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ABSTRACT. In this paper we analyze the shape derivative of a cost functional
appearing in image restoration. The main feature of this cost functional is the
appearance of a variable exponent.

1. INTRODUCTION

Shape derivative (or Hadamard derivative) has been proved to be a valuable
tool in order to study shape optimization problems. The main ideas go back to
Hadamard’s original paper [9] and has been further developed since. See for instance
the books [2], 10} [1T].

In this article we are devoted to the analysis of shape derivative of certain func-
tionals arising in image restoration, whose main feature is that it involves a variable
exponent.

Let us begin by discussing the model where these functionals appear. The goal in
image restoration is to obtain an image which is modeled by a function u:  — R,
where 0 = (0,1) x (0,1) C R2, given that one has a distorted image I: Q — R.

It is customary to assume that the introduced error, e = v — I, is small and the
objective is to recover u from I without making any further assumptions on the
error e. A classical PDE model introduced by Chambolle and Lions in [3] in 1997,
propose to obtain u as a minimizer of the functional

mini(/ |Vv|2dx+/ |Vv|dx) +é/(v—I)2dx,
26\ (o1} {Ivol>5} 2 Ja

where 3 > 0 is a parameter that needs to be adjusted by the operator of the method
for each image. The idea behind this method is that the real image must be smooth
in regions where there are no boundaries (which are interpreted as regions where
the derivatives are not big) and, in the ones which contains boundaries, the solution
must admit discontinuities. This method can be re-written as follows

: 1/ p
min — va(‘vvl)dz—&—f/ v —1I)?dr,
35 IV 5 [@=D
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where the exponent p is defined as

p(t) =

2 ift<p
1 ift>p.

This method is extremely difficult to study rigorously since the space where the
functional is defined is not a good functional space. That is why, in 2006, Chen,
Levine and Rao introduced in [4] a modification by which the exponent p is com-
puted from I but it is fixed. In this second model,

1

= 1 _—
pla) =1+ TENGL A T

where G, (z) = L exp(—|z|?/40?) is the Gaussian filter, with k,o > 0 parameters.
Therefore, p ~ 1 where I is discontinuous and p ~ 2 where I is smooth.
Then, the problem to be minimized is

1 . I6]
min — va(l)dx—i—f/v—Ide.
35 | 19 5 [@=1

By considering a fixed regular exponent, the authors can use the Sobolev and
Lebesgue spaces with variable exponent, thoroughly studied since the sixties. See
[@].

Here we consider a variant of these methods, that can be thought of being in
between these two, that approximates the one created by Chambolle and Lions
preserving the good functional properties given by the one presented by Chen,
Levine and Rao.

We start by dividing the region 2 into two sub regions D and Dy such that for
i=1,2,

D; C Q is open, ﬁi:Di, DiNDy=0, and Q = D; UD,. (1.1)

By this partition, we make sure that D; contains the regions with boundaries
of the image and Dj its complement. One way of creating this partition is the
following:

Dy ={xe€Q: |VG,xI| >}, Dy={xeQ:|VG,«I|<p}
We define an exponent p: 2 — R given by

14+¢€¢ ifzeD;
p(z) = .
2 lfl’EDQ.

Then we compute u by minimizing the functional

J(v) = %/Q|Vv|p(x) dm+§/ﬂ(v—1)2dm.

To improve the image found, we then may apply an iterative steepest descent type
method by following the shape derivative of the functional. So the main objective
of this paper is to compute this shape derivative.

Let us recall that a related minimization problem was studied in [I]. In that
article it is shown that minimizers are Hdélder-continuous across the interphase.
Hence we are left with the problem of computing the shape derivative of J(u) with
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respect to D;, which we describe now. Given V: RY — R a Lipschitz deformation
field, the associated flow {®;}:cr is defined by
d

— & (x) = V(P(x)), tER, zeRY,

dt (1.2)

Oo(zx) =z xRV,

Let us observe that ®;: RN — RY is a group of diffeomorfisms. That is, ®; o &, =
Py, and &1 =D,

We will assume that suppt(V) C €, so that ®;(Q) = Q for every t € R. Then,
the regions D; are deformed by ®; and we obtain a family of partitions D! =
®.(D;), ¢=1,2 that verify and we define

@ [1re iteen
€Tr) =
bt 2 ifze DL

Observe that p; = po ®_,.
Then, for each t € R we define the functional

Tu(v) = %/ﬂm\m(r) d:z:+§/g(v—[)2dx,

Let u; be the minimizer of J;. We can consider the function j: R — R given by
j(t) = J¢(ug). The shape derivative consists then in computing j5/(0).

Then, by finding a good expression for such derivative, it will be possible to
compute the deformations field V' which makes it as negative as possible and so
choose the optimal deformation field to then iterate

DA ~ (id + AtV)(Dy).

This article is organized as follows: In section 2 we collect the preliminaries con
variable exponent Lebesgue and Sobolev spaces that will be used in the article.
With the exception of Proposition there is no new material so the expert reader
can safely skip this section and move on to the rest of the article. In section 3 we
prove one of the mail results of the paper, namely the differentiability of the cost
functional j(t) = J:(u:) (Theorem [3.9). In section 4, we prove the second mail
result of the paper (Theorem , that is the improvement of the formula for the
derivative of the functional 5/(0). Finally, we close this paper with an appendix on
some I'-convergence results that are needed in some parts of our arguments.

2. PRELIMINARIES

Because of the nature of our problem, which deals with piecewise constant expo-
nents, we are unable to assume any regularity on the variable exponent p. There-
fore, since most of the known results for variable exponent Sobolev spaces assume
that the exponent is at least log-Holder continuous, we need to review the results
that are needed here and prove the missing parts in the case of piecewise constant
exponents.

2.1. Definitions and well-known results. Given Q C R" a bounded open set,
we consider the class of exponents P(Q2) given by

P(2) :={p: @ — [1,00): p is measurable and bounded}.
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The variable exponent Lebesgue space LP(*)(Q) is defined by
LPN(Q) = {f € Lioo(2): ppa) (f) < 00},

where the modular p, ;) is

pp(a:)(f) = A ‘f|p(w) dx.

This space is endowed with the Luxemburg norm

. /
||fHLP($)(Q) = Hf”p(ac),ﬂ = Hf”p(ac) = lnf{/\ >0: pp(m)(x) < 1}

The infimum and the supremum of the exponent p play an important role in
the estimates as the next elementary proposition shows. For further references, the
following notation will be imposed

1<p_ ::igfpgsupp::p+ < 00.
Q

The proof of the following proposition can be found in [7, Theorem 1.3, p.p. 427].
Proposition 2.1. Let f € LP*)(Q), then
wmin {1 LI, } < ooy (F) < max {7120, 17125, ).

Remark 2.2. Proposition 2.1} is equivalent to

min {pp(e) (1) pp(ar (N7} < 1 ey < max Ly (N7, pia ()7 }-

We will use the following form of Hoélder’s inequality for variable exponents.
The proof, which is an easy consequence of Young’s inequality, can be found in [6]
Lemma 3.2.20].

Proposition 2.3 (Hélder’s inequality). Assume p_ > 1. Let u € LP®)(Q) and
v e LP'@)(Q), then
[ e < 2l ol
where p'(x) is, as usual, the conjugate exponent, i.e. p'(x) := p(x)/(p(x) — 1).
The variable exponent Sobolev space W1?(®) is defined by
WhP@(Q) .= {u e W5 (Q): u e LP®(Q) and du € LPD(Q)i=1,...,N},

where 0;u stands for the i—th partial weak derivative of w.
This space posses a natural modular given by

Pro () = / [ufP®) 4 |VulP® d,
Q

so u € WP (Q) if and only if P1,p(a) (u) < 00.
The corresponding Luxemburg norm associated to this modular is

. u
1o, = [ullipe) = f{A> 05 p1pe) () < 1)

[ullwrve @) = llul

Observe that this norm turns out to be equivalent to |lul := [Jullpz) + |Vl p(a)-
Now we state and prove a simple proposition that characterizes the Sobolev space
when the variable exponent is piecewise constant.
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Proposition 2.4. Let Q C RY be an open of finite measure and let D1, Dy C
be a partition verifying (LI). Let 1 < pi,po < oo and let p € P(2) be such
that p = pixp, + PaXD,- Then u € WHPEN(Q) if and only if u € WHP(Dy),
u € WHP2(Dy) and u € Whmin{pirz}(Q),

Proof. Observe that (1.1]) implies that |2\ (D1 U D3)| = 0. Then

/\uv)(w) d:c:/ P d:c—i—/ ful?? de,
Q D, Do

/\vu\w) dx:/ IV dx+/ IVl da.
Q D Do

Moreover, assuming that p; < ps by Holder’s inequality, we have

/\Vu|p1 dx:/ |Vu|Pr dx—i—/ |VulPt de
Q D Do
p2-p] p1/P2
g/ V[Pt d + | Do| 52 (/ |Vu|p2d:v> < .
Dy Do

Analogously, u € LP* ().

For the converse, we just observe that since u € Wt min{rrrz}(Q) then Vu is
defined in the whole of Q. Then is easy to see that Vu € LP(*)(Q) by the same
arguments as before. O

3. DIFFERENTIABILITY

Let V be a Lipschitz vector field with support in  and let {®; };cg its associated
flux given by (1.2]). Let us begin with the following observation.

Remark 3.1. By Taylor expansion, we have
Oy (z) = o+ V(x)t + o(t)
and so we have the asymptotic formulas
D (x) = Id+tDV (z) 4+ o(t) = Id + O(t),
JO(z) =1+tdivVi(x) +o(t) =1+ O(t),
for all z € RY, where J®; is the Jacobian of ®,.

The following proposition, though elementary, will be useful in the sequel and
shows that any diffeomorphism ®: RY — RY, induces a bounded linear isomor-
phism between Sobolev spaces.

Proposition 3.2. Let ®: Q1 — Qo be a diffeomorphism and p € P(;) be a
bounded exponent.
Then, ® induces a bounded linear isomorphism

F:WhP(Qy) — WH(Qy),
where q: Qa — [1,400) is given by q(x) := p(®~1(x)), by the expression
Flu) :=uodt.
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Proof. We first observe that F is clearly a linear isomorphism with inverse given

by
FLowhi(Qy) — WhP(Q), F'(v):=vod.

Let us now show that it is also bounded. Let us consider A > 0 and, for simplicity,

let us denote v = F(u). Then, by changing variable y = ®~1(z),

() |g(x) / u(®(2)) p@= (@)
28719 gy — ok Sl 74 d
R e = [ R -

u(y) p(y)
:/ [P g (y) dy
Q1
uly
<ol [ MLy
Q4
Let us observe that, if C' := || J®||o < 1, clearly we have

2

= |lvllg.0,

Let us now assume that C' > 1. Then, since

A A

{)\>0:/ |C’Lu(y)|p(y)dy§1}c{)\>0:/ ‘M|p(y)dy<l}
Q1

1

||u||p791:inf{)\>0:/ |@|”‘y)dyg1}zinf{x>0:/ |@|“(”)dyg1}
(951

- C

cprsos | Do gy <13,
Q2

taking the infimum, we conclude that

1 1 ) U
C7 ullps = |C7= ullp > inf {A > 0: /Q |¥,p<y> "
1

> [|vllg. 0, = IF(w)llg.0.-

Analogously,
/ ‘W(w)‘q(x)dx:/ ’V(w‘b‘l)(x)’q(x)dx
QA Qs A
:/ ’VU(<I>’1(SE))D<I>’1($) PO g
Qs A
Vu(y) D2~ (2(y)) p()
= J®(y)d
o 3 \ (y) dy
_ Vu(y
< max{L, | D® 1||oo}”*HJ<I>||oo/Q !%

Therefore, |VF(u)|lq.0, < C||Vullp,q,, which completes the proof.

Remark 3.3. In the previous proof, given A: Q@ — RN*N

1
<

o/

O

, we considered the

norm [|Alls := sup,eq |[A(z)| and, given B € RY*N | we considered the norm

| B| := supgsq [ BE/[€]-

Observe that, since suppt(V) CC €, it follows that ®;(2) = Q for every t € R
and that if p = pixp, + p2xp, then p; := po ®_; = pixpt + paxpy, where

D! =&,(D;),i=1,2.
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Therefore, in view of Proposition [3.2] we have that
Fo: WHP(Q) = WEPH(Q), w—uod_,

is a bounded linear isomorphism.
Let us consider the space X; := W1Pt(Q) N L?(Q) equipped with the norm

I lx = 11 llwree) + 1 ez
and the space X := W1P(Q) N L?(Q) equipped with the norm
- llx =1 llwrr) + 1 - ll220)-

It is clear that F;: X — X, is still a bounded linear isomorphism.
Given f € L?(Q), we define the quantity

o L [l dP

5(t) := inf
) veEX: Jo Pt Q
which is clearly equivalent to
Pt 2
s(t) := inf [Vl d:ch/ ol dz —/vfd:c. (3.1)
veXy Jo Pt Q 2 Q

In fact, 5(t) = s(t) +[|/]3.
Observe that, since F; is an isomorphism, one actually has

V(uo ®_)|P <I>
= 1nf/ [V(wo 2" / [uo®i* o dx — /(uofILt)fdx.
ueX

So, in view of our previous dlscusswns, our primary goal is to find an expression
for 45(0).

Remark 3.4. Let us observe that, by changing variables y = ®_;(x),

VuD®_; o &P 2
s(t) = inf / [VuD®—y 0 @[ ;0 dy +/ [ul M 7®, dy — /ufoq)t,](l)tdy.
uGX p Q

Let

VuD®_, o ,|P 2
Mj@td“/ Mmtdy_/ufocbtmtd%
o p a 2 Q

D 2
Q P o 2 Q

Lemma 3.5. There exists § > 0 such that the functionals {J;} <5 are uniformly
coercive with respect to the weak topology of X. That is, for any A € R, there exists
a weakly compact set K C X such that

{T: <A} CK, forevery|t| <.
Proof. Take 6 > 0 such that 1/2 < J®, < 2. Therefore,

Do [ p 2
Fiu> L /'V“ S e d /‘“' dy —2/\fIIUIdy (3.2)

By Young’s inequality with e = 1/8,

1
2 [ 1fludy<g [ fuPdy+s [ | ay (33
Q Q Q

Jiu =
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As D®_; = Id uniformly on €, it follows that ||D®;||~ is bounded away from

zero and infinity for every |t| < d, so

VuD®_; o &P

w dy > c/ |Vul|P dy. (3.4)

p Q
So, combining (3.2)), . ) and (3.4), we obtain
Fuu> e / Val?dy+ 5 [ ful dy =115,

By Proposition we easily conclude that there exists a radius R = R(\) such
that {7; < A} C Bx(0, R). Therefore, if we denote K := {||u||x < R}, satisfies our
requirements. This completes the proof. ([l

Lemma 3.6. There exists a unique extremal for s(t) and s(0).

Proof. The proof is an immediate consequence of the fact that both J, and J are
strictly convex and sequentially weakly lower semicontinuous on W1 (). O

Our first result shows that s(¢) is continuous with respect to ¢ at t = 0.

Theorem 3.7. With the previous notation,

t1i>r(§l+ s(t) = s(0). (3.5)

Moreover, if us and u are the extremals associated to s(t) and s(0) respectively,
then uy — u weakly in WP (Q). Finally, if p* := % > 2 then uy — wu strongly in
Whr(Q).

Remark 3.8. The hypothesis p* > 2 is needed in order to secure the compact

embedding W1?(Q) c L?() for any dimension N. For the case N = 2, one has
p* > 2 for any p > 1 so no extra hypothesis is needed.

Proof of Theorem|[3.7. Since, by Lemma we know that the functionals J; are
uniformly coercive, the proof of (| will follow from Remark if we show that
Ji: = J uniformly on bounded sets of X. Observe that since the minimizers
are unique, we will then have that the whole sequence of minimizers is weakly
convergent.

Let us consider now B C X a bounded subset and v € B. By Remark

[ IVu(Id+O(t)) P @
jtu_/Q » (1+O(t))dy+/ﬂ 5 (1+0@1)dy

f/Qu(fo@t)(lJrO(t))dy
—(1+0(t) /'V“dzo dy +/| gy - / u(f o ®y)dy}.

Again by Remark [3.1] and by Taylor expansion formula, we obtain

P p
/|VuId;—O )| /|V|d+0()

uniformly in B.
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Assume for a moment that f is a continuous function with compact support.
Then, since ®; — id uniformly as t — 0, we have that f o &, — f uniformly as
t — 0 and therefore,

||fo¢>t—f||%=/Q|fo<1>t—f|2dxs||fo<1>t—f||§o|ﬂ|eo, (t — 0).

So we have that ||f o ®; — f|la — 0, (¢ — 0). Now, by a standard density argument,
it is easy to see that the same result holds for any f € L?(Q).

Then, by Holder inequality and since v € B, there is a constant C, independent
of u, such that

y/ (Fodi—f)] <Clfod— flla—0

ast— 0F.
Assume now that p* > 2. It remains to see the strong convergence of u; to u in
WLP(Q). Let us observe that to see the strong convergence it is enough to show

the convergence of the modulars (see [6]). Let us now recall that
P 2 p D®_, 0®,|P
/ [V dy + |U;\ / VP [ [V DOy 0 Dy J®, dy
p p

2
Q 2 Q

By Remark
/ \Vuth)_t ] q)t|p J<I)t dy _ / |Vut — tVUtDV + 0(t)|p
Q p Q p
Using the Taylor expansion
|V, — tVu DV + o(t) [P = |Vue|P — pt|Vue|P~2Vuy - Vu DV + o(t),

we find that
|VutDQ>,t o (I)tlp

(14+tdivV +o(t)) dy.

J®, dy
p
= / [VugP + t(|Vu [P divV — p|Vut‘P*2Vut - Vuy DV) dy + o(t).
Q p
So we have
» P
[l gy [ P20l g,
p
P A3 _ p—2 .
[ AP Y T2 TDY) g o
Q

Now, for our fourth term, we only need to observe that % is bounded and
1 — J®; — 0 uniformly. Then, since s(t) — s(0) and

/Qut(fo@t)‘ﬁl)tdy%/ﬂuf,

we can conclude that

P 2 D 2
Q P o 2 Q D o 2

which completes the proof. [
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Now we prove the main result of the section, namely the differentiability of the
cost functional s(t). For this result we will need the function f to be of class C!.

Theorem 3.9. s(t) is differentiable att =0 and
d
22(0) = R(u) f/ufdideyf/uVﬂde,

where
Jul?

p
R(u) ::/ |v;|divV—Vu|p_2Vu-VuDV—|—divV2dy
Q

and u is the extremal of s(0).

Proof. By Lemma we can consider u the extremal of $(0). Then, by Remark
B4
s(t) = igl(f% < Ji(u)
= / [VuD®_y o ®i" 1o dy+/ [al® g, dy — / uf o B J, dy.
Q P o 2 Q
Now, by Remark [3.1] as in the proof of Theorem [3.7 we find that

[VuD®_; o ®|P
f
[ VUl +¢(|VulP divV — p|VulP~2Vu - VuDV)
a /Q p
On the other hand, again by Remark
|ul?

2
Mﬁbtdyz ——(1+tdivV +o(t)) dy
o 2 o 2

2 2
:/Mdy—i—t/divVMdy—i-o(t).
o 2 Q 2

J(bt dy

dy + o(t).

Therefore, setting
P 2
R(u) := / W}iﬂ divV — |[Vu[P~?Vu - VuDV + div V% dy,
Q

we conclude that

s(t) g/ﬂwd“/ggdy+m(u)+o(t)—/Qu(fo@t)(1+tdivv+o(t))dy.

p
[VulP u?
s(0)= | ——dy+ | —dy— | ufdy.
Q P Q 2 Q
Therefore,

Recall that
M < R(u) + @ - /Qu(foilt)didey—/Qu(fO(I)tt)_fdy.

Taking the limit as ¢t — 07, we obtain

lim sup M < R(u) — /

t—0+ Q

ufdidey—/qu~Valy7
Q

where we have used that &, = i¢d and <i>t =V od,.
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Let us consider now {t, }nen such that ¢, — 0T and

lim inf 75@) —5(0) = lim 75(%) — S(O).
t—0+ t n—00 n

Let uy, := u, € X, be the extremal associated to s(t,). By Remark |3 .

ZDO_, od nl?
s(tn) = /QW” pt 0Pl 15, dy +/| o, dy— /Qutnfoq)thd)tndy

Arguing as in the previous case, we have that
s(tn) — s(0
tn

|u nl2

/'V“"| divV — [Vun P2V, - Vu, DV + div V12l

+O(tn)—/Qun(fotl)tn)didey—/Qun(f ) = fdy

tn ty
o(ty) (fody )~ f

:R(un)Jri—/un(fotbtn)dideyf/uni"dy.
tn (9] (9] tn

Since R(u,) — R(u) when n — oo (just observe that R is continuous with respect
to the strong topology and u,, — u in W1P(Q) by Theorem [3.7)), we have

liminfs(t)zs(o)zR(u)/ufdidey/Qqu‘de-

t—0+ Q

So we conclude that s(t) is differentiable at ¢ = 0 and

d
22(0) = R(u) — / wf divV dy — / uvVf-Vdy,
where u € X is the extremal of s(0). This completes the proof. O

4. IMPROVEMENT OF THE FORMULA

Now we try to find a more explicit formula for s'(0). In the following study, we
will need the solution u to the equation

“Apputu=f inQ,

u=0 on 09, (4.1)

to be CZ_(D1) N CE

loc

not true since the optimal regularity is known to be CL%(D1)NCL¥(Dy). See [12].

loc loc
To overcome such difficulty, we will proceed as follows.

(D) in order for our computations to work. However, this is

4.1. Domain regularization. Let us first define D;(t) := ®;(D;). Now given a
fixed § > 0, we define the sets

D? = {x € D;: dist(x, D;) > 6},
and consider D?(t) := ®;(D?). Now consider the sets
T9(t) == dD¢ () N Q.

Let us observe that, in each D?, the exponent p(x) = p; is constant so we can apply
the classic regularity results. See for instance [12].
Now we define the sets As := Q\ (D U D3) and observe that

DA; N =T3UT), Q=DSUDjUA°.
See Figure ]
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;A9

FIGURE 1. Partition of 2

4.2. Operator regularization. Now, for € > 0, we consider the regularized prob-
lems )
pi—
—div((|[Vo]? + )77 Vo) +v = f¢ in D(t),

v=0 on QN (DI(t)UDI(t)), (4.2)
v=u(0)o®; ' onI?(t),
with f¢ € C* such that f¢ — f in L?.

Remark 4.1. Applying classical estimates (see for instance [§] it is possible to see
that the solution of ([@.2) is C2*(DS)NCY(D?) if € > 0, since u(0) is C1(D?) and ®,

loc

is the identity map in a nelghborhood of 9. See also [12] for regularity estimates
in Sobolev spaces.

Let us define the following sets
X0 :={v e WHPi(D?) such that v = 0 in 2N D? and v = w in T},
Xo(t) == {vGWlpl(D‘s( )) such that v =0 in GQH% and
v=1u(0)o®; ! inTo(t)}.

Let us also consider the functionals .7 0. X 9(t) — R defined by

. Vol? 4 e2) 7 ol2
A 0) ::/ —(| | ) dy+/ Ll dy —/ vfedy.
’ ZHO) pi Di(t) 2 D (1)

Remark 4.2. Xf (t) is strongly closed and convex, therefore it is weakly closed.
The solutions of are the minimuma of the functionals .7 “9in X 2(t).
Since the functional jtff is continuous for the strong topology, strictly convex
and coercive, it has a unique minimum in X?(t) and, therefore, has a unique

weak solution. We will denote @}’ %(t) as the function where the minimum is at-
tained.
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Remark 4.3. Observe that 1;: X¢ — X?(t) defined by v — vo®; ! is a biyection
between X? and X?(¢) and the following equality holds
TR =T o
By a change of variables as in the previous section we obtain the functional

\7;,;5: X? — R given by

. VoD®_; o §;]? + €
gt = [ TPae bl e
' D¢ Di

Py
2

|v]?
J®, dy + J®, dy

ps 2
k3

—/ vf€o &y JPy dy.
D}

and define
€,0 . €,0 . Z€,0
$:°(t) = inf “(v) = iInf “(v).
7O(t) ut, i (v) UeXf(t)\jt,z (v)

We will denote u:-’é (t) € X? as the function where the minimum of jtf’i‘s is attained.
Observe that u° (t)(z) = a5’ (t)(®(z)).

To make the notation lighter, we will focus on the needed parameter in each
step. First, u;, then u¢ and finally, u’. Let us now define s := si’é + 33’5.

Proposition 4.4. If 2 < p;, then uS®(0) converges to ul®(0)(= ud) strongly in

Whei(D?) and s9°(0) converges to s°°(0)(= s2(0)) when e — 0.

Proof. Let us begin by observing that
. Vol + )7 v|?
giw = [ TED T gy [ 1y [ gy
’ D? Dy ps 2 D?

Now let us denote

v 2 2
ji‘s(v) ::/ &der/ ﬂdyf/ vf dy.
p: D p: 2 D?

Observe that j&’f, J(v) : X — R. By Theorem H’ it is enough to prove that
._7051’1-6 I- converges to J in W1Pi(D?) for the weak topology.

First, let v¢ — v weakly in WP:(D?). Let us observe that v € X? since X7 is
weakly closed.

Observe that the first and second terms in Ji‘s are convex and strongly con-
tinuous, therefore weakly lower semicontinuous. And the third term is linear and
continuous, therefore weakly continuous. Therefore,

TP (v) < lim 7P (v¢) < liminf J&’f(ve) —|—/

D

=),

Applying Holder’s inequality for the last term above, we have

/ o (f = 1) < el f = F¥llpe-
D¢

i

Pi

Since [[v¢||,, is bounded (because of the weak convergence) and f¢ — f in LP:,
the last term goes to 0. Now, taking {v°} = v as recovery sequence, we have that
j(i’f(v) — J%(v), which completes the proof. O
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Performing analogous computations as in the previous section, we can see that
s99(t) is differentiable at ¢ = 0 and

ds?é(o) €0/ €0 €,0 . €,0 €
———= =R (u;°) — uw, fdivVdy — u, V- Vdy
dt D? D¢
where
—dy.
Di 2 Y
€,8
Since the expression of ds, dt(O) given above only involves first derivatives, we can
conclude the following result from Corollary [£.4]

Vol + %)% 2
R (v) ::/ IVOF+ D= v — (Vo2 + &) %190 - VoDV + div v\
D? i

ds?°(0)

dsS°(0)
: converges to ————= when ¢ — 0.

dt

Proposition 4.5.

Observe that, by Propositions [4.4] and if we find an expression for the shape
derivative of the regularized operator, we will have found one for the original oper-
ator.

4.3. Improvement of the formula for the regularized operator. Our main
concern in this part of our work will be to find a formula for the shape derivative
that does not involve second order derivatives. Therefore, we will be able to pass
to the limit when e goes to 0. And so, by Proposition we will have found an
expression for the shape derivative of the original operator.

We start with some preliminaries computations in which we will see the need to
have C2 regularity for our solutions. Since

div((|Vu? + €)% - V)
= %(\vm? + A FID(VUP +€2) -V + (|Vu? + )7 divV
= pi(|Vu]? + 62)%_1Vu€D2ue V4 (|Vus]? + 62)% divV,
we have that

1 i

7/ (IVu? + €)% divV

Di Jp?
1 Py Py

- 7/ diV((|Vu€|2—|—62)7V)—/ (V2 + )51 D2 - v
bi Jp? D?

Therefore,

d €9 1 Pi Pi
i (0) = 7/ div((|Vu€|2+62)7V)—/ (|Vu > + €2) 2 'VuD*u - V

Py 1
—/ (\Vuf|2+62)7*1vu€-quDdeJr5/ div(|uc|?V) dy
D

D}
—/ u*Vu® - Vdy —/ utfedivV dy —/ utVfe-Vdy.
D¢ D¢ D?
Let us call v¢ the exterior unit normal vector to D? and observe that, since

suppt V CC Q,

div(|u€|2V)dy:/ W2V - b dS,
D rs
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Since u€ is a weak solution of our equation, for every test function ¢ we have
2, 2\Ri2
/ (IVuf|* +€*) "z VuVop +/ ucp
D? D?
=/ [
D}

Let us consider ¢ = Vuc -V as a test function. Since V(Vu-V) = D?u¢ - Vi +
VucDV, we obtain

/ (IVu]? + )55 Vs (D?us - VE + Ve DV)
D?

i

:/ (|Vu5\2+62)piTQVuE-nVue-V+/ (f¢—u)Vu - V.

) s
r? D?

Since V' has compact support in €2, we arrive at

/ 6(|Vu€|2+62)pi7_2Vue-nVu€~V:/ (Ve + )T Vus - v - V.
oD? r

s
i

Therefore, taking into account that Vu¢D?u¢ - V = Vu¢ - D2uV7, we have

ds?é 1 €2 2 % ) €2 2 %71 €. 0 €
o (O)—E_/F§<|Vu|+e) Vui—A§(|Vu|+e) Vuv) VuV

1

T3

[PV — / (J“Vue V4wl fedivV 4 usV e - V) dy.
e D?
’ ’ div(uc feV)
Again since V has compact support in €2, we have
/ div(ufV)dy = / ufV-rPdS = | ufV-ulds.
D? ap? s

Observe that we arrive at an expression for the shape derivative that does not
involve second order derivatives of u°:

dS?é 1 €2 2 % é €2 2 %71 [ €
7 (0)—E/F§(|Vu|+e) Vui—/ré(Wu—i-e) Vuv) VuV

1
+f/ |u€\2VVf—/ ut fV -2 dS.
2 Jrs T

4.4. Back to the original operator: the limit when ¢ approaches 0. Now
we able to apply Tolksdorf’s regularity estimates (see [12]). These estimates give
us uniform bounds for ||u¢||c1,e so we have u¢ — u in C'. And so we can pass to
the limit when € goes to 0. Therefore,

dsg’é(())— l/ |Vup"Vz/‘5—/ |Vu
dt P r? ’ rs

—/ ufV -9 dS.
rs

1
pi’QVquVuV—Ff/ \u|2Vz/§S

In conclusion we arrive at

ds%9 ds%? ds9?
0) = ——(0 2_(0
dt() dt()+dt()
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1 1
= — |Vu|Pr Vi) + 7/ |Vu|P2 V) —/ |Vu|Pr 2 Vul VuV
p1 Jrg P2 Jrg g

1
- |Vu|P2~2VuriVuV + 7/ lul?Vis — / ufV -vPdS
T 2 Jrs rs

1
Jr*/ |u|2V1/37/ ufV -1 dS.
2 Jrs rj

Let us now observe that l/iS — 17 and Vg — v9 = —v1 when 6 — 0. Therefore,
taking limit when § — 0, the last four terms in the expression above vanish and so
we have proved the following.

Theorem 4.6. Let Q C RY be open and bounded. Let D1, Dy C Q be such that
is satisfied, let p = p1Xp, + P2XD,, where 1 < p; < py and ' = Dy N Dy. Let
V:RY — RY be a Lipschitz deformation field, such that suppt(V) CC Q and let
s(t) be defined by (B.1). Then, the following formula for the derivative s'(0) holds:

%(@:/F [N;V)}V'udb“—/FHVuV’2](Vu~u)(Vu~V)dS,

where

/[f]G.de::nm( FG -1 dS — fG-ugdS).
r 4 s rs

—0

5. APPENDIX: GAMMA CONVERGENCE RESULTS

In this appendix we recall some basic concepts of I'—convergence that are needed
in the present paper. Although these results are well-known, we decide to include
this appendix in order to make the paper self contained. Also, the results presented
here are not stated in the most general form, but in a for that will be enough for
our work. For a complete presentation of the theory of I'-convergence, see the book
of Dal Maso [5].

Let v, and ¢ defined in a topological space X, with T? topology. For our
applications, X, will be a Banach space and we will consider the weak topology.
Then, a family of functionals v,, ['-converges to v if

e (liminf inequality) x,, —,  implies that ¢ (x) < liminf ¢, (z,) and
e (limsup inequality) there exists y, — x such that () > lim sup ¥y, (yn).

Theorem 5.1. Let X be a Banach space, and C' C X be closed and convex. Let
Y, P C — [—00, 00] be weakly lower semicontinuous, strictly convex and uniformly
coercive functionals (i.e. for every X, the set {x € C : ¢, (x) < A} C B, for every
n) such that v, T'-converges to . Then infe 1, = ming ¥, — infe ¢ = ming .
Moreover, if x,, € C is such that 1, (x,) = ming ¥y, then {x, }nen is precompact
and Y (xo) = ming ¢ where xg is any accumulation point of the sequence {x, }nen.

Proof. Let us start by observing that, since v,, weakly lower semicontinuous, strictly
convex and uniformly coercive functionals, for every n there is a unique x,, such
that v, (z,) = infc ¢, and (z,) is bounded if ¥, (x,) is bounded. Let us consider
now the following recovery function: = € C such that y,, — x. Therefore,

VYn(Tn) = igf% < n(Yn)-
So for every x we have

lim sup ¢, () < lim sup g (y) < ().
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Therefore,
lim sup ¥, (x,,) < igfz/; < o0

and we can conclude that z,, € {xr € C : ¢, (z) < A} C B, for every n > ng taking
A=infc+1. So (z,) is bounded and, via subsequences if necessary, x,, = xg € C
(remember that C is convex and closed, therefore weakly closed)).

Finally, observing that

iréfw < (zg) < liminf ¢, (2,) < lim inf(iréf Un),
the proof is complete. |

Remark 5.2. If ¢,, — % point-wise, the inequality of the inferior limit always
holds (it is enough to take y, equal to x for every n). Therefore, to obtain the
convergence of the functionals it would only be necessary to check the superior
limit inequality.
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