Electronic Journal of Differential Equations, Vol. 2005(2005), No. 118, pp. 1-28.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

STABILITY OF ENERGY-CRITICAL NONLINEAR
SCHRODINGER EQUATIONS IN HIGH DIMENSIONS

TERENCE TAO, MONICA VISAN

ABSTRACT. We develop the existence, uniqueness, continuity, stability, and
scattering theory for energy-critical nonlinear Schrédinger equations in dimen-
sions n > 3, for solutions which have large, but finite, energy and large, but
finite, Strichartz norms. For dimensions n < 6, this theory is a standard ex-
tension of the small data well-posedness theory based on iteration in Strichartz
spaces. However, in dimensions n > 6 there is an obstruction to this approach
because of the subquadratic nature of the nonlinearity (which makes the deriv-
ative of the nonlinearity non-Lipschitz). We resolve this by iterating in exotic
Strichartz spaces instead. The theory developed here will be applied in a sub-
sequent paper of the second author, [21], to establish global well-posedness and
scattering for the defocusing energy-critical equation for large energy data.

1. INTRODUCTION

We study the initial value problem for the following nonlinear Schrédinger equa-
tion in spacetime R x R" =R, x R}, n > 3,
iug + Au = f(u)

- (1.1)
u(to,x) = uo(x) € H*(R™)

where u(t, x) is a complex-valued function in spacetime I x R™ for some time interval
I containing tg, and the nonlinearity f : C — C is continuously differentiable and
obeys the power-type estimates

flu) = O(Jul#=%), (1.2)

F2(u), fz(u) = O(lu|72), (1.3)

fo(u) = f2(0)] _ 0(|u—v|ﬁglﬂ o itn>g, »
fz(u) = fz(v) O(Ju—v|(ju] "% + [v|"=2)), f3<n<6,
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where f., fz are the usual complex derivatives

oG- )
x dy 2\ 0z Jy
The analysis here also extends to systems where u takes values in some finite-
dimensional complex vector space C™ and f : C™ — C™ obeys analogous estimates
to those presented here. However, we have elected to only present the scalar case
to simplify the exposition.

For future reference, we observe the chain rule

V(u(x)) = f(u(x)) Vu(z) + fz(u(z)) Vu(z) (1.5)

as well as the closely related integral identity

f(U)—f(U)Z/0 [fo(v+0(u—v))(w—0)+ f(v+0(u—v))(u—v)]d) (1.6)

for any u,v € C; in particular, from (1.3]), (1.6), and the triangle inequality, we
have the estimate

|F () = F(0)] S u—o|(ju|7= + o] 72). (1.7)

Following [6], we shall only consider strong solutz’omﬂ to (1.1, by which we mean
solutions u € CYHX(I x R™) to the integral (or Duhamel) formulation

t
u(t) = e tto)Byy — / =B f(y(s)) ds (1.8)
to

of the equation (we will explain our notation more fully in the next section). Note
that by combining Sobolev embedding, H!(R™) C L?>"/("=2)(R™), and we see
that f(u(s)) will be a tempered distribution uniformly in s. Consequently, there is
no difficulty interpreting in the sense of tempered distributions at least.

The most important examples of nonlinearities of the above type are the defo-

cusing power nonlinearity f(u) := —Hu|$u and the focusing power nonlinearity
4
f(u) :== —|u|7=2u. Note that in these cases, the problem (l.1) is invariant under

the scaling

1 t x 1 T
uts) = somprre(se3) W) = semmm(5)

and that this scaling also preserves the H' (R™) norm of ug. Thus we shall view
(1.1) as an H;-cm'tical or energy-critical equatio

The Cauchy problem has been studied extensively in the literature, espe-
cially in dimensions n = 3,4; see the references below and particularly the books
[2], [B], [6]. One can divide the theory into two parts: the “local” theory in which
the solution is either restricted to have small energy, or to have a certain spacetime
norm small (which can be achieved for instance by localizing the time interval)

"n dimensions n > 4, the nonlinearity is unlikely to be smooth and so we cannot use the usual
trick of working entirely with classical (Schwartz class) solutions first and then taking limits,
unless one also performs some regularization of the nonlinearity. If however the nonlinearity is
smooth, then it is easy to see that Schwartz initial data leads to Schwartz solutions and, by using
the well-posedness and stability theory which we will develop, one can then express the strong
solutions given here as the unique strong limit of classical solutions.

2In this paper we shall use energy synonymously with (the square of) the H; norm; the

potential energy (which is essentially the Lin/(n_Q) norm) will not play a role in our discussions.
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and the “global” theory in which there is no size restriction on the solution (other
than finite energy). Our focus here will be on the local theory, in which the exact
choice of the nonlinearity f does not play a major role; in particular, there will
be no distinction between the focusing and defocusing cases. However, the results
here will be applied towards the global theory. Specifically, they will be used (to-
gether with several other tools, notably an interaction Morawetz inequality and
Bourgain’s induction on energy argument) in a future paper of the second author,
[21], establishing global well-posedness and scattering for the defocusing energy-
critical equation for large H 1(R") data for dimensions n > 4; the cases n = 3,4
were treated in [7], [I9] respectively (see also the works [I], [2], [I3], [20] treating
the radial case).

For the energy-critical local theory it is convenient to introduce a number of
scale-invariant function spaces. We use L7 (R™) to denote the Banach space of
functions f : R™ — C whose norm

1= ([ 1r@ra)”

is finite (with the usual modification when r = 00). Similarly, for any spacetime slab
I xR", we use L{L" (I x R™) to denote the Banach space of functions u : R* — C
whose norm

el e ey = Nullgr = / Ju(t) 2.dt)

is finite (with the usual modification when ¢ = co). We will omit mention of the slab
I xR™ when it is clear from context. In additlon to the energy space C?H; (IxR™),
we will also need the Strichartz space W = W (I x R"), defined on I x R™ as the
closure of the test functions under the norm

||UHW = ||V’LL||2(7:L_+22)722(1+42) (19)

which is a convenient norm that is particularly well adapted for controlling solutions
to (T.1)). Similarly, we introduce the nonlinearity space N'(I xRR"™) defined on I x R™
as the closure of the test functions under the norm

[E = [Vl 2a - (1.10)
n+2

This space is useful for controlling the forcing term f(u).

A large part of the local theory for these energy-critical equations was worked
out by Cazenave and Weissler, [3], [4], building upon earlier work of Ginibre-Velo,
[11], and Kato, [I4], for the energy-subcritical case. In this work, global solutions
were constructed for small energy data and local solutions were constructed for
large energy data, though, as is to be expected for a critical equation, the time of
existence depends on the profile of the initial data and not simply on the energy.
Furthermore, these solutions u were unique in a certain Strichartz space and in this
space the solution depended continuouslyﬂ on the initial data in the energy space
H L(R™). A later argument of Cazenave, [6], also demonstrates that the uniqueness
is in fact unconditional in the category of strong solutions (see also [I5], [9], [10], [7]
for some related arguments; we reproduce the argument in Proposition below).

3Strictly speaking, the continuity in C?H}C was only demonstrated for the defocusing equation;
for the general equation the continuity was established in L] H} for any finite g. See [6] for further
discussion. In this paper we shall obtain the stronger result of Hoélder continuity for the general
equation in the scale-invariant space C? IT1.
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We now give an extremely oversimplified sketch of how these results are obtained.
We rely heavily on the spaces W (I x R") and N'(I x R") introduced earlier. The
fundamental tools are the Strichartz estimat

ety + 3B dsllyy S ol ey + I, (1)
0
whenever the right-hand side is finite (and on any spacetime slab I x R™ containing
t =tp), as well as the Sobolev embedding
[ull20t2) 202 S flullyiy (1.12)
for all u € W(I x R™). We also take advantage of the Holder inequality

_ 4/(n—2
[0 DTy 20 < ol 2t erey llyirs (1.13)

2 2(nt2) 2(n+2)
n—2 7 n—2
which in conjunction with (1.5)) and (1.12]) implies that

4/(n—2 n+2)/(n—2
1@l S Nl s s sl S 727, (1.14)

n—2 ' n

Combining this with (T.11)) we see that strong solutions to (T.8)) which lie in W (I x
R™) obey the a priori estimate

n+2)/(n—2
HUHW S ||u0||H; + ||uH$/V )/ (n—2)

)

which then suggests that u stays small in W(I xR™) whenever ug is small in H? (R™).
This can be made more rigorous by setting up an iteration scheme to construct u;
the case of large energy can be dealt with by an appropriate truncation of time
(to reduce the W (I x R™) norm of e'(*~t)24;). The continuous dependence on
the data is not difficult in rough spaces (e.g. in CYL2(I x R™)), but to obtain
continuous dependence in an energy-critical space was previously only obtained in
the defocusing case by a delicate argument, requiring the energy conservation law
and a sharp form of Fatou’s lemma; see [6] for details.

The above results (which were obtained by iteration in Strichartz spaces) already
form a quite satisfactory local well-posedness theory in the energy space for the
above equations. However, there are still some points that need to be resolved.
Firstly, the known arguments that establish continuous dependence on the data do
not necessarily establish uniformly continuous dependence on the data in energy-
critical spaces (though they do apply in more supercritical spaces, such as spaces
that scale like L2(R™)). In fact, in the low dimensional cases, n < 6, it is possible
to establish Lipschitz dependence on the data, because then we can differentiate

equation (1.8]) using (1.5]) to obtain

t

Vu(t) = e tt)A Ty, — z/ e C=IAf (u(s))Vu(s) + fz(u(s))Vu(s)]ds (1.15)
to

and rely on the Lipschitz bounds (1.4) to control the difference between two solu-

tions with slightly different data. The n = 3,4 instances of this argument can be

found in [7], [19], as well as Section [3|below. However, in the high-dimensional case

the derivative maps f,, fz are merely Holder continuous instead of Lipschitz. If

4Here and in the sequel, X <Y will denote an estimate of the form X < CY where C > 0
depends only on the dimension n.
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one then tries to analyze differences of two solutions to with slightly different
initial data, one no longer obtains any useful boundﬂ
Closely related to the continuous dependence of the data is the stability theory
for the equation . By this we mean the following type of property: given an
approximate solution
ity + Au = f(d) +e
(to, x) = () € H'(R™)

to , with e small in a suitable space and 4y — ug small in H;, is it possible to
show that the genuine solution u to stays very close to @ (for instance, in the
W (I x R™)-norm)? Note that the question of continuous dependence of the data
corresponds to the case e = 0. Again, if n < 6, an analysis based on subtracting
from the analogous equation for @ and applying Strichartz estimates will
yield a satisfactory theory, at least when @ has small W(I x R™)-norm; the case of
large W-norm can be obtained by partitioning the time interval and iterating the
small norm theory. See [7], [19] for instances of this argument (which also appears
implicitly in [I], [2]). This type of approach does not work directly in dimensions
n > 6 as the iteration is only Holder continuous instead of Lipschitz and so, one
is unable to close the argument effectively, even when one localizes time to make
various norms small.

The purpose of this paper is to complete the previous analysis of Cazenave
and Weissler for the Cauchy problem , by establishing a local well-posedness
and stability theory which is Holder continuous in energy-critical spaces and that
applies even for large energy data, provided that the W(I xR™)-norm is known to be
bounded. This type of result is necessary for induction on energy type arguments,
and will be applied in a subsequent paper of the second author, [2I]. The main new
tools will be an exotic Strichartz estimate, together with an estimate of fractional
chain rule type; the point of working in an exotic Strichartz space is that it becomes
possible to work with a small fractional derivative rather than a full derivative while
still remaining energy-critical with respect to scaling. A very similar technique was
employed by Nakanishi [I8] for the energy-critical non-linear Klein-Gordon equation
in high dimensions.

We now present our main results. We begin with a preliminary (and standard)
local well-posedness theorem, which gives existence and uniqueness, as well as Lip-
schitz continuity, but in rough (supercritical) topologies. It does not require any
exotic Strichartz spaces or nonlinear estimates, relying instead on iteration in the
usual Strichartz spaces, the Leibnitz rule , and Holder’s inequality. It is conve-
nient to place the initial data in the inhomogeneous Sobolev space H!(R™) rather
than the homogeneous one H'! (R™); once we obtain the Holder continuity estimates
on the solution map, we will see that we can easily pass to the homogeneous space
from the inhomogeneous one by a limiting argument.

(1.16)

Theorem 1.1 (Standard local well-posedness, [3], [4]). Let I be a compact time
interval that contains to. Let ug € H'(R™) be such that

i(t—to)A

le ollyir(rxpny <1 (1.17)

5This is basically because any estimate of the form A < ¢ + §A?, where 0 < § < 1, does not
imply a bound on A which goes to zero as € goes to zero, in contrast to the Lipschitz case, § = 1,

in which one can obtain a bound of the form A < 2¢ (say) if a continuity argument is available
and § < %
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for some 0 < n < no where ng > 0 is a small constant. Then there exists a unique
solution u to (1.1) in ST(I x R™) (this space will be defined in the next section).
Moreover, we have the bounds

lellyiy (7 xmny S (1.18)

n+2
[ullgr (1 xmny S Nuoll g gny + 1772 (1.19)
[ullgo(rxmny < lluollr2@n)- (1.20)

We can generalize ([1.20)) as follows: if g € H*(R™) is another initial data obeying
the hypothesis (1.17)), with associated solution @ € S'(I x R™), then we have the
Lipschitz bound

It = ullgo gy o — woll 2. (1.21)

For the convenience of the reader we give a proof of this standard result in
Section |2} it does not require the Holder continuity hypothesis ([1.4). Remarkably,
there is no restriction on the H!(R™)-norm of the initial data, though we do require

that this norm is finite. Instead, we have the smallness condition ([1.17). Note from
the Strichartz estimate (1.11]) that

i(t—to) A
||el(t to) UOHW(IXRn) S ||UO||H1(R") < oo

This already gives local existence for all large energy data since, from the above
Strichartz estimate and monotone convergence, we can establish the hypothesis
for intervals I that are sufficiently small (but note that the size of I will
depend on the profile of the initial data ug and not just on its H'(R™)-norm).
Another immediate corollary of the above theorem and the Strichartz estimate is

Corollary 1.2 (Global well-posedness for small H! data, [3], [4]). Let ugp € H} be
such that

[uoll 2 mny < 10 (1.22)
for some small absolute constant no > 0 depending only on the dimension n. Then,
there exists a unique global S'(R x R™) solution u to (1.1]). Moreover,

HU“HW(]RXR")? ”U”Sl(Ran) 5 ||u0HH1(Rn)
[ull gomxrny S lluollz2@ny-

By combining the above standard theory with the exotic Strichartz estimate and
fractional chain rule, we obtain our first main result.

Theorem 1.3 (Short-time perturbations). Let I be a compact time interval and
let @ be an approximate solution to (L.1)) on I x R™ in the sense that

(10 + A)a = f(a) +e
for some function e. Suppose that we also have the energy bound
”ﬂHLgOH;([X]Rn) <FE (1.23)

for some constant E > 0. Let to € I and let u(to) € H*(R™) be close to u(tg) in
the sense that

lu(to) — a(to) | g1 (gny < B (1.24)
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for some E' > 0. Moreover, assume the smallness conditions

l@llyir(rxmrny < €0 (1.25)
i(t—to)A N 1/2
(z]uWe 0 @QM*“@WMWMW> <e (1.26)
N
lell g (xrny < € (1.27)

for some 0 < e < gg, where g = €o(E,E’') > 0 is a small constant. Then there
exists a solution u € S*(I x R™) to (I.1)) on I x R™ with the specified initial data
u(to) at time t =ty that satisfies

Hu—ﬂmwwwwws+em2ﬂ (1.28)

|| u||Sl(Ian) SE +etet Goo? (1.29)
HUHS‘I(Ian) SE+E (1.30)

(@0 + &) (u = @) + el g1 1y Setemae, (1.31)

We prove this theorem in Section[3] This theorem allows the energy of @ and u to
be large as long as the error e is small in a suitable norm, the free evolution of u—a
is small in another norm, and  itself is small in a third norm. This result is already
interesting in the e = 0 case as it then gives some Holder type continuity control
on the solution operator in the energy space. The n = 3,4 cases of this theorem
are in [7], [T9] respectively, and the argument there extends easily to dimensions
n = 5,6. However, the cases n > 6 require a more delicate argument. It is probably
possible to replace the Besov-norm type expression on the left-hand side of
by the Sobolev-norm expression ||e?(*=t0)4 (y(tg) — (to))llyir (1 xmny» but this would
presumably require the Coifman-Meyer theory of paraproducts and we will not pur-
sue it here to simplify the exposition. The Holder exponent @ 2)2 can be improved
somewhat (perhaps to —%5) but we will not seek the optimal exponent here (for
applications, all that is important is that this exponent is positive). However, it
seems doubtful that one can obtain Lipschitz type bounds when the dimension n is
sufficiently large. Indeed, if one had Lipschitz continuous dependence on the initial
data then, by taking variations of in u, one must (formally at least) have that
the linearized equation

vy + Av = fo(u(s))v(s) + fz(u(s))v(s)
v(to, ) = vo(x) € HY(R™),

which is a system of linear Schrodinger equations in v and v with time-dependent,
non-self-adjoint potential, keeps the H. norm of v(t) bounded in time. If n is large
enough, it is unlikely that f,(u) (which behaves like |u|*/("~2)) remains in H} or
even in Half/ 2; thus, it seems that solutions to this equation may leave H) even
when local smoothing effects (which typically gain half a derivative of regularity at
most) are exploitedﬂ It seems however to be somewhat difficult to convert these

6However it is still possible to iterate the above linearized equation in lower regularity spaces
of the same scaling as H1 and, in particular, using the X and Y spaces introduced in Section
recover estimates of Lipschitz type. Indeed, it was this observation for the linearized equatlon
which eventually led to the arguments here.
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heuristic arguments into an explicit and rigorous demonstration of non-Lipschitz
continuity and we will not pursue this issue here.

By an easy iteration argument (as in [7], [19]) based on partitioning the time
interval, we can relax hypothesis by allowing @ to be large (but still bounded
in some norm):

Theorem 1.4 (Long-time perturbations). Let I be a compact time interval and let
4 be an approzimate solution to (L.1)) on I x R™ in the sense that

(0 + A)a = f(a@) + e

for some function e. Assume that

il 2ns2) <M (1.32)
L, 772 (IxRn)
lall oo g1 (1 xmmy < E (1.33)

for some constants M, E > 0. Let to € I and let u(to) close to u(ty) in the sense
that

lulto) — alto) 41 < E' (1.34)
or some > 0. ssume also the smallness con it?:OTLS
f E'>0. A Iso the small d
Sy N 1/2
(Z | Pye 102 (y(tg) — u(to))||%}-v(lan)) <e (1.35)
N
H€||N1(1><Rn) <e (1.36)

for some 0 < ¢ < &1, where e1 = e1(E,E', M) is a small constant. Then there
exists a solution u to (L.1)) on I x R™ with the specified initial data u(ty) at time
t =ty that satisfies

lw = g gy < C(EL B!, M) (e + o7 (1.37)
lu— il g (1 gy < C(E, E', M)(E' +& +027) (1.38)
||UH5”1(I><]R") < C(E7E,7M) (139)

Here, C(E,E’',M) > 0 is a non-decreasing function of E,E', M, and the dimen-
ston n.

We prove this theorem in Section[d] As a corollary of this theorem we also obtain

a satisfactory scattering theory for these equations provided that one assumes a
2(n+2)/(n—2) . . . .

global L; ", bound on solutions; see Corollary This global bound is
not difficult to obtain for small energy data (it follows directly from Theorem ,
but for large energy data the situation is substantially more delicate and requires
further structural information on the nonlinearity. In [2I] the second author will
establish this bound for the defocusing equation; in the focusing case, Glassey’s
virial identity can be used to establish blowup for certain large data (even if the
data is smooth, spherically symmetric, and compactly supported); see [12].

1.1. Notation. We will often use the notation X <Y whenever there exists some
constant C' so that X < CY. Similarly, we will write X ~Y if X SY < X. We
say X <Y if X <cY for some small constant c. The derivative operator V refers
to the spatial variable only.
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We define the Fourier transform on R™ to be
f) = [ e fan
We shall use of the fractional differentiation operators |V|* defined by
VI F(6) = [el" f(&).

These define the homogeneous Sobolev norms
1Al iz == VI fllzz-

Let e*2 be the free Schrédinger propagator. In physical space this is given by the
formula

) 1 T
eztAf(%“) = W/R" etl==vl /4tf(y)dy’

while in frequency space one can write this as

B F(E) = e fg). (1.40)
In particular, the propagator preserves the above Sobolev norms and obeys the
dispersive inequality
€2 F@)lpee S 12Oy (1.41)
for all times ¢ # 0. We also recall Duhamel’s formula

t
ult) = ei(tfto)Au(tO) _ Z/ 6i(t75)A(Z‘ut + Au)(s)ds. (1.42)

to
We will also need some Littlewood-Paley theory. Specifically, let ¢(£) be a
smooth bump supported in the ball |{| < 2 and equalling one on the ball |§| < 1.
For each dyadic number N € 2% we define the Littlewood-Paley operators

Pn () == 0(¢/N)f (),
Pon (€)== (1 - p(&/N))F(&),
Prf(€) = [p(€/N) — p(26/N)] F(£).

Similarly, we can define Py, P>y, and Py<.<n := P<y — P<pr, whenever M and
N are dyadic numbers. Sometimes we may write f<y for P<y f and similarly for
the other operators.

The Littlewood-Paley operators commute with derivative operators, the free
propagator, and complex conjugation. They are self-adjoint and bounded on every
LP and Hj space for 1 < p < oo and s > 0. They also obey the following Sobolev
and Bernstein estimates that we will use:

[1P>nfllee S NNIVIEPonflize,
IIVI*P<n fllz < N°||[P<nfllLzs
IV[** Py flle ~ N**|Px fl 1z,
1P<nfllLg S N? 4| Pen fl L2,
1PN fllLe S N# 74| Pa flle,

whenever s > 0 and 1 <p < ¢q < o0.
Let us temporarily fix a spacetime slab I x R™. We have already introduced two
important norms on this slab, W (I x R") and N*(I x R"). Now we introduce a few
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more. We say that a pair of exponents (g, r) is Schrodinger-admissible if % +r=3

2
and 2 < ¢,r < co. We define the SO(I x R™) Strichartz norm by
1/2
lullsormey = Iullgo = sup (3 1Py, ) (1.43)
N

where the supremum is taken over all admissible pairs (q,r). This Besov-type
formulation of the Strichartz norm will be convenient for us later when we need to
prove nonlinear estimates. We also define the S*(I x R™) Strichartz norm to be

||u||$'1(1><]R") = ||VU||$0(1an)‘

We define the associated spaces S°(I x R™), S*(I x R™) as the closure of the test
functions under these norms.
We observe the inequality

IO ) Pl < (O w12, (1.44)
N N

for all 2 < g, < oo and arbitrary functions fx, which one proves by interpolating
between the trivial cases (q,7) = (2,2), (2,00), (00, 2), (00, 00). In particular,
holds for all admissible exponents (g, ). Combining this with the Littlewood-Paley
inequality, we find

ar SN [Paaf?)
N

which in particular implies

1/2
||u q,r S (Z ||PNU||2,T) 5 HUHS’O(IXR")’
N

||VU||L3L;(1an) S ||U||s'1(1an)-

From this and Sobolev embedding, the S'-norm controls the following spacetime
norms:

Lemma 1.5. For any S* function v on I x R™, we have
IVulloo,2 + lullyy + IVullzs2) 2022)

HIVullg 20+ [Julloo, 20, + [|ull 20022 2t0s2) S [uil| g
n—2 ‘n—2 n—2 ' n—2

where all spacetime norms are on I x R™.

By Lemma and the definition of the Strichartz spaces S° and S, we see
that S© C CYL2 and similarly, S* C C?H!, by the usual limiting arguments. In
particular $° N ' C COH].

Next, let us recall the Strichartz estimates:

Lemma 1.6. Let I be a compact time interval, k = 0,1, and let u: I x R" — C be
an S* solution to the forced Schrédinger equation

M
tu + Au = ZFm

m=1
for some functions Fi,...,Fy. Then on I x R™ we have
M

lullgoc S utto)llgeeny + D IV Fuallag, o,
(R™)

m=1
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for any time tg € I and any admissible exponents (q1,71),-- -, (¢m,"m). As usual,
p’ denotes the dual exponent to p, that is, 1/p+ 1/p’ = 1.

Note that from this lemma and Lemma, [1.5] we have
lullyy < Nullgr S Tlulto)ll g + lliue + Aulf g (1.45)
and, in particular, replacing u with u — e*(t=10)2q(t),
[ — ™18 (o) i S lliue + Aul| g1 (1.46)
In a similar spirit we have

[ull 20t 2042 S [[ullgorxrny S uo)llzz + [liue + Aullamiz) 2012 (1.47)
n ’ n g n+d ° n+ta

Proof. To prove Lemma let us first make the following reductions. We note
that it suffices to take M = 1, since the claim for general M follows from Duhamel’s
formula and the triangle inequality. We can also take k to be 0, since the estimate
for k = 1 follows by applying V to both sides of the equation and noting that V
commutes with i9; + A. As the Littlewood-Paley operators also commute with
10y + A, we have
(z@t + A)PNU, = PNF1

for all dyadic N. Applying the standard Strichartz estimates (see [16]), we get

[Pnullg,r < [1Pvulto)llze + 1P Frllg; (1.48)

for all admissible exponents (g,r) and (¢1,71). Squaring (1.48]), summing in N,
using the definition of the S%norm and the Littlewood-Paley inequality together
with the dual of (|1.44)), we get the claim. O

2. LOCAL WELL-POSEDNESS

The goal of this section is to establish the preliminary local well-posedness the-
orem, i.e., Theorem The material here is standard but we include it for com-
pleteness. More precise control on the continuous dependence on the data will be
given in later sections. Throughout this section the hypotheses are as in Theorem
All spacetime norms will be over I x R™ unless otherwise specified.

2.1. Existence. We consider first the question of local existence of S solutions to
(1.1) which we address via an iterative procedure. We define the following iterates

uO(t) =0,
uD(t) = ettt Ay
and for m > 1,

t
M (1) i= fltt0) By — z/ e =92 £ (5))ds. (2.1)
to

Let us first remark that the free evolution being small implies that all the iterates
are small. Indeed, by (1.46) and the triangle inequality, followed by (1.14) and

(1.17)), we have
e e PR F{ ORI

n+2
n—2
W

S+ [lut™
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Using (|1.17)) as the base case of an induction hypothesis and choosing 7o sufficiently
small, we deduce

n+2
™y Sy F @) S 772 (2.2)
for all m > 1. Applying (|1.45)), we conclude that
m nt2
1™ 1 S ol 1 oy + 7753 (2.3)

for all m > 1.
Next, we consider differences of the form u(™t1) — (™) By the recurrence
relation (2.1)), in order to estimate u("*1) — (™) we need to control f(u("™) —

fu™=D). By @2.2), (1.7) (with u = u("™ and v = w(™~1), and (T.47), we estimate

™D — ™ g0 S @) = £ D) i s

nt+ad
a4
Sul™ = um sy sern Y ™50 s
n ’ n m’:m7m—1 n—2 7 n—2
- ="
S ||U(m) —ulm 1)”30 Z Hu(m )H;(nim 2(nt2)
n—2 7’ n—2

m/'=m,m—1

4 m m—
S ™ — Vg,
for all m > 1. Also, as up € L?>(R™) by hypothesis, we have

lu™lgo < ol z2czn)

thanks to Lemmal[I.6] Choosing 7 sufficiently small, we conclude that the sequence
{ul™},, is Cauchy in S°(I x R") and hence, there exists v € S°(I x R™) such that
u(™) converges to u in S°(I x R”) (and thus also in Li(;LH)/" (I xR™)) as m — o0
and furthermore, we have ([1.20)). The above argument also shows that f (u(m))
converges to f(u) in Lf’(;,”z n+4)([ x R™). Applying again we conclude
that u solves . As the (™ converge strongly to u in S0 (I x R™) and remain
bounded in W (I x R™) and S'(I x R") thanks to and (2.3), we see that the
u(™) converge weakly to u in W (I x R") and S*(I x R") and we obtain the bounds
(T18), (T19). As u lies in both S*(I x R") and S°(I x R"), it is in CYHL(I x R")
and is thus a strong solution to .

2.2. Uniqueness. To prove uniqueness, we will in fact prove the following stronger
(and standard) result.

Proposition 2.1 (Unconditional uniqueness in H*(R™), [6]). Let I be a time in-
terval containing to, and let uy,us € CPHL(I x R™) be two strong solutions to (1.1)
in the sense of (L.8). Then u; = ugy almost everywhere.

Proof. By a standard continuity argument we may shrink I so that one can con-
struct the solution given by the preceding iteration argument. Without loss of
generality, we may to take us to be this solution; thus, us € SI(I x R™).

Write v := u; —up € CYHL(I x R"), and let Q C I be the set of times ¢ for
which v(t) = 0 almost everywhere. Then € is closed and contains tg, so it suffices
to show that € is open in I. Let ¢; € © and suppose also that [t1,¢; +7) C I for
some small 7 > 0. Henceforth, we will work entirely on the slab [t1,¢; + 7) x R™.
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By shrinking 7 as much as necessary, we may use the continuity and vanishing of v
at 1 to assume

Il LeEr S
where 7 is a small absolute constant to be chosen later; in particular, from Sobolev
embedding we have

[0]c0, 22, <.

Similarly, from the hypothesis uy € S* (I x R™) and Lemma and (|1.19) we may
take

[uz]| 2t 2620 S -
From (1.8) and the hypothesis u1,us € CYHL, we easily see that
t
wit) = 1) =i [ 93 () ds

t1

for j = 1,2. Subtracting these and recalling that v(¢;) = 0, we conclude that
¢
o) =i [ IS ()~ flua(s)) d.

t1
From (1.7) we have
Flua(s)) = f(ua(s)) = O(lo(s)| 2 72) 4 O([ua(5)] ) o(s)]).
Applying Lemmas [I.5] and [I.6] followed by Holder’s inequality, we conclude that

olla, 22, S N0l 20 flJug|*/ 2 |v|||z<n+2> 2pents)

S vl 2o, (10lloc, 22, + lull 2s2) 2man ) J

Yn—2

St/ o)

2271.

As v was already finite in L°°L2n/(n ?) (and hence in L2L2n/(n 2)), we conclude
(by taking n small enough) that v vanishes almost everywhere on [t1,¢; + 7). This
shows that Q is open in the forward direction. A similar argument establishes the
openness in the backwards direction, thus concluding the proof. (I

Remark 2.2. By combining this uniqueness statement with the existence theorem,
one can show that for the Cauchy problem there is a unique maximal interval
I containing tg, such that the slab I x R™ supports a strong solution. Furthermore,
I is open and the solution has finite W (.J x R™)-norm for any compact J C I. It is
also true that if I has a finite endpoint, then the W-norm will blow up near that
endpoint (see Lemma below).

2.3. Continuous dependence in rough norms. We turn now to the Lipschitz
bound (1.21). Again we write v := v — u. By (L.7), (1.47), and Holder’s inequality,

we have

[vllg0 S lluo = tollzz +[1£(w) = f(@)ll20e2) 2nr2)

’ n+4

N ||u0 - ﬂOHLi + (||U||2(n+2) 2ty T ”UH 2(n+2) 2(n+2))||v||w’m

-2 7 n-—-2 n—2 7 n-—2

< ”uO - ﬁu'OHL2 + (||u||2(n+2) 2(n42) + ”u” 2(n+2) 2(n+2))||v||5’0'

-2 7 n-—2 n—2 7 n-—2
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Applying (1.12)) and (1.18]), we conclude
[0l g0 < lluo — oLz + 7 Mol go-
By taking 79 small enough, we obtain (1.21]) as desired. This concludes the proof

of Theorem [I[1] O
We end this section with the following companion to Theorem

4/(n—2

Lemma 2.3 (Standard blowup criterion, [3], [4]). Let ug € H} and let u be a strong
St solution to (1.1) on the slab [to, To] x R™ such that

||u|| 2(n+2) < 00. (2.4)
L, "2 ([to,To] xR")

t,a

Then there exists § = §(ug) > 0 such that the solution u extends to a strong S*
solution to (1.1)) on the slab [to,To + ] x R™.

In the contrapositive, this lemma asserts that if a solution cannot be continued
2(n+2)

strongly beyond a time T, then the Lt);’z -norm must blow up at that time. One
can also establish that other scale-invariant norms (except for those norms involving
L$°) also blow up at this time, but we will not do so here.

Proof. Let us denote the norm in (2.4) by M. The first step is to establish an

2(n+2)

S* bound on w. In order to do so, we subdivide [to, To] into N ~ (1 + %) n-2
subintervals Ji such that

el 2nsn <v (2.5)

L, "2 (JpxRn)

t,x

where v is a small positive constant. By (1.14)) and (1.45)), we have

”uHSl(ka]Rn) S Hu(tk)“Hl(R”) + ||f(U)||N1(kaRn)
_4
S el g @y + 1l "2l0s2) [ell g1 (1, )
L, "2 (JyxR®)

a4
S el g gy + v [l 1.0, xmm)
for each interval Ji and any t; € Ji. If v is sufficiently small, we conclude
leallgs o gy St
Recall that the S'-norm controls the L° H!-norm. Thus, we may glue these bounds
together inductively to obtain a bound of the form
Hu||S1([t0,TO]><Rn < C(HUOHH;7 M,v),
which by Lemma [1.5implies
el o gy < Clluol 5 M, ). (2.6)
Now let tg < 7 < Tp. By (1.14) and (1.46)), we have
i(t—7)A
lu—e (¢=) U(T)HW([T,TO]an) S ||f(u)||N1([T,T0}an)
n+2
=
S ||U‘ W([T,TO}X]R")
and thus, by the triangle inequality,
i(t—1)A nt2
UWL—T n—2
lle U(T)”W([T,To}xw) S HU||W([T7TO}XR,L) + ||U||W([T,To]an)~
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Let 19 be as in Theorem [L.1} By (2.6)), taking 7 sufficiently close to T, we obtain

H@l(t_T)Auo||W([’T,T(]]><Rn) < 770/2

(say), while from Strichartz inequality we have

Hei(tiT)AUOHW(RX]Rn) < 0.

By the monotone convergence theorem, we deduce that there exists 6 = §(ug) > 0

such that

i(t—7)A
|e?t=7) 0l ([ 1y 18] xRy < TT0-

By Theorem there exists a unique solution to (1.1)) with initial data v(7) at
time ¢ = 7 which belongs to S1([r, Ty + ] x R™). By Proposition we see that
u=wv on [1,Ty] x R™ and thus v is an extension of u to [tg, To + ] x R™. O

3. SHORT-TIME PERTURBATIONS

The goal of this section is to prove Theorem By the well-posedness theory
that we have developed in the previous section, it suffices to prove — as a
priori estimates, that is, we assume that the solution u already exists and belongs
to S1(I x R™).

Remark 3.1. By (1.45) and Plancherel’s theorem we have

(Z ||PNf3i(t’t0)A (u(to) - ﬂ(to)) ||W(I><R" )1/2
N

(ZHPNV (to) —u(lfo))”iog)l/2

< IV (ulto) — i(to))lloo,2
SE
on the slab I x R™, so the hypothesis (|1.26) is redundant if E' = O(e).

By time symmetry, we may assume that tg = inf I. We will first give a simple
proof of Theorem in dimensions 3 < n < 6 (following the arguments in [7],
[19] covering the cases n = 3,4 respectively). Let v := u — @. Then v satisfies the

following initial value problem:
ive+ Av = f(a+v)— f(a)—e 3.1)
v(to, z) = u(te, z) — a(to, ). '

For T € I define
S(T) := (i8¢ + A)v + el g 11 1y x R

We will now work entirely on the slab [to,T] x R™. By (1.26]), (1.27)), and (1.45),
we get

lollyir S le’=" 20 (to) i + [1(i0, + A)o + el ga + llelljn S S(T) +e,
where we used (1.44) to estimate

et %utto) 5 (TIPS o) - ate)) ) e (2)
N
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By (1.12) and we have
[oll20s2) 20i2y S S(T) e (3.3)
On the other hand, from we have
V[0 + A +e] = V[f(a+v) — f(a)]
= f2(u+0)V(a+v) + ( +0)V (@ +v)
— f(@)Va — fz(a)V
S0, by our hypotheses on f, specifically and , we get
V[0 + Ao+ e]| S Val(|f2(a+v) = f(@)] + | fz(@ + v) = f=(@)])
+ Vol (If=(@ + v)| + [ (@ + v)]) (3.4)
< \Vﬂ\|v|ﬁ + | Volla + v

Hence by (1.13] - - ., and (3.3]), we estimate

S( ) S ||u||WHU||2(n+2) 2(n+2) + ||v||W||u||2(n+2) 2(n+2) + ||v||W||UH2(n+2) 2(n42)
Tho32 ) no “n—2 > “hn—2 ' n-2

P
n—2

< eo(S(T) + )77 + &7 2 (S(T) +¢) + (S(T) + &) *25.

If = 2 > 1, ie., 3 <n <6, astandard continuity argument shows that if we take
eo =¢eo(E, E") sufﬁc1ently small we obtain

)<e forall T €1, (3.5)
which implies (1.31)). Using l D and l , one easily derives . To obtain
(1.29), we use (1.24)), (1.27)), (1.45)), and (

= Wl g remny S lulto) = @lto) s + || zat 80+ ef| s gy 1l ey
SE+SE)+¢

SE +e.
By the triangle inequality, (1.12), (1.25), and (3.2)), we have
[[ull 2nt2) S ”u”W(IxR") S €t eo-
Ly 277 (IxR™)

Another application of (1.14) and (1.45)), as well as (1.23]), (1.24) yields
ol ey S Nutto) s + 1)l s 1y

< / (n+2)/(n-2)
~ E + E + ||u||W(I><]R")

SE+E + (e +¢0)72,

which proves , provided gq is sufficiently small depending on E and E’.

This concludes the proof of Theorem in dimensions 3 < n < 6. In order
to prove the theorem in higher dimensions, we are forced to avoid taking a full
derivative since this is what turns the nonlinearity from Lipschitz into just Holder
continuous of order ﬁ. Instead, we must take fewer than ﬁ derivatives. As we

still need to iterate in spaces that scale like S L we either have to increase the space
or the time integrability of the usual Strichartz norms. The option of increasing the
spatial integrability is suggested by the exotic Strichartz estimates of Foschi, [§],
but it turns out to be somewhat easier to increase the time integrability instead;
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this idea was used in the closely related context of the energy-critical non-linear
Klein-Gordon equation by Nakanishi [I8]. We will choose the norm X = X (I x R™)
defined by

1/2
||u||X = (Z NS/("+2)||PN“||Z+272<7L+2)) .
~ "

We observe that this norm is controlled by the S'-norm. Indeed, by Sobolev em-
bedding, the boundedness of the Riesz transforms on every L, 1 < p < oo, the
dual of (1.44)), and the definition of the S%-norm, we get

1/2
Jullx = (30 N4 Pyal? o)
N n
1/2
~ (Z || |v|4/(7‘b+2)_PI\/'/U/||Z_,’_27 2(n+2) )
. 2ntn)

1/2
S (S IVPvul?, sy )
N

n242n+4

S ”u”Sl(IxR")

since (n + 2, %) is a Schrodinger-admissible pair.

Now we need an inhomogeneous estimate. We use the norm
1/2
8 2 2
1Flly = (3 NPy I soin )
N 3 ' nt4

Just as the X-norm is a variant of the S L_norm, one should think of the ¥Y-norm
as a variant of the N'-norm. The reason we use these norms instead of the usual
S' and N'! norms is that they require roughly 4/(n + 2) < 4/(n — 2) degrees
of differentiability only, while still having the same scaling as the full-derivative
spaces S! and N'. This will become relevant when we have to address the limited
regularity available for f, and fs.

Lemma 3.2 (Exotic Strichartz estimate). For any F' € Y, we have
¢
[ s rsas| < 1Fly (3.6)

I,
Proof. Interpolating between ([1.41]) and the conservation of mass, we get the fol-
lowing dispersive inequality

e mIRF(5) | 2msny S [t = 5|77 [ F(5)]| 2oz

whenever t # s. By fractional integration, this implies that on the slab I x R™ we

have .
i(t—s)A
\/toa PR ds| i SIF

As the Littlewood-Paley operators commute with the free evolution, we get

n+2 2(n+2) .
3 0 ntd

t
i(t—s)A
HPN/tO Sit=9) F(s)danJrlw SIPNF | as2 201

Squaring the above inequality, multiplying by N8/("*2) and summing over all
dyadic N’s, we obtain (3.6)). O
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To complete the set of tools needed to prove Theorem [I.3]in high dimensions,
we need the following fractional variant of (1.13)).

Lemma 3.3 (Nonlinear estimate). On any slab I x R", we have

4
1£=@)ully SN0l g ullx (3.7)

whenever the right-hand side makes sense. A similar statement holds with f, re-
placed by f5.

Proof. We just prove the claim for f,, as the corresponding claim for f5 is identical.
The main estimate is

Lemma 3.4 (Frequency-localized nonlinear estimate). For any dyadic M, we have

[ Pas (f=(0)) [ ngo 222y S [
3 T ntd

_4
5 S min(L (3) T 1Pvul, 2o, (38)
N

where all spacetime norms are on I x R™.

Proof. We may rescaleﬂ such that M = 1. Splitting u into Littlewood-Paley com-
ponents, we estimate

1Py (£=(0)u) || gz RS ZHH F=(0)Pru)|| gz 2042 (3.9)

Let us ﬁrst consider the components where N > 1/4; we use (1.3), Holder’s inequal-
ity, and (| to bound the contribution of these components to the right-hand

side of 1) by

4 2
§ HfZ(”)H"T“,”T“”PNUHn+2)2<"+2> ~ § v ||2{7(L22) )2(n+2) |PNU||n+27M
n pr—} n
N>1/4 N>1/4

S L O [N ey
N>1/4

Next, we consider the components where N < 1/8. We can freely replace f.(v) by
P>1/2f.(v) and then drop the projection Py, leaving us with the task of estimating

S Pora o) Prt]pe o
N<1/8 "

We use Hélder to estimate this contribution by

Z ||P21/2fz(U)||"T+2,p

_ n(n—2)(n+2)
2(n2+4)

n

__n 4 .
= 3nt2)  nin=2) From Bernstein, we have

where %
_4
[Pvullntor S N2 Prull, g 200em

so the claim follows if we can establish that

_4
1P>1/2f: ()l 2g2 , S N0l (3.10)

"Note that while the nonlinearity f is not necessarily invariant under the scaling f(z) +—
M"*Z)/("*Q)f(z/)\), the hypotheses on the nonlinearity are invariant under this scaling and so,
the scaling argument remains justified in such cases.
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In order to prove (3.10), we split v into v, := P<jv and vy; := P>1v, and use (L.4)

to write
fz(’U) = fZ(vlo) + O(|Uhi|4/(n_2)).
To deal with the contribution of the error term O(|Uhi|4/(”_2)), we discard Psy s

and use Holder and Bernstein to estimate

4
||}DZI/2O(|UM|4/(ni2))H"—Jr2 P 5 thzH ;L(:L2+2) 2n(n+2)
2 n—2 'n§+4

S Hv”hz||2<n+2) 2n(n2)
n—2 7 n244

4/(n—2
S ol =2,
We are thus left with the main term. We need to show

[1P>1/2fz(vi0) || g2, S ||f||" i (3.11)

In order to prove (3.11]), we make a few remarks. First, observe that for any spatial
function F we have the bound

[P>1/2Flp < sup [[TnF = Flp
[hl<1
where 7, F(x) := F(x — h) is the translation operator. Indeed, from the triangle

inequality we have
|7y " = Fll, < (y) sup [[mnF = Fp
[n|<1

for any y € R"; integrating this against the convolution kernel of Py, (which is
rapidly decreasing and has total mass one) we obtain the claim. Next, observe from
(1.4) that we have the pointwise estimate

L2 (Vi) = F=(Vi0) = F=(Thvio) — f2(vi0) = O(|Thv10 — V10| 72)
and thus, for any ¢t € I,

4
szl/sz(Ulo(t))Hp S |21|1<pl | Tnvi10(t) — vio ()| Z;(:;Jrz) .
< n2ta

But from the fundamental theorem of calculus and Minkowski’s inequality, for
|h] <1 we have

170016 (1) = Vio(t)] 2n(ns2y < [|VVio(t) || 2ncnt2) -
n2+44 n244

Thus,
_4
HP>1/2fz Ulo H valo ;;(iJrz)
n244
and hence, by Holder’s inequality in the time variable, (3.11]) follows:

_4 _4
ni2 5 ||V’Ulo” ;(21}22)722(;;;2) 5 H'UH;;Z

| P>1/2.f-(vio)

We now return to the proof of (3.7), and rewrite (3.8]) as
MY D Py (£ (v)u)

n+2 2(n+2)
n+4

16
< Iolly, Qme (37, (3)F5)N YO | Pya], L s
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The claim (3.7)) then follows from Schur’s test. a

We are now ready to resume the proof of Theorem in dimensions n > 6.
Recall that v := u — @ satisfies the initial value problem (3.1)) and hence,
t

W(#) = ity (1) — / =B (F( 4 v) — f(@)) (s)ds — i / ¢i(t=8 g (5 ds.

to to
We estimate

t
Jollx S 1020 + | [ €2 (1(+0) = @) s

t
i(t—s)A ( )d H
e e(s)ds|| ,
[g X
which by (3.6) becomes

t
Jollx S 1020t x + £ +0) = F@)ly -+ || [ e eas] . @12

We consider first the free evolution term in (3.12). Using Sobolev embedding
and the boundedness of the Riesz transforms on L? for 1 < p < oo, we estimate

_ N . 1/2
|et—t0) 2y (t0) || x = (E N7=+2 || Pye' tO)AU(tO)HiH M)
= =

|

, 1/2
_4 —t0)A
~ (S Py 300, suin)
N

S 1/2
< (Z ”PNVei(t to)A’U(tO)H?H_Q_M) .
N

"n242n—4

2n(n+2) 2(n+2) 2n(n+2)

Tend . B
Now, we observe that L?”LJJ +2=1 interpolates between L,"* L, ** and
L°L? and hence,

i(t—t0)A
| Py Vet —to U(t0)||n+2,%

; 2 . n—4
S ”PNvel(titO)AU(tO)H ;'(:iz) 2n(ni2) |PNvel(t7t0)AU(t0)| &75 .
n—2 7 np244

The first factor is just the W (I x R™) norm of Pye*=%)2y(ty). Squaring the
above inequality, summing over all dyadic N’s, and applying Hoélder’s inequality
for sequences, we obtain

) 1/2
(Z ||PNvel(t—t0)A’U(t0)Hi+2 2n(n+2) )
N

‘n242n—4

2
i(t— 2(n—2)
S (D IPve 20t 3, 1 )
N

n—4
x (Z ||PNVei(t—t0)Av(t0)||§O,2) o
N

By (1.26)), we have

2
i(t— (n—2) 2
(D IPne 20t ) S 7
N
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while by the usual Strichartz estimates and (1.24]), we get
—n—4_ Cned
(Z HPNvei(t_tO)A”(to)||§o72) 3(n—2) 5 (Z ||PNVU(t0)||§) 3(n—2)
N N

S IVl s (B')w==
Hence,

n

. 1/2 2 —4
(S IPAVe - 2ut)|P, swn ) SeTHE)FE (3.3)
N

n242n—4

We consider next the error term in (3.12)) which we estimate via Sobolev embed-
ding and the usual Strichartz estimates, recalling that V commutes with the free
propagator and that the Riesz transforms are bounded on L? for every 1 < p < oo.

t 1/2
H/ ez(t—s)Ae(S)dsH (ZH‘V|7L+2/ i(t— s)AP e(s dSH 2(n+2)>
to to nt2,
1/2
S)A
(ZHV/ TR P dSH me)
n242n—4

1/2
N (Z ”PN@H?W(Ian)) :
N
By (1.27) and the dual of ( -7

(Z ||PN€||N1 IxR" ) < ||e|‘N1(IXR7L) fg g,

t
‘/ ei(tfs)Ae(s)dSH <e. (3.14)
to X

We turn now to the remaining term on the right-hand side of (3.12)). From (L.6))

we have

SO

1
Fli+v) — (@) = / [fz(a +0v)v + f (i + 0v)7] dO
0
and so, by using Minkowski’s inequality, (I.3]), and , we get

1@ +v) = F@ly S (||u||" iy + Il ;Rn))nvnx.

In order to bound ||U||W(1an)7 we will first estimate the free evolution of (o),
ie., e!t=t)2y(ty). By the triangle inequality and (3.2)), we have

||6i(t7to)Au /S Hei(titO)AU(to) i(titO)Aﬂ(tO)HW(IXR")

v (1 xmny + lle
Set Hei(t_tomﬂ(to)HW(Ian)~
On the other hand, by (1.14]), (1.25)), (1.27), and (1.46)), we get

Z(t tQ)A

(o) llvir (1

le (tO)HW IxR7) ~S Hu||w(1><]Rw + | f(a )”Nl([xw + e HNl (IxR™)

2

n42
<€0+||U| (IxR7L)+€§/€O

for ¢ sufficiently small. Hence

(t—to)A,,

e (tO)”W(Ix]R") <e+eg < ep.
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Assuming ¢ is sufficiently small depending on E and E’, the hypotheses of
Theorem hold and hence its conclusions hold as well; in particular, (1.18)) holds,
ie.,

||U||W(1an) S €o (3.15)
Returning to our previous computations, by - ) and (| m, we get
1f(@+v) = f(@)lly < &g 7 ol (3.16)

Considering ((3.13] , -, and ( - - becomes

lollx S &7 (B) "= +8+€6L o lvllx-

Assuming that e is sufficiently small depending on E’, a standard continuity ar-
gument yields

lvllx S eve ()52, (3.17)
By Sobolev embedding and ([1.44)), we conclude

||U||n+27% S |||V|%‘*'2U||n+2’2@:2>
1/2
S (SN vel] g ) 18)
S v Hx
< emr (B) .

We are now ready to upgrade our bounds on v; first, we will show (1.28)). Indeed,

by Strichartz’s inequality, (1.27]), and (3.2]), we have

vl (rxrny < ||ei(t_t0m”(t0)||W(IxR")

+ [1f(@+v) = f@) 51 (xrny + el 51 (rxrn)
<o b1t 0) — @) s (319)
By (3.4), we have

IVIf(@+v) - f@)]] < [Vallv] 7= + |[Vol[u] 7=

and hence
| f(@+wv) — (~)||N1(wa)
S IV, b||”||ﬂ " 0, 20(nt?) + ||UHW(I><R" u||2<n+2> 2n42)
—2
where % = % - ﬁ and % = "Tf - Z((Zii)). Note that the pair (a,b) is a

Schrédinger admissible pair and hence
IVallas S Nllgr g wmny-

However, by (1.14)), (1.45)), and our hypotheses (1.23)), (1.25)), and (1.27]), we have

lall g1 (rxmmy S N@C)ll g + NF @5 1 xmny + €l xr 7 xmn)
n+2

< E+ ||uHW(Ian) +e

nt2
<E+E +€0
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and hence, for ¢ sufficiently small depending on F,
HﬁHSl(Ian) SE. (3.20)
Returning to our previous computations and using (3.15) (combined with (1.12))

and (3.20)), we have

[ f(@+v) — (a)”]\?l(IxR")

< IIVUIIab||v||;+; 2ugeen + IIU\IWWRn)IIUII2<n+2> 2n42)

S E||U||n n g, 2nini2) +50 vl (rxrnys
)
which by (3.18)) yields
8 4(n—4) 4
1£(@+ ) = F@) |51 (1) S €T (E) D2 E + 65" [ollyp rxpny-  (3:21)
Returning to (3.19)), we find

8 4(n 4
||v||W(I><R“) 5 €tetn=> (E) " 2) E+€" 2||UHW(IXR")'

Assuming &g is sufficiently small depending on E and E’, a standard continuity

argument yields ((1.28)), i.e.,
7
[vllvir (rxrny S € +eE@=27.

By (1.28) and , we get (L.31). Indeed,

|| i0; +A)(u—u +ell g gwmm S IF@+0) = (ﬂ)||N1(szn>
4(n—4)

§s<nfz>2 (B)o=22E +¢j % (e +em2? 2>’-’)

ﬁ
55+5(n 2) ,

provided gg = 50 (E, E’) is sufficiently small.

To prove , we use Strichartz’s inequality, (T24), (T.27) and (T.28):

”U”Sl([an |v(to) ”Hl + || (10 + A)(u — 6||N1(1><Rn) + [le HNl (IxR™)

< FE Yeq ez,

By triangle inequality, (1.29) and (3.20) imply (1.30)), provided ¢ is chosen suffi-
ciently small depending on E and E’.

4. LONG-TIME PERTURBATIONS

The goal of this section is to prove Theorem and to derive scattering results
as corollaries. We will prove Theorem under the additional assumption
[[u(to)ll L2 < oo. (4.1)
This additional assumption can be removed by the usual limiting argument: ap-
proximating u(ty) in H! by {un(to)}n C H) and applying Theorem [1.4| (under finite
mass assumptions) with @ = w,,, e = 0, and © = u,,, we obtain that the sequence
of solutions {u, }, to with initial data {u,(to)}, is Cauchy in S*(I x R") and
thus convergent to an S solution u to with initial data u(tg) at time ¢ = ¢.
We will derive Theorem [I.4] from Theorem [I.3] by an iterative procedure. First,
we will assume without loss of generality that tg = inf I. Let eg = g9(F,2E") be as
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in Theorem [1.3} Note that we need to replace £ by the slightly larger 2E" as the
Hl-norm of u(t) — @(t) may possibly grow in time.
The first step is to establish an S' bound on %. In order to do so, we subdivide
2(nt2)

I into Ny ~ (1 + %) "=2  gubintervals J; such that

]l 202 < &o. (4.2)

L, "2 (JpxR")

t,a

By (1.14), (1.45)), (1.33)), (1.36]), and (4.2]), we estimate

lll g1 xrmy S N0l g2+ 1F @) 51 (g xmmy + M€l i1 (g xmm)
_4

";(2n+2) Hﬂ‘”W(Jk xR™) +e

L, 777 (JexRm)

SE+a

_4
SE+4e¢)? Hu”sﬂ(mw) +e.

A standard continuity argument yields
||a||SI(kaRn) SE,

provided gq is sufficiently small depending on F. Summing these bounds over all
the intervals Jj, we obtain

lallg1(rxpmy < C(E, M, &),
which by Lemma [T.5] implies
H’&’”W(Ix]R”) S C(E’ Ma 50)'
We now subdivide I into Ny = C(E, M, ¢g) subintervals I; = [t;,t;11] such that
ll iy < 0 (43)
Choosing ¢ sufficiently small depending on N7, E, and E’, we apply Theorem
to obtain for each j and all 0 < € < &7,
7
=l (1, mny < CU) (e +eT27)
7
= il 1,y < CG)(E' +2 4+ 77
[ull g7, wmny < CUNE + E)

e+ 8) = ) el g1,y < O 277,

)

provided we can show that (1.34) and ([1.35) hold with ¢, replaced by ¢;. We verify
this using an inductive argument. By (1.34)), (1.45)), and the inductive hypothesis,

[ultjr) — @t gy S llulto) = ato)ll gz + el v g e, 0] xmn)

+ |00 + A)(u = @) + el g g

to,tj41]xXR™)

i
SE +e+> Clh)(=+ S )-
k=0
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As the Littlewood-Paley operators commute with derivative operators and the free
propagator, by Strichartz, we estimate

|| Pre 102 (u(ty 1) — iltj41)) llvir (1 xRy
S| Pyet TR (u(to) — at
+ ||Pn [(i0y + A) (u — @)

0))||W(1an) + IPnell x (rxrm
+ e ||N1(1an)'

Squaring the above inequality, summing over all dyadic N’s, and using (|1.35)),
(1.36)), the dual of (1.44]), and the inductive hypothesis, we estimate

i(t—tj41)A iU 2 2
(ZHPNe A2 (utyir) = altj)) ||W(1an)>
N

. ) 1/2
< (2 IPwet =02 (ulto) — a(to)) I3 s o))
N
1/2
+ (Z ”PNGH?\'H(Ian))
N

5 1/2
+ (YlIPw [0+ 8) (=) + €] [ s any)
N

S e+ llell g gxrny + 100 + A)(u — @) + el g7 rn)
J
7
Se+ > COk)(e+et27).
k=0

Here, C'(k) depends only on k, F, E’, and 9. Choosing ¢; sufficiently small de-
pending on Nj, E, and E’, we can continue the inductive argument. Note that
the final constants can easily be chosen to depend in a non-decreasing manner on
E,E’', M (which is quite plausible, given that increasing those parameters can only
serve to worsen the situation).

This concludes the proof of Theorem As a consequence of this theorem, we

will derive scattering results. Let us start by proving that a finite bound of the
2(n+2)

Lt,;’2 -norm of the solution to (1.1)) implies scattering. Indeed, we have

Corollary 4.1 (Lf’w bounds imply scattering). Let ug € H; and let u be a global
solution to (1.1) such that

[ull 2012 <M (4.4)
L, 277 (RxRn)

for some constant M > 0. Then there exist finite energy solutions u (t,z) to the
free Schrédinger equation (i0; + A)uy = 0 such that

s (8) = u(®)] s — 0
as t — £oo. Furthermore, the maps ug — ux(0) are continuous from Hi to itself.

Proof. We will only prove the statement for w,, since the proof for u_ follows
similarly. Let us first construct the scattering state uy(0). For ¢ > 0 define v(t) =
e~ "By(t). We will show that v(t) converges in H) as t — oo, and define u (0) to
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be the limit. Indeed, from Duhamel’s formula (1.42)) we have

o(t) = u(0) — i / =155 F(u(s))ds. (4.5)

0
Therefore, for 0 < 7 < t,

t
v(t) —w(r) = fi/ e f(u(s))ds.
By (1.14), (1.46)), and Lemma we have

[o(8) = ()l gz S @51 (7.0 0y
4

S T;?n+2> HU'HW([T,t]XRn)
Ly 7% ([mtxR")
S ull"2nra Hu”Sl([nt]xR")'

L, 277 ([rt]xR")

However, (4.4) implies ||lullgigygn) < C(E, M) by the same argument as in the
proof of Theorem [1.4] where E denotes the kinetic energy of the initial data wg.
Also by (4.4), for any n > 0 there exists ¢, € Ry such that

lull 2en+2) <n
n=2 ([t,00) xR™)

t,x
whenever ¢ > t,. Hence,

lv(t) — U(T)||H1 —0 ast,T— oco.

In particular, this implies that u,(0) is well defined. Also, inspecting (4.5]) one
easily sees that

uy(0) =ug — 4 /000 e "2 f(u(s))ds (4.6)
and thus .
uy (t) = etPuy — i/o e =9)A f(u(s))ds. (4.7)

By the same arguments as above, and Duhamel’s formula imply that
() = u(®)l g1 — 0 as £ — oo.

Similar estimates prove that the inverse wave operator ug — w4 (0) is continuous
from H! to itself subject to the assumption (in fact, we obtain a Holder
continuity estimate with this assumption). We skip the details. [

Remark 4.2. If we assume uy € H} in Corollary 4.1} then similar arguments
yield scattering in H}, i.e., there exist finite energy solutions u (¢,) to the free

x

Schrodinger equation (i9; + A)usx = 0 such that
lus(t) — w(t)|][gr — 0 ast— too.

Remark 4.3. If we knew that the problem were globally wellposed for arbi-
trary H! (respectively H}) initial data, then standard arguments would also give
asymptotic completeness, i.e., the maps uy — u4(0) would be homeomorphisms
from H_ (respectively H!) to itself. See for instance [6] for this argument in the
energy-subcritical case.
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As a consequence of Corollary [£:I] and the global well-posedness theory for small
initial data (see Corollary [1.2), we obtain scattering for solutions of (I.I)) with
initial data small in the energy-norm H}:

Corollary 4.4. Let ug € H; be such that
||U0HH; <o

with 1y as in Theorem and let u be the unique global solution to (1.1)). Then there
exist finite energy solutions ux (t,x) to the free Schrodinger equation (i0;+A)ux =0
such that

Jus (t) — u(®)|[zr — 0

as t — +o0o. Moreover, the maps ug — u+(0) are continuous from H} to itself (in
fact, we have a Hélder continuity estimate).
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