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Resonance problems with respect to the Fucik
spectrum of the p-Laplacian *

Kanishka Perera

Abstract

We solve resonance problems with respect to the Fuéik spectrum of
the p-Laplacian using variational methods.

1 Introduction
Consider the quasilinear elliptic boundary value problem
—Apu=a@W PP —b WP+ fzu), uwe WP (1.1)

where Q is a bounded domain in R, n > 1, A,u = div (|Vul|P=2Vu) is the
p-Laplacian, 1 < p < oo, u™ = max {£u, 0}, and f is a Carathéodory function
on € x R satisfying a growth condition

[f (@, )] < V(@)= [t1=F + W(a)P (1.2)

with 1 < ¢ < pand V, W € LP(Q). The set X, of those points (a,b) € R? for
which the asymptotic problem

—Apu=a@P b we W P(Q) (1.3)

has a nontrivial solution is called the Fu¢ik spectrum of the p-Laplacian on ().
The nonresonance case for problem (1.1), (a,b) ¢ 3,, was recently studied by
Cuesta, de Figueiredo, and Gossez [4] and the author [23, 24]. The symmetric
resonance case, a = b € o(—A,), was considered by Drdbek and Robinson
[11]. The purpose of the present paper is to study the general resonance case
(a,b) € Xy,

The Fucik spectrum was introduced in the semilinear case, p = 2, by Dancer
[6] and Fuéik [12] who recognized its significance for the solvability of problems
with jumping nonlinearities. In the semilinear ODE case p = 2, n = 1, Fucik
[12] showed that Yo consists of a sequence of hyperbolic like curves passing
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through the points (A;, \;), where {\;},. are the eigenvalues of —A, with one
or two curves going through each point. Drébek [10] has recently shown that
¥, has this same general shape for all p > 1 in the ODE case.

In the PDE case, n > 2, much of the work to date on X, has been for
the semilinear case. It is now known that Xo consists, at least locally, of curves
emanating from the points (A\;, A;) (see, e.g., [2, 5, 6,9, 12, 13, 15, 16, 17, 20, 21]).
Schechter [31] has shown that X5 contains two continuous and strictly decreasing
curves through (\;, \;), which may coincide, such that the points in the square
(Ai—1, A\i+1)? that are either below the lower curve or above the upper curve are
not in Yo, while the points between them may or may not belong to 35 when
they do not coincide.

In the quasilinear PDE case, p # 2, n > 2, it is known that the first eigen-
value A; of —A,, is positive, simple, and admits a positive eigenfunction ¢; (see
Lindqvist [19]). Hence X,, contains the two lines A x R and R x A\;. In addition,
o(—Ap) has an unbounded sequence of variational eigenvalues {\;} satisfying a
standard min-max characterization, and 3, contains the corresponding sequence
of points {(A;, A;)}. A first nontrivial curve in ¥, through (Ag, A2) asymptotic to
A1 X R and R x A1 at infinity was recently constructed and variationally charac-
terized by a mountain-pass procedure by Cuesta, de Figueiredo, and Gossez [4].
More recently, unbounded sequences of curves {Cli} in ¥, (analogous to the
lower and upper curves of Schechter) have been constructed and variationally
characterized by min-max procedures by Micheletti and Pistoia [22] for p > 2
and by the author [24] for all p > 1.

Let us also mention that some Morse theoretical aspects of the Fuéik spec-
trum have been studied in Dancer [7], Dancer and Perera [8], Perera and
Schechter [25, 26, 27, 28, 29, 30|, and Li, Perera, and Su [18].

Denote by N the set of nontrivial solutions of (1.3), and set

F(x,t) = /0 f(z,s)ds, H(z,t):=pF(x,t)—tf(z,t). (1.4)

The main result of this paper is:

Theorem 1.1. The problem (1.1) has a solution if
(i). (a,b) € C}' and [, H(x,u;) — +o0, or

(i). (a,b) € C; and [, H(x,u;) — —00

for every sequence (u;) in Wy P (Q) such that |Ju;]| — co and u;/|u;|| converges
to some element of N.

As is usually the case in resonance problems, the main difficulty here is
the lack of compactness of the associated variational functional. We will over-
come this difficulty by constructing a sequence of approximating nonresonance
problems, finding approximate solutions for them using linking and min-max
type arguments, and passing to the limit. But first we give some corollar-
ies. In what follows, (u;) is as in the theorem, ie., p; = |lu;|| — oo and
vji=wuj/p; > vEN.
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First we give simple pointwise assumptions on H that imply the limits in
the theorem.

Corollary 1.2. Problem (1.1) has a solution in the following cases:
(i). (a,b) € C;, H(z,t) — +00 a.e. as |t| — oo, and H(z,t) > —C(z),
(i1). (a,b) € C;, H(x,t) — —o0 a.e. as |t| — oo, and H(x,t) < C(x)
for some C € L(Q).
Note that this corollary makes no reference to V.

Proof. If (i) holds, then H(z,u;(x)) = H(z,pjv;(xz)) — +oo for a.e. x such
that v(z) # 0 and H(z,u;(x)) > —C(x), so

[Heuw) = [ Hew)- [ @ -t (1.5)
Q v#0 v=0
by Fatou’s lemma. Similarly, [, H(z,u;) — —oo if (i) holds. O

Note that the above argument goes through as long as the limits in (i) and
(ii) hold on subsets of {z € Q : v(x) # 0} with positive measure. Now, taking
w =0T in

/Q|Vv|p72Vv'Vw:/Q[a(er)p*lfb(v*)p*l}w (1.6)

gives

JoH|P = /Q a (v < allot | p(e)r/
)

<a s ot p()r/ (L.7)

where Q4 = {x € Q: v(z) > 0}, p* = np/(n—p) is the critical Sobolev exponent,
S is the best constant for the embedding Wol’p(Q) — LP"(Q), and pu is the

Lebesgue measure in R™, so
S n/p
wen = (5) (18)

A similar argument shows that

W) > (§>/ (19)

where Q_ = {z € Q : v(z) < 0}, and hence
,u({;v eN:v(x) = O}) < () — sn/p (a_"/p + b_”/p). (1.10)

Thus,
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Corollary 1.3. Problem (1.1) has a solution in the following cases:
(i). (a,b) € G}, H(z,t) — +o0 in Q' as |t| — oo, and H(z,t) > —C(x),
(ii). (a,b) € C;, H(z,t) — —o0 in ' as |t| — oo, and H(z,t) < C(x)
for some Q' C Q with p(Q) > p(Q) — S™P (a=™/P +b=/P) and C € L(Q).
Next note that

H () (o ()1 + H_(2) (0" (@)" < liming 2@4@)

Hiz,u)(2)) P (1.11)
< limsup =G ST (o) (0 @)+ (@) (0 (2)"
J
where Hx 1) Hat)
x, — I x,
H,(z) = ltlgﬁig rr Hy(z) = 11rililolop T (1.12)
Moreover,
H(z,u;(x _ p+ 1) Wi(z)P~!v,(x
M <+ @ V(@) oy + LEDWETR@L 4y
Pj Pj
by (1.2), so it follows that
H
/ H, H_(v7)? <liminf M
(1.14)
(z uj _
< hmsup / H(v H_(v7)™
Thus we have
Corollary 1.4. Problem (1.1) has a solution in the following cases:
(i). (a,b) € C) and [(H, (vF)?+H_(v7)?>0 YveN,
(ii). (a,b) € C; and [ Hi(v")1+H_(v7)4<0 YveN.
Finally we note that if
tf(tT;t) — f+(z) a.e. ast — Foo, (1.15)
then
F(z,t) 1 /t {sf(:ms) } -2 fe() fe()
= — — x)||s sds + —— — ——= 1.16
mr nr s[a fe(@)|]s| . . (1.16)
and hence H.)
T, p
i () A

so Corollary 1.4 implies
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Corollary 1.5. Problem (1.1) has a solution in the following cases:
(i). (a,b) € G} and [, f+(vT)1+ f_(v7)?>0 VYv€EN,
(ii). (a,b) € C; and [, f+(vT)!+ f_(v7)? <0 VveN.

2 Preliminaries on the Fucik Spectrum

As in Cuesta, de Figueiredo, and Gossez [4], the points in ¥, on the line parallel
to the diagonal @ = b and passing through (s,0) are of the form (s + cy,cy)
(resp. (c—,s+ c_)) with ¢y a critical value of

TE(u) = /Q Vup — s, wes={ue W@ ful, =1} (@)

and JF satisfies the Palais-Smale compactness condition. Since Yp is clearly
symmetric with respect to the diagonal, we may assume that s > 0. In par-
ticular, the eigenvalues of —A, on WO1 "P(Q) correspond to the critical values of
the even functional J = Ji°. As observed in Drabek and Robinson [11], we can
define an unbounded sequence of critical values of J by

= inf 2.2
M= fek ey, LeR 22)

where
Fi = {A C S there is a continuous odd surjection h : st A} (2.3)

and S'~1 is the unit sphere in R, although it is not known whether this gives
a complete list of eigenvalues.

Suppose that [ > 2 is such that \; > A\;_; and let 0 < e < \; — A\;_1 be given.
By (2.2), there is an A'~2 € F;_; such that

ax J(u) < N1 +e. (2.4)

Let hy_o : S'=2 — A'=2 be any continuous odd surjection and let

F= {A, C S : there is a continuous surjection h : Sﬂr_l — Ay
such that h|5172 = hl_g} (25)

where Sf[l is the upper hemisphere of S'~! with boundary S'~2. Then .7’-';r is
a homotopy-stable family of compact subsets of S with closed boundary A!=2,
ie,

(i). every set A, € F;" contains A'~2,

(ii). for any set A, € F;" and any n € C([0,1] x S;5) satisfying n(t,u) = u
for all (t,u) € ({0} x S) U ([0,1] x A'=2) we have that ({1} x 4) € F;'.
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For s € It := [0, \; — \j—1 — €], set

+ U +
¢ (s) = Ajrelg-‘,* ng%}i I (u). (2.6)

If ¢if(s) < A — s, taking A, € F;" with

JE A\ — 2.7
max s (u) <A—s (2.7)

and setting A = A, U (—A4) we get a set in F; for which

J(u) = J(u) < JE A 2.8
max J (u) max (U)_gelgf s (W) +s <N, (2.8)

a contradiction. Thus

F)>N—s> Ny +e> Jnax, J(u) > Jax, JE(u), (2.9)

and it follows from Theorem 3.2 of Ghoussoub [14] that ¢ (s) is a critical value
of JF. Hence

CiE = {(s+¢(s),¢if(s) 1 s € I JU{(ci(s), s+ (s)) 1 s € [} C 5. (2.10)

Note that (2.9) implies cli(()) > N\ — o0.

3 Proof of Theorem 1.1

As is well-known, solutions of (1.2) are the critical points of
O(u) = / IVulP —a(ut)? —b(u™ )P —pF(z,u), uecWyPQ). (3.1)
Q

We only consider (i) as the proof for (ii) is similar. Let (a,b) = (s+¢] (s), ¢ (s)),
s >0 and

1 1
050 =)+ [ = [ 1= s @ty = ()= ) - p o)
J Ja Q J
(3.2)
First we show that, for sufficiently large j, there is a u; € Wg "P(Q) such that

[ | 195 ()|l — 0, inf ;(u;) > —oo. (3.3)
Let € and A2 be as in Section 2. By (2.9),

max JE(u) < ¢f(s) - =

2
u€Al—2 i
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for sufficiently large j. For such j, u € A'"2, and R > 0,

() = 2 [0 = (e )= 3)| = [ oo

RP P—q Rq p—1
<~ 4o (VB Wi R) (35)
by (1.2), so
max ®;(Ru) — —oo as R — oo. (3.6)
ucAl—2
Next let
1
F= {u e WEP(Q) 1 JH(w) > ¢f (s) ||uug}. (3.7)
For u € F,
HUHZ P—q q p—1
@5(u) 2 = = p (VI + W5 el ). (3.8)
SO

frp
i ) >(C :=min | — — P—q .q p—1 — 0. .
it 2,0 > Commin | p (W4 W) | > o (39)

Now use (3.6) to fix R > 0 so large that
max ®;(B) < C (3.10)

where B = {Ru :u € A'72}.
Next consider the homotopy-stable family of compact subsets of X with
boundary B given by

F = {A C X : there is a continuous surjection A : Si_l — A
such that h|gi-2 = Rh;_s} (3.11)

where h;_s is as in Section 2. We claim that the set F' is dual to the class F,
ie.,

FNB=0, FNA#0 VYAeZF. (3.12)

It is clear from (3.9) and (3.10) that FNB = 0. Let A€ F. If 0 € A, then we

are done. Otherwise, denoting by 7 the radial projection onto S, m(A) € F;"
and hence

max JJ (u) > ¢ (s), 3.13

ma T () 2 (9 (3.13)

so FNw(A) # (. But this implies F N A # (.

Now it follows from a deformation argument of Cerami [3] that there is a u;
such that

a1 1195 ()l = 0, 1 (u5) — 5] — 0 (3.14)

where

L= ] . > .
¢; ,irelffgleajx( ®;(u) > C, (3.15)
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from which (3.3) follows.

We complete the proof by showing that a subsequence of (u;) converges to a
solution of (1.1). It is easy to see that this is the case if (u;) is bounded, so sup-
pose that p; := |lu;|| — oo. Setting v; := u;/p; and passing to a subsequence,
we may assume that v; — v weakly in W, ?(Q), strongly in L?(Q), and a.e. in
Q. Then

/Qlevf’*2 Vo, - V(v; —v) = w+/§2 Ka_ 1>(Uj+)p1

pp; J

1 —\p— f(xau)

- (b— ;)(vj JLaE pI_J—lj }(vj —v)—0, (3.16)
j

and we deduce that v; — v strongly in Wy ?(Q2) (see, e.g., Browder [1]). In

particular, |[v|| =1, so v # 0. Moreover, for each w € Wol’p(Q)7 passing to the

limit in

(®5(us),w) = /Q |V, P72 Vo, - Vw — Ka— %)(M)P—l

p—1 J

po,
- (b - %)(Uﬂp—l + ﬂx—?)]w (3.17)

i
gives

/ |VolP~2 Vv - Vw — [a (vT)P=t — b(v_)p_l}w =0, (3.18)

Q

so v € N. Thus,

' (u;),u;
M —®j(u;) = / H(z,uj) — 400, (3.19)
p Q

contradicting (3.3).
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