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MONOTONE ITERATIVE METHOD FOR FRACTIONAL
DIFFERENTIAL EQUATIONS

ZHANBING BAI, SHUO ZHANG, SUJING SUN, CHUN YIN

ABSTRACT. In this article, by using the lower and upper solution method, we
prove the existence of iterative solutions for a class of fractional initial value
problem with non-monotone term

D3+u(t) = f(t7u(t))7 te (Ovh)7
tl*o‘u(t)‘t:0 =wug # 0,
where 0 < h < +oo, f € C([0,h] x R,R), D§, u(t) is the standard Riemann-
Liouville fractional derivative, 0 < a < 1. A new condition on the nonlinear
term is given to guarantee the equivalence between the solution of the IVP

and the fixed-point of the corresponding operator. Moreover, Moreover, we
show the existence of maximal and minimal solutions.

1. INTRODUCTION

Fractional differential equations have recently proved to be useful tools in the
modeling of many physical phenomena. It draws a great application in nonlinear
oscillations of earthquakes, many physical phenomena such as seepage flow in porous
media and in fluid dynamic traffic model. For more details on fractional calculus
theory, one can see [1-6, 8-18]. Some recent contributions to the theory of fractional
differential equations initial value problems can be seen in [I].

In [15], the lower and upper solution method was used to study the IVP

D8+u(t) = f(t,u(t))a te (07 1)3 (0 <a< 1);
u(0) =0,
where f :[0,1] x [0, +00) — [0, +00) is continuous and f(¢,-) is nondecreasing for
each t € [0,1].
In [9], 13], the existence and uniqueness of solution of the initial value problem
Dy, u(t) = f(t,u(t)), (0<a<1;t>0), (1.1)
D u(0+) = uo. (1.2)

was obtained under the assumption that f : [0,1] x R — R is Lipchitz continuous,
by using the Banach concentration mapping principle.
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In [I7], the existence and uniqueness of solution of the initial value problem
Dgyu(t) = f(t,u(t), te(0,T],
tu(t)|

was discussed by using the method of lower and upper solutions and its associated
monotone iterative method. In [12], a new proof of the maximum principle was
given by using the completely monotonicity of the Mittag-Leffler type function.
We refer the readers to [10] for other applications of monotone method to various
fractional differential equations.

In the previous works, the nonlinear term has to satisfy the monotone or other
control conditions. In fact, the nonlinear fractional differential equation with non-
monotone term can respond better to impersonal law, so it is very important to
weaken control conditions of the nonlinear term.

Motivated by the above references, we focus our attention on the problem

D8+u(t) = f(tvu(t))v te (Oa h’)ﬂ (13)
' u(t)|,_, = vo, (1.4)

t=0 — U0

where f € C([0,h] x R,R), Dg, u(t) is the standard Riemann-Liouville fractional
derivative, 0 < a < 1. The existence of the blow-up solution, that is to say
u € C(0,h] and lim; o4 u(t) = oo, is obtained by the use of the lower and upper
solution method.

This paper is organized as follows. In section 2, we recall briefly some notion of
fractional calculus and theory of the operators for integration and differentiation of
fractional order. Section 3 is devoted to the study of the existence of solution for
utilizing the method of upper and lower solutions. The existence of maximal and
minimal solutions is also given.

2. PRELIMINARIES
Given 0 < a < b < +o0 and r > 0, define a set
Crla,b) ={u:u e C(a,b], (t —a)"u(t) € Cla,b]}.

Clearly, C..[a, b] is a linear space with the normal multiplication and addition. Given
u € Crla,b], define

= t—a)|u(t)),
Jul = gmas (¢ )" u®)|

then (C..[a, b], ||-||) is a normed space. Moreover, if {u,,} C C,[a,b] and ||u,—u| — 0,
then one has u € Cy[a, b]. In fact, setting vy, (t) = (t —a)"un(t), v(t) = (t —a) u(t),
then v, € C[a,b] and

|t — ull = 0 < ||vp — v]|oo — 0.

By the completeness of the space Cla,b], one has v € Cla,b], so u(t) = (t —
a)""v(t) € Crla,b]. Thus, (Crla,b],|| - ||) is a Banach space.

Lemma 2.1 ([9]). The linear initial value problem
Dy ult) + Au(t) = q(t),

tlfo‘u(t)|t:0 = ug,
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where A > 0 is a constant and q € L(0, h), has the following integral representation
for a solution

t
w(t) = D(a)uot™ Eaa~ M) + / (t— 8)*  Ea (-t — 5)*)q(s)ds.

0

Here, E, (t) is a Mittag-Leffler function.

Lemma 2.2. For 0 < a < 1, the Mittag-Leffler type function Eq o(—Xt) satisfies
1
I'(a)’
Proof. According to [12] 4], the function g(t) := E4o(—XMt%), t € (0,+00) is
completely monotonic, that is to say that g(t) possesses of derivatives ¢(™(t) for
all n = 0,1,2,..., and (=1)"f(™(t) > 0 for all t € (0,00). This combined with
the fact that E, o(—At*) is continuous on R and E, ,(0) = 1/T'(a) yields the
conclusion. d

0 < Eqa(—AtY) < t€]0,00), A >0.

Lemma 2.3 ([7]). Suppose that E is an ordered Banach space, xo,yo € E, o < yo,
D = [zo,%], T : D — E is an increasing completely continuous operator and
xo < Txo, yo > Tyo. Then the operator T has a minimal fized point z* and a
mazimal fized point y*. If we let

Tn=TTn_1, Yn=TYn—1, n=123,...,
then
oS 21 S2p < S < Sy <o < ya Sy < o,
Ty — %, yp — Yy

Definition 2.4. A function v(t) € C1_,[0, k] is called as a lower solution of (1.3),
(1.4), if it satisfies
DEu(t) < f(to(t), te (0,h), (2.1)

= v(t)],_, < uo. (2.2)

Definition 2.5. A function w(t) € C1-4[0,h] is called as an upper solution of
(1.3), (1.4), if it satisfies
Dg-l-w(t) Z f(t,’U)(t)), t S (07 h’))
tl_aw(t)’tzo Z uQ- (24)

3. EXISTENCE OF SOLUTIONS

The following assumptions will be used in our main results:

(A1) f:[0,h] x R — R and there exist constants A,B > 0and 0 <r; <1<
ro < 1/(1 — ) such that for t € [0, h)

[f(t,u) — f(t,v)] < Alu —v|™ + Blu —v|™, wu,veR. (3.1)
(A2) Assume that f:[0,h] x R — R satisfies
flt,u) — ft,v) + AMu—wv) >0, fora<wv<u<a, (3.2)

where A > 0 is a constant and 4, @ are lower and upper solutions of Problem

(C3), () respectively.
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Remark 3.1. Assume that f(¢,u) = a(t)g(u) and g is a Holder continuous func-
tion, a(t) is bounded, then (3.1 holds.

Theorem 3.2. Suppose (Al) holds. The function u solves problem (1.3)), (1.4)) if
and only if it is a fived-point of the operator T : C1_4[0, h] — C1_4[0, h] defined by

(Tu)(t) = T(Q)uot® ' Eq,o (=A%)
+ / (t = 5) 7 Eqa(=A(t = 8)*)[f(s, u(s)) + Au(s)]ds.
0

Proof. Firstly, we need to show that the operator 1" is well defined, i.e., for every
u € C1_4[0,h] and t > 0, the integral

=97 B (A = )55 + Ao

belongs to C1_40, h].
Under condition (3.1]),

[f(t,u)] < Afu|™ + Blu[" + C,

where C' = max¢c[o,5 f(t,0).
By Lemma [2.2] for u(t) € C1_4[0, ], we have

67 [t = 9% Baal-A = 9°) (s, u(s) + Na(s))ds|
0
<t /0 (t=5)""" Baa(=A( = 5)*)[ (s, u(s)) + Au(s)|ds
< o /0 (t — $)* " Eaa(—=A(t — 8)*) (AJu|™ + Au| + Blu|"? + C)ds

<o /0 (t = )7 Eaa(=A(t = 5)) {450 s~ u(s)] )"

+ AT 1Yy (s)| + Bs@ 2 [s170u(s) ]2 + C'hds
Al At~

t t
t —s)etgla=Drmge 4 7/ t—s)* s s
ra ) @ Jo 77

Blu[rt-e [t o ot
t— g)® (x 1)r2d
I(@) /o‘ s T
I()

I'fla—1)r1 +1 1) tatl—a o
((C(f_ 1>r1) it +>1) N et
I((a—1)ry +1) fla=Dratati-a ct
((a=1)ro+a+1) MNa+1)
< Tlla—1r + 1 Ap(e= D+t I'(a)
- M(a—1)r1 + a4+ 1) I'(2a)
I[(a — 1)ry + 1] Bh(o—Dratl Ch

Ma-Dnrard " tar

< Aljul|™
< A" ¢

Bllu|™
+ Blul -

[Jall™ + Alull h®

_|_

That is to say that the integral exists and belongs to C1_,]0, h].
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The the above inequality and the assumption 0 < 7 <1 < ro < 1/(1 —«) imply
that

tgrg+t1_a/o (t = )% Baa(—A(t — 8))[f (s, u(s)) + Au(s)]ds = 0.

Combining with the fact that lim; oy Eqo o(—AY) = Eq,o(0) = 1/T'(a) yields that
limy oy t17(Tu)(t) = up.

The above arguments combined with Lemma implies that the fixed-point of
the operator T solves , . And the vice versa. The proof is complete. [

In the following, we consider the compactness of a set of the space C[0, h]. Let
F C C.[0,h] and E = {g(t) = t"h(t) | h(t) € F}, then E C C|0, h]. It is clear that
F is a bounded set of C,[0, h] if and only if E is a bounded set of C[0, h].

Therefore, to proof that F' C C,.[0, k] is a compact set, it is sufficient to prove
that E C C[0, ] is a bounded and equicontinuous set.

Theorem 3.3. Suppose (A1) holds. Then T is a completely continuous operator.

Proof. Given u,, — u € C1_4[0, k], with the definition of T" and condition (A1),
one has

| T, — Tull
= [t""*(Tun — Tu)| oo

¢
= max ‘tl’o‘/ (t —8)* By 0 (=Mt — 8)M)[f(s,un) — f(5,u) + A u, —u)ds
<t< 0
t
< —— max tl_("/ (t — 8)* HAup — u|™ + Blun, — u|™ + Nuy, — ul]ds
0
1 t
< — [A max tlf‘”‘/ (t —s) tgTmma)gnl=a)y, g1 ds
0
¢
+ A max tl_a/ (t — s)* ts~ U= g(I= |y — y|ds
< 0
¢
+ B max tlfo‘/ (t — s)2 LgTralma)gral=a))y, u|r2ds}
0
1 t
< == [AHun —u|™ max tl_"‘/ (t —s)* ts =)y
0<t<h o

t
+ Al|ug — ull Omax tlfo‘/ (t — 5)047187(170‘)&9
= 0

0<t<h
Allun —ul|" P = — ]y 1y Allun — ulTlo],
- Ml—m(l—-a)+q] I'[2¢]
Bl|lup — u]|™2T[1 — r2(1 — )]
Tl—r(l—a)+a
—0, (n—o0).

t
+ Bl|lun — u]|™ max tl_“/ (t— S)a—ls—rz(l—a)ds}
0

hlfrg(lfoz)

That is to say that T is continuous.
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Suppose that F' C C1_,[0, h] is a bounded set. The argument as in the proof of
Theorem [3.2) shows that T'(F) C C1_4]0, h] is bounded.

At last, we prove the equicontinuity of T'(F'). Let fi(t,u) = f(t,u) + Au. Given
e >0, for every u € F and ty,t5 € [0, h],t1 < to,

[ (Tw) ()] e=t, — [t (Tw) ()=, |

< [D(@)u B oA 4 11 /0 (t = )" Eo o (~A(L— 5)°)fi (5, u(s))ds]

ta

ty

ay]t2 1 t2 11—« oa—
< [P0 Eaa =N+ iy [0 = 9 o (el
+ ﬁ/o 1 [t%fa(tg —8) T Tty — s)o‘_l} st |sl_af1(s,u(s))‘ ds.

For the first term of the above formula, by the function E, ,(—At%) is continuous
and therefore uniformly continuous on [0, k], there exists é; > 0 such that when
‘tg — t1| < 51, there is
t €
[F(a)uoEa,a(f)\to‘)]tf <3
For the second term, by the continuity of t3~*(ty — 8)*~!|f1(s,u(s))], there is a
positive M7 such that

1 —a a—
() [t57(t2 — 8)* " fa(s,u(s)| < M,
Thus, letting d2 = €¢/(3M1), when |ty — #1]| < Ja, we have
1 2 1 €
—— [ty — s)* ds < =
Ry L 77— s o) lds < 5

For the third term, fotl 5% tds = (t1)*"!/(a—1). By the continuity of the function
s17f1(s,u(s)), there is a positive constant My such that

5" fi(s,u(s))| < Moy

The function t5~%(ty — s)*~' —t17%(t; — s)*~! is continuity and therefore uniform
continuity on [0, k], so there exists d3 > 0 such that when [to — #1] < 3, there is

LIRS 1 _ 41— 1 e(a—1)
724: @ t _ « _t e t . o ela—1)
LI A R T
thus
1 t1 11— a—1 1—c 011 o-11 1-a €
F(a)/o [t (ta = )" =t (=) ] T [T f (s, u(s)| ds < 3

To sum up, Given € > 0, for every u € F' and t1,t5 € [0, h], let 6 = min{d1, 2,03},
when |to — t1| < 0, there holds

|t (Tu) () =ty — [t (Tw) ()=, | < e
That is to say that T(F) is equicontinuous. The proof is complete. O

Theorem 3.4. Assume (A1), (A2) hold, and v, w € C1_4[0, h] are lower and upper
solutions of (1.3) and (1.4) respectively, such that

v(t) <w(t), 0<t<h. (3.3)
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Then, the fractional IVP (1.3), (1.4) has a minimal solution z* and a mazimal
solution y* such that

2= lim TMv, y* = lim T w.

n—oo n—oo

Proof. Clearly, if functions v, w are lower and upper solutions of IVP (L.3)), (1.4),
then there are v < Tw,w > Tw. In fact, by the definition of the lower solution,
there exist ¢(t) > 0 and € > 0 such that

Dgyo(t) = f(t,v(t) —q(t), te(0,h),
() = up — e
Using Theorem [3.2] and Lemma one has
v(t) = T(a)(ug — )t 1 Ey o (—AY)

+ / (t— ) B a(=A(t — $)*)[(5,0(5)) + Mols) — q(s)]ds
< (Tw)(t).

Similarly, there is w > Tw.

By Theorem the operator T : C1_4[0,h] — C1_4[0,h] is increasing and
completely continuous. Setting D := [v, w], by the use of Lemma the existence
of z*,y* is obtained. The proof is complete. O
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