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EXISTENCE OF SOLUTIONS FOR SOME NONLINEAR
ELLIPTIC EQUATIONS

AOMAR ANANE, OMAR CHAKRONE, MOHAMMED CHEHABI

ABSTRACT. In this paper, we study the existence of solutions to the following
nonlinear elliptic problem in a bounded subset Q of RV :

—Apu= f(z,u,Vu) + p in Q,
u=0 on 01,

where p is a Radon measure on 2 which is zero on sets of p-capacity zero,
f: OQxRxRN — R is a Carathéodory function that satisfies certain conditions
with respect to the one dimensional spectrum.

1. INTRODUCTION

We consider the quasilinear elliptic problem
—Apu = f(z,u, Vu)+p  in Q, L1
u=0 on 09, (1.1)

where €2 is a bounded open set in RV, N > 2, 1 < p < 400, i is a Radon measure
on Qand f: QxRxRY — R is a Carathéodory function. We are interested in the
existence of solutions to this problem. More precisely, we will prove the existence
of a solution u € I/VO1 P(Q), if and only if the signed measure p is zero on sets of
capacity zero in Q. (i.e u(FE) = 0 for every set £ such that cap,(F,2) = 0).

Boccardo, Gallouet and Orsina have proved in [3] the existence of a solution to
the problem

Au+ g(z,u,Vu) = p  inf,
u=0 on J9,
where A(u) = —div(a(z,Vu)), a : Q xRY - Rand g : @ x R x RY — R are
Carathéodory functions such that for almost every = € €, for every £ € RN and for
every s € R,
a(2,€).6 2 aleP,
la(z, &) < U(z) + Bl
l9(z, 5, )] < b(IsD[IEI” + d(=)],
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where o and (3 are two positive constants, [ € Lp/(Q), b a real-valued, positive,
increasing, continuous function, and d a nonegative function in L'(£2). They assume
that for almost every z € €, for every £ and n in RY, with & # 7,

la(x, &) — alz,n)].(§ —n) >0,
They require also that for almost every z € €, for every ¢ in RV, for every s in R
such that |s| > o,
9(z,s,&)sgn(s) > pl¢]?,
where p and o are two positive real numbers and sgn(s) is the sign of s.
Let (6, ,u) € RN xRxWyP(Q)\{0}. If (8, a,u) is a solution of the problem
—Apu = am(z)|ulP~?u+ B.|VulP"2Vu in Q,
u=0 on 09,

where 1 <p <ooand m € M = {m € L*(Q) : meas{z € Q : m(x) > 0} # 0}.
In this case, the pair (5, ) is said to be a one dimensional eigenvalue and u the

associated eigenfunction. We designate by o1(—A,,m) C RV xR the set of one
dimensional eigenvalues (5, @) with a > 0.

Proposition 1.1. (1) o1(—Ap, m) contains the union of the sequence of graphs
of the functions A, : RN — RY n = 1,2,..., where A,(3) is defined for every
B eRN by

1 . / B
———— = sup min [ ¢ *m(x)|u|Pdz.
An(B)  geasueK Jo

with AP = {K C Sp, K compact symmetrical; v(K) > n},

Sg={ue WoP(Q) : (/Qeﬂ'”m(xﬂVu\pdx) e =1}

and v(K) indicates the genus of K.
(2) A1 (.) is the first eigensurface of the spectrum of o1(—Ap, m) in the sense

o1(=Ap,m) C{(B,a) € RNxR; A1(f) < a}

The proof of the above proposition can be found in [I]. When p = h €

W12 (Q), Anane, Chakrone and Gossez have proved in [I] the existence of a
solution to (1.1, in the sense

/|Vu|p*2Vqudx:/f(x,u, Vu)vdz + (h,v)
Q Q

for every v € W, P(Q)NL°(£2). This is done under the hypotheses of non-resonance
with respect to the spectrum of one dimensional o1(—Ay, 1): There exists (3, a) €
RN x R with o < Ay(8,—Ap,1) where A1(.,—A,, 1) is the first eigensurface of
the spectrum of one dimensional oq(—Ay, 1), such that for all 6 > 0 there exists
as € L¥' (Q) such that

fla,s,6)s < alsP + BlEPT2s + 6(|s|P~ + P + as(@))]s| (1.2)

for almost every x € Q and for all (£,s) € RY x R; and for all k > 0 there exist
¢ € L'(Q) and by, € R such that

for almost every x € Q and for all £ € RV,



EJDE-2006/63 EXISTENCE OF SOLUTIONS 3

Remark 1.2. (1) If f(z,u, Vu) = am(z)|ulPu + B.|Vu[P~>Vu, then (1.1)
has a solution for every p € W*I’p/(Q), in the usual sense

/\Vu\p_ZVqudx:/f(x,u,Vu)vdx—i—(h,v>W_1‘,,/(Q),W1,p(Q)
Q Q 0

for every v € WyP(Q), if and only if (3, a) ¢ o1(—A,,m).
(2) If ¢ W12 (Q), problem (T.1)) does not have always a solution. Indeed in
the case 1 < p < N, we have that L'(Q) € WP (Q) = —A, (W, P(Q)).

In this work, we assume (|1.3) and that p is a measure. We assume also that for
each 0 > 0 there exists as € L? (2) such that
fla,5,€)s < —pl€P|s| + als|P + BIEP~2Es +6(|s[P~H + €71 +as(@)]s|  (1.4)
for almost every x €  and for all (£,s) € RY x R, where (3,a) € RY x R satisfies
the same conditions as in (1.2]) and p is a positive real number. In the case § = 1,
there exists a; € LP' (Q) such that
f@,5,6)sgn(s) < —plé]” + o[s|"~" + B + aa (x) (1.5)
for almost every z € Q and for all (£, s) € RY xR, where o/ = a+1and 3 = || +1.
Remark 1.3. (1) The conditions of the sign given in [3] imply (L.4) in the

case « = 0 and 3 = 0.
(2) The hypothesis (1.3) and (1.4) are satisfied for example if

fla,5,6) = —plé[Psgn(s) + als|P~*s + BIE[PT2E + g(, 5. €) + (2, 5,€)
where g and [ satisfy
9(z,5,§)s <0,
lg(z, 5,€) < b(|s])(|z]” + (),
sl(x,5,€) < C(Is|"™! + |2]77" + d(x))]s]

with b continuous, ¢(x) € L'(R2), ¢ < p, d(z) € L? (Q) and C a constant.

For every compact subset K of €1, the p-capacity of K with respect to  is
defined as

cap(K, Q) = inf{/ |[Vu|Pdz, uw e C5°(Q2) and u > xk}
P Q

where yg is the characteristic function of K; we will use the convention that
inf()) = +o0. The p-capacity of any open subset U of  is defined by cap,, (U, Q2) =
sup{cap,, (K, (2), K compact and K C U}. Also the p-capacity of any subset B C
by cap, (B, Q) = inf{cap,(U,Q2), U open and B C U}. We will denote by M,()
the space of all signed measures on  and by M} (Q) the space of all measures p
in M;(Q2) such that pu(E) = 0 for every set E such that cap,(E,Q) = 0.

Our main result is stated as follows.

Theorem 1.4. Assume (1.3), (1.4) and that u is a measure in Myp(2). Then,
there exists a solution u of
—Apu = flz,u,Vu)+pn  in Q,

wu=0 on o (1.6)
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in the sense that u € Wy*(), f(z,u, Vu) € LY(Q), and
/ |VulP~2VuVo de = / f(z,u, Vu)v de —|—/ vdpu,
Q Q Q
for every v € WyP(Q) N L®(Q), if and only if u € ME(S).

2. PROOF OF MAIN RESULT

The notation (.,.) stands hereafter for the duality pairing between W~2#'(1)
and W, *(Q). We define, for s and k in R, with k > 0,

Tu(s) ksgn(s) if |s| >k,
S) =
g s if |s| <k,

and Gi(s) = s — Ti(s).

Lemma 2.1. Let g € L>®(R2) and F € (Lp,(Q))N. Under the hypotheses (1.3)) and
(1.4), the problem
—Apu = f(z,u,Vu) +g—divF inQ,

u=0 on 09, (2.1)

admits a solution u € Wy (Q) in the sense that f(x,u,Vu) and f(z,u, Vu)u are
in LY(Q), and that

/|Vu|p*2Vqudz:/f(:c,u,Vu)vdx+/gv+/FVv
Q Q Q Q

for every v € WyP(Q) N L®(Q) and for v = u.

Proof. Letting [ = g —div F', we have [ € W‘l’p/(Q). Then (|1.4) implies (1.2)), and
Lemma [2.1]is a particular case of a result in [1]. O

Lemma 2.2. M5(Q) = L' (Q) + W12 (Q) for every 1 < p < +00.

For the proof of the above lemma see [4].

Lemma 2.3. Let a, b be two nonnegative numbers, and let p(s) = se?5 with

0 = b%/(4a?). Then for all s € R, ay'(s) — blp(s)| > a/2.
Proof. For s € R let ¥(s) = ay’(s) — ble(s)|. Then
b(s) = e [a(1 + 205%) — b|s|] = ae? [(1 + 205%) — 2V 3],
Then v is even, and assuming that s > 0, we obtain that for every s > 0,
b(s) = 2ae” [(VOs — %)2 + i] > g
O

Remark 2.4. Let u € MJ(Q). If p > N, then L'(Q) ¢ W~ (Q); therefore,
ME(Q) = W12 (Q). Then the existence of a solution of (T.6) is a consequence of
[1, Theorem 7.1]. That is why, we assume that 1 < p < N.
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Proof of the Theorem [T Note that if u € W, () is a solution of (L.6)), then
w=—Apu— f(z,u, Vu)

with Ayu e W12 (Q) and f(z,u, Vu) € L*(Q); So by Lemma pe Mp(Q).
Conversely, suppose that u € M{(f2), so by Lemma there exists g € L(Q)
and F € (L* (Q))" such that 4 = g—div F. There exists a sequence (g, ), of L>(Q)
that converges strongly to g in L1(Q) and g € L'(Q2) such that |g,(z)| < |g(z)| for
every n € N and for almost every x € (.
By Lemma the problem

—Apuy, = f(x,un, Vup) + g —divE  in Q,

2.2
u, =0 on 99, (2:2)

admits a solution u,, € W,?(Q) in the sense that
(@ un, V), f(2,un, Vug)u, € LH(), (2.3)

and
/|Vun|p_2Vuanda::/f(x,un,Vun)vdx—&—/gnU—F/FVU, (2.4)
Q Q Q Q

for every v € WP () N L>®(Q) and for v = u,.
Lemma 2.5. The sequence (uy,), is bounded in W, P (Q).

Proof. Let us choose v = (T (uy,)) as a test function in (2.4)), where o(s) = se?s’
with 0 = 25 a=1and b=1b; (b > 0 is given for k = 1 by (L.3)). Setting

4a2°
a(§) = [¢[P7¢ Ve eRY,
o1 =9(Ti(un)), ¢ = ¢ (Ti(un)),

we have

/ (Vi) V] (T () dar = / F(@, i, Vi )o(T1 (1))
Q Q (2.5)

+ [ gue@atun)do+ [ FYo(Ti (0)da.
Q Q
On the other hand,

/Q (V) V[T () = / (V) , V(T (1))

- / 41V (T4 () Pz
Q

Since ¢’ is an even function in R, ¢’ is increasing in R* and |1} (u,)| < 1, we have

/QFV[SD(Tl(un))]da? < IF o [l (T (un)) 10

< ) ( /Q GV (T () Py P

< e (DT (un) 1p-
Since ¢ is increasing in R, we get

/ Gnp(Ti () < (1) / lgnldez < o(1)[F]21.
Q Q
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Writing
/Qf(a:,un,Vun)go(Tl(un))dx
= / o1f(zun, Vuy,)de + / o1f(z, up, Vuy, )de.
{lun|<1} {lun|>1}

By (1.3)), we have

| / o1 (24, V)| < / ol st Viun)|de
{lun|<1}

{lun|<1}

< / o B[V P + 61 ()] dx
{lun|<1}
< / (01| Vaun [Pz + o(1) 61

<b /Q oIV (T (un)) Pz + (1) 1.

On the other hand, on {|u,| > 1}, Ti(u,) = sgn(u,), so o(T1(u,)) = sgn(u,) e’
and by ((1.5), we get

/ o1 f(x, up, Vuy, )dr
{lun|>1}
= / e f(x,un, Vu, ) sgn(uy, )dz
{lun|>1}
< 69/ [0l Vun P + o/ [unlP ™" + B'[Vun [P + a1 (2)]da.
{‘un|>1}
Adding the above inequalities, by (2.5)), we obtain

/ (6, — balioa ||V (T (un)) P + pe? / Yy [P
Q {l'“'n|>l}
<N DI T ()1 + 2 (D)2t + (D)1 21 (2.6)

e /{ [ }[O/‘un|p_l + ﬁ/\VunV’_l + a1 (z)]dx.
Up | >1

Using Holder’s inequality, we have

/{ Tl S ) (@)
Unp | >

/ |un|P 7 dz < Jun|27 (meas(Q2)) /7.
{‘un‘>1}

By Poincaré’s inequality, there exists ¢ > 0 such that
[unllp < el Van|lp-
So
/ [, [P~ e < cp_1||un||1f;1(meas(Q))1/P.
{lun|>1}
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Replacing this in (2.6) and using that ¢} — b1|p1]| > 3, we obtain

1
! / V(T (un)Pda + pe® / VP < c1u,
2 Ja {Jun|>1}

1pt+ C2||Un||[1);1 +c3,

where ¢; = ||F| ;' (1), ca = e[a’cP™! + ﬂ’](meas(Q))% and ¢3 = o(1)||9]lzr +
e(L)|o1llrr + €°[lar ()] 1. Set ¢4 = min(, pe?), we have
callunll? ) < erllunllp + e2llualf," + ca,
since p > 1, (uy )y is a bounded sequence in Wol’p(Q). O
For a subsequence, still denoted by (uy,),, we have
u, — u weakly in W, (),
up, — u  strongly in LP(Q2), (2.7)

tun(x) — u(z) for almost every x € Q.

Lemma 2.6. For every k > 0, the sequence (Tj(uy))n converges strongly to Ty (u)
. 1’p
in Wyt ().

Proof. Let k > 0. Consider o(s) = se’*” with 0 = %, a=1and b=aqay (ay > 0is
given by (|1.3). Setting
a(€) = [€[P7%¢, VEERY, o = o(Ti(un) — Ti(w), ¢, = @' (Tu(un) — Ti(u)).

By (2.7)), the continuity of ¢ and ¢’, and the dominated convergence theorem, we

have
©n—0 and ¢} =1 weak-* in L>(Q) and a. e. x € Q, 0
©n—0 and ¢} — 1 in LY(Q) for every ¢ > 1. (28)

We will denote by &,, any quantity which converges to zero as n tends to infinity.
Let v = ¢, be a test function in (2.4). Then

/Q (V) V (Th () — T (u)) gy das

:/Qf(gc,un,Vun)wnd;v—l—/angondx—&—/QFV(Tk(un)—Tk(u))ap; (2.9)

=A+B+C+D

For the third term on the right-hand side: Since ¢, — 0 weak-* in L*° () and
gn — g in L'(), we have [, gnpndz — 0 so that

C=c¢,. (2.10)

For the forth term on the right-hand side: It is clear that Fy!, — F in (L? (Q))N
and Ty (u,) — Tx(u) weakly in W, (), so that

D =¢g,. (2.11)
For the second term on the right-hand side:

/ fz,up, Vuy,)pndz
Q

= / f(z,up, Vuy,)pnde —|—/ f(z,up, Vuy,)ppde := By + Bas.
{lun|>k} {lun|<k}
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On the set {|u,| > k}, ¢, has the same sign as wu,, so by (1.5,

f (@, un, Vun)on
< —pIVuuPlpn| + ' [un[P " on| + B Vin P~ pn| + a1(2) ol
< [o'funlP ™ + B[ Vun [P + ax(2)]lenl.

By Lemma and , we have B; < g, so that

/f(x,un,Vun)gonde/ f(z,upn, Vup)ondr + &,
Q {lun|<k}

By (1.3), we have

| / F (st Viin ) pndar] < / (@t Vi) om|d
{‘uw|<k} {‘un‘ék}

<[ lVal el
{‘un‘<k}

< by / IV T (1 )P o + / o0(2)|ionldz,
Q Q

and

/ VT (1) Pl ol = / (VT (1) VT (1) |
/ (@(VTi(un)) — (T Th(w))) (VT (1) — VT ()] ol
+ [ a(VTi(un))VTi(u)|on|dx

+ | a(VTe(w)(VTk(un) — VTk(w))|@n|do.

o\o\

By ([2.8), since (Ty(un)), is bounded in W, (), we have

/ f(z,upn, Vuy, ) pnde
@ (2.12)

<ep+ bk/Q (a(VTi(un)) — a(VTr(w)) (VT (un) — VTik(u))|on|da.

For the firs term on the right-hand side (A): We verify easily that a(VT(un)) +
a(VGi(un)) = a(Vuy,), so that

/Qa(Vun)V(Tk(un) = Ti(u))y,,dx

— [ (VT T (Til) = Tulw) e + [ al V)V (Tulun)
Q Q
— Ti(u))phdx := Ay + As.
We have V(T (uy,)) =0 if V(Gr(un)) # 0, so

A= / A(V G (1)) V (T () )yl
Q

= */Qa(VGk(Un))V(Tk(U))X{\un\zk}%dx-
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Since VTi(u) = 0 on the set {|u| > k}, VTi(u)X{ju,|>k} — O for almost every
x € Q, so, by Lebesgue theorem Ay = ¢,. For (A7), we have

| VD) (Tul) = ()
= [ (9T (w)) = (VT @)V (Ti(r) = Tela)
—|—/ a(VTy(u))V(Tk(un) — Tx(u)) @l dr == Ay 1 + A12
Q
By , since Ty (up) — Tk (u) weakly in Wol’p(Q), we have A1 9 = ¢,. Thus

A= /Q[a(VTk(un)) — a(VTk(u)]V(Ti(un) — T (u))@hdz + ep. (2.13)

By (2.10), (2.11)), (2.12)), (2.13) and from (2.9)), we obtain

/Q[a(VTk(un)) — a(VT(w)]V (Ti(un) — Ti(w)) [), — bi|en|ldr < en.

Since ¢}, — by|pn| > & with a =1 and b = b;) and
[a(VTk(un)) — a(VTi(w))]V (Ti(un) — Ti(u)) >0,
/Q[a(VTk(un)) — a(VT,(w)V(Ti(un) — T (u))dz = ep;
therefore,
(=8p(Th(un)) + Bp(Ti (), Ti (un) — Ti(u)) — 0.
Since T, (un) — Ti(u) weakly in Wy P (Q),

(=8p(Th(w)), Ti(un) = Ti(u)) — 0,
(=Ap(Tk(un)), Tk (un) — Ti(u)) — 0.

Since —A,, belongs to the class (St) (see [2]), Th(un) — Tk (u) strongly in W, (Q).

O
Lemma 2.7. The following to limit hold:
klir+n [sup/ |Vun|Pdx] = 0,
lim [sup/ | f(z, upn, Vuy,)|dz] = 0.
R 4o neN Jjua |2k}

Proof. For the first limit, we define ¢ : R — R* by ¢(—s) = —1)(s) for all s € R
and
0 f0<s<k—l1,
P(s)=(s—(k—1) ifk—1<s<k,
1 if s>k,
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where k > 1, so that ¢ is continuous, bounded in R and 9 (u,) € Wy?(Q). We
choose v = ¥(uy,), as a test function in (2.4) we have

/ |V P2V, Vi) (uy, ) da
Q

z/f(z,un,Vun)¢(un)dx+/gnw(un)d:z:+/FVi/J(un)da:.
Q Q Q

Using Young’s inequality, we obtain

/Q|V1/)(un)|pd:1:S/Qf(m,un,Vun)@/}(un)der/{ |gn |dx

[un|> k—1}

' 1
+c/ F|P dx+f/ V46 () [Pz,
{k—1<|un|<k} 2 Ja

So that
1
0< 7/ |V (un,)|Pdx
2 Ja

< [ vt Fupunis + /{ gnld (2.15)

Jun|> k—1}
+ c/ |F|P da.
{k—1<]un|<k}

Using (1.5 and that ¢(s) has the same sign as s, and that is zero if |s| < k —1, we
get

/f(x,un,Vun)w(un)dx:/ f (@, upn, Vup) Y (uy)dz
Q {

|un|>k—1}
< / [ IVt P (1) + e [P 1 ()]
{|un|>k_1}
BVt P[4 1) + a1 ()4
From ([2.15)), we have

P / [Vt P[4 ()|
{lun|>k—1}

<[ s PP [ () ds
{lun|>k—1} {k—1<|u,|<k} {|tn|>k—1}

v Vo () + [ ) )
{lun|>k—1} {lun|>k—1}
(2.16)
Since u,, — win LP(§)), there exists v € LP(Q) such that |u,| < |v|. Since |g,| < |g],
|

|g] € LY(2) and [1(s)| < 1, we have

o / (VP[4 (1) |
{lun|>k—1}

= / 1G]+ e[ PP + o/ |o]P~ + a1 (2)]x (jojzh-1)dz + B Vu, [P~ dx
Q {Jv|>k—1}

< /Q @)X Jofk-11dz + B 11 /Q N
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where r(x) = [g] + ¢|F[” + /|v[P~! + a1(z). We have r € LY(Q) and (uy,), is
bounded in W, (), so that

lim [sup/ |Vun Pl (un)|dz] = 0.
k—+0o neN J{|u, |>k-1}

Since

| wepd= [ Sul)lds
{lun|>k} {lun|>k}
<[ [Vt |71 ()l
{lun|>k—1}
it follows that

lim [sup/ [Vu,|Pdz] = 0.
=400 neN S jua| 2k}

For the second limit, we let [ : Q x R x RY — R defined by
Uz, 5,€) = f(z,5,6) — als|"" sgn(s) — BIEPT2€ = (|sIP~" + [P~ + a1 (x)) sgn(s).
From (1.4)), we get I(z, s,&)s < —p|&|P|s]| for almost every = € Q, and for all (§,s) €
RN x R.

By (2.15) and using that #(s) has the same sign as s and that it is zero if
|s|] < k—1, we have

0< / g da
{lun|> k—1}

+c/ |F|p/dx—|—/ Uz, Up, Vup )Y (uy,)dx
{k—1<|un|<k} Q

T / [O/|un|p_1 + ﬁ'\Vunl”_l + ay (@)][Y (un) |da.
Q

Since (2, tn, Vg )Y (tn) < =12, Un, VUn)|X{ju,|> k}, We have

/ [1(z, tn, Vug)|de < / |gn|d:10—|—c/ \F\p/da:
{lunlz k} {lunlz k_l} {k_1<‘un‘<k}

+ / o Jun [P~ 4 ()
{|un|2 k_l}

+ / B |Vt P[4 () |z
{|’U«n|2 kil}

+ ar (@) () o
{lunl> k—1}
In the same way as in the first limit, we prove that

lim [sup/ |1(z, wp, Vuy)|dz] = 0.
k=00 neN J{|u, | >k}

Also
(@, tn, Vug)| < U@, un, V)| + o [un [P~ + 5[V [P~ 4 a1 (2),

lim [sup/ |f (2, un, Vuy)|dz] = 0.
o0 neN J{lun| 2k}
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Lemma 2.8. The sequence (uy), converges strongly to u in Wy (52).

Proof. We begin by proving that the sequence {|Vu,|P} is equi-integrable in L' (£2).
Let € > 0 be fixed. Let now F be a measurable subset of €2, we have

/|Vun|pdx:/ |Vun\pdx+/ |V |Pdx.
E En{|un|<k} En{|un|>k}

By lemma [2.7] there exists k > 0 such that for all n € N,

/ [Vuy, |Pdx < =
{un|>k} 2

For k fixed, we have

/ \Vun|pd:17§/ |VT(un)|Pda.
En{un|<k} E

Since T} (u,) converges strongly to Ty (u) in W, P (£2), there exists 4 > 0 such that

g

meas(F) <y =VneN / VT (up)|Pde < 2
E

so that
YneN / IV |Pdz < =
B {lun|<k} 2
Then, there exists v > 0 such that

meas(F) <y =Vn € N/ [Vu,|Pde < e.
B

Therefore, the sequence {|Vu,[P} is equi-integrable in L'(£2). By Lemma we
have Vu,, — Vu for almost every = € , so, |[Vu,|P — |VulP strongly in L'(Q),
thus the sequence (u,), converges strongly to u in Wy*(€2). O

Lemma 2.9. The sequence (f(z,un, Vuy)), converges to f(x,u,Vu) in L'(Q2).

Proof. We begin by proving that the sequence {|f(z,u,, Vu,)|} is equi-integrable
in L1(Q). Let € > 0 be fixed. Let now E be a measurable subset of 2, we have

/ |f(z, un, Vuy,)|dx
E

z/ |f(ac,un,Vun)\dx—|—/ |f (x, up, Vuy,)|dx.
B {lun| <k} B {Jun| >k}
By Lemma there exists & > 0 such that
Vn € N, / |f(z, wp, Vuy,)|de <
En{|un|>k}
When £ is fixed, by (1.3)) we have

/ (@t V)| der < / B4V T ()P + 1 ()] .
BO{Jun| <k} E

£
5

Since ¢y, € L'(Q) and T (up) — Ti(u) strongly in WP (Q), there exists v > 0 such
that

meas(F) <y=VneN / [0k |V Tk (un)|P + ¢p(x)]de < ;
E
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so that
Vn € N / |f (2, U, Vuy,)|de < =
EO{lun|<k} 2

Therefore, the sequence {|f(x,un, Vu,)|}n is equi-integrable in L'(2). Since f :
QxR xRY — R is a Carathéodory function, we have f(x,u,, Vu,) — f(z,u, Vu)
for almost every z € Q. so f(z,u,, Vu,) — f(x,u, Vu) strongly in L*(£). O

Going back to the the proof of Theorem 1.1, by (2.4) we have that for every
v e WyP(2) N LX),

|V, [P 2Vu, Vode = | f(z,u,, Vu,)vdr + / gnv + | FVu.
Q Q Q Q

As n approaches infinity, we get that for every v € W, ?(Q) N L=(Q),

/ |VulP~2VuVo dz = / f(z,u, Vu)vdr + / gu + / FVov.
Q Q Q Q
Thus the problem
—Apu = f(z,u,Vu)+p inQ,
u=0 on N

admits a solution u € W*(2) in the sense that f(z,u, Vu) € L*(2), and for every
v e WyP(Q) N L>(Q),

/|Vu|p_2Vqudx:/f(x,u,Vu)vdm—l—/vd,u.
Q Q Q
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