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LOCAL WELL-POSEDNESS FOR AN ERICKSEN-LESLIE’S
PARABOLIC-HYPERBOLIC COMPRESSIBLE
NON-ISOTHERMAL MODEL FOR LIQUID CRYSTALS

JISHAN FAN, TOHRU OZAWA

Communicated by Mitsuharo Otani

ABSTRACT. In this article we prove the local well-posedness for an Ericksen-
Leslie’s parabolic-hyperbolic compressible non-isothermal model for nematic
liquid crystals with positive initial density.

1. INTRODUCTION

We consider the following Ericksen-Leslie system modeling the hydrodynamic
flow of compressible nematic liquid crystals [I1, 2] 8], [, 5]

Op + div(pu) =0, (1.1)

O (pu) + div(pu @ u) + Vp(p, ) — pAu — (A + p)Vdivu

1 1.2
=-V. (Vd@ Vd — 5|Vd|21[3), (1:2)

Ot (pe) + div(pue) + pdivu — A = g|Vu + Vul |2+ A(divu)? + |d?, (1.3)
d—Ad=d(|Vd?—|d?), |d =1, inR3x (0,00), (1.4)
<p7u79ada dt)(70) = (p07u0a907d0,d1) in Rga |d0| = 1; dO . dl =0. (15)

Here p,u, 0 is the density, velocity and temperature of the fluid, and d represents
the macroscopic average of the nematic liquid crystals orientation field. e := Cy 6
is the internal energy and p := Rpf is the pressure with positive constants Cy and
R. The viscosity coefficients p and A of the fluid satisfy 4 > 0 and A+ %,u > 0. The
symbol Vd ® Vd denotes a matrix whose (i, j)th entry is 0;d0;d, I3 is the identity
matrix of order 3, and it is easy to see that

1 .
div (Vd@ Vd - 5|Vd\2]13) = =3 VdiAdy,d = d; +u-Vd.
k

u® is the transpose of vector v and Oyu = ;.

System - is the well-known full compressible Navier-Stokes-Fourier sys-
tem. When u = 0, reduces to the wave maps system, which is one of the
most beautiful and challenging nonlinear hyperbolic system. It has captured the

2010 Mathematics Subject Classification. 35Q30, 35Q35, 7T6N10.

Key words and phrases. Compressible; liquid crystals; local well-posedness.
(©2017 Texas State University.

Submitted February 23, 2017. Published September 25, 2017.

1



2 J. FAN, T. OZAWA EJDE-2017/232

attention of mathematicians for more than thirty years now. Moreover, the wave
maps system is nothing other than the Euler-Lagrange system for the nonlinear
sigma model, which is one of the fundamental problems in classical field theory.

When 0 is a positive constant and the equation is replaced by a harmonic
heat flow

d— Ad=d|Vd|?, (1.6)

this problem has received many studies. Huang, Wang and Wen [, [7] (see also
[8, @]) show the local well-posedness of strong solutions with vacuum and prove
some regularity criteria. Ding, Huang, Wen and Zi [10] (also see [IT], [12]) studied
the low Mach number limit. Jiang, Jiang and Wang [13] (see also [14]) proved the
global existence of weak solutions in R2.

When the fluid is incompressible, i.e., divu = 0, the similar model has been
studied in [I5, [16].

The aim of this article is to prove a local-well posedness result when inf pg > 1/C,|
we will prove the following result.

Theorem 1.1. Let 1/C < py < C, 0 < 60y, Vpy € H?, ug, 0o, do, Vdy € H?3,
with |do| = 1,dp - dy = 0. Then problem (1.1)-(1.5) has a unique strong solution
(p,u,0,d) satisfying

éﬁpSC, 0<0, |d=1,
Vpe L®0,T; H?), wu,0,d,Vde L>(0,T;H®), (1.7)
u,0 € L?(0,T; HY), g, 6, € L*(0,T; H?)
for some T > 0.

. . _(cos¢ )
Remark 1.2. When n = 2 and taking d := (sin ¢>, System ([1.1))-(1.4)) reduces to

Op + div(pu) =0,
O (pu) + div(pu @ u) + Vp(p, ) — pAu — (A + p)Vdivu
1 2
=V (Ve Vo VoL,
O(pe) + div(pue) + pdivu — Al = %|Vu + Vul|? + Mdivu)? + ¢,
é—A¢p=0.
And hence the well-known wave map
dyy — Ad = d(|Vd|* — |d¢|?)
reduces to the wave equation ¢z — A¢ = 0.

Remark 1.3. Let d be a smooth solution to the system (|1.4]) with the initial data
(d,d;)(+,0) = (do,d1), if the initial data (dg,d;) obeys the conditions

|do| =1, do-di =0,
then we have |d| =1 and d - d; = 0 for all times ¢.
Proof of Remark[1.3 Denote w := |d|> — 1, multiplying by d, we see that
W — Aw = 2w(|Vd|* — |d|?).
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Testing the above equation by w, we find that
1d
2dt
= 2/w1b(|Vd|2 —|d)?) dz + /Aw(u -Vw) dx — /(u V)i - b d

(? + |Vw|?)dx

; 1
:2/wu’1(|Vd|2— |d|2)dx—Z/8jui8iw8jwdx+5/|Vw|2divudx
1 [ .5
+§ w* divu dz
< C/(w2 + 1% + |[Vw|?) dz.

On the other hand, we observe that

1d

23 dem:/w(w—u-Vw)da:SC’/(w2+w2+|Vw|2)dI~

Combining the above two estimates and using the Gronwall inequality, we finish
the proof. 0

‘We denote

M(e) =1+ sup {3l + ol sl + 1900 8) 2+ e 5) s

0<s<t

168G, )l + G 5) s + IV, 5) s ()
+ lull 2 (0,4m4) + lwell L2 (0,6m2) + 101 2200,654) + 106l 220,472y -
Theorem 1.4. Let T* be the maximal time of existence for problem - n
the sense of Theorem[1.1, Then for any t € [0,T*), we have that
M (t) < CoM(0) exp(VtC(M(t))) (1.9)
for some given nondecreasing continuous functions Co(-) and C(-).

It follows from ([1.9) [17, 18] 19] that

sup M(t) <C (1.10)
0<t<T

for some T € (0,7).
In the proofs below, we will use the following bilinear commutator and product
estimates due to Kato-Ponce [20]:

ID*(fg) = fD*gllrr < CUIV o |ID* glliper + 11D fllLea llgllze), — (1.11)
1D*(fPllLr < C(f e |D*gllLar + [[D* fllLr2 (gl Loz ) (1.12)

: i_ 1,1 _ 1,1
Wlth$>()aund;—p1 + 4 —p2+qzandl<p<oo.. '
The proof of the uniqueness part is standard, we omit it here.
It is easy to prove Theorem [I.1] by the Galerkin method if we have (L.9) [6], thus
we only need to show a priori estimates (|1.9)).
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2. PROOF OF THEOREM [L.4]

Since the physical constants Cy and R do not bring any essential difficulties in
our arguments, we shall take Cyy = R = 1. First, it follows from (|1.1) that

t
plast) = polu(Oiar ) exp { — [ divuly(sia, ), 5)ds), (21)
0
where y(s;x,t) is the characteristic curve defined by
d
Y —uly.s), yltiot) =
Then (2.1]) gives
1
Dy p < Coexp(tC(M)). (2.2)

Applying V to (1.1)), testing by Vp, we see that
1d

ST / Vol dz = f/VdiV(pu)Vpd:c <C(M),

which yields
V(- t)llr2 < Co +tC(M). (2.3)
Applying D3 to (1.1), testing by D?p, using (1.11]) and (1.12)), we find that

1d 3 \9
5@/(DP) dx

=— /(D3(qu) —u-VD?p)D*pdx — /u -VD?p-D*pdx

—/Ds(pdivu)D3pdm
< C(IVullL=l|D?pll 2 + IVl Lo [|D*ul 22 )| D pll 12

+ Cllpllp=lID? divul 2 + || divullz||Dpl| 1) D?pl 2
< C(M) + C(M)||D? div ul 2,

which leads to

I1D?p(-, )| 2 < C + VIC(M). (2.4)
It is easy to show that
t
lu(, )l 2 = [[uo +/ wds|| gz < Co + VIC(M), (2.5)
0
16(- )]l > < Co + VIC(M). (2.6)

Testing (|1.4) by d and using d - d = 0, we infer that
1 . .o
5% (|d|? + |Vd|*)dx = /u -Vd-Addx — /(u -V)d - ddx < C(M),
which implies
ld(-, D)2z + V(- B)] 2 < Co +tC(M). (2.7)
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Taking D3 to (1.2)), testing by D3u and using (1.1]), we derive

1d
Sq p|D3u|2dxJru/|VD3u|2 dx + ()\+,u)/(divD3u)2 dz

= /D3p -div D3u dx — /(D?’(pu -Vu) — pu - VD3u)D3u da
- /(D?’(put) — pD*u)DPuds — /(D3(Vd-Ad) _Vd-AD*d)DPuds (2
- /(D3u -V)d - AD*d dx

=h+4+L+Is+1y—1Is.

Applying D? to (1.4) and testing by D?’d, we obtain
1d
2dt

= - /(D3(u -Vd) —u-VD3d)D3d dx — /(u -V)D?d - D3d dx

/(|D3d|2 + |VD3d|?) da

+/D3(d(|Vd|2 - |d|2))D3ddx+/AD3d- (u- VD3d)dx (2.9)
+ /AD3d - (D*(u-Vd) —u-VD3d — (D3u-V)d)dx + I5
=l + Lo+l + Ly + U5 + Is.

Summing (2.8)) and (2.9), we have
1d
2dt

+ u/ |VD3u|? dz + (A + p) /(div D3u)? dx

(p|D3u)? + |D3d|? + |VD?d|?) da:

(2.10)

= Z(Ii +0;) + C5.
=1

Using (1.11)) and (1.12), we bound I; (i =1,--- ,4) and ¢; (i =1,--- ,5) as follows.

Iy < C(llpllp 1 D0 L2 + [16]| 2= D% pll L2) | div Dul| 12 < C(M)]| div Dl 25
L < C(IV(pu) L= |1 D*ul 2 + [Vull < 1 D? (pu) | 2) [ DPul 2 < C(M);
Is < C(IVpllpe | D*url L2 + lluellz | D*pll o) | Dull L2 < C(M)lue] 25
Iy < O||V2d||p || D*d|| 2 | D*ul| 2 < C(M);
b < C||Vul|z=||D*d| 72 + C|| V]| | D*ul g2 ]| D*d]| 12 < C(M);

1 .
tr=3 / |D3d|? divudr < C(M);

t3 < C||d|| L | D*(IVd[* = d|*)|| 2 + (V|7 + |d]|7) |1 D*d] 2] || D3d]| 12
< CO(M);
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by=> / u;0; D*d0; D*d dx

4,J
2,7 1,7
< O||Vul | DUd||7= < C(M);
ls = / AD3*d(CyD*u - VDd + CyDu - VD*d)dx
= Z / 0;D?*dd;(C, D*uV Dd + CyDu - VD?*d)dx

< C| D L2 (1D ull 2| V2] e + | D?ul| s || DPdl e + [[Vul| o< [ D*d]| 2)

< C(M).
Inserting the above estimates into (2.10]), we have
1d :
5 /(p|D3u|2 + |D3d|? + |VD?d|*)dx
+u/|VD3u|2d:c+ (A+u)/(divD3u)2d:v (2.11)

< C(M)||div D3ul| g2 + C(M) + C(M)]|ju| g2
Integrating the above estimates in [0, t], we arrive at

t
D% s + 1D Ol + VDI + [ f Dt deds

< Cyexp(VtC(M)).
On the other hand, it follows from (|1.2)) that

1 1

we=—uVut (1w + A+ p)V diva — Vp— V- (VAo Vd - 5\Vd|21[3)}
which easily implies

[l L2 (0,6512) < Coexp(VIC(M)). (2.13)

Applying D? to (L.3)), testing by D3¢ and using (L.1), (L.11)), and (L.12), we have

1d
- D3 2 / D3 2
5l p(D°0)*dx + | |VD?0|° dx

=— /(D3(pu V) — pu - VD?0) D30 dx — /Dg(pdivu) - D30 dx
- [ (D680~ p*0) D0
+ /D3 [g|Vu + V' 2 4+ A(divu)? + [d|2] D30 dx

< C(IV(pu) || D?0]| L2 + VO] o< | D* (pu) | £2) | D6 2
+ O(|[pllp=|D? divul L2 + || divu o || D*pl| £2) [ D?0]| 2

+CUIVollL=1D*0¢l|z + 10cl Lo | D pl|2) | D0 2
+O(|Vul| = |D ] 2 + d]| o | D*dl|2) | D6 2



EJDE-2017/232 ERICKSEN-LESLIE MODEL 7
< O(M) + C(M)||D? divul 2 + C(M)||0;]| 2 + C(M)|[D*ul 2,
which gives
D30, )% + /Ot / D02 da ds < Co exp(VIC (M), (2.14)
On the other hand, from if follows that
0y = —u-Vl— g divu + % [%Nu + Vul |2 + Mdivu)? + |d)?] , (2.15)

which easily leads to
16¢]l 20,65122) < Co exp(VEC(M)). (2.16)
This completes the proof.
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