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HETEROCLINIC ORBITS OF A SECOND ORDER NONLINEAR
DIFFERENCE EQUATION
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ABSTRACT. This article concerns a second-order nonlinear difference equation.
By using critical point theory, the existence of two heteroclinic orbits is ob-
tained. The main method used is variational.

1. INTRODUCTION

Let N, Z and R denote the sets of all natural numbers, integers and real numbers
respectively. For a, b € Z, we define Z(a,b) = {n € Zla < n < b}, Zla,b] = {n €
Zla <n <b}. Foraset M CR,r >0, B,.(M) is denoted by

B, (M)={uekR: v1£1€1|u_v| <r}.

In this article we consider the existence of heteroclinic orbits of the second-order
nonlinear difference equation

AUy 1+ ppflun) =0, neZ, (1.1)

where A is the forward difference operator Au, = uni1 — Uy, A%u, = A(Au,),
{Pn}nez is a positive real sequence, f € C(R,R). Moreover, p and f satisfy the
conditions:
(A1) 0 <p=infrez{pn} <P =sup,ez{pn} < +o0;
(A2) there exists a function F' € C1(R,R) with F(0) = 0, F(u+ T) = F(u),
F’(u) = f(u) and F has a maximum 0 on R. Denote ¥ = {u € R: F(u) =
0}.
(A3) W consists only of isolated points and 0 € W.

As usual, a solution u of (1.1)) is called a heteroclinic orbit (or heteroclinic
solution) if there exist two constants u, v € R, u # v such that u joins p to v, i.e.,

U_oo = lim u, = p,
n——0oo

Utoo = lim u, =v.
n—-+o0o

Such orbits and homoclinic orbits have been found in various models of continuous
and discrete dynamical systems and frequently have tremendous effects on the dy-
namics of such nonlinear systems. So the heteroclinic orbits and homoclinic orbits
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have been extensively studied, the reader is referred to [II 2, [3], 4 [5 6] [7, [8, @ IO
(1), 2} 13} 05, 16, 17, 19}, 20} 21, 22, 23, 24) 25| 26], 27, 28].

In 1989, Rabinowitz [17] considered the following second-order Hamiltonian sys-
tem

G+V'(g)=0 (1.2)
where ¢ = (q1,...,qn), V is periodic in ¢;,1 < i < n, and proved the existence and
multiple heteroclinic orbits joining maxima of V.

By using variational method and a delicate analysis technique, Xiao and Yu [22]
showed that there indeed exist heteroclinic orbits of discrete pendulum equation

A%u,_1 + Asinu, =0,n € Z, (1.3)

joining every two adjacent points of {2kw + 7 : k € Z}.
When p, = 1, Xiao, Long and Shi [21] in 2010 investigated the existence and
multiplicity of heteroclinic orbits of the system

AUy +V'(up) =0, nez, (1.4)

by using the critical point theory. Zhang and Li [24] using variational method
proved some existence results of heteroclinic orbits and heteroclinic chains for a
second order discrete Hamiltonian system of .

However, to the best of our knowledge, the results on heteroclinic orbits of
discrete systems are very scarce in the literature [2I], 22] 24]. The difficulty is the
idea of continuous systems depend heavily on the continuity of the solutions and
therefore they can not be applied directly to discrete systems. Motivated by the
recent papers [3] [6], the purpose of this paper is to consider problem in a
more general sense. It is obvious that is a special of with p, = A and
f(uy) = sinu,. Our main result is as follows.

Theorem 1.1. Suppose that (A1)—(A3) are satisfied. Then (1.1) possesses two
heteroclinic orbits joining 0 to some T € W\{0}, one of which originates from 0 and
one of which terminates at 0.

For basic knowledge of variational methods, we refer the reader to the mono-

graphs [14] [18].

2. VARIATIONAL STRUCTURE AND SOME LEMMAS

To apply the critical point theory, we shall establish the corresponding variational
functional associated with (|1.1]) and give some lemmas which will be used in proving
our main results. We firstly introduce some basic notation.

Let S be the set of bi-infinite convergent sequences u = {u,, };7>° . that is

S = {{un}| nglfoo U, and ngriloo Uy, exist, u, € R,n € Z}.

Define
+o00
E:={ues: Z |Au,|? < +oo},
with the inner product
+oo
(u,v) = Z AupAv, + ugvg, Vu,v € E. (2.1)

n—=—oo
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Then F is a Hilbert space with the norm
—+o0
ul® =" |Augl* + |uol?, Vu€ E. (2.2)
For 1 < s < 400, the spaces [° and [* are defined by

“+oo
1° = {{un} : Z |un]® < 400, u, € R,n € Z},

n—=—oo

[ = {{un} :sup |up| < o0, up, €ER;n € Z}.
nez

For any u € E, define the functional J associated with ([L.1)) on F as follows:
1 —+oo “+oo
— 2

n=—oo n=—oo

By (A2) and (A3), we have
.
2= 3 pedbe 0 A0
For p € ¥ and 0 < € < 4, let the set T'c(p) satisty
(1) u—0o=0,
(il) tyoo = p,
(iil) up & Be(P\ {0, p}) for all n € Z.

It is easy to see that I'c(p) is nonempty for all p € ¥\ {0} and 0 < e < 4. Denote
ce(p) = inf J(u),

ueFe(p)
c:= inf [—F(u)].
o= int [P

Remark 2.1. From (A2) and (A3) it follows that ¢ > 0 for all 0 < e < J. As a
matter of fact, ¢, # 0. If not, there is v € R ¢ B.(¥) such that F(0) = 0 implies
that v € W. This is a contradiction. From F(u+T) = F(u) and u ¢ B.(¥) it
follows that ¢, > 0.

Lemma 2.2. For any a < b, assume that u € E such that u, ¢ B(¥), then
1 ¢ b
) Z |Aun‘2 - anF(Un) > 28‘:06‘“11—&-1 = Uq|-
Proof. By the definition of ¢, and Holder inequality, we have
b 1/2
[upt1 — ua] < VO+1— a( Z \Aun|2) )

Then

: Jup 1 — ual®
A 2> b+1 — Uq '
;| unl” 2 b+1—a

Thus,

b b b b
LD DILRCED SN AUN ES SILCHLEE' o B W)

n=a
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|“b - “a|2
_ b+1-— B
Z 3 r1_q TR0
> \/2PPe|upt1 — Uaql-
The desired results are obtained. O

Remark 2.3. For all p € U\ {0} and 0 < € < ¢, it follows immediately from
Lemma [2.2] that c.(p) > 0.

Lemma 2.4. Assume that v € E and J(u) < 400, then there are two constants
w,v €W such that u_oo = [, Ujoo = V.

Proof. To prove p € W, arguing by contradiction, we suppose that there exists
6 > 0 such that u,, & Bp(¥) for all n near —co. Then, we have

n

J(u) > Z [=pnF (un)] > p Z g, Yn € Z,

n—=—oo n—=—oo

which contradicts with J(u) < +o00. Thus, p € . The proof of v € ¥ is similar to
the proof of u € V. (]

By using the ideas developed in [21] 24], we can easily obtain the following three
lemmas, but for the sake of completeness, we give the proofs.

Lemma 2.5. For any given p € W\{0}, assume that {u™}2 | is a minimizing

sequence for (L.1)) restricted to I'c(p) such that ul —ueE and J(u) < 400, then
u € Te(p).

Proof. First, u, & B(¥ \ {0, p}) for all n € Z. Otherwise, there is ng and ¢ €
U\ {0, p} such that u,, € Be(¢). Therefore, for sufficiently large k, we have

|U£L]? - 7/}| < |U£L’f)) - uno| + W} - uno' <€,

which is a contradiction.
Then u_o = p € {0,p}, ut00 = v € {0, p}. Otherwise, for sufficiently large k;
and ko, we have
k k
i, = il < ) =]+ Jumi, = pl < e
and

k k
) — v] <l — gy | + Jug, —v] < e,

which are contradictions.

Next, u_o = 0. From u®) € T'.(p), ul e B.(0) and ul e B.(0) for n < 0.
Therefore, 1 € B.(0) N {0, p} = {0}.

Finally, 4400 = p. Otherwise, uyo = 0. If ugk) € B.(0), then |Auék)| > §. Thus,

Wy = IS A2 N (*)
J®) = 5+ 5> 1Au?)| —nz:;pnF(un ). (2.4)

n=2
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If ugk) ¢ B.(0), then there is an n*) < 1 such that uF) ¢ B{V}, n= n®) ntk) 4
1,...,1. It follows from Lemma [2.2] that

J(u(k))
12 1 +00
> = Z |Au(’f)|2_ Z puF (k) Z|AU(H\ anF(ug“))
2 = Ny — (2.5)
zVE% +3 Z\Auk)F meﬂv
Set

/2 c
M = mln{— psD 6}
By and , we have

+oo +oo
1
k k)2 k
J (u®) 2M+§Z|Au£l)\ _anp(uy). (2.6)
Since u4 o = 0, there is n > 1 such that
M
ui < 6 VYn >n

For k large enough, we have

2 M 2 M
() <2 () <2

12° 12
Denote
vff): 0, n<n+1,
ug“)7 n>n+1
Thus,
k
AP = g [* = A + g
(k)2 2 (k) |2 (k)2 27)
< |Aug | +4|Uﬁ |7+ 2lug |7 < Ay | +
By (2.6) and (2.7), we have
1 +oo “+o0
k k)2 k
JW) =1 S AR S FOl)
n=n-+1 n=n-+1
+o0 +oo
1 M (2.8)
z (k)2 _ (k) -
S27122|Aun | ;pnF(un )+ 9
< Ju®) - M,
From ([2.8)), we have
M
inf J(s) < inf J(s)— —,
s€lc(p) ( ) s€lc(p) ( ) 2
which is a contradiction. The proof is complete. O

Lemma 2.6. For any given p € W\{0} and 0 < € < 4, there is 4 = u.,, € I'c(p)
such that J(ue p) = e p.
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Proof. Assume that {u(®)}2° | is a minimizing sequence for restricted to I'c(p).
There is a constant K > 0 such that J(u(k)) <K.

On one hand, {uék)},;“;l is a bounded sequence. If not, lim;_, .
there is ig € N such that u(()ki) & Be(p),i > ig. Consider {uy“) &0

1=10 "

(()ki) = 0o and

i 5 u(ki)— —€ . .
Case 1. If u§-k1) € Bc(p), then J(u*)) > % and J(u*)) — oo, i — o0,
which is a contradiction.

Case 2. If u§ki) Z B.(p). Set

k)i D k:l B .
ni = {n>0:ul?) € Be(p),ul") & Be(p),Vj € Z[0,n]}.
Then

J@*) > f2pecug™ — ufl?) ?

i

1 (ki) ks
+ §|um+j - ush )

and J(u*)) — 0o as i — 400, which is also a contradiction.

By the definition of the norm on E, {u(’“)}zc:1 is a bounded sequence. Thus,
passing to a subsequence if necessary, there is @ € E such that u(*) weakly converges
to u.

On the other hand, J(@) < co. As a matter of fact, for —co < a < b < +00, let

b b
1
J(a,b,u) > 3 ,;1 |Au,|? — ;p,LF(un),u c L.

Thus,

J(a,b,u) <ccp < K,
which implies that J(u) < inf,cr (,) J(u). It follows from Lemma that w €
Tc(p). Therefore, J(ue,p) = Cc p- O

Set
ce = inf
peT\{0}
Lemma 2.7. For any given p € \{0} and 0 < € < §, cc can be achieved by some
Ce,r = J(Uer) with T =7, and w = u. = U, is an interior point of T'c(T).

Ce,p-

Proof. Let 0 < (¥ < § is a sequence converging to 0. By (A3), {7.«y} consists of
finite elements. Thus, for larger i, 7.y = 7 independent of 7. Denote u(?) = Ueli) 7
For each ¢ € N; there is N; > 0 such that

u) € B(0),u) € B (), VYn > Ni.

—-n

Assume that for all i € N, u() is not an interior point of T'c(7). Thus, there is
n) € [~N;, N;] such that UEZ()> € B.» (U \ {0,7}). Then, there is w® € ¥\ {0, 7}
such that “SRU € B, (w®) and w; = w independent of i. Set

o[, nsat

" e, n>a,
Therefore, we have Q") € I' ;) (w) and
J(u®) — J(QW)

+oo +oo
1 . N . 2.9

O SRV SR O D P RO
n=n(i)+1 n=n()+1
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If there is n > n( such that |Au7(f)| > |w — uff()i) , then J(QW) < J(u®) = c

which is a contradiction to the definition of ¢ ). Thus,

|Aul)| < |w - uff“ < €W quadvn > n?.

From u$) = 7, there is m® such that ufqi)m € B.o(r),m® > n® and ud ¢

B.o)(¥),n) < n < m®. Since ufi)(i) € B.o (T),ufi)(i)_l € B, (T),|Aug)| <

lw — UE,?@ , for i large enough, we have uf;)(i) € B.o) (1) \ B.o (7). Tt follows from
2

(2.9) and Lemma that
J(u®) — J(QW)

m—1 m 1

1 i) |2 j (f(i))Q
S SR S
n=n()4+1 n=n(i)+4+1
m(®_1 .
. (1)y2
. €
SN GRSV Y ey P R R M EAT)
n=n()4+1

e® )2

> 2pe.o lull, —ully| - /200 .0 €V — ( 7
2 2
()2
. €
2\/2@?&6(0)—\/2@0&6(”—( 2) :
2 2

Since € is a sequence converging to 0, for i large enough, we have

J(OQW) < J(u®) - /2890@6(0),

which contradicts J(u()) = J(uer ) = inf e f0y ce(p). The proof is complete.

O
3. PROOF OF MAIN RESULT
In this section, we proof Theorem [I.I] using a variational method.
Proof of Theorem[I_. For any n € Z, it follows from Lemma [2.7] that
d
—J =0. 3.1
du. Ir.(r)(w) (3.1)
By (1.1), we have
oy ) = () = ~ A%y~ puf () (32)
dun Te(7) - du” - n—1 Pn n)- .

From (3.1) and (3.2), we know that v = u. = u. . is a heteroclinic orbit of (L.1)

connecting 0 to 7, which originates from 0. And w(.) = u(_.) is also a heteroclinic
orbit of (|1.1)) connecting 7 to 0, which terminates at 7. The proof is complete. [
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