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GEVREY REGULARITY OF THE SOLUTIONS OF
INHOMOGENEOUS NONLINEAR PARTIAL
DIFFERENTIAL EQUATIONS

PASCAL REMY

ABSTRACT. In this article, we are interested in the Gevrey properties of the
formal power series solutions in time of some inhomogeneous nonlinear par-
tial differential equations with analytic coefficients at the origin of C**1. We
systematically examine the cases where the inhomogeneity is s-Gevrey for any
s >0, in order to carefully distinguish the influence of the data (and their de-
gree of regularity) from that of the equation (and its structure). We thus prove
that we have a noteworthy dichotomy with respect to a nonnegative rational
number s, fully determined by the Newton polygon of a convenient associated
linear partial differential equation: for any s > s., the formal solutions and the
inhomogeneity are simultaneously s-Gevrey; for any s < sc, the formal solu-
tions are generically s.-Gevrey. In the latter case, we give an explicit example
in which the solution is s’-Gevrey for no s’ < s.. As a practical illustration,
we apply our results to the generalized Burgers-Korteweg-de Vries equation.

1. PROBLEM SETTING

The nonlinear evolution equations are often used to represent the motion of the
isolated waves, localized in a small part of space in many fields such as optical fibers,
neural physics, solid state physics, hydrodynamics, diffusion process, plasma physics
and nonlinear optics (nonlinear heat equation, nonlinear Klein-Gordon equation,
nonlinear Euler-Lagrange equation, Burgers equation, Korteweg-de Vries equation,
Boussinesq equation, etc.).

When studying such equations, one of the major challenges is the determination
of exact solutions, if any exists, and the precise analysis of their properties (dy-
namic, asymptotic behavior, etc.) in order to have a better understanding of the
mechanism of the underlying physical phenomena and dynamic processes. To do
that, one possible way is given by the summation theory which allows to construct
analytic solutions from formal ones.

The present work is devoted to the study of these formal solutions (existence,
unicity, Gevrey properties), which is the first step towards this approach. More
precisely, we consider an inhomogeneous nonlinear partial differential equation with
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a l-dimensional time variable ¢ € C and a m-dimensional spatial variable =z =
(®1,...,2,) € C" of the form

Ofu — Z Z ( Z t”i*qﬁpai,q,p(t,x)up)ati(?gu = f(t,z)

1€ qEQ; pEP; 4 (11)
ANHu(t,x) =0 = pj(x), j=0,....,6—1
where
e x> 1 is a positive integer;

KC is a nonempty subset of {0,...,x —1};

Q; is a nonempty finite subset of N™ for all ¢ € K (N denotes the set of the

nonnegative integers);

e P, , is a nonempty finite subset of N for all ¢ € K and g € Q;

® v; 4p > 0 is a nonnegative integer for all i € K, g € Q; and p € P; ;

e the coefficients a; 4,(t, z) are analytic on a polydisc Dy, . ,. = D, X
D,, x --+x D, centered at the origin of C"*! (D, denotes the disc with
center 0 € C and radius p > 0) and satisfy a; 4,(0,2) # 0 for all i € K,
g€ Q;and pe P

e 0% denotes the derivative 9! ...0¢" while ¢ := (q1,...,¢,) € N";

e the inhomogeneity f(¢,z) is a formal power series in ¢ with analytic coef-
ficients in D, . ,. (we denote by ft,z) € O(Dp,,....p,)[t]]) which may
be smooth, or not; (We denote fwith a tilde to emphasize the possible
divergence of the series)

e the initial conditions ¢;(z) are analytic on D,, ., for j=0,...,x— 1.

Looking for a formal solution u(t,z) € O(D,,
g(t,z) € O(D,, ... p,)[[t]] in the form

o) [[t]], and writing any element

.....

~ t’ . .
g(t,x) = Zgjy*(:c)f' with g, «(z) € O(D,, ... ,,) for all j,
720 J
we easily get that the coefficients u; . (x) of u(t,x) are uniquely determined by the
recurrence relations
Ujtr,» (T)

= fix(@)
N Z Z Z Z i g o (X)) () .. wg, o (2)03ug, | yi(T)

Lolly) . 0!
i€EK q€Q; pEP; ¢ Lo+ li+-+Lp+ 0°%1 ptp+l

Lp41=J—iq,p

1.2
together with the initial conditions u;.(z) = ¢;(z) for j =0,...,k — 1. As ugual),
we use the classical conventions that the fourth sum is zero as soon as j —v; 4, <0,
and that the product %W is 1 as soon as p = 0.

The purpose of the paper is to answer to the question:
What relationship exists between the Gevrey order of the formal

solution u(t, ) and the Gevrey order of the inhomogeneity f(t,x)?

Indeed, according to the algebraic structure of the s-Gevrey spaces O(D,, . ,.)[[t]]s
(see Section [2| for the exact definition of theses spaces), it is classical one has

u(t,xz) € O(D,,

..... p)[tlls = f(t,2) € O(Dy, . p, )]s
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But, what can we say about the converse?

A first answer was provided by the author in [37] (see also [30, 35] for some
particular examples) in the linear case (case P; ; = {0} for all ¢ and ¢) and in the
semilinear case with a polynomial nonlinearity in u (case Py o N (N\{0}) # 0 and
P; , = {0} for all (7,q) # (0,0)); that is for the equations of the form

L(u) — P(u) = f(t,z), (1.3)

where L is a linear partial differential operator of the form

L = 8{‘ — Z Z ai,q(tax)azagv

1€ qeQ;

and where P(X) is either zero or a polynomial with valuation > 2 in X and with
analytic coefficients at the origin of C**1. In particular, he proved that the Gevrey
orders of the formal solution u(¢, ) and the inhomogeneity f(t, x) are closely related
through a special value, called the critical value of and denoted in the sequel
by s., which is fully determined by the Newton polygon at ¢ = O of the linear
operator L.

Proposition 1.1 ([37]). Let s. denote the nonnegative rational number equal to
the inverse of the smallest positive slope of the Newton polygon att = 0 of the linear
operator L if any exists, and equal to 0 otherwise. Then

(1) @(t,z) and f(t,2) are simultaneously s-Gevrey for any s > Se;
(2) u(t,z) is generically s.-Gevrey while f(t,z) is s-Gevrey with s < sc.

Remark 1.2. When the inhomogeneity f(¢,z) is s-Gevrey with s < s., the hy-
potheses made on do not allow in general to specify the exact Gevrey order
of the formal solution u(¢, x) as in the opposite case s > s. (Point 1). However, the
second point of Proposition [I.1] asserts that this order is always less or equal to s,
(This is obvious due to the filtration of the Gevrey spaces (see Section and the
first point of Proposition ) and that this inequality is the best possible. Indeed,
one can easily find cases for which @(¢, z) is exactly s.-Gevrey (see [37, Prop. 4.11]
for instance).

In this article, we propose to extend the results of Proposition to the very
general . Similarly as the equations of the form 7 the critical value s. of
this equation is fully determined by the Newton polygon at ¢ = 0 of a convenient
linear partial differential operator, called the associated linear operator. Section
[3] is devoted to the study of this operator: after a heuristic approach using two
simple examples (Section , we describe the general geometric structure of its
Newton polygon at ¢t = 0, and we derive from this the value of s. as well as some
fundamental associated inequalities (Section . In Section |4} we state our main
result (Theorem and some direct consequences. The proof of Theorem is
developed in Sections [f] and [6}

Before remembering some results about the Gevrey formal series (Section, let
us mention here that a similar problem has already been studied by Tahara in [46]
in the case of real variables. However, the calculations we develop in this paper are
based on a very different approach.

Let us also mention that other slightly different works have also been done for
several years by many authors towards the convergence [21], 23] 43] and the Gevrey
order [14), [15], 22| B9, [40] (41} [42] [44], [45] of the formal power series solutions of
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some singular nonlinear partial differential equations, and towards the summability
[17, 191 26, 341, B6] B8] of the formal power series solution of some nonlinear partial
differential equations. Furthermore, in [12} [13], Lastra and Malek considered some
parametric nonlinear partial differential equations; in [18], Malek investigated the
Gevrey properties of some nonlinear integro-differential equations. Of course, given
the technical and computational difficulties inherent in the nonlinearity, the known
results, especially in the framework of the summability or the multisummability,
are currently far fewer than in the linear case.

2. GEVREY FORMAL SERIES

All along the article, we consider ¢ as the variable and x as a parameter. Thereby,
to define the notion of Gevrey classes of formal power series in O(D,, .. ,.)[[t]],
one extends the classical notion of Gevrey classes of formal power series in C[[t]]
to families parametrized by z in requiring similar conditions, the estimates be-
ing however uniform with respect to z. Doing that, any formal power series of
O(Dp,,....p.)[t] can be seen as a formal power series in ¢ with coefficients in a
convenient Banach space defined as the space of functions that are holomorphic on
a polydisc D, .., (0 < p < min(py,...,pn)) and continuous up to its boundary,
equipped with the usual supremum norm. For a general study of the formal power
series with coefficients in a Banach space, we refer for instance to [2].

In the sequel, we endow C™ with the maximum norm: for z = (z1,...,z,) € C",
|zl = max |z
Le{1,...,n}

Definition 2.1. Let s > 0. A formal power series

~ td
it e) = (@) 5 € 0Dy, ..., IIE]
: J:
720
is said to be Gevrey of order s (in short, s-Gevrey) if there exist three positive
constants 0 < p < min(py,...,pn), C >0 and K > 0 such that the inequalities

sup [uj.(z)] < CKT(14 (s +1)j)
lz]|<p

hold for all j > 0.

In other words, Definition means that u(¢,x) is s-Gevrey in ¢, uniformly in
2 on a neighborhood of z = (0,...,0) € C".

We denote by O(D,, ... ».)[[t]]s the set of all the formal series in O(D,, .. ,.)[[t]]
which are s-Gevrey.

Observe that the set C{t,x} of germs of analytic functions at the origin of C"*!
coincides with the union Up, >0, 5, >00(D,, ... . )[[t]lo. In particular, any element
of O(D,, ... p.)|[t]]o is convergent and C{t,z}NO(D,, ... .. )[[t]] = O(D,,.....p. )[[t]lo-

Observe also that the sets O(D,, .. ,.)[[t]]s are filtered as follows

O(me..,pn)[[ﬂ]O - O(DP17~~>Pn)HtHS C O<Dp1,~-7pn)[[ﬂ]5’ - O(Dph-u,pn)[[t]]

for all s and s’ satisfying 0 < s < 8’ < +o0. The following proposition specifies the
algebraic structure of O(D,, . ,.)[[t]]s

Proposition 2.2. Let s > 0. Then the set (O(D,, .., )[tlls, 0, Opyy...,0z,) 15 a
C-differential algebra.



EJDE-2023/06 GEVREY REGULARITY OF INHOMOGENEOUS NONLINEAR PDES 5

Proof. Since (O(D,, ... p)[tl], 01, Oz, s - - ., O, ) is a C-differential algebra, it is suffi-
cient to prove that O(D,, . ,.)[[t]]s is stable under multiplication and derivations.

The proof of the stability under the multiplication and the derivation 0; is similar
to the one already detailed in [31, Prop. 1] (see also [2, p. 64]) in the case n = 1.

To prove the stability under the derivation 9,,, with £ € {1,...,n}, we proceed as
follows. Let u(t,z) € O(D,, ..., )[[t]]s as in Definition 2.1 and w(t, z) = 9,,u(t, x).
For a given 0 < p’ < p, the Cauchy Integral Formula gives us, for all 7 > 0 and all
]| < p':

1 ug . (z')
ik = 8 i % == i n d ,’
wy, (Z‘) 2o U, (I) (in)n L(I) (552 7.%@)2 szl(x; 7xk) €
kA

where y(z) = {2’ = (21,...,2},) € C";|z}, —xp| =p—p' forall k € {1,...,n}}.
Hence, the inequalities

sup |wj.(2)] < C'KIT(1+ (s +1)j) with ¢’ =

llzll<p’

for all j > 0.

Y
Indeed, the definition of the path () implies ||z’|| < p. The proof is complete. O

Observe that the stability under the derivation 9,, would not be guaranteed
without the condition “there exist 0 < p < min(py,...,pn) ...” in Definition

3. ASSOCIATED LINEAR OPERATOR

As we said in Section |1} the critical value of is fully determined by the
Newton polygon at t = 0 of a convenient linear partial differential operator. In
Section below, we investigate two simple examples to heuristically introduce
this operator.

3.1. Two preliminaries examples.

Example 1: a fundamental equation. In this first example, we consider the equation
Opu = t"uP0lu, wv,p>0,q¢>2
1 3.1

in two variables (¢,z) € C2. When p = 0, (3.1)) is linear and the Newton polygon at
t = 0 of its associated linear operator d; — 9% (see Figure[l)) has a unique positive
slope, which is equal to k = ;‘:—11’ 130, B37].

_7&

FIGURE 1. Newton polygon at ¢ = 0 of 9, — Y04

-1
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Hence, applying Proposition its formal solution u(t,z) is generically s.-
Gevrey with s, = % = ‘{4__11) In fact, using a method similar to the one developed
in [30, Prop. 4.11], one can even show that @(¢, x) is exactly s.-Gevrey.

When p > 1, is no longer linear, but the particular value s. continues to

play an important role as shown by the following result.

Proposition 3.1. The formal solution u(t,x) of (3.1)) is exactly s.-Gevrey for any
p > 0.

Proof. According to the general identities (L.2)), the coefficients u; .(x) of u(t, z) are
recursively determined from the initial conditions ug,.(z) = 2= by the relations

Z e, () .. g, «(2)0%ug, (2 )

Uji14(2) = j!

! !
i Gl Lyl
Lpr1=7—v
From this, we first derive that
o the terms u;(14y)4¢,+ () are zero for all j > 0 and all £ € {1,...,v};

e the terms u;(11,),.(7) read for all j > 0 in the form
— aj
U1+ (7) = (1 — x)ilatp)+1’
where the coefficients a; is positive and satisfies the inequalities
Aj<a; < Cjprdy
with
(Jlg+p)) d
Aj = — H H (€= 1D(A+2) +m);
H%:lnfn:l(gq"_(g Dp+m) ;21 =

and Cypy1 = 1 and, for all j > 1, Cj 41 = the number of the nonzero
terms in the sum

Z gy o () .o g, ()08, « ()

O ! '

bttt
Lpr1=(j—1)(1+v)
As previously, we use in the definition of A; the classical convention that the prod-
ucts are 1 as soon as j (or p, or v) is zero.
The constants A;’s can be bound for all j > 0 by applying technical Lemmas
and [3.3] To bound the constants Cj 4 1’s, it suffices to observe that the property

ug,«(x) #0 < £ is a multiple of 1 +v

implies that the C} ,41’s can be recursively determined from Cypy1 = 1 by the
relation
Cj7p+1 = Z Cé’l,p+1 -Co ,p+IC€’+1,p+1 (3.2)
Ol 40, =j—1
Thereby, the Cj p+1’s are the generalized Catalan numbers of order p + 1 and we

have )
Cipt1 = - : (j(ZHf 1)) < 27 H)
Jp+1 J
for all j > 0 (see [10, [I1], 27] for instance). These numbers were named in honor
of the mathematician Eugene Charles Catalan (1814-1894). They appear in many
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probabilist, graphs and combinatorial problems. For example, they can be seen
as the number of (p 4+ 1)-ary trees with j source-nodes, or as the number of ways
of associating j applications of a given (p + 1)-ary operation, or as the number
of ways of subdividing a convex polygon into j disjoint (p + 2)-gons by means of
non-intersecting diagonals. They also appear in theoretical computers through the
generalized Dyck words. See for instance [10] and the references inside. Therefore,

i 1(7v)! (i 1(71)
Ulg +p)HG)! a; < (271 4 v)") Ulg + )Y
(g +p)P(5h)P (ghP
We are now able to prove Proposition Choosing 0 < r < 1, we first derive
from the second inequaliy of (3.3)) the relations

1 /22T +0)N\d (g + ) (G
@) £ o (Fri ) L )

for all j > 0 and |z| < r. On the other hand, applying the Stirling’s Formula, we
obtain the equivalence

i 1(41)v o o q+p N j
___Ula+p)'GY N /q+pij((q+p) )J
(FDPT(L 45 (se +1)(1 +v)) joee q+v (g +v)ate
when j tends to infinity (we have (s.+1)(1+v) = g+ v). Consequently, there exist

two convenient positive constants C, K > 0 such that

110y, (2)] < CEIT(1 + j(sc +1)(1 +v))

(3.3)

for all j > 0 and |z| < r, and we can conclude that u(t,z) is s.-Gevrey (recall
indeed that the coefficients u, .(x) are zero as soon as ¢ is not a multiple of 1+ v).

It is left to prove that w(t,z) is s-Gevrey for no s < s.. To do that, let us
suppose the opposite. Then, Definition and the first inequality of imply
the relations

(j(g +p))(jv)!
(g +p)ir (5P

and, consequently, the inequalities

1< C(K(g+p)P) (j!)pr((; (:i(;);(?v()ll =

for all j > 0 and some convenient positive constants C' and K independent of j. The
result follows since such inequalities are impossible. Indeed, applying the Stirling’s
formula, we obtain

GUPTA+j(s+ ) +0v)
(g +p)!(Gv)! s too
with

r_ [(s+1)(A4v)(2m)P—t
e U'=C (g+p)v )

o K — KeZ((s+1)(14u)) Dt
- (g+p)av® ’
e o=gt+o—(s+1)(1+0v),
and the right hand-side of (3.4]) goes to 0 when j tends to infinity (we have indeed
0> q+v—(sc+1)(1+v) =0 by assumption on s). This completes the proof. O

C(K (g + 1)) ot (%) 6o
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Lemma 3.2. Let j > 0. Then

”SH U (bg+ (€ —Dp+m) < (¢ +p)’* ()"

Proof. The statement is clear when j = 0 or p = 0, and it stems from the inequalities

P

] ] J
HE”SH g+l —-1)p+m) < HEquép
=1 t=1m=1 £=1

when j,p > 1. O

Lemma 3.3. Let j > 0. Then

v

(juv)! gHH (=11 +v)+m) < (1+0)(G)". (3.5)

Proof. Since Lemma [3:3] is obvious for v = 0, we assume v > 1 in calculations
below.

The first inequality of is proved by induction on j. It is clear for j = 0 and
j = 1. Let us now suppose that it holds for a certain j > 1. Then

Jj+1 v v . .
T TL (- DA +0)+m) > Go) [L G +0)+my = TEDVEI )
{=1m=1 m=1 (JU+])'

and the conclusion follows from the inequality

C)7)

As for the second inequality of (3.5)), it is clear when j = 0, and it stems from the
inequality
J

HH (=11 +v)+m) H (1+v))

{=1m=1 =1

when j > 1. O

Proposition tells us that the power u? does not affect the Gevrey order of
the formal solution (¢, ), that is it is the same for any p > 0. In particular, it
is fully determined by the Newton polygon at ¢ = 0 of the linear operator d; —
tY0%. Changing besides the initial condition «(0,z) = ﬁ by another simple
initial condition (e.g. e*, or any other condition provided that the estimates on
the coefficients u; . () of u(t, z) are sufficiently simple to calculate), one can check
that this property remains valid, that is the Gevrey order of u(t, z) is the same for
any p > 0 (here, generically s.-Gevrey according to Proposition . It is then
reasonable to think that this is also true for any arbitrary analytic initial condition
at the origin x = 0.

Let us now look at another fundamental equation.
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Ezample 2: the gBKdV equation. In this second example, we focus on the general-
ized Burgers-Korteweg-de Vries equation (in short, the gBKdV equation)

Opu = t" uP Ot u 4 t"2uP2 0w,  vi,v2,p1,p2,q2 > 0, 1 > 2
u(0,z) = p(z)

in two variables (¢,z) € C? and with analytic initial condition.

When (v1,p1,q1,v2,02,92) = (0,0,2,0,1,1), we have the Burgers equation, and
when (v1, p1,q1,v2,p2,q2) = (0,0,3,0,1,1), we have the Korteweg-de Vries equa-
tion. is fundamental in many physical, mechanical and chemical problems.
For instance, it allows to model nonlinear waves in dispersive-dissipative media with
instabilities, waves arising in thin films flowing down an inclined surface, moderate-
amplitude shallow-water surface waves, changes of the concentration of substances
in chemical reactions, etc.

Various investigations in real variables were already done by many authors to-
wards the Gevrey properties of the formal solution (¢, z) of under more or
less generic assumptions (see [3] [0, [7, 8, [9] for instance, and the references inside).
In particular, it was proved for the Korteweg-de Vries equation that u(t,z) is 2-
Gevrey. In our present study, we can prove in a similar way of the following
result.

(3.6)

Proposition 3.4. Let us assume ¢(z) = 1= and let us set
s :max(ql_l CI2—1>
¢ 1+ 14 Vo '

Then, the formal solution u(t,x) of (3.6)) is exactly s.-Gevrey for any p1,ps > 0.

A much more general statement including variable coefficients, general analytic
initial condition and inhomogeneous part will be given later in Example [£.3]

As in the previous example, Proposition tells us that the Gevrey order of
u(t,x) does not depend on either the power uP* or the power uP?, and that it is
fully determined by the smallest positive slope of the Newton polygon at ¢ = 0 of
a convenient linear operator; namely, the operator 9; — t"19% — t¥29% [31].

Remark 3.5. In the case where q; = g2 = ¢, the value s, given in Proposition [3.4

is more precisely equal to
qg—1
S§e = ————
1+ min(vy,v2)

and we can actually choose the operator 9; — t™"(V1:v2)94 as the associated linear
operator.

3.2. Associated linear operator. According to the above calculations, it is nat-
ural to introduce the following definition.

Definition 3.6. We call linear operator associated with (|1.1)) the operator
oF =Y e 0;01, (3.7)
i€ geQ;
where v; 4+ = mingep, Vi qp for alli € K and g € Q;.
Let us now describe the general structure of the Newton polygon at ¢ = 0 of the

operator (3.7). We choose here the definition of Miyake [20] (see also Yonemura [49]
or Ouchi [25]) which is an analogue to the one given by Ramis [29] for the linear
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ordinary differential equations. Recall that, Tahara and Yamazawa use in [47] a
slightly different one.
Then, denoting by C(a,b) the domain
C(a,b) = {(z,y) €ER? iz < a and y > b}
for any (a,b) € R?, the Newton polygon at t = 0 of the operator (3.7) is defined as
the convex hull of

O(’iv *Kz) U U U C()‘(Q) + ia Vi,q,p* — i)a
€K qeQ);
where A(q) = q1 + - - - + ¢, denotes the length of ¢ = (q1,...,q,) € N,
The geometric structure of this domain is specified as follows.
Proposition 3.7. Let S = {(i,q) such that i € K, ¢ € Q; and X\(q) > k — i}.

(1) Suppose S = 0. Then, the Newton polygon at t = 0 of the operator 18
reduced to the domain C(k,—k). In particular, it has no side with a positive
slope (see Figure[d(a)).

(2) Suppose S # 0. Then, the Newton polygon at t = 0 of the operator
has at least one side with a positive slope. Moreover, its smallest positive
slope k is given by

k= min

. o
(“ —1+ ”m,p*) _ KT Vi g p
(i,9)€S

ANg) — K +i Mg*) —r+i* 7
where the pair (i*,q*) € S stands for any convenient pair, chosen and fixed

once and for all, so that the edge with slope k be the segment with end points
(K, —k) and (N(q%) + i*, V4= g+ p= — i*) (see Figure[3(b)).

L g . p
—K
(a) Case S =10 (b) Case S # 0

FIGURE 2. Newton polygon at t = 0 of the operator (3.7)

Proof. The first point is obvious from the fact that S = () implies C(A(q)+14, v; g, p —
i) C C(k,—k) for all i € K and ¢ € @Q;. As for the second point, it suffices to
remark, on one hand, that C(A(q) + 4, vs,qp« — 1) C C(k, —k) for all pairs (i,q) € S,
and, on the other hand, that the segment with the two end points (k,—x) and
(A(q) + 4, v 4 — 1) has a positive slope equal to (k — i + v; 4,p+)/(A(q) — Kk + ) for
all pairs (i,q) € S. O

The critical value of (1.1]) is defined as in [37] for the case of the equations of
the form (1.3]).
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Definition 3.8. Let S = {(4, ¢) : such that i € K, ¢ € Q; and A(q) > k—i}. Then,
the critical value s. of (L.1)) is the nonnegative rational number

0 ifS=0
sei=q 1 _ AMg*)—k+1 S £0

- .
E K= 4 v gx pr

In other words, the critical value of is equal to the inverse of the smallest
positive slope of the Newton polygon at ¢ = 0 of its associated linear operator
if any exists, and 0 otherwise.

According to the definition of s., we derive in particular from Proposition [3.7]
the following inequalities which will play a fundamental role in the proof of our
main theorem (see Section .

Lemma 3.9. Let s > s.. Then
(s+1)(k =i+ vigp) = Aq) + vigp

foralli e K, all g € Q; and all p € P 4.

Proof. Let us first assume S = (). Then, since s > s. = 0, we have
(s+1)(k—i4+vigp) > K—i+Vigp

and the result follows from the inequality A(¢) < k — i.

Let us now assume S # (). From the definition of s, and the definition of the
Vj q.p+ S, We first have
Mg) —k+1 < Mg)— K41

K =1+ Vigp K—1+Vigp

§> S > >0

for all (i,q) € S, and next

AMg)—r+1
K =1+ qp
for all ¢ and ¢, since A(¢) — kK + ¢ < 0 while (i,q) ¢ S. Lemma follows by
first adding +1 to both sides of and then by multiplying by the positive term
K =1+ Vi qp- [l

s >

(3.8)

4. MAIN RESULT
We are now able to state the main result of the article.

Theorem 4.1. Let s. be the critical value of (L)) (see Definition[3.8). Then

(1) u(t,z) and f(t,x) are simultaneously s-Gevrey for any s > s¢;

(2) u(t,z) is generically s.-Gevrey while f(t,x) is s-Gevrey with s < sc.
Observe that Theorem coincides with Proposition in the case of (|1.3). It
generalizes therefore the results stated in [37], but also those already obtained by
the author in the linear case [31], 32} [33].

Observe also that Theorem [£.1]yields a result similar to the Maillet-Ramis Theo-
rem for the ordinary linear differential equations [28| 29] (see also [16, Thm. 4.2.7]).

Corollary 4.2. Assume that the inhomogeneity f(t,x) is convergent. Then, the
formal solution u(t,z) of (L.1) is either convergent or 1/k-Gevrey, where k stands
for the smallest positive slope of the Newton polygon att = 0 of the associated linear

operator (3.7)).
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Before starting the proof of Theorem [I.1] let us illustrate it with a simple exam-
ple.

Example 4.3 (Back to the gBKdV equation). Let us consider the general inho-
mogeneous gBKdV equation

Opu — t" aq (¢, 2)uP 0P u — t2 ag(t, v)uP? 0 u = f(t,x) (41)
vlav27p1ap2aq2207 QIEQ .

in two variables (t,z) € C? and with analytic initial condition u(0,z) = ¢(z). Let
us also consider the following two particular cases:

e the inhomogeneous Burgers equation:

Opu — " ay (¢, 2)0%u — t*2 as(t, 2)udyu = f(t,z); (4.2)
e the inhomogeneous Korteweg-de Vries equation:

Bu — t" ay (¢, 2)0%u — t*2ay(t, x)udyu = f(t, ). (4.3)

Applying successively Definitions and the linear operator associated with

(4.1)) is defined as
Oy —tUOm — 1208 it gy £ g3
Qe — ™9l if gy = gz = g,

and consequently the critical value of (4.1)) is given by

@1—1 gz2—1 :
max (1+U1 ’ 1+’U2) if 1 7é a2
a1 i — g =
1+min(vy,v2) if q1 =42 = ¢

Se =

Theorem [£.1] yields the characterization of the Gevrey order of the formal solution

(t,z) of ([@.1) in terms of the one of the inhomogeneity f(t,z).

(1) Assume that f(t,z) is s-Gevrey with s > s.. Then @(t, z) is also s-Gevrey.

(2) Assume that f(t,z) is s-Gevrey with s < s.. Then u(t,z) is generically
sc.-Gevrey.
In the two special cases of (4.2]) and (4.3)), these two points apply respectively with

Se = ﬁ and s, = Tror- In particular, for the classical analytic initial condition
Korteweg-de Vries equation

Oru + agu + 6ud,u =0
u(0,2) = ¢(x)
we find the well-known fact that the formal solution u(t, z) is 2-Gevrey.

Let us now turn to the proof of Theorem [£.1] This one is detailed in the following
two sections. The first point is the most technical and the most complicated. Its
proof is based on the Nagumo norms, a technique of majorant series and a fixed
point procedure (see Section . As for the second point, it stems both from the
first one and from Proposition that gives an explicit example for which u(t, z)
is s’-Gevrey for no s’ < s. while f(t,x) is s-Gevrey with s < s. (see Section |6)).
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5. PROOF OF THE FIRST ITEM OF THEOREM [4.1]

According to Proposition [2.2] it is clear that

u(t,x) € O(Dp,..p)tls = F(t,2) € O(Dp,...p, )1l

Reciprocally, let us fix s > s, and let us suppose that the inhomogeneity
f(t,z) is s-Gevrey. By assumption, its coefficients fix(@) € O(D,,... p,) satisty
the following condition (see Definition : there exist three positive constants
0 < p <min(py,...,pn), C >0 and K > 0 such that the inequalities

|fix(2)| < CKIT(1 + (s 4 1)j) (5.1)

for all j > 0 and all ||z|| < p.

We must prove that the coefficients u; .(x) € O(D,, ... ,,) of u(t, x) satisfy sim-
ilar inequalities. The approach we present below is analogous to the ones already
developed in [3 3T}, 82,[33] in the framework of linear partial and integro-differential
equations, and in [30] 35, B7] in the case of semilinear equations of the form .
It is based on the Nagumo norms [4] [24] 48] and on a technique of majorant series.
However, as we shall see, our calculations appear to be much more technical and
complicated. Furthermore, the nonlinear polynomial terms associated with each
derivation 9}04 generate several new technical combinatorial situations.

Before starting the calculations, let us first recall for the convenience of the
reader the definition of the Nagumo norms and some of their properties which are
needed in the sequel.

5.1. Nagumo norms.

Definition 5.1. Let f € O(D,, . ,,), p > 0and 0 <7 < min(py,...,pn). Then
the Nagumo norm, with indices (p,r), of f is

[fllp.r = sup |f(z)d-(2)"],

llzll<r

where d,-(z) denotes the Euclidian distance d,(x) :=r — ||z||.

Proposition 5.2. Let f,g € O(D,, . . ,.), 0,0’ >0 and 0 < r < min(py,...,pn).
Then

(1) |- llp,r 2 @ norm on O(Dp, ... p.)-

@) [f@)] < [|fllprdr()7" for all ||z]| <.

(3) I fllo,r = sup |f(z)| is the usual sup-norm on the polydisc D, ..
lzll<r

@) 1/ 9llp+p.r < NS llprllgllpr -

(5) HawszP-l-l,r < e(p + 1)||f p,T fO?” all £ € {17 s ?n}'

Proof. Properties 1-4 are straightforward and are left to the reader. To prove
Property 5, we proceed as follows. Let £ € {1,...,n} and = € C™ such that
lz]] < r and 0 < R < d,(x). Using the Cauchy Integral Formula, we have

8zgf(x) _ '1 / f(x’) d:E/,

Qi) o) @ = e Ty — )

where y(z) = {2’ = (2,...,2),) € C™; |z}, —xx| =R for all k € {1,...,n}}. Since

z' € y(x) = [l2'|| <,



14 P. REMY EJDE-2023/06

we can apply Property 2 of Proposition hence

1 1 1
az < N < = r d,,, NP = — rdr — R)7P.
|0z, f(2)] < R x}en?;();) |f(2")] < RHpr, w,Hel’?(};) (") RHf”p, (dr(x) )

Observe that the last equality stems from the relations
d(@)y=r—|2||=r—|lz+2" —z| >d-(z) — ||z’ — x| =d.(x) — R > 0.
When p = 0, the choice R = dTT@ implies the inequality

100, f (2)| < ellfllo,rdr(z)™"

hence,
|0z, f(@)|dr(z) < e f1lo,r- (5.2)
. _ dr(x)
When p > 0, the choice R = T and

1 —-p 1\P
(- "= (1+1) <
p+1 D

bring us to the inequalities

e 1 N\—p e
00 @] < st (@) 4 D(1 = 27) " < el DI () >
and then to the inequality
|0z, f (@) |d, ()P < e(p+ 1) fllp,r- (5.3)
Property 5 follows since inequalities (5.2) and (5.3)) remain valid when ||z| = r.
This completes the proof. ([l

Remark 5.3. Inequalities 4-5 of Proposition[5.2|are the most important properties.
Also observe that the same index r occurs on both of their sides, allowing thus to
get estimates for the product fg in terms of f and g, and for the derivatives 0y, f
for any £ € {1,...,n} in terms of f without having to shrink the polydisc D,. . ,.

Let us now turn to the proof of the first item of Theorem {4.1

5.2. Some inequalities. Let o, denote the positive rational number defined by
os = (s+1)(k +v),

where v > 0 stands for the maximum of the v; 4 ,’s. The purpose of this section is
to construct from the recurrence relations (1.2)) some inequalities relating the terms

lwe oo, p
(14 (s+1)0)

for £=0,...,j+ K, in order to apply a technique of majorant series in Section [5.3]
below.
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Preliminary inequalities. From the recurrence relations ([1.2)), the relations
Ujitre, (T)
Q-+ (s+1)(j+~k))
_ [+ (@)
L1+ (s+1)(j+k))
n Z Z Z Z j!ai,qvp;fo,*(x)ufh*(x) cee Uﬂp,*(z)aguépﬂ—&-i,*(x)
10,1 ] ] ; ’
i€K qEQ; pEPi g Lot+b1+-+Lp+ fottal - Gl T+ (5 +1)(J + 1))

Lp41=J—i,q,p

starting with wug . (z) = @e(z) for £ =0,...,x — 1, hold for all j > 0. As usual, we
use the classical conventions that the fourth sum is zero when j — v; 4, < 0, and
gy, + (). gy, (2)

that the product ——r sl when p = 0.
(v

Applying then the Nagumo norm of indices ((j + k)0, p), we derive successively
from Property 1 and from Properties 4 — 5 of Proposition [5.2] the relations

||uj+m* ||(j+n)as,p
L1+ (s+1)(j+k))

I £, Gtm)orep
"I+ (s+ 1)+ k)

Yy Yy oy ! ai g it s, - 1ty 20810ty 0 |
10,1 | | 1
i€k q€ Qs pePy €O+é1+"'+€p+ éO-El- e ép.€p+1.F(1 + (S + 1)(] + Ii))
Lp41=J—Viq,p

and, next, the inequalities
”ujJrn,*H(jJrn)crs,P
L1+ (s+1)(j +r))

| fi,2ll GGm)ors.p
T+ (s+ 1)+ k)

+Y 3> > A 4,p,3,00,81 .. by Ly 1,5

1€ qEQ; pEP; ¢ Lo+L1++HLp+Lpr1=7—Vi q,p

(5.4)

Hufl,*Hflﬂs»P s Hulp7*||£pUS7p||u£p+l+i7*||(€p+1+i)0’57p

T+ (5+ 1)) .. T+ (s + D)1+ (5+ 1) (Cps1 +1))

for all 5 > 0, where Aivq’pyj,gmgl7mgp7gp+hs is nonnegative and defined by

Ai,q,p,j,ﬁoll,...Zp,zpﬂ,s
D(1+ (s+1)61)...D(1+ (s +1)£,)
Gl 0 !
IO TG ™ (G + Do +A(@) = OF(L+ (54 )(fpia +1))
L1+ (s+1)(J + k)

X ||ai,q,p;€o,*||(€o+m—i+v¢,q,p)os—/\(q),p'

for all j > v; g p.

Remark 5.4. Observe that all the norms written in the inequality (5.4]), and
especially the norms ||a; g p:eo « |l (¢g+r—i+v; 4., )oe—A(q),p ar€ Well-defined. Indeed, due
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to Lemma[3.9] we have the inequality
(lo+ £ =i+ vigp)os = Aa) 2 (K =i+ vigp)(s +1) = Mq) = vigp > 0.
Bounds of Ai g.p.jeotr,...00,0,41,s- We shall prove the following.

Proposition 5.5. Leti € K, ¢ € Q;, p€ P q, j 2> Vigp, and Lo, b1, ..., 0y, lpi1 €
N such that by + 41+ -+ +lp1 =7 — Vigp. Then

aq) ||ai7q7p§Z01*||(€0+5—'L‘+711,q,p)0’s_A(Q)vp
L(1+ (s + 1))

Proof. From the definition of A; g p j¢o.¢1....0,,0,,1,s and Lemma we first derive
the inequality

Ai,q,lhjlm&’-Jp’lpﬂ,s S (6(,‘{ + ’U))

Airg,p,5,80 01,y 11,5
LA+ (+ 1D~ vigp)) LA+ (5 + 1) (lpy1 +19))
- P14 (s+ 1)lpt1)
DTG (s + ow +2(0) = ) [9amito.s ity tn—ihvn o200
(U = 0igp)' T+ (s +1)(7 + 5)) L1+ (s + 1)) '
Next, applying successively Lemmas [5.8] and [5.9] we obtain respectively
A

1,405, L0, L1 5. LpLpt1,s

< DA+ (1) = 0igp))TA+ (5 + 1) (lps1 +19))
- (14 (s4+1)lp41)

A TD ™ (U1 + 0)0s + M) = 0) gm0l (€0t n—itvian)re—Aa)
P+ (s+1)(j+K) = vigp) (1 + (s + 1)to) ’

and

A g,p,dobr ey pir s
LA+ (s+ 1) —vigp)A + (s + 1) (pt1 +1))
- F(l + (S + 1)(] — Viqp T i))r(l + (S + 1)€p+1)
Aq) ||ai7q7p;€oy*”(fo+f~”~*i+vi,q,p)ffs*>\(q)7p
x ek +v) T(1+ (s + 1)) ’

Proposition [5.5] follows then from Lemma and that £p11 < j — v gp- O

Lemma 5.6. The inequality
F(1+(s+1Dk1)...TA+ (s + Dkuy) < kil k!
I‘(1+(8+1)(k1+-~-+k‘m)) T (kiR
holds for all m > 1 and k1, ...k, € N.

Proof. Tt suffices to prove that the function f,, ., defined on [1,4o0[ by

(@) = 1+ kix)...T(Q + kpo)
Firron (@) = T+ (k4 -+ km))

is decreasing. Computing its derivative with respect to x, we have

o) = o b1+ i) (k)1 (ko))
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for all # > 1, where ¢ := I""/T" is the Digamma function (or Psi function). Applying
then the classical relation (see [T, p. 259] for instance)

“+o0
q
1+q)=—v+ _
Y(1+q) = — ; W)
where ¢ > 0 and ~ is the Euler’s constant, we obtain that for all x > 1,
m m 2
(Zé—l kf)
Fo ) =2t @) S (3 - Tk
1 e hh+kg£l) h(h+(2ﬁ1ke)$)

Lemma [5.7] E below complete the proof by showing that fk (w) < 0 for all
x> 1. (I

Lemma 5.7. Let x,h > 1 be. Then

K (S8 ko)
e

forallm>1 and all ky, ..., kn € N.
Proof. We proceed by induction on m. Lemmal[5.7]is obvious for m = 1. For m = 2,
we clearly have
k’% k% _ (1{31 + /{32)2 . —k’lkgh(lﬁfli + kox + Qh) <0

Let us now suppose that Lemma [5.7] is true for all k € {1,...,m} for a certain
m > 1. Then, the successive relations

m—+1 m 2

Z kf < (Ze 1 ké) + k72n+1

h+kzx_h+( [1/4:)9: h+ kpi1x

m 2
(25:1 kE + km+1)
- h"’ (E;ﬂ 1k€+km+1)$
_ ( m+1 kg)
h+ ( m+1 k[)
hold for any ki, ..., kns+1 € N, which Completes the proof. (]

Lemma 5.8. Leti € K, g€ Q;, pE€ Py and j > viqp be. Then
J! < 1
(= 0igp)TA+ (s +1)(F+5) ~ TA+ (s +1)(J +5) —vigp)
Proof. It is clear that the inequality holds when v; 4, = 0. Let us now assume
Vj,q,p > 1 and let us write the quotient j!/(j — v;,4,)! in the form

(jiiw)! _ g G—0). (5.5)

On the other hand, applying v; 4, times the recurrence relation I'(1 + z) = 2I'(2)
to (1 + (s+1)(j + )), we obtain
’Ui,q,pfl
DL+ (s+1)(+r) =T+ (s+1)(j +r) —vigp) [[ (s+1)(+r)=0). (5.6)
=0
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Combining then the identities (5.5) and (5.6)), we obtain

" Vi,q,p—1 j—%
J: =0 (s+1)(i+r)—¢

(= vigp) T+ (s+ D+ k) TA+(s+ 1) +5K) = vigp)
and Lemma [5.8| follows from the inequalities 0 < j — ¢ < (s + 1)(j + Ii) — 4. O

Lemma 5.9. Leti € K, ¢ € Qi, p € Pyg, j > Vigp, and k € {0,...,5 — vigp}-
Then

[0 ((k+ i) + M) = ) _ (54 0)N@

PA+(s+ DG +5) —vigp) ~ TA+ (s +1)(J = vigp +1)
Proof. Let us first assume j = v; 4, and ¢ = 0. Then, we have k = 0, and we must
prove the inequality

Ag)—
2 ) = 0)
L1+ (s+ 1) (igp + K) = Vigp)
Let us note that

< (k + )9, (5.7)

A(g)—1

IT @ =0 =\g)! =T+ Aq)

for all A(q), including the case A(¢) = 0 since the product is 1 by convention.
On the other hand, Lemma [3.9] implies in the case A(q) > 0 the inequalities
1+ (s+ 1)(Ui,q,p +K) — Vigp = 1+ AMg) > 2
hence,
F(l + (S + 1)(Ui,q,p + ’i) - Ui,q,p) > F(l + )‘(Q))
since the Gamma function is increasing on [2,4+00[. In the special case A(q) = 0,
we observe that the increase of the Gamma function applied to the inequalities
L+ (s + 1) (igp + K) = Vigp 2 1+ r =2
implies
T+ (5 + 1) (vigp +£) = vigp) 2 T(2) =T(1) = T(1 + Aq)).
Consequently, the left hand-side of (5.7)) is < 1 and Lemma [5.9] follows then from
the inequality k +v > 1.

Let us now assume (j,4) # (v;,q,p,0). According to the definition of o, we first
have the identity

Aag)—

H (k+i)os+Xq) —0)

) A(g)—1 (5.8)
= (k+v)" ] ((s +1)(k+1) + 7A£q)+;€).
£=0

On the other hand, applying A(¢) times the recurrence relation I'(1 + z) = 2I'(z)
to(1+ (s+1)(j + k) — vigq,p), Wwe have

P+ (s+ 1) +5) = vigp)

/\(q) 1
. (5.9)
=P+ (s+1)(j+ k) = vigp— | | s+ 1)(J + K) = vigp —0).
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Observe that this identity makes sense since the inequality j > v; 4, and Lemma

[3.9] imply
(s+ 1) +K) = vigp—Mq) > (s +1)(vigp + &) = Vigp — Aq)

(s+1)(vigp+K—1) —viqp—Alg) >0.

AVARLY}

Observe also that

(s+ Dkt 8) + 2D =8 (1)t ) —vigp — €

AMg) —
K+

for all £ € {0,...,A(q) — 1} when A(g) > 0. Indeed, according to the inequalities
k<j—wviqpand k+v>1, and Lemma@ we have

’ L Ag) -
1 gy —l— (s + 1)k +i) - 22
(5 DG+ )~ iy — = s+ Dl +i) = D=
: ) Ag)—¢
= 1 — i —k) =gy — b — —F—o0
(s )G == F) = v — €= M=
. Ag) —¢
> (s+1)(k =i+ vigp) = Vigp — £ — K+

> 0@ -0(1- —) 20,

Consequently, combining the identities (5.8) and (5.9), we finally obtain

I (k4 D)o+ Ma) = ) _ (1 4 v)N@
DL+ (s + D0 +8) = vigy) — DO+ 5+ DG +A) ~ vigp — A0))

for all A(g), including the case A(q) = 0 since the product is 1 by convention.
Lemma [5.9] follows then from
L+ (s+1)(J+£K) —vigp —AMq) 21+ (s+1)(J +5) = (s + 1)(k =i+ vigp)
=14+ (s+1)(j —vigp+1i)>2
and from Gamma function on [2,4+oc0o[ being increasing. Observe that the first
inequality stems again from Lemma Observe also that, without the condition

(4,%) # (viqp,0), the second inequality is no longer valid. This completes the
proof. O

Lemma 5.10. Let a > 0. The function f defined on [0, +oo] by

I'l+a+x)
1@ = —rara
18 1ncreasing.
Proof. Denoting by f’ the derivative of f with respect to x, we have

fl@) = f@) (@A +atz) - (1 +x))

for all z > 0, where ) denotes as in the proof of Lemma [5.6] the Digamma function.
The latter being increasing on [0, +-00[ (see [II pp. 258-260] for instance), we deduce
that f/(z) > 0 for all z > 0, which completes the proof. a
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More precise inequalities. Let us apply Proposition to the inequalities (5.4) to
obtain that for all j > 0,

||uj+l~e,*‘|(j+n)0mp
M1+ (s+1)(j+ k)

< 9gjs+ Z Z Z Z QXi,q,p,Lo,s

i€K qEQi PEP; 4 Lo+l1+++p+ (5.10)
Lpt1=J—Viq,p

y ey s lleron,p - - - 1wty slle,oupllte, 1 il (€psr +i)oe,p
P+ (s+1)0)..TA+(s+ 1)) T+ (s+ 1) (lpt1 +1))’

where the terms g; ; and o ¢, ¢,,s are nonnegative and defined by

Gis = ||fj$*||(j+rc)os,p
O TAAH s+ D+ k)

A(q) ||ai7q7p;€oy*”(€o+f~”~*i+vi,q,p)0r>\(q)7p
D(1+ (s+ 1))

The following result provides some bounds on these terms, and will be useful in the
next section.

Qi g,p.to,s = (€(K + 1))

Lemma 5.11. Let i € K, ¢ € Q; and p € P;,. Then there exist four positive
constants Cy,Cy, K1, Ko > 0 such that

0<gjs < O] and 0 < g5 < C2K}
for all j > 0.

Proof. According to the analyticity of the function a; q,(t,2) on D, ., , and the

hypothesis on the coefficients f; .(z) of the inhomogeneity f(t,z) (see inequality
(5.1), we first have

|fi«(@)] SOKIT(1+ (s + 1)) and |a;qp.«(x)] < C' K73l

for all 7 > 0 and all ||z|| < p, the constants C, K, C’, K’ > 0 being independent of
7 and z. Hence, applying Proposition [5.2, we have

CKIT(1+ (s 4 1)j)plitrlos

0<g;s < . < Cpros(Kp® ),
=9 =T A+ s+ )G Ry o F (Kp™)
and
M) O K1 51 (G +HR—i4i,q,p)0s =X (q)
Ogaiqusg(e(fi—kv)) C'K'jlp .
L1+ (s+1)j)
< (e(lﬁ? + ’U))A(q)C/p(ﬁ_i+vi’q’p)as_>‘(q) (K/pas )j.
This completes the proof. ([l

We shall now bound the Nagumo norms |[u; «||;».,, for any j > 0. To do that,
we shall proceed similarly as in [3, B0} 31 B2] 33, B5] [37] by using a technique of
majorant series. However, as we shall see, the calculations are much more compli-
cated because of the nonlinear polynomial terms associated with each derivation

0i04.
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5.3. A majorant series. Let us consider the formal power series v(X) = Y5 v; X7,
the coefficients of which are recursively determined for all j > 0 by the relations

Vjtr = Gjs T Z Z Z Z Qi q,p Lo,sVly -+ Vg iy (5.11)

1€K q€Q; pEP; ¢ Lo+l1++Lat1

=j+i—vi q,p
starting with the initial condition vy = 1+ [|¢oll0,p, and, for j = 1,...,k — 1 (if
K> 2):
v = Mpillioes + 3 ST tigprentes v
J F(1+(8—|—1 2,q,P,£0,8 Y€1 =+ Yhqy1o
(i,q,p)EVj Lo+Li+-+Lay1

=j—k+i—v; q,p

where
d = max (p € U U Pi’q)7

1€ geQ;

and

V; ={(i,q,p) € K x Q; x P, 4 such that j — k +i — v; 4, > 0}.

Observe that the condition x > 4 for all ¢ € K implies j — K 4+ i — v; 4, < J; hence,
the initial conditions on the v;’s with j = 1,...,x — 1 make sense. Observe also
that the set V; may be empty (this is particularly the case when K = {0}, or when
Viqp > 4 for all 4, ¢, p).

Proposition 5.12. The inequalities
[t ll oo
0< ———22F . 5.12
TT(l+(s+1)5) 7 (5.12)
hold for all j > 0.

Proof. According to the initial conditions on the u;’s and on the v;’s, the inequali-

ties in hold for all j = 0,...,k—1. Let us now suppose that these inequalities

are true for all £k < j — 1+ & for a certain j > 0, and let us prove them for j + k.
First of all, applying our hypotheses to relations , we have

H“J’Jm,*
0= F(1+(s+1)(G+ k)

< 9j,s + Oéi’qm’%’svg/l e U@;U€;+l+i ( )
1€K qEQi pEPi g £y+01+--+£,,+

7 .
Zp+1:J7’Ui»Q=P

and then

0 ||Uj+m,*||(j+m)os,p
T T4 (s+1)(j+r)

S Gis Z Z Z Z Qi q,p,Lo,V01 - - - Ve, Ve 14 (5.14)

€K qEQ; pEP; g Lo+li+-+Lp+
Lpt1=J+i—Viq,p

since all the tuples (¢4, ¢1,..., 0, +4) € NP*2 in (5.13) satisfy the identity £f +
O+ 4+l +i=J+1i—vigp, and since all the terms a; 4p 40,5V, - - - Ve, Ve

in (5.14) are nonnegative.

p+1
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Next, let us observe that any (p + 2)-tuple (fo, ..., ¢p+1) € NP2 such that £y +
o Hlpy1 = jHi—v; 4 p can be seen as the (d+2)-tuple (o, ..., Lpt1,lpt2, ..., lat1) €
N4+2 where {19 = -+ = £411 = 0. Therefore, using the fact that vy > 1, we have

0 < g, 0,500y - - Vtyis

d—p
< Q4,q,p,00,5V¢1 - - - Ve, 1 Vg
= Qi,q,p,Lo,sVey ++ - Vlp 1 Vlpyo -+ - Vg yys

and, consequently,

0< E : Qi q,p,Lo,sVly + -Vl y

Lot +Lpt1
=Jj+i—viq,p

< E : Qiq,p,Lo,sVey « - - Vig iy

Lo+-+Llpt1t+
O+ 4+0=j+i—vi.q.p

E : Qi q,p,Lo,sVty « - Vlgyqs
Lo+++Laq1

=Jj+i—viq,p

IN

since all the terms are nonnegative. Therefore,

0 ||Uj+m||(j+n)as,p
TTA+(s+ 1)+ k)

< gj,s + E E E E Qi q,p,Lo,sVly - - - Veqyy = Vjitr

1€ qeQ; per €0+Z1+“'+€d+1
=j+i—vi,q,p

which completes the proof. ([l

Following proposition allows us to bound the v;’s.

Proposition 5.13. The formal series v(X) is convergent. In particular, there exist
two positive constants C', K’ > 0 such that v; < C'K" for all j > 0.

Proof. Tt is sufficient to prove the convergence of v(X). Let us start by observing
that v(X) is the unique formal power series in X solution of the functional equation

v(X) = Xa(X)(v(X))" + h(X), (5.15)
where a(X) and h(X) are the two formal power series defined by

aX) =3 D, D XTTHras,,(X),
1€EK g€Q; PEP; 4
h(X) = Ao+ AX + -+ A XV X5 g5 X0
Jj=0

with

Qi q,p(X) = Z ai-,q,p,j,sz’
j=0

Ao =1+ |¢ollo,p, and, for j =1,...,k =1 (if & > 2),

4 = i llio. .

P(1+ (s+1)y)
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Next we notice that, according to Lemma [5.11] (X)) and h(z) are actually two
convergent power series with nonnegative coefficients. In particular, they respec-
tively define two increasing functions on [0, 74[ and [0, 74 [, where r,, > 0 and r; > 0
stand respectively for the radius of convergence of a(X) and h(X). Besides, given
the assumptions on the functions a; 4, (¢, ) (see page [2]) and the fact that Ay > 1,
we have a(r) > 0 (resp. h(r) > 0) for all r €]0,r,[ (vesp. |0, r4[).

When d = 0, the convergence of v(X) is obvious, since we have the identity
(1—Xa(X))v(X) = h(X). When d > 1, we proceed through a fixed point method
as follows. Let us set

V(X)=) Va(X)

m>0
and let us choose the solution of given by the system
Vo(X) = h(X)
Vi1 (X) =Xa(X) > Vi (X)... Vg, (X) form>0.
I R
By induction on m > 0, we easily check that
Vi (X) = Cpyar1 X™ (X)) (X)), (5.16)

where the C),, q41’s are the positive constants recursively determined from Cp 441 :=
1 by the relations

Crt1,d+1 = E Cridt1 -+ Cryyydi-
ki+-+kar1=m

Thereby, all the V;,,(X)’s are analytic functions on the disc with center 0 € C and
radius min(r, 7). Moreover, identities show us that V,,,(X) is of order X™
for all m > 0. Consequently, the series V(X)) makes sense as a formal power series
in X and we obtain V(X) = v(X) by unicity.

It is left to prove the convergence of V(X). To do that, let us choose 0 <
r < min(re, 7). By construction (see page @, the constants C), 441’s are the
generalized Catalan numbers of order d + 1. We have therefore

1 (m(d+1)\ _ oma+)
dm +1 m -

O7n,d+1 =

for all m > 0. On the other hand, according to the remark above on the series
a(X) and h(X), we derive from the identities (5.16]) the inequalities

Vi (X)] < R(r) (27 a(r) (h(r) 4| X])"
for all m > 0 and all |X| < r; hence, the fact that the series V(X) is normally

convergent on any disc with center 0 € C and radius

1
! . -
0 <r <min (r, 2d+1a(r)(h(r))d>'
This proves the analyticity of V(X)) at 0 and achieves thereby the proof of Propo-
sition [5. 13l 0

According to Propositions [5.12] and [5.13] we can now bound the Nagumo norms

1w sl josp-
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Corollary 5.14. Let C', K' > 0 be as in Proposition[5.13. Then
4l oo < C'EPT(L A+ (s +1)j)
for all j > 0.
We are now able to conclude the proof of the first item of Theorem [£:1}

5.4. Conclusion. We must prove estimates on the sup-norm of the u; . (z), similar
to the ones on the norms ||u; | jo.., (see Corollary [5.14). To this end, we proceed
by shrinking the closed polydisc ||z|| < p. Let 0 < p’ < p. Then, for all j > 0 and
all ||z|| < p/, we have

1) (2)dp ()77 g alljo. p
(o—=p)o = (p=p)e

)] = . () a7

and, consequently,
uj«(2)] < C' - jF(1+(+1)')
sup |uj«(z)| < ( - > s j
llzl|<p’ ’ (p—p'):

by applying Corollary [5.14] This completes the proof of the first item of Theorem
41l

6. PROOF OF THE SECOND ITEM OF THEOREM [4.1]

In this section, we assume S # () and we fix 0 < s < s.. (Of course, this case
does not occur when S = )). According to the filtration of the s-Gevrey spaces
O(Dyy,...p)[t]]s (see Section [3) and the first item of Theorem it is clear that
we have the following implications:

f(t,2) € Oy, p)It]s = F(t,2) € OD,, . p)[t]s.
= u(t,x) € O(Dp, .. p,)[t]]s.-

Therefore, to conclude that we can not say better about the Gevrey order of (¢, ),
that is u(t, ) is generically s.-Gevrey, we need to find an example for which the
formal solution u(t, x) of is '-Gevrey for no s’ < s.. Section has already
provided us with such two examples in the case k = 1. In Proposition below,
we propose a much more general example.

Proposition 6.1. Let us consider the equation
u=3" 3" (3 gt a)Oiotu = [(t,2),  aiqp >0
i€ qEQi  pEP;q (6.1)
ANHu(t,x)j—0 = pj(x), j=0,...,k—1

where the initial condition @;«(x) is the analytic function defined by

1
pir(x) = 11—z — - —zx,

on the disc D1y, ... .1/n, and where the initial conditions @;(x) for j # i* are analytic
functions on D1y, .. 1/m satisfying 0Lp;(0) >0 for all ¢ € N, and ¢o(0) > 0 when
* # 0. Suppose also that the inhomogeneity ]”v(t,x) satisfies the following two
conditions:

. ~(t,x) is s-Gevrey;

e 95f;.(0)>0 for all j >0 and all £ € N".
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Then, the formal solution u(t,x) of (6.1)) is exactly s.-Gevrey.

Proof. From the calculations above, it is sufficient to prove that @ (¢, z) is s’-Gevrey
for no s’ < s,.

First of all, let us rewrite the general relations (|1.2) as the identities
j'ai* »q* P*U'[(; *( )

(j—’l}l*q - )l 8 Uj—v;« g, pr Fi* *( )+R](33)

Ujyre e (T) =

with

RJ(LL') = fj’*(!E) + Z

Z1++€p* +€P*+1:j_v7"* satpt
(C1se sl s 1) (0,00, 5= Vi v )

Glai g prtte, «(T) .. uzp*7*(x)3g*wp*+1+i*,*(x)
Ol W 4!

i Z Z Jlai g pue, «(T) ... “ép,*(x)ag“€p+1+i7*(x)
O !

(1:0,p) ECXQi X Py g it+Lp+
(4,4:p)# (" ,q",p") p+1=J~Viq,p

for all j > 0, together with the initial conditions u; . (z) = @;(x) for j =0,...,k— 1.
Using then our hypotheses on the coefficients a; 4, on the initial conditions ¢;(z),
and on the inhomogeneity f(¢,x), we easily check that, for all 7 > 0,

u](vl* g p*TE— 1*)+i* *(QC)

J Vit ,q*,p*

ag*,q*,p*spo ( )( e 1 -
B — J}\(q +1H H — 1) (vix g# pr + K — 1) +m)

+ rem;(z)

with rem;(0) > 0. Hence, applying technical Lemma below, we have the in-
equality

* J o N .
uj(vi*’q*‘p*—i-n—i*)—i-i*,*(o) > (ai*,q*,p*wg (0)) (])‘(q ))!(]vi*,q*,p*)!' (62)

Let us now suppose that @(t, z) is s'-Gevrey for some s’ < s.. Then, Definition
and inequality (6.2) imply
1< c( K )J‘F(l +i*(s' + 1) +5(s" + 1)(vis g p + £ — i)
T Naisgr g (0) L1+ Mg )T + jois g p+)
for all j > 0 and some convenient positive constants C and K independent of j.
Proposition[6.1] follows since such inequalities are impossible: applying the Stirling’s
Formula, the right hand-side of (6.3)) is equivalent to

(6.3)

. K/ J
C'j (s'+1)—% (JU> . j— +o0 (6.4)
with

o\ \ i (87 (s" + 1) (vir g* pr + £ —7*)
ou :O((S/—Fl)(vi*,q*,p* +K—1 )) ( +1)\/ 27‘()\(1 Tor

K((s" 4+ 1)(vi= q= pr + K — 1 ))(s F1) (Vi g e =) 0
@i g 05 (0)A(g*)N) ;mqq*pp* ,

* . )
q*)Vix g p*

K =
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0= MNq") + iz go pr — (8" + 1) (Vi e pr + 1 —17),

and (6.4) approaches 0 when j tends to infinity. Indeed, the condition s’ < s,
implies

0 > ANq") + v g pr — (e + 1) (Viz g2 pr + £ — i) = 0.
This completes the proof. (I

Lemma 6.2. Let j > 0. Then

J
=1

Proof. The proof is similar to the one of Lemma [3:3] and is left to the reader. [J

[IPp—

((€ = 1) (vir,q= pr + K =1%) 1) = (Vi g )\ (6.5)

m=1

This completes the proof of the second item of Theorem
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