t, x), a, p, Z)}

We are interested in the situation where £ = FE; x F5 is the product of two
spaces and u(t, z1, 2) = w1 (t, £1)+us(t, v2). Proposition below is a straightforward
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corollary from [2, Theorem 8.3]. In this paper, identify operator in any space is
denoted by a same symbol I.

Proposition 2.1. Let u;,i = 1,2 be upper semicontinuous on (0,T) x RN and
©:(0,T)xR2N — R be once continuously differentiable in t and twice continuously
differentiable in x. Suppose that

up(t, 1) + ug(t, x2) — o(t, 1, 22)
has a local mazimum at (t,2) = (t,21,42) € (0,T) x R®N and that
D*p(t,&) = D = Dy — Dy,
where Dy, Dy € S(RY) and Dy, Dy > 0. Assume, moreover, that

dr>0:VM > 0,3c > 0 such that fori=1,2
bi < cif (biyqi, Zi) € PPty ay), |og — & + |t — £ < r (2.1)
and |ui(t, ;)| + |g;| + 1 Z:]| < M.
Then, for every a > 0 there are Zy, Zy € S(RN) such that
(i) (bs, Dy, (L, 2), Z;) € P?Fuy(t, 2;), fori=1,2;
@) (Dl + 101+ 201 (5 2) <D+ a0+ Do)
(i) by + by = 4 (t,2).
The norm of the symmetric matrix used above is

@]l = sup {|A] : A is an eigenvalue of ¢} = sup {[(¢¢€,&)| : [£] < 1}.

Remark 2.2. The condition (2.1)) will be satisfied if u; are the viscosity subsolu-
tions (see [3]) of

(ui)t(t, LEZ) + F(t, X, U,’(t, 1‘7;), Dui(t, 1‘,’), DZUZ‘(t, xz)) < 0in (0, T) X RN
with F bounded on bounded sets.

We say that a function p : [0,400) — [0,+00) is a modulus if p is continuous,
nondecreasing, subadditive, and p(0) = 0. Subadditivity in particular implies that
for all € > 0, there exists C. > 0 such that

p(r) <e+ C.r, forevery r > 0.

Moreover, a function w : [0,+00) x [0,4+00) — [0,400) is a local modulus if w is
continuous, nondecreasing in both variables, subadditive in the first variable, and
w(0,r) =0, for every r > 0.

We assume the following hypothesis:

e (A1):D(A) C H — H is a self-adjoint operator, there exists a > 0 such
that (Ax,z) > a|z|? for all z € D(A), and A~ is compact.

Remark 2.3. Hypothesis (Al) implies in particular that —A is the infinitesimal
generator of an analytic semigroup with compact resolvent satisfying ||e~*4|| < e~
for all t > 0 and that there is an orthonormal basis of H made of eigenvectors of A
such that the corresponding sequence of eigenvalues diverges to 400 as n — oo. It
also follows that
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We also assume the Interpolation inequality: Let v € (0, 1], a € (0,7). For every
o > 0, there exists C, > 0 such that
|A%2| < o|AVz| + Cy|z|, Vz € D(AY). (2.2)
Let H; C Hy C --- be finite dimensional subspaces of H generated by eigenvectors
of A such that UY_;Hy = H. Given N € N, denote by Py the orthogonal
projection in H onto Hy, let Qn = I — Py and let Hx = QnH. We then have an
orthogonal decomposition H = Hy x Hx and we will denote by zy an element of
Hy and by 3 an element of Hy. For € H, we will write z = (Pyz, Qnz). We
make the following assumptions about F'.
(F1) There exists 5 € (0,1) such that the function F : [0, 7] x D(Ag) X 'D(Ag) X
S(H) — Ris continuous (in the topology of [0, T'] X@(Ag) x@(Ag)xS(H));
(F2) F(t,z,p,5) < F(t,z,p,S2),5t € (0,T),Vz,p € D(A%), and all S; > So;
(F3) There exists a modulus p such that

|F(t,$,p, Sl) - F(tax7Q7S2)|
B B 8
<p((+1AZ2)]AZ (p = )| + (1 + [AZ2]*)[[S1 - Sa]),

for allt € (0,7), all z,p,q € D(Ag) and all Sy, 5, € S(H);
(F4) There exist 0 < 7 < 1 — 8 and a modulus w such that, for all € > 0, all

N>1,allte (0,T), all 2,y € D(A%) and X,Y € S(Hy) such that

X 0 < 2 PyA~"Py — PNy APy (2 3)
0o -Y/) ™ e \—PyvA "Pyn PyA~"Py ’

we have
Pt A ) <1y, A )
> —w(lAg(:ﬁ —y)l(1+ Ag(iy)'));

(F5) For every R < 400, [A\| < R, t € (0,T), z,p € ﬂ)(Ag)7 we have
sup {|F(t,z,p, S + A\Qn) — F(t,2,p,5)| : |S|| < R,S = PxSPy} — 0
as N — oo.

Remark 2.4. By the properties of moduli, condition (F3) guarantees that there
exists a constant C' such that for all ¢t € (0,T), all z,p € ZD(Ag), all S € S(H),

[F(t2,p,9)| < C(1+(1+|AZa)|ATp|+ (1+ AT |S]) + F(t,2,0,0)]. (2.4)

3. VISCOSITY SOLUTIONS

The definition of a viscosity solution proposed here has its predecessors in [5 [0
13].
Definition 3.1. A function ¢ : H — R is a test function for the equation in (|1.2))
if
D(t, ) = p(t,x) +8(t)(1 + |x?),

where

(1) 6 € CL((0

(2) peCh¥(

,T)) and § > 01in (0,7);
(0,T) x H) and is weakly sequentially lower semicontinuous;
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(3) Dy(t,.) € UC(H,H) N UC(D(Az~%), D(AY?)), for some k = k(p) > 0
and for all t € (0,7);
(4) D%*p(t,.) € BUC(H,S(H)), for all t € (0,T).

Definition 3.2. A weakly sequentially upper (lower) semicontinuous function w :
(0,T) x H — R is a wviscosity subsolution (respectively: wviscosity supersolution)
of the equation in (1.2) if for every test function v, whenever u — ¢ has a local
maximum (respectively: u + 1 has a local minimum) at (¢,z) then z € D(A'/?)
and
Py(t, @) + (A %2, AV2Dy(t, 2)) + F(t,z, Di(t, ), D*¥(t, z)) <0
(resp.
—y(t,x) + (A 22, —AV2Di(t,2)) + F(t, z, —Dy(t, z), —D*b(t, z)) > 0).
A function wu is a viscosity solution of the equation in ([1.2)) if it is both a viscosity
subsolution and a viscosity supersolution.
The main result of this paper is theorem below.

Theorem 3.1. Let the Hypothesis (A1) and (F1)-(F5) hold.

Comparison: Let u,v : (0,7) x H — R be respectively a viscosity subsolution
and a viscosity supersolution of the equation in . Assume that there exists a
constant C' such that

u(t, z), —v(t, z), [g(x)] < C(1 + [=]) (3.1)
and
() lim(u(t,z) — g(z))" =0
t10
() Tim(o(t,2) — ()" =0
uniformly on the bounded subsets in H. Then we have that u < v in (0,T) X H.
Existence: Let g € BUC(H) and
Fr = sup{|P(t,,p, X)| : (t, ) € [0,T] x D(AY2), |pl, | X]| < R} < +o0.  (3.3)

Then (T.2)) has a unique solution u € BUC,([0,T] x H) N BUC,([r,T] x D(A~3%))
for 7 >0, satisfying lim, o u(t,z) = g(x) in H. Moreover, there is a modulus m
such that

(3.2)

[ult, 2) — u(s, e~ =IAz)| < m(t — 5)
for0<s<t<T andzx € H.

Before we can attempt to prove the above theorem we would like to begin with
some facts about viscosity solutions of parabolic partial differential equations in
finite dimensional spaces. Those facts will be needed in the proofs of Theorem
For the definition of viscosity solutions in this case, we refer to [2].

Proposition 3.2 ([13] Proposition 3.4]). Let an upper semicontinuous function u
and a lower semicontinuous function v on (0,T) x RN be respectively a viscosity
subsolution and a viscosity supersolution of
ug(t,z) + F(t,z, Du(t,z), D*u(t,z)) =0 fort € (0,T),x € RN, (3.4)
where F : ([0,T] x RN x RN x S(RY) — R is continuous and satisfies the following
three conditions:
(i) F(t,z,p,S1) < F(t,z,p,S2), for allt € (0,T), all x,p € RN, all S; > Sy;
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(ii) There exists u € C*(RYN), radial, nondecreasing, nonnegative, u — oo as
|z|| — oo, Dy, D?*u are bounded and

F(t,z,p+aDu(x), X +aD?*u(x)) > F(t,z,p, X) —o(a, |p| + || X ||)Vz, p, X, Ya > 0,
(3.5)
where o is a local modulus;
(iii) There exists a modulus w: so that for all t € (0,7T), all z,y € RY, all
X,Y € S(RY) such that

X 0 I I
_01[<<0 Y)gCZ(_I I)a

with the constants c1,co > 0, we have
F(t,z, cs(x—y), X)—F(t,y,cs(x—y), =Y) = —w(lz—y|(1+ (c1 +c2+|es]) |z —y])).
Let g € BUC(RY). Then
(1) u(t,z) —v(t, ) < sup,epn (u(0,2) —v(0,2))" for allt € [0,T] and x € RV.
(ii) If u(0,2) < g(x) < v(0,2) and u,—v < M, then there is a modulus of
continuity m, depending only on M,w and a modulus of continuity of g,
such that

u(t, z) —v(t,y) < m(lz —yl)
for all t € [0,T) and z,y € RN. Moreover, if u = v, then u € C([0,T] x
RM).
(iii) If supse(o,1),zern [F'(t,2,0,0)] = K < 400, then there exists a unique so-
lution u € BUC,([0,T] x RN) of (3.4) such that u(0,z) = g(z) and ||uls
only depends on ||g||cc and K.

The Proposition below is needed in the proof of existence.

Proposition 3.3 ([I3| Lemma 2.8]). If F : (0,T)x Hx HxS(H) — R is uniformly
continuous on bounded sets, and satisfies (F2) and (F5) then for every (t,z,p, X) €
(0,T) x Hx Hx S(H),

F(t, PNz, Pyp, PNnXPy) — F(t,xz,p,X) as N — oo.

Proof of Theorem Comparison. Given u > 0, define

vu(t, ) = v(t,z) + e

uu(t, ) = u(t,x) — T3

_r
T-t
Then u,, and v, satisfy respectively

(wp)e(t, @) + (Az, Duy(t, @) + F(t, @, Du,(t, @), D*uy(t, 7)) < _ﬁ
and
(U)e{t2) + (A, Doy (t,2)) + F (1, Doy (t,2), Dot ) 2 s
For €,0,7 > 0,0 < ts < T we consider the function
O(t,s,z,y) =uu(t,xz) —vu(s,y) — M_g(;v—g_w
_ 561{,&(1 + |x|2) _ 661(”‘9(1 n \y|2) B (t ;75)2

The constant K, will be chosen later.
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Since the function ® is weakly sequentially upper semicontinuous in (0,77) X
(0,T) x H x H and (3.1), ® has a global maximum over [t5,T) x [t5,T) x H x H
at some points (¢, 5, Z, 3), where t,5 < T and Z, § bounded independently of ¢ for a
fixed 6. We can assume this maximum to be strict and (see [0 [])

lim sup lim sup lim sup 6(|z| + [7]?) = 0 (3.6)
§—0 e—0 v—0
A=2(z — 7))
lim sup lim sup [Az=@ =g =0 for fixed § > 0. (3.7)
e—0 ~—0 2e
F—3)72
lim sup (t=3) =0 for fixed ¢,0. (3.8)
y—0 2y

If u € v it then follows from (3.7)), (3.8) and (3.2]) that for small 4 and 6, and ts

sufficiently close 0 we have t,5 > t5 if v and ¢ sufficiently small.

We will now use a rather standard technique of reduction to finite dimensional
spaces to produce appropriate test functions.

We now fix N € N. Then obviously

[A™2 (@ —y)|” = (PNA"Py (2 — )2 — y) + |[A72Qn(z — y) %,
and we have
A3 Qu(a — y)I? <AQNATQn (T~ 5.2 — 1) — (QuAT'Qu(E ~ 7). ~ )
+20A72Qn(z — )P +2/A 2 QN (y — 9)
with equality if and only if x = Z, y = 3. Therefore, if we define
(,QNAT"QN (T — 7))

u(t, ) =u,(t,x) — a

(QNAT"QN(ZT — 7), T — ) B A2 Qn(z —7) — Jelut
2 €

+ (1+[z[?)

and

+6e" et (1 + |y[?),

v1(s,y) = vuls,y) - 9, Qv A7On (T ~ 7)) + |A7§QN€(?J -9

e

it follows that the function

& PA_nP xr — , T — t_82
Blt,5,0,0) 1= w1 {1,2) — v (s,y) - ANV Y ()

always satisfies ® < @ and attains a strict global maximum over [ts, T) X [ts,T) X
H x H at (t,5,%,y). Moreover,

¢(57 57 '1_77 g) = ¢(E’ 57 '1_77 g)'
We now define, for zn,yn € Hy, the functions

ﬁl(t,’I’N) = LsupLul(t,xN,zJJ\‘,), 61(57yN) = lnnyJ\_f € H]J\}vl(sayN7y]J\_/)'
TyEHy

Since the assumptions about u, —v and the weakly sequentially continuity of inner
product, we obtain that @ and —; are upper semicontinuous on (0,7) x Hx (see
[3]). Moreover, by definition of uq,v; and by the form of ®, it follows that

a1(t, PNT) = u1(t,T), 01(8, PnY) = v1(5, 7). (3.10)
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Defining now the map ®x : (0,7) x (0,T) x Hy x Hy — R as

¢N(ta8axN7yN)

(PNA™"Pn(zN —YN), TN — YN)) _ (t—s)?
2e 2y

=it zn) — 01(s,yn) —
= sup &)(tasv (IN7JUJI\_7)7(yNayJJ\_f))
T, YN EHRE

It is not difficult to check that @ attains a strict global maximum at (£, 5, Tx, gn) =
(t,5, PnT, Pyy). By the finite dimensional results (see [2]) for every n € N, there
exist points t", s™ € (0,1); z’, y% € Hy such that

t" —1t, s"—35 TN — Ty, Yy — YN, asn — oo. (3.11)
wu(t”,2y) — w(t,zn), 01(s",yN) — 01(5,n) asn — oo. (3.12)
and there exist functions ¢,,%, € CY2((0,T) x Hy) with uniformly continuous

derivatives such that 4, — ¢, and —v; + ¥,, have unique, strict, global maxima at
(t", z%) and (s™, y} ) respectively, and
t—35
(‘pn)t(tnvl’%) - v )

1
Dp,(t", x%) — EPNA_WPN(OEN—ZJN),

n n t—3
(wn)t(s 7yN) - y ’ (313)
1
qubn(sn?y]T\L/) - EPNAinPN(i‘N 7gN)7
D%, (t", 2%) — X,

DZ%(S", y%) — Yy

where Xy, Yy satisfy (2.3)).
Consider finally the map ®%; : (0,7) x (0,T) x H x H — R defined as
(D?V(t? S, T, y) = U1(t, Jf) — U1 (87 y) - Qpn(t PNQ?) + ¢n(3a PNy) (314)

This map has the variables split and, by the definition of u; and v, attains its

global maximum (which we can assume to be strict) at some point (", 5", 2", ™).

This point depends also on N but we will drop this dependence since N is now
fixed. Repeating now the arguments of [5 page 409] (see also [I7]) it is not difficult
to show that

ur(t™, ") — ui(t,2), v1(8",9") — v1(5,9) (3.15)
th=t", 8t =s" a% =2k, gv =ur. (@",9") = (7,9) (3.16)
as n — oo. Moreover 7,5 € D(A'/?) and
A2 A2z AV25n  AY2E as n— oo, (3.17)
We define
(2. @nATION (T = 7)) A2 Qn (z — 7)|?

. . +on(t, Pyx)+0efet (14]2)?).

1/’(157 I) =
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Then ¢ satisfies the conditions of a test function (Definition [3.1)) and it follows from
(3.14) and the definitions of uy,v; that u, — 1 has a maximum at (t*,2™). Thus

we have
@bt(fn,ii'n) + <A1/2i,n’A1/2Dw(tAn7i_n>>
A PR A w (3.18)
+ F(t", 2", Dy (", &™), D* (i, i) < ————.
( w(in, 8, D" 8) < ~ s
We now like to pass to the limit as n — oo in (3.18]) keeping ¢, d, N fixed. Since
A=3" and A=% are compact we conclude that, as n — oo,

n B

AT g = ATE(AM2h) > AR, AT(37) = AT (AM%7) — A% (z)

which together with the weakly semicontinuity of the norm implies

n—oo

liminf(A'/23", A2 Dy (", 3™)) > <A1?’f, w> + 26eKut| A1/22,
3

On the other hand, using (3.16)), (3.11]) and (3.13)) we have that, as n — oo,

. t—5 .
GO TS + 0S4 7)),

. 1 .
D (t", ") — gA_"(a’: — ) + 26efutz,

. 24" . 2| A" .
D2y(t",2") — Xy + fQN + 20T < X + w + 25efut],

Therefore, using above results, (F1) and (F2), letting n — oo in (3.18) yields

t—s 1-n

F 1
+ 0K ,e®n (1 + |2%) + g<A 2
1
9

7, AT (3 — ) + 20€0T| A2 5|2

_ ~ 9 _
+ F(t, T, ~ATNE — §) + 20e50tz, Xy + S1A7eN + 26eKutI) (3.19)
_H

ST

We now eliminate terms with § and N. Using (F3) we have
| 2 F
F(E,-A7(@ = §), X + 2| A7|Qn ) = p(dde" (1 + [a[3))
__ 1 7 2 F
< F(t, 7,2 A& — §) + 20085, Xy + 2| A7 Qw + 256&7)
€ €
for some constant d > 0. Now, given 7 > 0, let K be such that
p(s) < 7+ K;s.
Applying || with o = g and v = %, we obtain that
p(doe™ st (14 |7[3)) < 7+ 20e" 0| AV25 + 6C e (1 + |7]?)

for some constant C; > 0 independent of § and €. Therefore, using these results in
(3-19), (F5) and choosing K, = C-, we obtain
E_ S 1 —-n it/ —
S (A AT (2 - ) + F(E 7,
v €
. H
<7+ wi(N;e,6,7) — T

24z - ), Xx)
(3.20)
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where limpy oo w1 (N;e,0,v) =0 if €, §, v are fixed. Similarly, we obtain
t—5 1 - - 1

~ ® + g<AT:lj,AT({fJ - g)> + F(gv Y, gA_n(‘(E - y),YN)

> —7 —wi(N;e,0) +

. (3.21)

(T —5)*
We now subtract (3.20]) from (3.21), using (£'4), and then let N — co. We then
conclude that
i I 8,_  _ 1 6,
<2 Az (z — 1+ =]Az2(z —
T+ e <2+ e(4EE DI+ 2143 - ) o)
Loin, o '
—9)

Set r = |A="(z — 4)|. Using the interpolation inequality (2.2), the fact that
\Ag(gﬁ — )| < A= (z — §)| for some ¢ > 0 and the property of the moduli, we
have that, for all a, 0 > 0, there exist C,, K, > 0 such that

A2 (z — p)| ?
3

u M r

5)2 (T —
For « ﬁxed, we choose o such that cK,o < 1. Then, in the right -hand side of the

previous inequality, we have a polynomial of order 2 in % which is bounded from

<21+ a+cK, (J——i—C r+r>—

- .

above and we get

22 1A~ 3 (z-9)| |2
BB gy gy e (Ve+ G =)
(T -2 (T —-5)2 " 4(1 — Kyco)

By sending v — 0,& — 0,9 — 0 and using (3.7]), we obtain a contradiction, which
proves that we must have u < v.

Existence. To produce a solution of (1.2)) we consider approximation
(un)e(t, ) + (Az, Dun(t,x)) + F(t,z, Dun(t, ), D*uy(t,z)) = 0,
(t,z) € (0,T) x Hy, (3.23)
uN(O,ZL'):g(fE), z € Hy.
Note that (3.23) satisfies the assumptions in (3.5) with constants and moduli
independent of N. By Proposition (iii), there is a unique solution uy €
BUC,([0,T] x Hy) of (3.23) such that |un|lcc < M for some M which depends

only on ||g|leo, Fo in (3.3)). Moreover, since A is positive definite, Proposition
(ii) provides a modulus of continuity m4 such that

lun(t,2) —un(t,y)| <mi(lz —y|), Vte(0,T),Ve,y e Hy. (3.24)
‘We now show that for each 7 > 0 there is a modulus m., such that
lun (t,2) — un(t,y)| <m-(|A7F (z —y)]) for T <t <T. (3.25)
Given p > 0, set
uo(t,z) = un(t,x) — TL—t

Let w be the modulus of continuity in (F4). For every € > 0 let K. be such that
w(r) <e/2+ K.r. For L > M + 1, we set
1 1

Yp(r) =202 " 2rrar,
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The function ¢, € C?(0,00) is increasing and concave, ¥} (r) > 1 for 0 < r <
2,4(0) = 0,9(1) > 2(M + 1), and

Yr(r) > Ly (r)yr+7r) for 0 <r<2. (3.26)
We will show that for every ¢ > 0 there exists L = L. such that
up(t, ) — uo(t,y) < (VLA (x — y)|) +e) (1 +1) (3.27)
forall t € (0,T);z,y € Hy. Indeed, we denote by
A:={(z,y) € Hy x Hy : |A7"2(x —y)| < 1}.

It is clear, from the properties of ¢y, that for (x,y) € A, (3.27) always satisfied
independently of L. Assume now by contradiction that (3.27) is false. Then, given
any L > M + 1, let

w(t,m,y) = ’(/}L((lA_g(x - y)| + E))(l + t)

we have that

sup —(u(t.2) — wo(t.y) — ¥(t,a.y)) >0
t€(0,7),(z,y)eA

(if not we are done). Then, for small § > 0,
s (uo(t,2) — woltyy) — w(t,w,y) — ool — dlyl?) > 0
te(0,7),(z,y)eA

and is attained at a point (¢, Z,y) with (Z,y) € A, T # 3. It follows from the initial
condition and the definition of wug, v, that 0 < < T.
To use Proposition we denote s = |A~2 (Z — §)| and compute

1/%({,9?;?) = 1/)L(3) + e,

Dt .) = v () D 1y )

D2,0(0.7,7) = v () LD EATE I g 4y gy (T 4
ANE - @A (T —
0 (s) (z y)i (z y)(1+t~>
= B; + By + Bs.

Since vy, is nondecreasing and concave, By > 0 and By, B3 < 0. Using this notation
we have

2.7~ _ ( B2 —B2\ (—Bi—Bs Bi+Bj
Dzb(t,x,y)-(_Bz By By +Bs —B;—DBs

=Dy - D,

where Dy,Dy > 0. Proposition applied with ¢ = 1,u(t,7) = wuo(t,z) —
dlz|?, ua(t,y) = —uo(t,y) — S|ly|* tells us that there exist a,b € R, and matri-
ces X, Y € S(RY) such that

(a, Do (t,Z,7), X) € P> uy(t,7);
(=b, —Dy(t,2,7), =Y) € P>~ (—uz)(t,7)



12 T. V. BANG & T. D. VAN EJDE-2006/47

where
a+b= wL(s)
X 0 ( E) PyA~ nPN —PNyA Py
0 Y —PnyA Py PyA Py

It follows from the properties of P2’+ and P?~ that

(a+ D(t, %, ) + 262, X +201) € P> uy(t,7);

K
(T =1
R
(T =)

By the definition of viscosity solutions in case of finite dimensional, we obtain

(_b+ Dyw(t_af,ﬂ) _2557 _Y_2§I) € lefuN(f’g),

K Yr(s) = A-n(= 1/2= 21/2=
a-i-( _{)2+ LS (1+8)(AZ, A~"(z — 7)) + 26(AY 7, AY?7)

+F(t,z wL( )(1 + Az — ) + 267, X +261) <0

and
b s+ B 4 g a0 ) - 2540 A1)
+F(ty,¢L()(l+f)A Nz —g) —20y,—Y —20I) >0

Repeating the arguments from the proof of comparison we obtain that
/
atb<— 20T E gy

+w(|A% (@ - )1+ —WLS(S)

8, _
(1+D)|45 (@ = g)l)) + 2 (L, )
!
<~ Uy gpy
s 2
K.(14% @ - i1+ L)
where lim sups_,, wi(L, ) = 0. Therefore, using the interpolation inequality (2.2
with a sufficiently small o, it follows that

1/”;(;) A5 (2

(1+T)|A% @ = g)I)) + 2w (L, )

_a2a &
y)|+2

+ C(W(s)s +5) + 51T @ — )| + 201 (L,0)

Yr(s)+e<—

where C; depends only on K. and the interpolation constants (but not on L), and
¢ is such that |A1_Tnx| > c¢|A=3 x| for all z € D(Al_Tn) [5]. Thus, we eventually
have

€
Pr(s) < Ce(Yp(s )S+S)_§+2U)1(La5)7
which becomes, choosing L = C. and letting § — 0,

€

Yus) < LU ()5 +5) — =

This leads to a contradiction in light of (3.26)). Thus we have (3.27)), which implies
uo(t, ) — uo(t,y) < YL(A™% (& —y))(1 +T) + 2M|A™ (z — y)|
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for all x,y € Hy and t € [0,T]. We obtain the required modulus of uy by letting
n— 0.

Next, we show that there is a modulus m depending only on m; and the function
Fr, such that

lun (t, ) — un(s,e" DAz < m(t — s) (3.28)

for z € Hy,0 <t < T. Because of it is enough to show fors =0
since all the estimates can be reapplied at later time. To do this we begin with
g € CYY(H) such that ||g|lec < 0o. We denote the Lipschitz constant of Dg by
Lpy. We use the fact that h(t, x) = g(e~t4) solves

hi(t, z) + (Az, Dh(t,z)) = 0in (0,7] x Hy,
h(0,z) =g(z) in Hy
which implies
U= h+ tFnax(Lpg. | Dylle)s V= P = tFmax(Lp, | Dgll)

are respectively a viscosity supersolution and a viscosity subsolution of (3.23)). To
see this we note that h is C1! in z, ||Dh| s < ||Dglloo, and Lpp < Lpg. It then
suffices to observe (for a subsolution ) the obvious fact that if for a test function
¢, u— ¢ has a local maximum at (t,z) then D?p(t,z) > —LppI > —LpgI. Hence,
comparison gives

lun (t,2) — g(e™"2)| < tFmax(Loy. 1Dyl )- (3.29)
If g € BUC(H) we can approximate it by a function § € CY!(H) such that
IDglloo < oo [I0]. Hence, if @y solves (3.23]) with g, then

fux(t.2) = gle™ 0] < Juy (t.2) = a(t.2)] + [ax(t.o) - gle o)
T 15(eAz) — gle~t3)|
< 2[lg = gllco + tFmax(Lpg. 1 Dgllee)

where we have used (3.29) and Proposition (i). This gives us (3.28)).

Now set vy (t, x) = un(t, Pyx). Since A~2 is compact, (3.25) and (3.28) we have
the equicontinuity of {vy} in the weak topology on bounded subsets of [r,T] x H
for 7 > 0. The Arzela-Ascoli theorem then provides a subsequence (still denoted
by vy) converging uniformly on bounded subsets of [7,T] x H to a function u that
obviously satisfies the same estimates as w)ys [13]. Moreover, (3.28) imply that
limy o u(t, z) = g(x),z € H. It remains to show that u solves the limiting equation
in (1.2). Let ¥(t,z) = @(t,z) + 5(¢)(1 + |z|?) is a test function of the equation in
(T.2) and let u(t,z) — 9 (t,x) have a maximum at (f,4) which we may assume to

be strict. It follows that there exists a sequence &y = Py — & as N — oo such
that, for every x € Hy,

on(t,z) — Pt z) <on(t En) — ¥(E, ).
Therefore, since APy = Py A,
Yk, En) + (A2 N5, AY2Dop(E, i n)) + 6()| AV 22 N |? (330
+ F(t,2n, Pk Do(t, & n) + 26(t)a N, Pn(D*0(t, 2n5) + 26(£)1)Py) < 0.

Since &y € Hy and ) is a test function we have

|AY2Dg(t,2n)| < B+ C|A2 Fiy| (3.31)
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for some independent constants B, C. Also, by (3.31)), (2.2), (2.3) and (3.3),

< 01(1 AT aN ]2+ |A%—’%N|2)
5(t
<Oy + %|A1/2.@N|2.

Using this, (3.31) and the interpolation inequality (2.2]), we therefore obtain from
(3.30) that |AY/22 x| < Cs for some constant C3 independent of N. Thus, AY/2&y —
A3 (so & € D(AY?)) and hence

A%iy — A%2, and AY2Dy(i,in) — AY2Dy(i, 7).

These convergence and Proposition allow us to pass to the limit in (3.30) as
N — 00 to conclude that

(W)i(E,2) + (AV22, AV2Do(E, 2)) + 6(F)| A2
+ F(i,2, Do, &) + (D)2, D*p(E, &) + 8(D)I) < 0.

This proves that w is a viscosity subsolution. Similarly, we obtain that u is a
viscosity supersolution and therefore it is a viscosity solution of the equation in
(1.2). The comparison gives us the uniqueness of u.

REFERENCES

[1] V. Barbu and G. Da Prato, Hamilton-Jacobi Equations in Hilbert Spaces, Res. Notes Math.,
Pitman, Boston, (1983).

[2] M. G. Crandall, H. Ishii and P.L. Lions, User’s Guide to Viscosity Solutions of Second Order
Partial Differential Equations, Bull. A.M.S., 27 (1992), 1-67.

[3] M. G. Crandall, M. Kocan and A. Swiech, On Partial Sup-Convolutions, A Lemma of P.L.
Lions and Viscosity Solutions in Hilbert Spaces, Advanced in Mathematical Sciences and
Applications, Gakkétosho, Tokyo, 3 (1993/94), 1-15.

[4] M. G. Crandall and P.L. Lions, Hamilton-Jacobi equations in infinite dimensions. Part I:
Uniqueness of viscosity solutions, J. Funct. Anal., 62 (1985), 379-396. Part II: Existence
of viscosity solutions, J. Funct. Anal., 65 (1986), 368-405. Part III: J. Funct. Anal., 68
(1986), 214-247. Part IV: Hamiltonians with unbounded linear terms, J. Funct. Anal., 90
(1990), 237-283. Part V: Unbounded linear terms and B- continuous solutions, J. Funct.
Anal., 97 (1991), 417-465. Part VI: Nonlinear A and Tataru’s method refined, Evolution
Equations, Control Theory and Biomathematics (Han sur Lesse, 1991), Lecture Notes in
Pure and Appl. Math. 155, Dekker, New York, (1994), 51-89. Part VII: The HJB equation
is not always satisfied, J. Funct. Anal., 125 (1994), 111-148.

[5] F. Gozzi, E. Rouy and A. Swiech, Second Order Hamilton-Jacobi Equations in Hilbert Spaces
and Stochastic Boundary Control, STAM J. Control Optim., 38 (2000), 400-430.

[6] F. Gozzi, S. S. Sritharan and A. Swiech, Viscosity Solutions of Dynamic-Programming Equa-
tions for the Optimal Control of the Two-Dimensional Navier-Stokes Equations, Arch. Ra-
tional Mech. Anal., 163 (2002), 295-327.

[7] F. Gozzi, S. S. Sritharan and A. Swiech, Bellman Equations Associated to the Optimal
Feedback Control of Stochastic Navier-Stokes Equations, Comm. on Pure and Appl. Math.,
Vol.LVIII (2005), 0671-0700.

[8] H. Ishii, Viscosity solutions for a class of Hamilton-Jacobi equations in Hilbert spaces, J.
Funct. Anal., 105 (1992), 301-341.

[9] H. Ishii, Viscosity solutions of nonlinear second-order partial differential equations in Hilbert
spaces, Comm. Partial Diff. Equations, 18 (1993), 601-651.

[10] J. M. Lasry and P. -L. Lions, A remark on regularization in Hilbert spaces, Israel J. Math.,
55 (1986), 257-266.



EJDE-2006/47 VISCOSITY SOLUTIONS 15

[11] P. -L. Lions, Viscosity solutions of fully nonlinear second-order equations and optimal sto-
chastic controll in infinite dimensions. Part I: The case of bounded stochastic evolution, Acta
Math., 161 (1988), 243-278. Part II: Optimal controll of Zakai’s equations, in Stochastic
Partial Diff. Equa. and Appl., Lecture Notes in Math. 1390, G. Da Prato and L. Tubaco,
eds. Springer-Verlag, Berlin, (1989) 147-170. Part III: Uniqueness of viscosity solutions for
general second order equations, J. Funct. Anal., 86 (1989), 1-18.

[12] A. Pazy, Semigroups of Linear Operators and Applications to Patial Differential Equations,
Springer-Verlag, Berlin, New York, (1983).

[13] A. Swiech, Unbounded Second Order Partial Differential Equations in Infinite-Dimensional
Hilbert Spaces, Comm. Partial Differential Equations, 19 (1994), 1999-2036.

[14] D. Tataru, Viscosity solutions for Hamilton-Jacobi equations with unbounded nonlinear term,
J. Math. Anal. Appl., 163 (1992), 345-392.

[15] D. Tataru, Viscosity solutions for Hamilton-Jacobi equations with unbounded nonlinear term:
a simplified approach, J. Diff. Equations, 111 (1994), 123-146.

[16] D. Tataru, Viscosity solutions for the dynamic programming equations, Appl. Math. Optim.
Appl., 25 (1992), 109-126.

[17] Tran Duc Van and Tran Van Bang, The uniqueness of viscosity solutions of the second
order nonlinear partial differential equations in a Hilbert space of two-dimensional functions,
preprint.

TRAN VAN BANG
DEPARTMENT OF MATHEMATICS, HANOI PEDAGOGICAL UNIVERSITY NUMBER 2, VIETNAM
E-mail address: bangtv75@yahoo.com

TRAN Duc VAN
HaNoOI INSTITUTE OF MATHEMATICS, P.O. Box 631, BoHoO, HANOI, VIETNAM
E-mail address: tdvan@math.ac.vn



	1. Introduction
	2. Preliminaries
	3. Viscosity solutions
	Proof of Theorem 3.1: Comparison
	Existence

	References

