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UNIQUENESS OF TRAVELING WAVE SOLUTIONS FOR
NON-MONOTONE CELLULAR NEURAL NETWORKS WITH
DISTRIBUTED DELAYS

HUI-LING ZHOU, ZHIXIAN YU

ABSTRACT. In this article, we study the uniqueness of traveling wave solutions
for non-monotone cellular neural networks with distributed delays. First we
establish a priori asymptotic behavior of the traveling wave solutions at infinity.
Then, based on Ikehara’s theorem, we prove the uniqueness of the solution
Y (n — ct) with ¢ < ¢y, where ¢« < 0 is the critical wave speed.

1. INTRODUCTION

In this article, we study the uniqueness of traveling wave solution for the non-
monotone cellular neural networks with distributed delays

2 = —an(®)+ Y- [ i) ennste = )y

T l T
+ a/ Im+1(y) f(@n(t —y))dy + Zﬂj / Im+145(Y) [ (@n5( — y))dy,
0 - 0
7j=1
(1.1)
where the constants n € Z, m,l € N, 7 > 0, and the varible ¢t € R. We use the
following assumptions:

(HO) (i) «>0,a1>0,a; >0(:=2,...,m), 1 >0and 5; >0 (j =2,...,1).
a=> 1" a; and f = 2321 B;.
(ii) J; : [0,7] — (0,400) is the piecewise continuous function satisfying
Jy Ji(y)dy =1, where 0 < 7 < co.

(H1) f € C([0,8),[0, z7255)), £(0) =0, af’(0) > 1 and there exists K > 0 with
K < b such that

(a+a+p)f(K)=K, |f(u)=f)<f(0)u-uv] foruvel0,b].

(H2) (a+a+0)f(u) > uforue (0,K) and (a +a+ 0)f(u) < u for u € (K, b)].
(H3) There exist 0 >0, § > 0 and M > 0 such that

f(u) > f'(0)u — Mu'™  for u € [0,4].

2010 Mathematics Subject Classification. 35C07, 92D25, 35B35.

Key words and phrases. Cellular neural network; uniqueness; non-monotone;
asymptotic behavior; distributed delays.

(©2017 Texas State University.

Submitted March 1, 2017. Published April 11, 2017.

1



2 H.-L. ZHOU, Z. YU EJDE-2017/102

A traveling wave solution (1.1]) with speed ¢ is a nonnegative bounded solution
of the form w,(t) = ¥(n — ct) satisfying ¢(—o0) = 0 and liminfe ., () > 0.
Substituting u, (t) = ¥(n — ct) in (L.1)), we have the wave profile equation

(€)= () + / ") FH(E — i+ ey))dy
ta / T () FOOE + cy))dy (1.2)
0

! .
£ 308 [ TS @(E+ 5+ o)y
j=1

When the output function f is monotone, the existence of traveling wave solu-
tions for many versions of CNNs with delays or without delays has been widely
investigated. see for example [10) 111, 13| 14} 15} 16l 17, 18] 2T, 23] 24 28, 30, 26].
The existence of entire solutions for has been investigated by Wu and Hsu
[23, 24]. Letting J; =0(y — ), i=1,....m+1+1, reduces to the multiple
discrete delays equation

w! (1) = —w(t) + Z aif (Wn—i(t — 7)) + af (wp(t — Timg1))
l = (1.3)
+ Zﬂjf(wnﬂ(t — Trmt144))-

j=1
Yu and Mei [28] investigated uniqueness and stability of traveling wave solutions
for with the monotone output function. In [28] the authors used the technique
in [3] to study uniqueness of travelling wave soluitons for with discrete delays.
We will extend this method to with distributed delays.

For the non-monotone output function f, Yu et al. [27] only established the exis-
tence of non-critical traveling wave solutions. Yu and Zhao [31] further established
the existence of the spreading speed, its coincidence with the minimal wave speed
and the existence of critical waves for the non-monotone DCNNs . We sum-
marize the existence of traveling wave solutions of with the non-monotone
output function in [27, [31] as follows.

Proposition 1.1. Assume that (HO)-(H3) hold. Then there exists ¢* < 0 (which is
given in Lemma such that for any ¢ < ¢*, (L.1)) admits a non-negative traveling
wave solution Y(n — ct) with the wave speed ¢* < 0 and satisfying

PY(—o00) =0 and 0< lgim+inf¢(§) < limsup (&) < b. (1.4)

— 00

The uniqueness of monotone travelling wave solutions for various evolution sys-
tems has been established; see for example [T}, 2 [4, [B], 19, 20] and the references
therein. The proof of uniqueness strongly relies on the monotonicity of travelling
waves. It seems very difficult to extend the techniques in those literatures to the
non-monotone evolution systems because the wave profile may lose the monotonic-
ity and the study of the corresponding uniqueness is very limited, see, e.g., [6, 8, [0].
Recently, the authors in [25] 29] extend the technique in [3] to non-monotone lattice
equations with discrete delays. In this article, we extend the technique in [3] to
non-monotone CNNs with distributed delays.
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The rest of this article is organized as follows. Section 2 is devoted to studying
the asymptotic behavior of the traveling wave solutions. In Section 3, we prove the
uniqueness of the solution.

2. ASYMPTOTIC BEHAVIOR OF TRAVELING WAVE SOLUTIONS

In this section, we consider the asymptotic behavior at negative infinity of any
traveling wave solutions of (1.1). The characteristic equation of (1.2)) at 0 is

Ale; ) = —eA+1=f/(0) [i“ /T Ti(y)er ) dy
i=1 0
(2.1)

T

. 1
+ a/ Tms1(y)e ¥y + Zﬁj/ Jm+1+j(y)€A(j+cy)dy]
0 0

j=1

Lemma 2.1 (|26, Lemma 2.1]). Assume that (HO) and af’(0) > 1 hold. Then
there exist a unique pair of ¢, < 0 and A\x > 0 such that

(i) Alca, M) =0, 2800\ —0;
(ii) For any ¢ > cx and X € [0,400), A(e, A) < 0;
(iii) For any ¢ < cx, A(e, \) = 0 has two positive roots Ag > Ay > 0. Moreover,

if ¢ < ey, A(e,X) >0 for any A € (A1, A2); if ¢ = ¢, then Ay = Ao = A,

Now we give a different version of Ikehara’s Theorem, which can be found in [3].

Proposition 2.2. Let F()\) := O+Oo u(x)e~ dx, where u(z) is a positive decreas-
ing function. Assume F(\) can be written as
h(N)
F\) = —+—
» (A4 p)ktt?
where k > —1 and h(X) is analytic in the strip —pu < X < 0. Then
w(x) _ h(=p)

1 = .
e oo ghe—ha T(p+1)
Remark 2.3. Changing the variable t = —z, and modifying the proof for Ikehara’s
Theorem given in [7], we can show the following version of Proposition Let
F(\) = f_ooo u(t)e=dt, where u(t) is a positive increasing function. Assume F())
can be written as
h(N)
PESVES
where k > —1 and h()\) is analytic in the strip g — e < R\ < p for some 0 < € < p.
Then

F(\) =

) hix)
1 = :
v JafFer ~ T(u+ 1)

To apply Ikehara’s Theorem, we need to assure that traveling wave solutions are
positive.

Lemma 2.4. Assume that (HO)-(H3) hold and let ¢(n — ct) be a non-negative
traveling wave of (1.1) with ¢ < ¢, satisfying (1.4). Then ¥ (&) >0 for £ € R.
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Proof. Assume that there exists &, such that ¥(£y) = 0. Without loss of generality,
we may assume &g is the left-most point. According to ¥(§) > 0 for £ € R, we can
easily see that 1(&) attains the minimum at & and ¢’(£y) = 0. According to (HO)
and (H1), it follows from that

/0 " o () (€0 + cy))dy = 0,

which implies that f(¢(§o + cy)) = 0 for any y € [0,7]. Thus, choosing some
sufficiently small number yo > 0, we can obtain ¢(£y + cyp) = 0 according to the
continuity of 1(£) and ¢ < 0. This contradicts to the choice of &, and completes
the proof. (Il

Lemma 2.5. Assume that (H1)-(H3) hold and let (n — ct) be any non-negative
traveling wave of (1.1) with ¢ < ¢, and satisfy (L.4). Then there exists a positive
number p > 0 such that (&) = O(er?) as & — —o0.

Proof. Since f'(0)(a + a + 3) > 1, there exists ¢y > 0 such that
A= (1= ) f'O)ata+f)—1>0,

For such ¢y > 0, there exist 6; > 0 such that f(u) > (1 — €)f(0)u for any
u € [0,01]. Since ¥(—o0) = 0, there exists M > 0 and V¢ < —M such that
P(€) < 1. Integrating (1.2) from 7 to £ with £ < —I — M, it follows that

— c[p(§) — ¢ (n)]

:—/nfz/J(m)dx—i-Zai/

i=1 n

& | sttt =i+ e dyo
rof 5 | Imastte + e dyda
+§ﬂj / 5 [ st 43+ ) dy o
13 m § o7
> = [vwar s s 00 [ Lo [ [ e i ivas
+a/: | dmatwrte + i)y
+§ ; /: [ syt + i+ o) dy ]
-af Sp(a)ds + FO)1L - o / [ e - vy
+§j/£/ Ji(@) Wz — i+ ey) — 9(z)) dy do

! € o
+j§:jlﬂj / / Dy W6+ 5+ ) = (@) dy da].
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Since 1 (z) is differentiable, we have

3
/ m—z—i—cy
n

13 —H—cy
/ (x + s)dsdx

n
77,+cy

w= |
| e~ vt sas

0

Similarly,

/ﬁ ‘bl + ) — v / B(E+5) — P(n +5))ds,

0
J+cy

¢
/(w( T+j+cy)— V(€ +5) —b(n + s))ds.

0
Letting n - —o0 in , we obtain

A/iow(x)dx

—i+tc
< —cep(€) — )(1—€o) Zal/ / y (€ + s)dsdy

(2.3)
+a/ / Im1(y)0(§ + s) ds dy
Jj+ey
+ Zﬂg | / Jorres W)€ + ) dsdy).
13 . 3
From (2.3), we know that [>_ 4(x)dz < +oo. Letting ®(§) = [>__ t(z)dx and
integrating (2.3) from —oo to &, we have
€
A/ O(x)dx
71+cy
<~ (&) — £/(0)(1 — <o) Zm/ / D¢ + 5) ds dy
+ a/ / Im+1(y) (€ + s)dsdy (2.9)
Jtey
+ Z 6] / / m+1+j (5 + 5) ds dy}
< Q<I>(€ + k)

for some x > 0 and ¢ > 0 according to the monotonicity of ®(&), Letting @ > 0
such that o < Aw, and for £ < —I — M, it follows that

1 [ 1 /¢ 0
(& — < — d < — P < —9 . 2.
c-=)< o [ ewis [ e@is Lactn. @9
Define h(¢) = ®(£)e™"¢, where p = —1—In 242 > 0. Hence,

h(é—w) =D — w)e—ﬂf—m) < Eef’“’*“)h(& + k) = h(€+ k),
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which implies A is bounded. Therefore, ®(¢) = O(e”®) when ¢ — —oco. Integrating
(1.2) from —oo to &, it follows from (H2) that

m T 13
—b(©) =Y a /0 / Ti() F (@ — i + cy)) da dy
T r§
ta / / Tl + ) dody

l T ¢
+36) / / s )6 5 ) dody - )

’mfjaiff Jiy)le — i+ cy) da dy
+af'(0 / / Im+1 (W)Y (z + cy) de dy (2.6)

Zﬁ] / / Tt s Wl +j + cy) do dy — B()

(&) +f'<o>zai / Ji(y)®(E — i + ey)dy
+af'(0 / Im+1(y)@(€ + cy)dy

ZBJ [ Imsswpie+ i+ ey

Thus, we have ¥(£) = O(e”¢) when ¢ — —oo. With the help of Tkehara’s theorem,
we obtain the asymptotic behavior of traveling wave solutions at — O

Proposition 2.6. Assume that (H1)-(H3) hold and let (n — ct) be any non-
negative traveling wave of (1.1|) with the wave speed ¢ < ¢, and satisfy (L.4). Then

@ exists for ¢ < ¢y, hm &ty

e h eME oo [E[erE

exists for ¢ = c,. (2.7)

Proof. According to Lemma [2.5] we define the two-sided Laplace transform of ¢
for 0 < R < p,

+oo
L) = P(z)e Mda.

We claim that L(A) is analytic for 0 < X < A; and has a singularity at A = A;.
Note that

m T

— e (©) + ()~ PO /0 Jiy)b(E — i+ ey)dy

i=1

—af'(0) /0 " e (W)€ + ey)dy
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l .
’0>Zﬂj/0 Jim 4+ 14 €+ + cy)dy

l

£ 308 [ Il FOE +5 + ) — FOW(E i+ cldy

— QU)(0).

Multiplying the two sides of the above equality by e~ *¢ and integrating £ on R, we
obtain

Ale, ) L(\) = / e Q) (x)d. (2.8)

— 00

We know that the left-hand side of (2.8]) is analytic for 0 < R\ < p.iAccording to
(H3), for any @ > 0, there exists d > 0 such that f(u) > f/(0)u — du®*1, for all
u € [0,7], where d := max{d,y~ "V max, e[, 7 {f'(0)u — f(u)}}. Thus,

- d Za/ W)Y7HH(E =i+ ey)dy + O‘/O T 1 (V7€ + cy)dy

2.9
+ Zﬁj/ T4 E+ 5+ cy)dy} 29

<Q¥)(¢) <0.
Choose v > 0 such that 2 < p. Then for any R\ € (0, p + v), we have

+oo
| / Q1) ()]
<d/+oo > Zaz/ (W)Y THE =i + ey)dy
+a/ 1 ()7 (E + ey)dy
0

+ Zﬁj / m+1+ﬂ/}0+ (E+7+ Cy)dy} d¢

= Zal/ /\( H'C'y)dy—i-oz/ Jm+1(y)e“ydy
0

oo

+
+Zﬁj/ m+1+ e)\(j—i-cy)dy]/ e—Aacwa+1(:L,)dx

— 00

m

SE Zal/ (_i+cy)dy+a/ i1 (y)erVdy
0
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+ Zﬂj / 14 TPy L= 0) (sup (e T ) < +oo.

£eR

We use properties of Laplace transform [22, p. 58]. Since ¢ > 0 according to Lemma
there exists a real number D such that L(\) is analytic for 0 < R\ < D and L(\)
has a singularity at A = D. Thus, when ¢ < ¢,, L(\) is analytic for R\ € (0, \;)
and L(A) has a singularity at A = A;.

According to , we have

/ D(@)e  dr = JIZ e Q) (w)dw Y
(Cv)‘) 0
Define H(A\) = F(A\)(A\1 — AL where k =0 if c < ¢, and k = 1 if ¢ = ¢

We claim that H(X) is analytic in the strip S := {A € C]0 < RA < A1}. Indeed,
define

Y(z)e 2 d.

T e Q) (x)da
Ale, /O — NFF
It is easily seen that G(\) is analytic in the strip {\ € C|0 < RA < A1}

To prove that G(A) is analytic for ®A = Ay, we only need to prove that A(e, \) =
0 does not have any zero with R®A = A\; other than A = A;. Indeed, letting A\ =
A1+ iX, we have

G(\) = =LA\ — V)AL

0=—cA+1— Z ak/ Je(y)eM TR cos(—k + ey) Ady
+ a/ Jims1(y)eM cos cyrdy (2.10)
0

+Zﬁj / T ()0 cos(j -+ ey) Ay
and

0=—ch— (0 Z ak/ Ji(y et (—ktey) sin(—k + cy))\dy
+ a/ i1 (y)eMe sin cyAdy (2.11)
0
+Zﬁz/ Tmy145 ()M I sin(j +Cy)Xdy]

It follows from (2.10) and (2.11)) that X=0.
According to the above argument G(A) is analytic in S, and H()) is also an-

alytic in S. Moreover, we claim that H(A;) > 0. Indeed, notice that H(\;) =
G(A1). On the other hand, fj;o e~ M2Q(¢y)(x)dx < 0 according to and
Hmy - Ae, )/ (A — A)F+L < 0 according to Lemma

Since ¥(§) may be non-monotone, ITkehara’s Theorem could be directly used.
Thus, we need to make a function transformation, i.e., @(E) = (€)ePs, where
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p==1>0. It follows from (1.2) that

-~ _;1 — Ta_ 5 — c o ’ C
$© =3 [ antreiteista [ @+

! .
£ 300 [ T+ i+ cdy] >0
j=1

Therefore, 12)\(5) is increasing and 12(5) > 0. Now we apply the Ikehara’s Theorem
to ¥(&). Let

0
F()) = L P(z)e Mde = F(X—p).

Then N
~ H()\)
P\ = ,
(A Vet
where H(\) = H(A—p) is analytic for p < RA < A +p and H(A +p) = H(A\;) > 0.
According to Remark [2:3] the limits exists and

b(€) ()

5213100 |£|k6()\1+p)5 = 5*1,13100 |£|ke>\1§’
i.e.,
lim () exists for ¢ < ¢y, lim (¢) exists for ¢ = c,.
t—"oo eMé E——oo |E]eME
This completes the proof. O

3. UNIQUENESS OF TRAVELING WAVE SOLUTIONS

In this section, we show the following unique result of traveling wave solutions
of .
Theorem 3.1. Assume that (H1)—(H3) hold. Let ¥)(n — ct) be a traveling wave of
with the wave speed ¢ < ¢, which is given in Proposition . If ¢(n — ct)
is any non-negative traveling wave of with the same wave speed c satisfying
, then ¢ is a translation of v; more precisely, there exists € € R such that

B(n — ct) = Y(n — ct +§&).
Proof. From Propositionl@l7 there exist two positive numbers 191 and 195 such that

. #(§) . P(§)
i fete =0 I S =os

where k = 0 for ¢ < ¢y, and k =1 for ¢ = ¢,. For € > 0, define

_ (&) —Y(E+E) _ 08 —v(E+9
w() = e for e < c., we(§) = PEEE:

where ¢ = % In g—;. Then w(+o00) = 0 and we(£o0) = 0.
First, we consider ¢ < c.. Since w(+oo) = 0, supgcp{w(§)} and infeer{w(§)}

are finite. Without loss of generality, we assume supgcp{w(§)} > [infeer{w(€)}]-
If w(€) # 0, there exists &y such that

w(&) = rgggw(«i) = 225“(5) >0, w'(&)=0.

for c=c¢, (3.1)
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We claim that for all ¢, j € Z, we have

w(éo —i+cy) =w(é +cy) =w(lo+Jj+cy) =w(o)
for y € [0, 7]. Suppose on the contrary that one of three inequalities w(§y—i+cy) <

w(&o), w(&o + cy) < w(&o) and w(&o + J + cy) < w(&p) for some ig, jo must hold.
According to (1.2, (3.1) and (H2), we obtain

0= cw'(&)
= —chw(&y) + w(&o)

e i [ st —i+ ) - 506+ €~ i+ ldy

— e [T W6l + ) - (& + €+ a)ldy

— e M _Xl;ﬂj /O Tt 145 (W) [F(9(€o + 7+ cy)) = F(¥(&o +E+ 5+ cy))ldy
> —chiw(&) + w(é) = f'(0)w(&o) [i @ /0 L)y

T

T l
* a/ Tm1(y)edy + Z B; / Tmi145(y)e™ @D dy
0 ; 0
Jj=1

= —w(&0)A(c, A1) =0,

which is a contradiction. Thus, w(§o+cyo) = w(&p) also holds for yo € (0, 7). Again
by bootstrapping, w(&y + kcyo) = w(&o) for all k € Z and w(+00) = 0. Therefore,
we have ¢(¢) = (& + €) for £ € R, which contradicts to w(€) # 0.

Next, we consider ¢ = c,. Assume supcp{w(§)} > |infeer{w(§)}]. If we(§) # 0,
there exists £§ such that

we(85) = max{we(§)} = sup{we(§)} > 0, wi(&5) = 0.
£€R
Now we divide this part into three cases:
Case 1: Suppose that {§ — 400 as € — 0. It follows from and that
el (€5) — ¥/ (&5 + €]
— 3 -, / i) (9(€ — i + o)) — FOH(ES +E — i+ eu))dy
i=1

a / T PSS + cuy) — FO(ES +E + o)y — (&5 + )

! .
> 5 /0 Tm1+5 () F(O(E5 + 7 + cxy)) — FY(E5 + €+ 5 + cuy))]dy.
=1
We claim that for all i, € Z,
We(€h =1+ cay) = wel&5 + cay) = we(§6 + 7 + cxy) = we(&5)

for y € [0,7]. Suppose for the contrary that one of three inequalities w,(&§ — @ +
cxy) < we(&5), we(&5 + cay) < we(&5) and we(€§ + 7 + cuy) < we(&5) for some i and
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jo must hold. Choose € > 0 sufficiently small such that £§ —m + c,7 > 0. Thus,

— Cawe ()€ — cahewe(§5) (€5 + 1)
< —we (&) (el&ol + 1)

+110)) ai/ Ji(y)e THeDeles — i+ eyl + Uwe(&§ — i+ cay)dy
i=1 70
+ Oéf'(())/ T2 ()N Vel €5 + cayl + Uwe (& + exy)dy
0

! T
+ 10> 8 /0 Tms145 ) eIV [el€6 + 5 + coy| + Uwe (€5 + j + cxy)dy
j=1
< —we (&) (el + D+ £1(0) Y ai /0 Ji(y)er e eles — i + coyl + we (&) dy
=1

+ af'(O)/O Tm1(y)eNVIel€5 + coyl + Uwe(£5)dy

! .
+ 0SB / Tt 145 (W) THD €6+ + cay| + Lwe(E5)dy,
j=1 70

it follows that
- C*we(&g)ﬁ + we(fg)(efg + 1)A(c*§ >\*)

PO [ RN o
i=1 0
+af'©) [ i e €y
0

! -

+ 110> 8 / Tms145 ()€ VTV e + cy)lwe (£6)dy.
j=1 70

. s OA(c,N) _ : < €)

This contradicts =57~ |c=c, x=x, = 0. Repeating the arguments, we have w(£5) =

we (&5 + kewyo) for all k € Z and some yo € (0,7). It follows from that w,(+00) =0,

we can obtain ¢(§) = ¢ (€ + &) for £ € R, which contradicts w,(§) # 0.

Similar to the process in [3], ¢(¢) = (& + &) for & € R still holds for

Case 2: Suppose {§ — —oo as € — 0 and Case 3: Suppose & is bounded. This
completes the proof. O
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