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ABSTRACT. The main purpose of this article is to find a criterion for the nonex-
istence of formal first integrals for nonlinear systems under general resonance.
An algorithm illustrates an application to a class of generalized Lokta-Volterra
systems. Our result generalize the classical Poincaré’s nonintegrability theo-
rem and the existing results in the literature.

1. INTRODUCTION

Let us consider the system
x = f(x), x:(:vl,...,xn)TE(C", (1.1)

where f(x) is an n-dimensional vector-valued analytic function with f(0) = 0.
In 1891, Poincaré [I2] provided a criterion on the nonexistence of analytic or
formal first integrals for system (L.1)).

Theorem 1.1 (Poincaré’s nonintegrability theorem). If the eigenvalues A, ..., A\,
of the Jacobian matrix A = Df(0) are N-non-resonant, i.e., they do not satisfy any
resonant relations of the form

D kidi=0, kieZy, Y ki1,

j=1 j=1
where Zy = NU{0}, then system (1.1)) has neither analytic nor formal first integrals
in any neighborhood of the origin x = 0.

In 1996, Furta [6] gave another proof to Theorem with the additional as-
sumption that the matrix A can be diagonalized, and furthermore, he obtained a
result about the nonexistence of formal integral for semi-quasi-homogeneous sys-
tems. In 2001, Shi and Li [I3] presented a different proof to Theorem [1.1| without
the assumption of diagonalization of A. In 2007, Shi [I4] extended Theorem [I.1
and provided a necessary condition for system to have a rational first integral.
Cong et al [5] in 2011 generalized the Shi’s result to a more general case. For related
information, see [7] and references therein.
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We note that the above results are all obtained under the condition that the
eigenvalues of A are non-resonant. How about the case when the eigenvalues of A
are resonant? In 2003, Li et al [I0] studied the case that A has a zero eigenvalue
and others are non-resonant. In 2010, Liu et al [11] studied the case that several
eigenvalues of A are zero and the others are non-resonant, and Li et al [9] studied
the case that the eigenvalues of A are pairwise resonant. In this paper, we will
extend the above results to the more general case, i.e., the eigenvalues of A are
in general resonance. With the help of the theory of normal form [I] and power
transformations [4], we give a criterion on the nonexistence of formal first integral
for system under the case that the eigenvalues of A are in general resonance.

This paper is organized as follows. In section 2, we will build a criterion of
nonexistence of formal first integral of nonlinear systems under general resonance.
In section 3, an algorithm to determine the nonexistence of formal first integrals
of nonlinear systems will be illustrated by studying a class of generalized Lotka-
Volterra systems.

2. MAIN RESULTS
System (L.1)) can be rewritten as
% = Ax+ F(x) (2.1)

near some neighborhood of x = 0, where A = Df(0), F(x) = o(||x||). Let A =
(A1, AT, and

6= {k:(kl""’k”)TGZn : <k7A>:Zki>\¢=0}»

then © is a subgroup of Z™. Let rank © denote the number of the least generating
elements of ©.

We assume that A is a diagonalizable matrix, and without loss of generality,
A = diag(A1, ..., A\,). By the Poincaré-Dulac normal form theory [I], there exists
a formal transformation x =y + h(y), such that system can be changed to

i =Ny + Fi(y), i=1,....n, (22)
where y = (yl, o ;yn)Tv

Z > Fky . i=1,....n, (2.3)

r=2 |k|=r, (k,A)=

here |k| = Z ki, y& = y’f . yﬁ",ﬁﬁ are constant coefficients. For convenience, we
give the followmg definition.

Definition 2.1. A function ®(x) is resonant with respect to A, if it can be written

as
Z Z q)kxka

i=1 |k|=t,(k,A)=
where @y are constants.

Lemma 2.2 ([O,[15]). If system (2.1)) admits a nontrivial formal first integral ®(x),

then system ([2.2) has a nontrivial formal first integral ®(y) which is resonant with
respect to A.
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Lemma 2.3. Ifrank® =m (0 < m < n), then there exist n—m eigenvalues which
are N-non-resonant.

Proof. Assume that any n — m eigenvalues of matrix A are N-resonant, then there
exist n —m constants a}, ..., al € Z4 with al +---+al_, # 0 such that

Y 'n—m

G et a A = 0.

Thus 7, = (ai,...,al_,,,0,...,0)T € ©. Without loss of generality, we assume
that a} # 0.
Analogously, there exist n — m constants a?,...,a2_, € Zy with a3 4+ --- +

a?_,. # 0 such that
a3do + -+ ai_ i An—mt1 = 0.
Thus 7 = (0,43, ...,a%2_,,,1,0,...,0)7 € ©. Similarly, we assume that a3 # 0.
Repeating the above process, we obtain
7i=(0,...,0,a},...,a}_, ;i 1,0...,007 €0, al #£0, i=1,...,m+ 1.

Obviously, 71, ..., Tm+1 are linear independent. This is contradict to the fact that
rank © = m, the proof is complete. (Il

For simplicity of presentation, we make the following assumption.

(H1) A = diag(A1,...,Ap), rtank® = m (0 < m < n), and Apt1,..., A, are
N-non-resonant. Let

n
0 ={keo: Zkl > 1, and there exists j € {1,...,n} such that k +e; > 0},
i=1
here eq, ..., e, are the natural bases of R, and a vector a > 0 means every
component a; >0, fori=1,... n.

Lemma 2.4. Assume (H1) holds, then there exist m linear independent vectors
Ti,.--,Tm € Q", such that
(1) for any k € O, there exists a = (a1,...,a,)T € Q™, such that k = aymy +
o 4 AT
(2) for any k € ©', there exists a = (a1,...,am)" € Z7, |a| > 1, such that
k=a1m1 4+ + @mnTm-

Proof. Let B = (a1, ... ,am)T, P, = (amy1,--.,an)7, here ag,...,am are the
least generating elements of ©, and am+1,...,0n € Z" are fundamental solutions
of the linear equations Bx = 0, then P, BT = 0. Let

2 1 1

1 2 1 P

_ _ (2
el ()
1 1 2

where P, is a m X n sub-matrix of R such that P is invertible. Then P; =
(0,E,_ )P, ie., PLP~' = (0,E,_,,), where E,,_,, denotes the n — m order unit
matrix. Let

F=(r1,. .. ) = P <b;)m> , (2.4)
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then 79,...,™7m € Q", and they are linear independent. Furthermore,
E E
-1 m m
therefore 71, ..., Tm are fundamental solutions of the linear equations
Pix=0. (2.5)

(1) For any k € ©, there exist by, ..., b, € R, such that k = byag + - - + bpam.

Therefore
Plk:b1P1a1+-~-+me1am :PlBT(bl,...,bm)T =0.
This means that k is a solution of (2.5)), thus there exists a = (a1, ...,a,)T € Q™,
such that
k=aim1+ +anTm-

(2) For any k € ©', by (1), there exists a = (a1,...,a,,)7 € Q™, such that

k=a;m + -+ apm™m- By (2.4), we have

k=ra= P! (li)m> a,

ay) o P2 o ng
(6) == ()= (%)
According to the choice of P, we obtain that (ay,...,a,,)T € Z™, and |a] > 1. O

Lemma 2.5. Assume (H1) holds, and 71,...,7m be given in Lemma . Then
under the change of variables

thus

=yt .ylin, i=1,...,m,
Wi = Ym+j> j:17"‘>n_m7
system (2.2) becomes
% =z Fi(z , 1=1,...,m,
| (= aF), =1, .
W = Ay jwj +w; F™(z), j=1,...,n—m,
where z = (z1,...,2m), Fi(z) (i = 1,...,n) are formal power series with respect to
z, Fi(0) = 0.
Proof. By Lemma and (2.3]), we have
ﬁvl Fn
Zi :Zi(Til y(y) + -+ Tin y(y)>7 1= 17 ,m,
1 n
L 2.8
, Fry) 2
Wy = Apyjw; +w——=, j=1,...,n—m,
Ym+j
where

Fi Yy ad =i . .
(.):Z oo Ry gk, =1, n (2.9)
Yi r=2 |k|=r,(k,A)=X\;

Obviously, for every monomial y’fl e yfiil ...y¥" in the above expression, the ex-

ponents (k1,...,k;—1,... k,) € ©. By Lemma there exist a = (a1,...,am)"
in Z7 with |a| > 1, such that

(kl,...,ki—1,...,kn)T:a171+~~~+am7'm.
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Therefore

2 : } : FliytlllTll"l'""‘l'am,Tm,l ._.yglﬁn-&-m-&-amﬂnn
r=2 |k|=r,(k,A)=

= Z Z By . ymim)a L (y]mi . yTme )om (2.10)

r=2 |k|=r,(k,A)=X\;

_ZZF Lozt i=1,...,n.

r=1 |a|=r
By (2.8) and (2.10]), we can get (2.7]), and the lemma is proved. O

Remark 2.6. It should be pointed out that there are similar arguments in [3, 4]
as used in Lemma and Lemma Here, to ensure that F(z) (i =1,...,n) in
(2.7) are formal power series with respect to z, we give a different way to calculate

T1y+-+3Tm-
Lemma 2.7. Assume that (H1) holds. If system (2.1) has a nontrivial first integral,

then system (2.7) has a nontrivial formal first integral which is independent with
Wi, ..., Wn_m, and the system

2 =zF(z) (2.11)
has a nontrivial formal first integral, where zF(z) = (21 F(2), ..., 2, F™(2)).

Proof. Assume that (2.1]) has a nontrivial formal first integral ®(x), then by Lemma

d(y) = ®(y + h(y)) is a formal first integral of system (2.2), and ®(y) is
resonant with respect to A, therefore ®(y) can be written as

Z 3 ékyfl--.ylim (2.12)
i=1 |k|=i,(k,A)=

where <i>k are nonzero constants.
Note that for every monomial y*...¢y% in [@2.12), (k1,...,k,)T € ©'. By
Lemma there exists a = (ag,...,am)T € 77, |a| > 1, such that

(kl, ey kn)T =a171. + -+ Ay Tm-
Thus

o
<
Il

ékyfll1711+"'+a'rrzT7rzl ya171n+"'+am7—mn
1 |k|=1, (k,A

Z ‘fk(yfl R TIAL EU (T T
1 |k|=1, (k,A

Mg i bllﬂg i Mg

Dzt zpm = U(z).
i=1 |k|=i, (k,A)=0

Since (2.2)) is changed to (2.7)) under the transformation (2.6, ¥(z) is a first

integral of (2.7)). It is clearly that ¥(z) is independent with wy, ..., wy—_m,, so it is
also a first integral of (2.11)). O
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Expand F(z) as
F(2) = Fy(2) + Fyia() + ...
where p > 1, Fy(z)(k = p,p+1,...) are the k-th order homogeneous polynomial.
We can get the following lemma easily.

Lemma 2.8. If system (2.11]) has a nontrivial formal first integral VU(z), then the
lowest order homogeneous terms ¥ ,(z) is a first integral of system

z = zF,(z). (2.13)

System (2.13)) can be treated as a quasi-homogeneous system of degree p + 1

with the exponents s; = .-+ = s, = 1 (for more detail, see [6]). Let £ be a
balance of vector field zF)(z), i.e., £ is a nonzero solution of the algebraic equations

Le 4 ¢F (€) = 0, then system (2.13) has a particular solution zg(t) = t_%Emf.
p p
We make the change of variables

z(t) = t_%Em(g +u), s=Int,

then system (2.13) reads

d
where
1, 7 AF, (&) OF, ()
5+ (8 G5 . Gl
K= + : :
1 m 9F™ OF™
L4 Fme) 250 g 2O
is the so-called Kovalevskaya matrix associated to the balance &,
. 1 _ 0zF,(z
F(w) = SEne+ €+ whe+w - 22— o)

Now we can state our main result.

Theorem 2.9. Assume that (H1) holds, £ is a balance of vector field zF,(z), p =
(11, - - s pm) 18 the eigenvalues of Kovalevskaya matriz associated to the balance €.
Let
Q={k=(ki,....,kn)" €Z}: (k,pu) =0}.
(1) If rank Q = 0, then system does not have any nontrivial formal first
integrals in the neighborhood of x = 0;
(2) If rank Q =1> 0, then system has at most | functionally independent
formal first integrals in the neighborhood of x = 0.

Proof. (1) Assume that system admits a formal first integral in a neighborhood
of x = 0, then by Lemma system admits a formal first integral, and
by Lemma system as a homogeneous first integral. According to [6]
Theorem 1], we know that py, ...,y are N-resonant, which contradicts with rank
Q=0.

(2) Assume that system admits [ + 1 functional independent first integrals
®l(x), ..., ®*1(x) in a neighborhood of x = 0. By Lemma Lemma and
Lemma after a sequence of transformations, we can see that system (2.11]) have
[+1 formal first integrals ¥!(z), ..., ¥!*+1(z). Since the sequence of transformations
which transform to are local invertible, hence W!(z),..., ¥U!*1(z) are
functional independent in the neighborhood of z = 0. According to Ziglin lemma
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in [17], system (2.11)) has [ + 1 first integrals U'(z),..., U'*1(z) whose lowest or-

der homogeneous terms @é (z),..., \ilflﬁl (z) are functionally independent, and by

Lemma Ul (2),..., W41 (z) are [ + 1 first integrals of quasi-homogeneous sys-
tem (2.13). By [8, Theorem B], we get rank Q > [ + 1, which contradicts with the
assumption of theorem. The proof is complete. (Il

3. EXAMPLE

Based on the arguments in Section 2, one can give an algorithm to test whether
a given system admits formal first integral or not, see the next example.
Example 3.1. Consider the generalized Lotka-Volterra system
1 = 1 + a1217172 + A2T1T3T4 + A3T1T5T6,
&g = —xg + b1xaw122 + baxox3wy + b3w27576,
i3 = V2¥3 + 1737172 + C2T3T3T4 + C3T3T5T6,
) (3.1)
4 = —V2x4 + dizaz1 22 + doxax3rs + d3TaT5T6,
d5 = V3xs5 + e12531 72 + 2252324 + €355,
6 = —V3T6 + f17621%2 + foTeT3Ta + f3T6T5%s,

where a;, b;, ¢;, d;, e;, fi € R, i = 1,2,3. Lotka-Volterra equations can be used
to describe cooperation and competition between biological species in ecology. In
1988, Brenig [2] introduced generalized Lotka-Volterra equations. By transform-
ing the original equations into a canonical form, he discussed the integrability of
some type generalized Lotka-Volterra equations. As an application, we consider the
nonexistence of formal first integral for above Lotka-Volterra system.

Obviously, the eigenvalues of Jocabi matrix at x = 0 of system (3.1)) are
)\1 = 17 )\2 = _17 )\3 = \/57 A4: = _\/57 )‘5 = \/ga )\6 = _\/ga
and system (3.1 is a normal form. Let

6
Q:{k:(14?17--~7]€6)T6Zg:z:ki)\i:()}7
i=1

6
@:{kZ(k‘l,...,]%)TEZG:Zkl)\i:()},
=1

then rank Q = rank® = 3, and (1,1,0,0,0,0)%, (0,0,1,1,0,0)T, (0,0,0,0,1,1)T
are the least generating elements of ©. Making the change of variables

21 = T1T2, Z2 =1T3T4, 23 = T5Tg, W1 =T2, W2=2T4, W3= T,
system becomes

Z1 = z1(n 21 + apzp + aszs),

2y = 29(P121 + Baza + B323),

Z3 = z3(7121 + Y222 + Y323),

W = —wy + biwiz1 + bawi 22 + bawy 23, (3.2)

Wy = —V 2wy + e1waz) + exwszy + e3wozs,

3 = —V3ws + frwsz + fawsze + fawszs,
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where a; = a; +b;, B =ci +d;, vi =e; + fi, 1 =1,2,3.
By Lemma 2.8 we need only to investigate the formal first integral for the system
Z1 = z1(n 21 + gz + a3z3),
2y = z(Br21 + Pazo + B323), (3.3)
Z3 = 23(’}/121 + Y222 + 732’3).
System (3.3) is a quasi-homogeneous system of degree 2 with exponents s; = so =
s3 = 1. Assume ay # 0, then £ = (—0%1,070)T is a balance of system (3.3]). Making
the change of variables
1

=t ——4uw), zm=ttus, zz=ttusz, t=c¢", (3.4)
aq
system (3.3)) reads
o a2 asg
up = —up — —ug — —uz + ug(agug + asus + asus),

o o

uy = (1 - %)W + uz(Brur + Pauz + Baus), (3.5)
1

ué = (1 — %)U:ﬁ + Ug("}/lul + You2 + 73“3)7
1

where ' means the derivative with respect to s. Here the corresponding Ko-
valevskaya matrix is

/

-1 e _ag
ax

K=1|0 1—% 0

Obviously,
/1’1:_17 /J‘Qzl_ﬂia MSZ]-_*
e}

are eigenvalues of K. Let
3
Q= {k = (ki ko, ks)T € 23 0> kaps = 0},
i=1

By Theorem we have the following results.

Theorem 3.2. Assume a1 # 0.

(1) If rank Q1 = 0, then system does not have any nontrivial formal first
integrals in the neighborhood of x = 0;

(2) If rank Q1 =1y > 0, then system has at most l; functionally indepen-
dent formal first integrals in the neighborhood of x = 0.

It is not difficult to see that if a1, 31,71 are Z-non-resonant, and rank Q; = 0,
by Theorem we get nonexistence of formal first integrals in the neighborhood
of x = 0. Furthermore, we can obtain following conclusions.

Corollary 3.3. (1) If an, B1, 71 are Z-non-resonant, then system does

not have any nontrivial formal first integrals in the neighborhood of x = 0;

(2) far=Pp1=m#0, az =a3 =0 and 3> ¢ Q, then system does not
have any nontrivial formal first integrals in the neighborhood of x = 0.

B) Ifar=p1=m#0, as = a3 =0 and % € Q, then system has at
most one nontrivial formal first integral in the neighborhood of x = 0.
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Proof. The first case is obvious, we omit it. Let us consider the cases when oy =
01 =71 #0, and as = ag = 0. In this situation, we need to consider
w) = —up + aqud,

uz(arur + Pauz + Baus), (3.6)
uz(aquy + yauz + y3us),

uy = —ug,

where 1wy = e, It is clearly that p; = —1, pp = 0, u3 = 0, and rank Q; = 2 > 0.
Let
4
Oy = {k = (k1, ko, k3, ka)" € Z* : > kypsi = 0},

where puy = —1.
By the Poincaré-Dulac normal form theory, system ({3.6)) can be reduced to the

canonical form

u) = —up + ulcpl(UQ,Up)),

= up(Bauz + Y3u3) + ¢*(u2, us),
ug(yous + y3usz) + 803(1!2, u3),
ugy = —uo,

where @!(ug,uz) = O(|(u2,u3)]), ©*(u,us) = O(|(u2,us)|?) and ¢*(uz,uz) =
O(|(u2, u3)[*). The subsystem of system (3.7)),

ub = uz(fBoug + Baug) + <,02(u27 us),
uy = ug(Yauz + Y3u3) + ¢>(uz, uz)

/
Uy =
b (3.7)
Uz =

is a semi-quasihomogeneous system with exponents s; = sy = 1, and its quasi-
homogeneous cut is
usy = ug(fuz + B3us),
uy = uz(yaug + Y3u3).
Note that if G2 # 0, then (—é,O) is a balance of (| @, and the corresponding
Kovalevskaya matrix is

(3.8)

| (1 7% )
K = 2 .
_ 3
0 1 ﬁz
Obviously, i1 = —1, jio =1 — % are eigenvalues of K'. Let

{k klka € Zi skyfin + kofip = O}.

By Theorem . we know that if rank Qs = 0, then does not have any
nontrivial formal first integrals in the neighborhood of x = 0; if rank Qg =I5 > 0,
then has at most [, functionally independent formal first integrals in the
neighborhood of x = 0. Therefore we get the proofs of last two cases. O

Remark 3.4. If Q5 =I5 > 0, one can use the same idea as the change of variables
to get a new system like to do more investigations. While, one particular
case should be noted is that, if there exist i € N, such that for every j > i,
rank ©; = rank©;, = [;, > 2, we can not get the nonexistence of formal first
integral for system . And this case always implies the partial existence of



10 Z.G. XU, W. L. LI, S. Y. SHI EJDE-2017/274

formal first integral for (3.1)), i.e., (3.1) may have l;, — 1 formal first integrals in a
neighborhood of x = 0.
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