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ABSTRACT. We present the notion of mean-square exponential dichotomies
for linear stochastic differential equations. We study the robustness of the
mean-square exponential dichotomies, in the sense of the existence of a mean-
square exponential dichotomy for a given linear stochastic equation persists
under sufficiently small linear perturbations. As a special case, we consider
mean-square exponential contractions.

1. INTRODUCTION

The notion of exponential dichotomies [20] plays an important role in the theory
of differential equations and dynamical systems, particularly in what concerns the
study of stable and unstable invariant manifolds, and therefore has attracted much
attention during the last few decades. We refer to [3, [6l 18] 21] for details related
to exponential dichotomies. Exponential dichotomy of stochastic cocycles was first
introduced in [22]. Among those results concerning exponential dichotomies, the
so-called robustness problem is very important and has a long history. We refer
to [4 5, 6] and the references therein for the study of robustness of exponential
dichotomies.

Let I be any interval on R and A(t) = (Ai;j(t))nxn, G(t) = (Gij(t))nxn be
Borel-measurable, bounded functions. In this study, we will introduce the notion
of mean-square exponential dichotomies for the nonautonomous linear stochastic
differential equations (SDEs for short)

dx(t) = A()a(t)dt + G (t) dw(t), tel, (1.1)

and limit our attention to the robustness, which means that such a mean-square
exponential dichotomy persists under sufficiently small linear perturbations. Pre-
cisely, we consider the perturbed stochastic differential equation

dy(t) = (A(t) + B(t))y(t)dt + (G(t) + H(t))y(t) dw(?), (1.2)
and we prove that (1.2) admits a mean-square exponential dichotomy for any ar-

bitrary small perturbations B, H if the same happens for (L.1). We also explore
the continuous dependence with the perturbation of the constants in the notion of
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dichotomies. Note that in the perturbations appear in the “drift” as well as
in the “volatility” and the proofs of the main results will become more complicated
and difficult than those for linear determined equations.

Stochastic differential equations have been studied by many researchers on var-
ious problems because SDEs have important applications in many scientific area.
We refer the reader to [T}, [7, O] 15 17, [T9] for more information about SDEs. Among
those topics, the study of mean-square dynamical behavior of SDEs is an important
and interesting one and has attracted many researchers [8| [IT], [12], 13| [14]. Mean-
square dynamical behavior are essentially deterministic with the stochasticity built
into or hidden in the time-dependent state spaces. In [14], Kloeden and Lorenz
provided a definition of mean-square random dynamical systems and studied the
existence of pullback attractors (we refer to [2] for details on random dynamical
systems). In [8 [16], the concept of mean-square almost automorphy for stochas-
tic process is introduced and the existence, uniqueness and asymptotic stability of
mean-square almost automorphic solutions of some linear and nonlinear stochastic
differential equations are established. In [11], Higham provided a stochastic version
of the theta method for mean-square asymptotic stability.

Now we introduce some notation. Let (Q, %, {# }i>0,P) be a standard filtered
probability space, i.e., (,.%,P) is a complete probability space, {%#;}:>0 is a fil-
tration with .%, contains all P-null sets. For a matrix or a vector A, we use AT to
denote its transpose. Let w(t) = (w1(t),...wn(t))T be an n-dimensional Brownian
motion defined on the space (Q, #,{% }:>0,P). Let || - || be the Euclidean norm
in R™ or operator norm. In addition, let L?GJS (©Q,R™) denote the family of all .Z-
measurable R"-valued random variables, i.e., £ : © — R™ such that E||&]|? < o
for all s > 0. Let 12 := {(t,s) € [?:t > s} and 12 := {(t,s) € [? : t < s}.

The rest part of this article is organized as follows. In Section 2, we present the
robustness of mean-square exponential contractions, and the robustness of mean-
square exponential dichotomies is showed in Section 3.

2. ROBUSTNESS OF MEAN-SQUARE EXPONENTIAL CONTRACTIONS

In this section we consider the robustness of mean-square exponential contrac-
tions.

Definition 2.1. We say that (|1.1]) admits a mean-square exponential contraction if
there exist positive constants M and « such that, for any solution z(t) € L%, (Q,R™)

of (LI,
E|z(t)]> < Me *U"9E|z(s)[]?, V(t,s) € 2. (2.1)

Lemma 2.2. Let ®(t) be a fundamental matriz solution of (1.1). Then (1.1
admits a mean-square exponential contraction if and only if
E[B()0 " (s)|2 < Me™20) V(t,s) € I2.
Proof. From [15], [I7] it follows that ®(¢) of (1.1 is invertible with probability 1 for
all t € I. First, we have
Ellz(t)[I* = E[|2(t)27" (s)x(s)]%] = Ell @)@ () I*E[lz(s)],

where ®(t)®~!(s) and z(s) are independent, and therefore

El|e(t)e~" (s)||* = EH‘”E?H ’
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where E|[z(s)||? # 0; or else (1.1)) admits a “trivial” solution due to (2.1)), i.e.,
E|z(t)||? = 0 for all (¢,s) € Ii. Thus we can obtain from (2.1]) that

E|®(1)0 1 (s)[2 < Me—2—), V(t,5) € I2.
the proof of the converse is very similar. [l

The following variation of parameters formula will be essential to prove our main
result of this section. The corresponding version of the nonlinear perturbation of
(1.1) can be found in [I7].

Lemma 2.3 ([I5] Section 2.4.2]). Let ®(¢) be a fundamental matriz of (1.1). Then
the solution of (1.2)) is given as

for all (t,s) € 2.

Theorem 2.4. Assume that (1.1)) admits a mean-square exponential contraction
with (2.1)). Furthermore, assume that B(t), G(t) and H(t) are all Borel-measurable
and there exist nonnegative constants 3, g, h such that

IBOI <8, GO <g [H®I<h, tel (2.3)
Then any solution y(t) of satisfies
Elly(t)|* < 38Memo3MOU=IE|ly(5)|12,  V(t,s) € I2, (2.4)

where K = 2032 + 2¢g°h? + h2. In particular, (1.2)) also admits a mean-square

exponential contraction if

[0
K< 2 9.
<30 (2:5)

Proof. Given any initial value y(s) at time s, using Lemma/[2.3] the solution of (L.2)
can be expressed as (2.2) with (t,s) € I3.
Using conditions (2.3)), the Holder’s inequality and the elementary inequality

1> akl® <m - llax]® (2.6)
k=1 k=1

one can obtain that
ly®)11* < 3@~ ()1 ly(s)II* + 3 /: ()@~ (1) H(7)y(7) deo(7) |

+ 3/: o)~ (DI B(7) = GOH ()| [y(r) | *dr
< 3le®)2~ ()7 lly(s)II* + 3| /: ()2~ (r) H (1)y(r) dw(T)]|

L 6(5 + g*h?) / |05 (7) 2 ly(r) | 2dr.
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By and
t 2 t
]E[(/ x(7) dw(T)> ] = E[/ xQ(T)dT], z(t) € L% (L, R™) for T € [s,] (2.8)

we have

Elly(t)* < 3E[l®(6)2~" (s)I*Elly(s)I* + 3/ E||®(t)o~ ! (7)[IPE| H (r)y(r)|*dr

+6(8 + ¢ / B @ (1) ()| Elly(r)|2dr

S

t
< 3Me IRy (s)|? + 3MK / e~ DE |y ()| dr.

Let
t
w(t) = By (D)2, Ut) = 3Mu(s) + 3MK / wrdr.  (2.10)
We can rewrite inequality (2.9) as
u(t) <U(t), forallt>s.

On the other hand, £U(t) = 3M Ku(t), and thus,

%U(t) < 3MKU(t).

Integrating the above inequality from s to ¢ and note that U(s) = 3Mu(s), we
obtain

u(t) < U(t) < 3Mu(s)e®™MEE=9) " for all (,s) € I
Now the inequality (2.4) follows from (2.10) and the proof is complete. O

Remark 2.5. Assume that (|1.1)) and (1.2]) have the same initial condition, that is,
x(s) = y(s). By using the Theorem for 3, g, h being sufficiently small, we have
t
Elly(t) — z(t)]* < 2K/ El|@(H)2~ (7)[*E[ly(r)|*dr

t
< 6M2K/ e—a(t—T)e(—a+3MK)(T—s)d7_

BMK(t—s) _ 1
— 6M2K 704(1575)6
¢ 3MK

S 2M€(7oc+3MK)(tfs).
Thus for each 3, g and h with (2.5)), we have
1
. liﬂ_n : log(E|ly(t) — z(t)||*) = —a+3MK <0,

which means that the solution of the linear perturbation equation (|1.2)) is forward
asymptotic to the solution of (l.1) in mean-square sense if they have the same
initial data.

In the rest of this section, as a special case of (1.2)), we consider
dy(t) = (A(t) + B(t))y(t)dt + G(t)y(t) dw(t), (2.11)
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in which the perturbed term only appears in the “drift”. Of course, Theorem [2:4]
can be applicable to . In the following, we will obtain another robustness
result for , in which the constants can be improved slightly. In this case, the
results are more similar to those for ordinary differential equations [10].

Lemma 2.6 ([I5, Theorem 2.3.1]). Let ®(t) be a fundamental matriz of (L.1)).
Then the matriz ®~1(t) is a fundamental matriz solution of the adjoint equation

dz(t) = z(t)[-A(t) + G2(t)]dt — x(t)G(t) dw(t), tel. (2.12)
As a special case of Lemma we know that every solution of can be
written as
v = 2O )+ [ 07 (BEEIE], el
S
where ®(t) is a fundamental matrix of (L.I]).

Theorem 2.7. Assume that the first inequality in (2.3) holds. Then any solution
y(t) of @II) satisfies

Elly(t)|? < 2M e 2Ry (s)|2, V(t,s) € 12, (2.13)
In particular, if B < \/a/(2M), then (2.11)) also admits a mean-square exponential

contraction.

Proof. Given any initial value y(s) at time s, the solution of (2.11)) can be expressed
as

u(t) = (02 (y(s) + [ @O (DB

for all (t,s) € I3, where ®(t) is the fundamental matrix of (L.1).
Using the elementary inequality ||a+b[|? < 2(||a||*+]|b]|?), the Holder’s inequality,
we obtain that

t
ly@)[I> < 2(@)2 " (s) I lu(s)[I* + 252/ @) ()12 [ly(7)]dr. (2.14)
It follows from and that

Ely@)|* < 2E[2(6)2~ (s)|*Elly(s)|* + 252/ E| ()@~ (7)|*Elly(r)|*dr

S

t
< 2Me *U=E||y(s)||* + 2M 32 / e |y (r)|*dr.

(2.15)
Let

¢
u(t) = e®E|y(t)|?, U(t) = 2Mu(s) + 2M,6’2/ u(T)dr.
Then (2.15) can be rewritten as
u(t) <U(t), forallt>s.
On the other hand, U (t) = 2M 3%u(t), and thus

) dt
d 2
ZU) <2MBU(1).
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Integrating the above inequality from s to ¢t and using the relation U(s) = 2Mu(s),
we obtain that

ult) < U(t) < 2Mu(s)e2MP =) for all (t,5) € I2,

which implies (2.13)) and completes the proof.
Note that in Theorem [2.7] we do not impose any condition on G(t).

Example 2.8 (Geometric Brownian motion [T}, I7]). Consider the equation
dz(t) = —az(t)dt + ox(t) dw(t), (2.16)

with initial data z(0), where a, o are constants satisfying a > 0 and 02 < 2a. Then
the solution of is given as

z(t) = z(0) exp[( —a — %2)15 + ow(t)].
Further, we can obtain

Ella(t)|]* < e 2+t E a(s)
with ¢ > s. Using Theorem [2.4 and Theorem [2.7] we know that
dz(t) = (—a+b)x(t)dt + (o + n)x(t) dw(t),
dz(t) = (—a + b)z(t)dt + ox(t) dw(t)

admits a mean-square exponential contraction if |b| and || are all sufficiently small.

3. ROBUSTNESS OF MEAN-SQUARE EXPONENTIAL DICHOTOMIES

In this section we consider the robustness of mean-square exponential dichotomies.
We assume that the phase space R™ can be split as
R" = X1 & Xo,
where X is a linear subspace of R™ and X5 is the complementary subspace of Xj.
Definition 3.1. We say that admit a mean-square exponential dichotomy if

there exist positive constants M and « such that, for any solution z(¢) with initial
data in X7,

Ela(t)* < Me= "I E|a(s)|?, V(t,s) € I3, (3.1)
and for any solution x(t) with initial data in X5,
Ellz(t)]|? < Me*CDE||x(s)|?, V() € 2. (3.2)

The subspaces X; and X5 are called the stable and instable spaces, respectively
[19, 22]. Let P(t) be the projections for each ¢ € I such that

(1)~ (s)P(s) = P()®(t)®~'(s), V(t,s) €2
and
z(t) = d()® 1 (s)P(s)x(s)
for any solution x(¢) with initial data in X;. Thus,
Elz(t)[I* = E[|2(t)27" (s)P(s)a(s)|”] = Ell@ ()2~ (s)P(s) | Ell(s)|,
which is just

Bl ()2 (9P = oo
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Hence from (3.1]) we obtain

E[®(t)® " (s)P(s)]]> < Me (=% V(t,s) € I2. (3.3)
Similarly, we can obtain
E|®() (5)Q(s)|> < Me ¢, W(t,s) € I2, (3.4)

where Q(t) = Id — P(t) is the complementary projection of P(t). We will use the

estimates (3.1)-(3.2) as well as the equivalent formulation (3.3])-(3.4).

Theorem 3.2. Assume that (L.1) admits a mean-square exponential dichotomy in

I and o

K< ——. .
< 100 (3.5)

Then (1.2) also admits a mean-square exponential dichotomy and for any solution
y(t) with initial data in X1,

Elly(t)|* < Mye™ V@ IOMBEIR |y (s)[|2, V(t,s) € I2,
and for any solution y(t) with initial data in X,

Elly(t)|> < Myem VAT IOMIOCIE y(s)|[2, V(t,s) € 12,
where the positive constant My is given as
5M (o + /oo — 10MK)) 1}

a++/ala —10MK) — 5MK’

Proof. Firstly, we introduce the spaces
Leo=1{®: 12 - L%, (Q,R") : | @] < oo},

M, = max{

with the norm
|91 = sup { BB (5)P()P)? : (t,5) € 12},

and . .
Ly=A{®:I2 - L%, (LR") : [|]lq < oo},
with the norm

[@la = sup { B ()S ()Q)I)? = (1,5) € 12}

where ®(t) is the fundamental matrix solution of (L.2), P(t) are projections for

cach t € I and Q(t) = Id — P(¢t) is the complementary projection. One can verify
that both (Z., || - ||c) and (Za, | - |l¢) are Banach spaces. O

Next we show several auxiliary results.

Lemma 3.3. For each (t,s) € I3, it holds



and for each (t,s) € I2,
(1) = 208 Q) — [ 202 QB — G H(y(r)dr
- [ 20 e ) o)

O ()~ (r) P(1)H(7)y(r) dw(r)

+

d(t)d N (7)P(1)[B(1) — G(r)H(7)|y(T)dT € %

+

I
/

8

Proof. Set

We can obtain

dE(t) = @71 [B(t) — G)H (1) ]y(t)dt + @~V H (t)y(t) dw(t). (3.8)
Let y(t) = ®(t)£(t). Using (3-8), It6 product rule and the following fact

d®(t) = A(t)®(t)dt + G(t)D(t) dw(t),

we obtain that

dy(t) = dB(DE(L) + DAE() + G)DHD (1) H (Dy(t)dt

= A()y(t)dt + G(t)y(t) dw(t) + [B(t) — G()H(t)]y(t)dt
+ H(t)y(t) dw(t) + G(O)H (t)y(t)dt
= (AQ®) + B())y(t )dt+ (G(8) + H(1))y(t) dw(?),
)

which means that y(t) given by (3.6) is a solution of (1.2]). Now we show that y(t)
is unique in the space (%, || - ||¢)- Set

Using (2.3)), the Holder’s inequality and the inequality (2.6), we have
1Ty



EJDE-2017/123 ROBUSTNESS OF MEAN-SQUARE EXPONENTIAL DICHOTOMIES 9

<5227 (s)P(s)|*[ly ()1 + 10(6 + g2h2)/ [2(t)2~ (1) P(r)|*ly(r) | *dr

—|—5H O (1) P(T)H(1)y(7) dw(T)H

S

2

2

w3l [~ awe e HEn duto)|
1006+ 21 [ Jo0e QL) P

t
Using ([2.8) we can show that

E[Ty(t)|* < SE[2(t)2~" (s)P(s) | Elly(s)I|?

+10(5” + g2h2)/ E| ()@~ () P(7)|”Elly(r)|[*dr

S

5 [ El@()® () P PR (o)l dr
+s [ T E|9(0)3 (1)Q(r) P H(r)y(n)|Pdr
1 10(8 + ¢2?) / T EI9(0)3 (MQ()PElly(r) |2dr

< 5Me=9E|jy(s)|> + MK / DRy (1) |2dr

+5ME /too e~ DRy (7)|2dr.
Note that y(t) = &(¢)®1(s)P(s)y(s). Hence,
|7 ()8 (5)P(5) "Bl |
< a1 [ DRI ()P Bl (o) P
MK [ e T OR[b( 6) P9)PEly(s) dr + 5Me Bl (s

Thus,
10M K

IT®2 < 5M + 1912 <
and T : %, — %, is well-defined. Proceedmg in the same procedure above, for any
P, Py € Z,, we have

10M K

|Td) — Td,|. < @1 — &5 .

When condition (3.5) holds, T is a contraction operator. Hence, there exist a
unique ® € %, such that 7® = ®. In a similar manner, we can also prove (3.7). O

Lemma 3.4. Let x(t) be a bounded, continuous real-valued function such that

t e’}
z(t) < De= =3¢ 46D / e~y (7)dr 4+ 6D / e T y(r)dr,  (3.9)
s t
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where D, «, 0 are all positive constants. If a > 26D, then
w(t) < KCem®U=9), (t,5) € I,
where

a=+/ala—20D), f(:max{M 1}.

a+a—0D’
Proof. Let Z(t) be any bounded continuous function satisfying the integral equation
i(t) = De=*t=9)¢ 4 6D / t e~ g(r)dr + 6D / h e~ DE(r)dr,  (3.10)
with the initial condition :c(s)s = Z(s). It is easy to vertify that
i'(t) = —aDe *=9)¢ — aéD /t e =T z(r)dr 4+ adD /OO e D z(7)dr,
and ) t

t
#'(t) = a*De =3¢ 4 a25D/ e =D E(1)dr

+a?6D / e *TDE(1)dr — 208 DE(t).
t

Then it is easy to verify that Z(t) is a solution of differential equation

7’ = ala —25D)7.
Note that a > 0, & — 26D > 0 and Z(¢) is a bounded continuous function, then

E(t) = #(s)e” =),
In addition, setting ¢t = s in (3.10]) gives

Z(s) = D¢+ 5Di(s)/ e~ (aFO(T=9) g,

Note that a + & > 0, we obtain that

i(s) <
Thus for any (t,s) € I3, it has
i(t) < K¢e 009,
Set Y(t) = z(t) — &(t) for (¢,s) € I%. It follows from (3.9) and (3.10]) that

t fe%e]
Y(t) < 6D / e =Y (1)dr 4+ 6D / e =Y (1) dr. (3.11)
s t

D(a+ &)

a—i—d—éDC'

Let T = sup{Y(t) : (t,5) € I2}. Then T is finite. It follows from (3.11) that

t oo
T <6DT Sup/ e~ *""dr +6DY sup/ e~ Tt gr
t2s Js t>s J¢
26D

< —T.
!

Since o > 26D, then T < 0 and thus z(t) < &(t) for (t,s) € I, which means that

w(t) < KCe ™79, (1,5) € I2,
and the proof is complete. [
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The proof of the following lemma is similar to that of Lemma [3.4] so we omit it.

Lemma 3.5. Let y(t) be a bounded, continuous real-valued function such that
s t
y(t) < De *G=O¢ 4 5D/ e Ty (r)dr + JD/ e =y (r)dr,
t —o0
where D, «, 0 are all positive constants. If o > 26D, then
y(t) < K¢em®C70, (1) € IZ.

As in the proof for Theorem we consider ® € Z.. Then it follows from
Lemma that the unique solution of (1.2)) in the space (%, | - ||c) is given as
(3.6). Then we have

Elly(t)|* < 5E||®(t)2~" (s) P(s)|*Elly(s)]*

L 10(8 + gh?) / E|®(t)&~(7) P(r)|2E ly(r) |2dr

S

+5 [ Bl (7)PPEIH () Pdr
+5 [ Ele@e (DQUIPEIH () Pdr (312)

+10(6% + g°h?) /OO E|@t)2~ ! (r)Q(M)|”Elly(r)|*dr

t

t
< 5Me™ IR |y(s)|* + 5MK / e~ =D |y(r)|2dr
+SME [ OB y(r)
t

Applying Lemma to (3.12) and note the condition ({3.5)), we have
Elly(t)[|* < Mye™ V@ IOMIOU=IR ||y (s)|2, V(t,s) € 1.

Similarly, consider P e %, then from Lemmait follows that the unique solution
of (1.2) in the space (Zy, || - ||a) is given as (3.7), and we have

Elly(t)|* < Mye™ VT IOMBOEIE |y (5)|2, V(t,s) € I2.
Now the proof is complete. O
The following theorem is equivalent to Theorem

Theorem 3.6. Assume that (1.1) admits a mean-square exponential dichotomy
and condition ([3.5) holds. Then there exist projections P(t) and Q(t) = 1d — P(t)
such that

@) (s)P(s)]| < Mye™ Ve lOMEE=) "yt 5) € 12, (3.13)
[@(t)>(5)Q(s)]| < Mye Ve OMBE=0 1 y(g 5) € 12, (3.14)

where ®(t) is the fundamental matriz solution of (L.2).

The following result is a direct consequence of Theorem [3.2
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Theorem 3.7. Assume that E[) admits a mean-square exponential dichotomy in
I and B? < sonr- Then (2.11) also admits a mean-square exponential dichotomy
with

Elly(t)|* < Mpe™ V@ 2OMIEIE |y (s)[|?, V(t,5) € 12,
for any solution y(t) with initial data from X1, and
Elly(t)|]* < Mpe™ V@ 2OMINEIE |y (s)||?, V(t,5) € I2,
for any solution y(t) with initial data from Xo, where
5M(a+ /(o — 20M 32)) 1}
o+ /ala —20MpB2) —5Mp2 1

Next, we present an example to illustrate the robustness of mean-square expo-
nential dichotomies.

My = max{

Example 3.8. Consider the equation
dz(t) = —az(t)dt + ox(t) dw(t),
dy(t) = ay(t)dt + oy(t) dw(?),

with initial data (z(0),4(0)), where a, o are constants satisfying a > 0 and o2 < 2a.
Then the solution of (3.15) is given as

(3.15)

o2
z(t) =z(0)exp [(—a— ?)t + ow(t)],

o2

y(t) = y(0) exp [(a — E)t + ow(t)].

It is easy to verify that
El|lz(t)|? < 20+ E9E |z ()2, ¢ > s,
Elly(t)]? < e"@atoCDE|y(s)]2, s>t

and therefore ([3.15) admits a mean-square exponential dichotomy. Using Theorem
and Theorem we know that

dz(t) = (—a+b)x(t)dt + (o + n)x(t) dw(t),
dy(t) = (a+b)y(t)dt + (o + n)y(t) dw(t),
and
dz(t) = (—a + b)z(t)dt + ox(t) dw(t),
dy(t) = (a+ b)y(t)dt + oy(t) dw(t),
also admit a mean-square exponential dichotomy if |b| and |n| are small enough.
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