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IDENTIFICATION OF TWO DEGENERATE TIME- AND
SPACE-DEPENDENT KERNELS IN A PARABOLIC EQUATION

ENNO PAIS, JAAN JANNO

ABSTRACT. An inverse problem to determine two degenerate time- and space-
dependent kernels in a parabolic integro-differential equation is considered.
Observation data involves given values of the solution of the equation in a
finite number of points over the time. Existence and uniqueness of a solution
to the inverse problem is proved.

1. INTRODUCTION

Heat flow in materials with memory is governed by parabolic integro-differential
equations containing time-dependent (and in the case of non-homogeneity also
space-dependent) memory (or relaxation) kernels [T, 12], 13 15]. These kernels
are often unknown in the practice. To determine them, inverse problems are used.

Various problems to identify time-dependent memory kernels in parabolic equa-
tions have been studied in a number of papers (see [4, Bl [7, 8, T1] and references
therein). When the kernels are both time- and space-dependent, inverse problems
based on restricted Dirichlet-to-Neumann map in general case [6] and single trace
measurements in stratified cases [2] are in the use.

In some context the kernels can be degenerate, i.e. representable as finite sums
of products of known space-dependent functions times unknown time-dependent
coefficients. This is so when either the medium is piecewise continuous or a problem
for a general kernel is replaced by a related problem for an approximated kernel. The
unknown coefficients are recovered by a finite number of measurements of certain
time-dependent characteristics of the solution of the direct problem. In [9] [10]
inverse problems of such a type were studied. These papers deal with the simplified
case when the model contains only the relaxation kernel of heat flux. However,
a more precise model of a material with thermal memory involves two relaxation
kernels contained in basic constitutive relations: kernels of internal energy and heat
flux [4 5L [8, [13].

In the present paper we study an inverse problem to determine degenerate non-
homogeneous relaxation kernels of internal energy and heat flux occurring in a
parabolic equation governing heat flow in materials with memory. To recover the
kernels, we make use of a finite number of measurements of temperature in fixed
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points over the time. As in [9] [10], we apply the fixed-point argument in weighted
norms adjusted to the problem in the Laplace domain. Due to the structure of the
problem, the kernels of internal energy and heat flux are recovered with different
level of regularity. The corresponding problem with flux-type additional informa-
tion is more complicated, and not covered by this paper.

In Section 2 we formulate the direct and inverse problems and in Section 3 apply
the Laplace transform them. In Section 4 we rewrite the transformed problems
in the fixed-point form. Sections 5 and 6 contain some auxiliary results for the
direct problem. Main existence and uniqueness results for the inverse problem are
included in Section 7 of the paper.

2. PHYSICAL BACKGROUND AND FORMULATION OF PROBLEM.

We consider the heat flow in a rigid nonhomogeneous bar consisting of a material
with thermal memory. For a sake of simplicity we assume the rod to be of the unit
length. Then, in the linear approximation the system of constitutive relations and
the heat balance equation read as

e(z,t) = B(x)u(z,t) +/O n(x,t — 7)u(z,7)dr, (2.1)
q(z,t) = =Nx)uz(z,t) +/O m(x,t — 7)ug(x,7)dr, (2.2)
%e(m,t) + %q(x,t) = r(z,t), (2.3)

respectively, where x € (0, 1) is the space coordinate and ¢ € R is the time [4} [5, [8]
13] Here u is the temperature of the bar, which is assumed to be zero for t < 0, e
is the internal energy, g the heat flux and r is the heat supply. Moreover, § and A
stand for the heat capacity and the heat conduction coefficient, respectively. The
model contains two memory kernels n and m, being the relaxation kernels of the
integral energy and the heat flux, respectively.

From ., we obtain the parabolic integro-differential equation

0
5(33)&11(33,75) + a—/ n(x,t — 7)u(x,7)dr
0
= %(/\(as)ugc x,t)) m(x Tug(x,7)dr +r(z,t), z€(0,1), t>0.
(2.4)
The function u(x,t) is assumed to satisfy the initial conditions
u(z,0) = ¢(x), =€(0,1) (2.5)
and the Dirichlet boundary conditions
u(0,t) = f1(t), u(1,t) = fa(t), t>0 (2.6)

with given functions ¢ on [0, 1] and f;, j = 1,2 on [0, 00). Equation with the
conditions and form the direct problem for the temperature u.

In an inverse problem we seek for the kernels n and m. We restrict ourselves to
the case of the kernels in the following degenerate forms

N, Ny
t) =Y vi(@n;(t), mat) =Y p(z)my(t), (2.7)
j=1 k=1



EJDE-2005/108 IDENTIFICATION OF DEGENERATE KERNELS 3

where v;, 5 = 1,..., Ny, pi, k = 1,..., Ny are given z-dependent functions and
nj, j =1,...,N1, mg, £ = 1,..., Ny are unknown time-dependent coeflicients.
Formulas hold, for instance, when the medium is piecewise continuous, where
n; and my, are characteristic functions or smooth approximations of characteristic
functions of the subdomains of homogeneity. In general case can be interpreted
as finite-dimensional approximations of the actual kernels.

We are going to recover the unknowns n; and m; by the measurement of the
temperature u in N = Nj + Ny different interior points z; € (0,1), ¢ =1,..., N,
i.e., by the additional conditions

u(mi,t):hi(t), i=1,...,N,t>0, (28)

where h; are given functions. Summing up, the relations (2.4])—(2.8) form the inverse
problem for n and m.

3. APPLICATION OF LAPLACE TRANSFORM

Applying the Laplace transform to the equation (2.4]) with initial condition (2.5))
and taking in consideration ([2.7)) we obtain

B@IU,p) o) + P Ny

(3.1)
)

N
= SO .p) ~ Y M) - (), ) + Rl )
k=1

where
U(zx,p) = Lu(z,t) = / e Plu(x,t)dt, Rep > o, N; = Lnj, My = Lmy,, R= Lr.
0

Here o is taken so that the images of the Laplace transform exist in a half-plane
Rep > 0. In the sequel we will study the direct and inverse problems in the Laplace
domain and show the existence and uniqueness for these problems in a half-plane
Rep > o with sufficiently large o.

The boundary conditions are transformed to

U(0,p) = Fi(p), U(l,p) = Fa(p), Rep>o (3.2)

where F; = Lf;, j=1,2.
The goal of this section is to rewrite the problem for U in a form of a system of
integral equations. To this end we represent equation (3.1]) in the form

Ny N3
(LU)wp) =Y MW@ p) + 3 M) g o))
j=1 k=1 :

— R(z,p) — B(x)p(z)

introducing the differential operator

(LU)(z,p) = a%(A(x)Ux(m,p)) — Bx)pU(z,p), =€ (0,1).

Let us denote by G(z,y,p) the Green function of operator L with homogeneous
boundary conditions

L,G(z,y,p) =d(x,y), x€(0,1),y€(0,1), (3.4)
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G(z,0,p) = G(z,1,p) =0. (3.5)

Then the solution of (3.3)) is given by

N1 1
U(z,p) =ZNj(p)/0 G(z,y,p)v;(y)pU(y, p) dy

Jj=1

. 1 , (3.6)
+3M0) [ Glown) g () ) dy ~ Fla,p)
k=1 0 y
where
F(z,p) :/0 G(z,y,p)[B(y)e(y) + R(y,p)] dy (3.7)

+ M0)Gy (2, 0,p) Fi(p) = A(1)Gy (2, 1,p) Fa(p) -

Integrating the integrals in the second sum of (3.6) by parts and observing (3.5
we have

Ny 1
Ua) = N 0) [ Glasn)s U (w.0)dy
j=1
(3.8)

N2 1
- Mi(p) /0 Gy(@,y,p)ur(y)Uy(y, p) dy — F(z,p).
k=1

Further, differentiating (3.6) with respect to  we obtain the equation for U, (z,p)

Ny 1
Uz (,p) =ZpNj(p)/O Ga(z,y,p)vi(y)U(y, p) dy
j=1
(3.9)

N2 1 b
3 Mkl / Gl 1:) - (10U, () dy = Fol.).

We split the second integral in (3.9 into two parts, from 0 to x and from x to 1,
and integrate them by parts. Taking into consideration the equalities G (z,0,p) =
G.(z,1,p) =0, 0 < z < 1, following from (3.5)), and the jump relation

1
Gy(z,z —0,p) — Gp(z,x +0,p) = m, 0<z<l1

(see [14, p. 169]) we get

1
/0 Gr@,y,p)aﬁy(uk(y)v'y(y,p))dy

= Gu(z,y,p)px(y)Uy(y, p) 1

0+Gm(x, v, 0) () Uy (y, p)

x

1 (3.10)
_/O Gay(x, y,p) () Uy (y, ) dy

20 )~ [ Gyl )0 0
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Thus, by (3.9) and (3.10) we have the following equation for U, (z,p)
Uz(z,p)

1 & M 1
T @) 2 Mi(p)pn(w)Ue (w,p) + ZpNj(p)/O Ga (2, y,p)v;(y)U(y, p) dy
k=1 j=1

N3 1
=S M) [ Gy PV 02 9) dy ~ Fu)
k=1 0

(3.11)

with F' given by (3.7). Summing up, (3.8) and (3.11) form a system of integral
equations for functions U(x, p) and U, (z, p).

4. FIXED-POINT SYSTEMS FOR INVERSE AND DIRECT PROBLEMS

In this section we deduce a fixed-point system for the inverse problem in the
Laplace domain and transform further the system for U and U,. Applying Laplace
transform to additional conditions (2.8) yields

Thus, from equation (3.8)) we obtain

N1 1
Zka(p)p/ Gz, y, p)vi(y)pU (y, p) dy
k=1 0

N2 1
— > VPMi(p) \/23/0 Gy(@i, y, p)u(y)pUy (v, p) dy
=1

— PIHp) + Flenp)

fori=1,..., N, where F, given by , depends only on the data of the problem.
Firstly, let us study the behaviour of this equation in the process Rep — oc.

Suppose a priori that the inverse problem has a solution ny,m; with the following
properties

(1) ng are differentiable, implying pN(p) — nx(0) as Rep — oo;

(2) /pM;(p) — 0 as Rep — oo;

(3) the solution of the direct problem u corresponding to these ng, m; satisfies

the relation 2-u(-,t) € C*[0,1] for ¢ > 0.

From 3 and the initial condition (2.5)) we have pU(z,p) — ¢(x) and pU,(x,p) —
¢'(x) as Rep — oco. Using these asymptotic relations, the items 1, 2 above and the

assertions ([5.9) and (5.12)) of Lemmas and below we obtain the equalities

Ny

—Zm@a%meMFzmlﬁm@+ﬂ%m, (4.3)
k=1 v

Rep—oo

fori =1,...,N = Ny + Ns, from (4.2) in the process Rep — oo, which form a
system for initial values n(0) of the unknowns ny.

Remark 4.1. Observing (3.8) we see that —F(x,p) is the Laplace transform of a
function @(x,t), which is the solution of the direct problem (2.4]) - (2.6) with lacking
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kernels (n(x,t) = m(x,t) = 0). Therefore, according to the basic properties of the
Laplace transform (see [3]), the limits in (4.3) exist and are finite under conditions

and h; — a(z;,-), 1 =1,..., N, are twice continuously differentiable. In particular,
the relations h;(0) —¢(x;) = 0 can be regarded as consistency conditions. Moreover,
under these conditions

RelgiEOQPQ[Hi(p) + F(z;,p)] = tl_igi(h;(t) — %ﬁ(x“t)) , i=1,...,N.

System (4.3)) has a unique solution provided

rank ((ﬂ(l) Vk(%)‘P(xi))k:1 lim p2 [Hi(p) + F(xi’pﬂ)i:l,.“,N (4.4)

1
= rank (ml/k(xi)@(xi))}mi=1,4..,N1 =Ni.

Thus, (4.4) is a necessary condition for the inverse problem to have a unique solution
with the properties 1-3.

The system (4.2) suggests that the kernels ny and m; can be determined simul-
taneously with higher smoothness in nj than in m;. Therefore we define

Qr(p) = pNi(p) — ni(0) = L(n},) (4.5)

and derive a fixed-point system for Qg, M;. Observing (4.3)), (4.5) and having
Lemma [5.2] in mind we obtain from (4.2)) the system

Y==xi

Ny N2

;@mmbwmmm+;mwd%w@wm'
Ny 1

= >1Qute) + O] [ 0Gai, . Pl :p) ol
k=1

+ [ 0Gay el dy + sesula)et)]

N2 1
- Mi(p) [/0 PGy (@i y, 0)i(y) [PUy (y, ) — ¢' ()] dy
=1

1

1
7/ PG (i, y,0) ()" (v) dy — —— ()¢ (v)'|
0 B(z;)

— p°[H;(p) + F(xi,p)] + plim E[Hi(q) + F(zi,q)], i=1,...,N.

In view of assertion (5.12)) of Lemma below and the relation pU — ¢ as Rep —
oo the first row in (4.6)) is the principal part of this system. Therefore we introduce

the matrix I' = (Vi) k=1,...,n related to this principal part, where

.....

1
vk ()T, k=1,...,Ni,
ik = § P Y (4.7)
5(931-)(/%—%(3/)30 (¥)) |y:zi7 k=N +1,...,N
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and assume det ' # 0. Further, we introduce the unified notation for the unknowns
k=1,...,N
Zk _ Qka 3 s 4V, (48)
Mi_n,, E=Ni+1,...,N,
Z = (Z,...,ZN) and vanishing with Rep — oo functions
B°[Z)(x,p) = pU[Z)(x,p) — ¢(z), B'[Z)(x,p) = pUs[Z)(z,p) — ¢'(x), (4.9)

where U[Z](z, p) is the Laplace transform of the Z-dependent solution of the direct
problem. Now system (4.6)) can be written in the fixed-point form

Z=T"*F(2), (4.10)
where F(Z) = (F1(2),...,Fn(Z)),
fi[Z](P)

—sz )[ [ 96 ) B ) dy

- / PGy p0) () dy + (ol
N 1
£ Y W) [ v pne B A dy -
k=N;+1 0
[ vy e, ) dy s (e @ @]
o pG(Ti, Y, P)\Uk—N,\Y )P Y ﬁ(xz) Hek—N,\T)P (T _—
Ny 1
+an(0)/0 pG(wi,y,p)vi(y) B[ Z)(y, p) dy + Wi(p), i=1,...,N
k=1
and
1
an )| / L R e L

= °[H;(p) + F(zi,p)] + hmooq [Hi(q) + F(xi, )]

Re

For future analysis we need a proper fixed-point system for the quantities B°[Z]
and B'[Z], too. From ({3.8)) in view of the definitions of Z and BY[Z] we have

B°1Z])(x,p)

N, 1
= ZZk(P)/ G,y p)vi(y) B Z)(y, p) + 9(y)] dy
k=1 0
N 1
= Y Z20) [ Gylepmen B Z)wp) + ¢ ()] dy (4.13)
k=Ni+1 0
N1

+an / G(x,y,p)vi(y)B°1Z](y, p) dy + ®°(, p)
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with
1 1
%(xz,p) = Y ni(0) / G(z,y,p)vr(W)e(y) dy — pF(z,p) — p(x).  (4.14)
— 0
From ([3.11)) we obtain

N; 1
A = 3 2l / Gor (2,9, )21 () [B°12) (3, ) + ()] dy

+ Z Zk {,uk N1( )Bl[Z](a:,p)

k=N Alz)

1
- [ Gevtoypmm B 20 0) + )]
Ny 1
+3m0) [ Galey ) B12)(0.p) dy
k=1 0

+ ZN: Za(p) = @@ | G

kN A@)

with
~ N1 1
ol (z,p) =) nk(O)/O Galz,y,p)v(y)e(y) dy — pFu(x,p) — ¢ (2).
k=1

For the function B°[Z], which in contrast to B'[Z] does not contain a space
derivative of U, we need a certain higher regularity in the time variable. To this
end we will assume that the free term ®° can be decomposed as follows

3% (z,p) = B*(2,p) + (z,p), (4.15)

where |B%9(z, p)| < C";“St and |<I>(;1c p)| < Cofjt with some o > 1 for Rep > oy,
xz € 10,1].

Remark 4.2. To clarify under what conditions the decomposition (4.15)) is valid,
let us consider separately two addends

N1 1
&(z,p) = S na(0) / Gy, D))o () dy.
k=1 0

®Y(z,p) = —pF(z,p) — ¢(z)

in the formula of the function ®°(z,p). Assuming v(z), p(z) € C0,1], the first
addend ®Y(z, p) satisfies (4.15]) in view of the assertion (5.12) of Lemma Indeed,
due to (5.12)) we have

Ny
1 v (2)p
<I>O (z,p) - —|— <I>1 z,p
P,,?:l 50) (z,p),
where |®1(x,p)| < const/|p|3/2. Next, as

L0 (r,p) = £ (pF () — 9(2) = i, ),
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where @(z,t) is the solution of the direct problem - without kernels m
and n (see Remark , and £7! denotes the inverse Laplace transform, then by
well-known properties of the Laplace transform (cf [3]) the addend ®Y(x,t) satisfies
the condition with a = 2, if @(z,t) is twice continuously differentiable with
respect to t.

We split B[Z] into the sum
B°[Z)(z,p) = B**(z,p) + B*Z](z,p), (4.16)

where for B%! we will require that |B%![Z](z, p)| < C"gﬂft for Rep > o¢, z € [0,1].

From (4.13) and (3.11) in view of (4.15)), (4.16) and the definitions of Z and B'[Z]

we deduce the following fixed-point equation for the vector B[Z] = (B%1[Z], B[Z]):

B|Z] = A[Z|B[Z] +b]Z], (4.17)

where A[Z] = (A°[Z], A'[Z]) is the Z-dependent linear operator of B with the
components

Ny 1
(A2B) ) = Y (Z(p) + (D) [ Gla.pe) B o) dy
=1 N ’ (4.18)
1
- > Zk(p)/ Gy(@,y,p)p—n, () B (y,p) dy,
k=Ni+1 0
(A[2]B)(x,p)
Ny 1
=3 (Zu(p) + m(0)) / G (. y, )i (y) B (. p) dy
k=1 0
Y _w, () !
+k_%;+12k(p)[%31(1‘,p)—/0 Gy (9, D) ptr— N, () B (y, p) dy]
(4.19)

and b[Z] = (b°[Z],b'[Z]) is the Z-dependent B-free term with the components

N1 1
V2N (.p) = 3 Zu(p) / G2,y p)vk (W) B**(y.p) + 0()] dy
k=1

N

1
- . Z) / Gy (2,9, P, ()¢ (v) dy + B (z, p),
k=N;+1 0

(4.20)

b![Z](x,p)

Ny 1
=Y %) [ Culev W w.p) + o)) dy
k=1 0

- (2)e'(x) [
+ 30 Z@[MNEED G e ) ) ]+ o)
k=N:1+1

(4.21)
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and

01 (z, p) = an / Gy, D) B (y,p) dy + B(ap),  (4.22)

Ny
=30 / (9P (0)[ B w.) + (w)] dy

(4.23)
*pF (z,p) — ¢ (2).
5. FUNCTIONAL SPACES AND ESTIMATION OF GREEN FUNCTION
To analyse the direct and inverse problems we define the spaces
Ao ={V : V(p) is holomorphic on Rep > o, |V|y,, < oo}, (5.1)
where
Vo = sup [p["|[V(p)|
Rep>o
and
(Ay o)V ={V=(V,...,Vn) : Vi(p) € Ayo, bk =1,...,N} (5.2)
with the norm
N
Ve = Z HVk“%Gv Ve (A%U)N-
k=1

We note that A, , C Ay o, (A o)V C (Ayo)Y and ||« [l4,00 < ||+ ||y.0 if 0/ > 0.
Let « be a real number such that

3
Moreover, let c = 017.. cy) be a given vector. We will search the solution
Z =(Z1,...,ZnN) of { on the space
Mc,a = {Z 14 = ]; + V(p)a Ve (Aa,U)N}- (54)

Furthermore, we introduce the spaces of - and p-dependent functions

Byo={F(x,p): F(z,-) € A, , for x € [0,1], F(-,p) € C[0,1] for Rep > o}

(5.5)
with the norms
— ¥
1Elle = jpax, sup [p[*|F(z,p)l
Let o’ be a given number such that
, 3
a<a <=, (5.6)

2

We are going to solve the equation (4.17) for the pair B = (B%!, B!) in the space
By = Byr,o X B1,, with the norm

HB”U = HBOJHDAU + ||Bl||1,a : (5~7)

For estimating the Green function we use the following lemmas proved in [10].
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Lemma 5.1. Let \, 3 € C?[0,1] and \,3 >0 in [0,1]. Then

1

K= sw |py/'|c%x4hpndy<<oo, (5.8)
0<z<1, Rep>0 0
1

Kp—  sw \/uwj/ G (2, p)] dy < 00, (5.9)
0<x<1 Rep>0 0
1

Ky= s MM/KM%MM@<m7 (5.10)
0<z<1, Rep>0 0

1
K, = sup / |Gay(z,y,p)| dy < c0. (5.11)
0<z<1, Rep>0J0

Lemma 5.2. Let A\, 8 € C?[0,1], \,3 >0 in [0,1] and V € C1[0,1]. Then
V(x)
S ‘\/IF(/ PG,V (y)dy + o

for all z € (0,1), where K5 is independent of x in every closed subinterval of (0,1),
and

)| = KslVlloro (5.12)

aw [VII( [ Gotrunva- S < KVicny  613)

Rep>0 )‘(I)

for all z € [0,1], where Kg is independent of x.

6. ANALYSIS OF DIRECT PROBLEM

Let us assume the following hypotheses:

A\ B € C?0,1], A\, 3 > 0; ®° given by admits the decompo-

sition , where B%0 ¢ Bi,s, and dc Bo'.o, with some o¢ > 1

and «,a’ that satisfy (B-6); @' given by (4.23) belongs to (6.1)
Biow v € Cl0,1), k = 1,...,Ny, € CY0,1], I = 1,...,No;

v € C?[0,1].

Lemma 6.1. Let the assumptions (6.1)) hold. If Z = §—|—V € M, then the vector
function b[Z] = (b°[Z],b[Z]), given by (4.20), , belongs to B,, and satisfies

the estimate

! HVIIM

with o > o9, where Cy is a constant and |c| = Zk:l lek|. Moreover, for every
o >o09 and Z' = £+ Vi Z% = £+ V2 e M., the difference b[Z'] — b[Z?] fulfils
the estimate

1b1Z]]le < Ca[1+ —— (|| +

1
16[2"] = b[ 2%l < Co ——— V' = V?|las (6.3)
aa « —i—2
with a constant Csy.

Lemma 6.2. Let the assumptions (6.1) hold. If Z = §+V € M., then the linear
operator A[Z] = (A%[Z], A'[Z]), defined by (.18), (4.19), is bounded in B, and

satt -ﬁes the 6st2ma1€
11 B C V 1

g% o'o‘,7%

] (6.4)
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or any o > o¢ with a constant C3. Moreover, taking Z* = <+ V' Z2 =<4+ V2% ¢
P P
M 5, the estimate for difference

1
I(A[2"] = AlZ*Dlls, ~5, < Coeg V! = V]l (6.5)

holds for any o > oy with a constant Cy.

Proofs of Lemmas [6.1] and are presented in the appendix of this paper.

Due to Lemmas and the contraction principle equation (4.17) has a
unique solution B = B[Z] € B, provided Z = ]% +V € M., and 0 > oy satisfy
the relation

]

a0 1 1
W(ZaU) ::7—’_' ’ <
g

Viao 1

o% ga'_% Cs '
Furthermore, from ([.17) we have |B[Z]||, < (1 — | A[Z]|l5,—5,) ' ||b[Z]||o. This
in view of (6.2)), (6.4) and yields the estimate

Voco 1 - 1 Vaa
1812, < f1—op [l WMhaw Ly 1 Ve,

. a’—1 a—1
g g o 2 o2 g
for the solution of (4.17).

Next let us find an estimate for B[Z1]—B[Z?]. Let o > 0¢ and Z! = %—&—Vl, AR
o+ V2 be such that is valid for V replaced by V! and V2 i.e. n(Z7,0) < C%,
j = 1,2. Subtracting equation ([4.17)) for Z = Z? from the corresponding equation
for Z = Z' we have

B[Z'] - B[Z%] = A[Z*|(B|Z"] - B[Z®)) + (A[Z"] - A[Z*))B[Z"] + b[Z"] - b[Z?].

(6.6)

)] (6.7)

This implies
I1B1Z"] - B[Z?]||
< (1= 1A[Z2%)5,—5,) " IIAIZ"] = AlZ%]|l5, -5, 1BIZ ]l + ID[Z"] = 0[Z%]]]4]-
Using in this relation the estimates - we obtain
IB[Z"] - BIZ®]|l

2 1 _
§O5[1—03(H+ e + ]!

o oo o =32

Ul Voo L 1t
+ -G+ +—)]

T
o% o% "2

Ao

Vl o0
” ‘ 5 )]}‘|V1_V2”a,g

O—afl

(lel +

o’

1
x [+ —=
g2
with a constant C'5. Summing up, we have proved the following theorem.

Theorem 6.3. Let the assumptions (6.1) hold. Then there exists a constant Cs > 0

depending on the data of equation (4.17) such that for any o > o¢ and Z = % +

V € M., that satisfies the inequality , equation (4.17)) has a unique solution
B[Z] = (B*'[Z],B[Z]) in B,. This solution satisfies estimate (6.7). Moreover,
for every o > o¢ and Z' = % +Vi 72 = % +V2e M, s such that n(Zﬁa) < C%),

j =1,2, the difference B[Z'] — B[Z?] fulfils estimate (6.8).
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7. EXISTENCE AND UNIQUENESS FOR INVERSE PROBLEM

In this section we study the inverse problem in the fixed-point form (4 1_] in the
Laplace domain and thereupon infer a result for the inverse problem ([2.4] .
in the time domain.

Due to the decomposition ) the full Z-free term of the operator F =
(Fi,...,Fn) given by (4.11] - is U \Ill,.. , ¥ ), where

Wy +an / PG(asy, ) B (g, p) dy.  (T.1)

and ‘T/Z is defined in
Theorem 7.1. Assume that holds and

v € CHO,1, k=1,...,Ny, w €C?0,1],1=1,...,Ny € C30,1]. (7.2)
Moreover, let detT" # 0 for T', given by , and

d
U= +Y € Mg, (7.3)

with some d € RN. Then there exists o1 > oy such that equation (4.10) has a
unique solution Z = 9 +V eMc,,. Herec= r—td.

Proof. Setting ¢ = I'"1d and observing (4.16]), problem (4 in M., is equivalent
to the following equatlon for V in (A, g) ,
V=FV), (7.4)
where F =T'"'F} and
(Fl(V))‘(p)

Z +Vilp {/0pG(wi,y,p)Vk(y)[BO’O(y,p)

k=

1
+ B"'[Z](y, p)ldy + /0 pG(zi,y, p)vi(y)e(y) dy + Vk(xi)w(xi)}

1
ﬂ(ﬂﬂz)
+ Z +V;c ){—/0 PGy (i, y, p)pk—n, () B[ Z](y, p) dy

k=N;+1
x:xi}

+ [ G @ o, ) )+ e i (06 @)
+an(0)/0 pG(xs, y, p)vi(y) B [ Z](y,p) dy + Yi(p), i=1,...,N.

(7.5)

We will prove the assertion of theorem using the fixed-point argument in the balls
Da,o(p) = {V € (-Aa,o)N : ||VHa,U < P}-
Multiplying by [p|® in (7.5)) and estimating we have
lp[*[(F1(V))i(p)]
Ny 1
lexl P Vi(p)]
gz( N )Iel |16, p)ldy

\pl"“
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I Wllep.y

Vrl
4—v@ﬂy/'chm,%pﬁ%@owundy+ji§5umIa¢um

1
0,0 o 0,1
[Ipl0< max, |B (. Pl + 1 e 1Pl x |B> [ Z(y: p)]

O< <1
n Z ( k| |P| |V;€ \/> |G o p)|d
Y, p)|dy

k=N +1 "p|“a
X || ptk—ny llego, 12l Jnax, \B [Z](y,p)l

)

+\/H‘/ PG (i, y, ) (e—n, ()9’ (y)) dy+ﬂéjz)(uk N (@) ()

Ny
+ 3 0 pr/’|G . p)dyveleton s ol gma, 1B 2)(2.)
k=1 -

+Ipl*Yi(p)|, i=1,....N.

Using the assumptions (6.1), (7.2), (7.3), the assertions (5.8)), (5.10) and (5.12f) of

Lemmas and the definition of the norm | - ||, » We obtain

lp|*|(F1 (V)i (D)

k| 1Villa,o P
—Z(|p|77a VIpl ){ 1\/@””’6”0[0,1]

BO o,
x[wwmw”|ﬁﬂlJ+Kchmﬂ

exl  [Villao :
+ ) (Ksllie-i e 1B 210
k%;H IR '
1B° 2o

+ K| (- ¢’ HClOl]) +Z|nk ) K1 lvkllep, 1]W
+||Yi(P)||a,ao, Z:].,N

for Rep > o, 0 > 09, © € [0,1]. Taking here the supremum over Rep > o,

€ [0, 1], observing the relation |p|” > ¢” for Rep > o, which holds in the cases
v=3/2—qa,d —1, & —a due to the assumed inequalities , and the
inequality l/aal_1 < 1, which holds due to ¢ > g9 > 1, we get

[1EL(V)llav.or
<0 || [Va,0 B 1 B| Y >
= 6{( 3_ Vo )(H Z]lle +1) + O6_04” ]HG}JFH ”a,rrov 0 Z 0o
o2
(7.6)
with a constant Cg depending on the data of the problem.
Further, let us suppose that V' € D, ,(p), where o and p satisfy
p 1 1
n(p,)—‘|+ +— <= (7.7)
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and ¢ > 0p. Then holds, hence we can apply estimate (6.7) of Theorem
for |B[Z]||,. Plugging (6.7) into 1] and estimating ||V||q,0 by p we have

|| -1
F ‘/ < —_ 1—
[F2 (Voo < Cﬁ{(ag_a + UO"*O‘ + \/>)Cl[ no(p, o)Cs]

1 p ] p
x |1 7} «,o
[+ el )+ e+ T2+ Y e

From this inequality, due to the equality F = I'"! F}, we see that for every p > pg :=
=Y ||a,00 there exists o2 = g3(p) > oo such that the inequalities ng(p, o) <
1/C5 and ||FV a0 < p hold for any o > 02(p). Consequently,

F : Dy o(p) = Da,o(p) for p>poand o > o2(p). (7.8)

Next, we prove that F' is a contraction. From ([7.5) with Z = %—&— Vand Z = %—&— 1%
we have

(F(V) = F1(V)),(p)

Ny 1
=>4 = )] | pGlan v pn) B (0.p) + B [2)w.p))

1
+ [ pGlay el dy + sesmla)elo)}

B(x;)
N, ¢ N 1 ~
S 4 T) / PG (i, . )i () [B(Z] — BOV(Z))(y,p) dy
st p 0
N L (7.9)
+Y W) - ){ - [ Gy vp)w )B (Z)0p) dy
k=N;+1 0

+ [ 2 o, ) W)+ e (i () @)

T:’l}l}
N

S (T / PGy (@i, D), W)B(Z] — BM(Z))(y,p) dy

k—N1+1
+ an / PG (@i, y, D (W) [B* 2] — B*M(Z))(y,p) dy,

i =1,...,N. Performing similar operations as above in deriving ([7.6)) we obtain
from ([7.9) the estimate

IFL(V) = F1(V) oo

< {1z, + 1
b (e Wy 17 iz, + iz - sz

for 0 > oy with a constant C7. Supposing that V, Ve Dg.»(p) with o > 0¢ and p
such that (|7.7)) hold by the estimates and of Theorem we have

I (V) = F1(V) 0o
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1 Cl 1 14
= 07{%0 1 no(p,o)Cs3 1+ o3« (lef + 0”‘_1)})
c] P 1 Cs

+ v
(g%*a Vo o o¥a )1 —no(p,c)Cs
1 1 1 P _
1 IV =Vl
8 [UO‘*O"+% * (1 —no(p,)C3) ( * o3« (Jel + oa—l )) I lo,

The coefficient of ||V —V||a., on the right-hand side of this estimate approaches zero
as 0 — oo for a fixed p > 0. Hence, for every p > 0 there exists o3 = o3(p) > 0y,
such that the inequality no(p, o) < 1/C5 holds and F = I'"!F} is a contraction in
the ball D, ,(p) for p > 0 and 0 > o3(p). This together with shows that
equation has a unique solution V' in every ball D, ,(p), where p > py and
o > o4(p) = max(o2(p); o3(p)). This proves the existence assertion of theorem with
g1 = 0‘4(2p0).

It remains to prove that the solution of is unique in the whole space
(Aa.o,)N. Suppose that has two solutions V! and V2 in (Aa.q,)Y. Let
us define p := max(2p0; |V |a.01; |V a0,) and & := max(oy;04(p)). Then we
have ||V7||a.0, < p, j = 1,2. Since the norm ||.||o» is nonincreasing with respect to
o and ¢ > oy, from this relation we derive

||‘/]H04,5' Sp = V] € Dtx,&(ﬁ)7 j: 1a2

But due to p > po and & > 04(p), the uniqueness in the ball D, ;) has already
been shown. Thus, V! = V2. Theorem [7.1] n is proved. (]

Finally, applying the well-known results about the invertibility of the Laplace
transform [3] we deduce the following corollary from Theorem

Corollary 7.2. Let conditions | . ) hold yieldz’ng the unique initial values nj(0) for
the unknowns nj, k =1,..., Ny from system (4.3). Moreover, let the assumptions
of Theorem- 1 be satzsﬁed for the functions )\k, m, %) and the quantities ®°, &1, ¥
given by formulas | , , . with -, m terms of the Laplace
transforms R, Iy, FQ, i of the data of inverse problem .

Then inverse problem (2.4 . ) has the unique solutwn (n m) with coefficients
n; and my, of the form

&+ioco
n;(t) = n;(0) +c]t+2m// ePVi(p)dpdr, k=1,...Ny,

E+ioco
mi(t) = cpn, + 2m/ e?Viyn, (p)dp,, k=1,...Na,

—100

where € > 0y > 1, ¢ = (c1,...,cn) € RN, ¢ = I'7'd with d from , V =
(Vi,...,VN) € (Aa,0)), N = N1 + Na. The functions n; are continuously differ-
entiable and my are continuous for t > 0. Moreover, nQ(O) =c;,j=1,...,Ni and
mi(0) = ckyn,, k=1,...,Na.
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8. APPENDIX

Proof of Lemma[6.d]. . Let us start with the estimation of 8°[Z]. Substituting %—H/
for Z in (#.20), multiplying by |p|®" and estimating we have

\plallbO[Z](x p)l

o
<Z (lex] + LIV '|a"1 ||/ Gz, y.p)|dy

1 0.0 ”90”0[0,1]
X |[vellero,y [W Ip| 01232(1 |B™"(y, )| + W]
S |p| Vi 'l
+ Y (el + ol 1 )V Ip IG z,y, )yl pr—ny o
k=N1+1 ‘ |
+ [p|* @ (z, p).
(8.1)
Note that (6.1)) implies ®°! € Ba UO for the function ®%! defined in . Using
this relatlon the assertions (5.8), | of Lemma [5.1] and the deﬁmtlons of the
norms || - |y, || - |lo we obtam from
| IbO[Z}(x D)l
|| Villa,o 1B Nl10 | llellcpa
< Z ‘C |+ a—1 )KlHVkHC[O’l][ 3—a’ + ZJa’]]
| | [l
I’ Hc 0 1]

+ Z |C |+T)K3||ﬂk—N1HC[0,1] +[|2% a0

k=Ni1+1

for Rep > o, 0 > 09, z € [0, 1]. Taking here the supremum over Rep > o, x € [0, 1]
and observing the relation |p|” > o7 for Rep > o, which holds in the cases vy = a—1,

3—a',2—d,3/2—a dueto (5.3) (5.6), we have

1o Mo Iellco
16°12] o a<§: eal + 1) gy (gl 4 12000y
klla,o H<P ||001
Py (el + o) ke, e g% 0

k=N1+1

for ¢ > 0y. Finally, observing that o7 > o7 for 4/ > ~, because o > ¢ > 1 we
arrive at the relation

Cs

Vla,o
1o < (e o Whee

2) + 2% aroe s 0 > 00 (8.2)
with a constant Cg depending on K7, K3, v, i, B9, .

Next we perform similar transformations with b'[Z] in (4.21)) multiplying by |p|
instead of |p|*". We have

pllo*[Z xp|<ZIC|+|p‘ ||ak1 Vip /IG (z,y,p)|dy
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leller,
X lvillepo,) [| B =[p| m Jnax, x [B*(y,p)| + T]
|P| Vi(p)] 1 Pie—n, (2)¢' ()
+ |ex| + = ) V[Pl
k %;H plet VIpl A(z)

[ Gaseny D )6 )] + 9 0

Using here the assumption (6. 1] , the assertions . and - of Lemmas n -

and taking the supremum over Rep > o, z € [0, 1] we obtain

”Vk”aa ||BOO||10 ||90||001
b2 <Z (leal + 252) Kallvallop) x [F— )
(o 0'2
HVk”aU
+ Z ) Kol (- )/||C[01]\F+”q) 1,00
k=N1+1

for o > 0g. This yields

_C
' (20 < —2

\/7
with a constant Cg

In partlcular and (8.3) imply b[Z] = (1°[Z],b*[Z]) € B, for ¢ > oy and
1.'

estlmate 1 To prove we denote Z Z' — Z2. Then the components bo[ ]
and b'[Z] of the vector b[Z] = b[Z'] — b[Z?] are expressed by the formulab
with %! = 0 and (4.21]) w1th <I>1 = () respectlvely. Using the estimates and
for the components of b[Z] and observing that Z = £ + V with ¢ = 0 and

IIVIIM

(el + ==22) + |9

o> 09 (8.3)

V = V! — V2 we deduce (6.3). The proof is complete. O
Proof of Lemma @ First we show that the linear operator A[Z] = (A°[Z], A'[Z)),

given by ([@18), (4.19), is bounded in B, and satisfies estimate (6.4). From (4.18)
by Z = p V we get

lel | [pI?IVe()| Ink(O)\)

Ny
o 0 T
Ip|* |(A°[Z]B)(z,p)| < Z (|p\2 |plett Ip|

< [p] / GGy )l - Il I°” mas, 1B 5,

S el Pl Ve
> | gk +||,_Z+a \F/ |Gy (2, y,p)|dy

k=N;+1 p|z =

X [|pk— Ny [l o1 [P (DA, |B*(y,p)| -

Using Lemma [5.1] and taking the supremum over Rep > o, x € [0,1] we deduce

|Ck| 4 Wellaw | [n4(0)]
1A°[Z B||aa§Z g VK1 llvkll 1B a0

by (el Wileo e
%—a’ O,%—a’—i—a 3
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for o > 0¢. This due to &’ > 1/2 and o > 1 implies

c Va.o n
4] Blavr < Crof a0 + W Vee MOy o0 (80
o2 a o2 a'+a

where Cig is a constant. Further, from (4.19) we derive
pl|(AY[Z]B)(x,p)|
<23'%' LBV (O

1
lp|zFe  |plotemz  |p| e

XW%/WWW@MMM%WM\Q%B“@M

|Ck| |p|a|Vk(p)| [Hl%—]\h lcro,1]
+ ~|p| max |B'(y,p
5 ;H ol Tl ) Ao Pl zn, 1B .)

1
1
+ [ Gyl e o o] i, 1B (@.p)

Here \g := ming<z<1 A(z) > 0 because A € C[0,1], A(z) > 0, by assumption.
Using Lemma taking the supremum over Rep > o, « € [0, 1] and observing the
inequalities o’ > 1/2 and op > 1 we get
Vlla,o
||A1[ ]BH10<C [|‘ || Hoz _|_| ()|

= 1
oo o3

I1Bllos o =a0 (8.5)

with a constant C1q.
Putting estimates (8.4) and (8.5)) together and taking the inequalities o < 3/2,
o > 0p into account we have

O—a

c V.o n(0
4118l < ol 4 Wlee MOl 520, m6)
o 2

with a constant Cis. Due to this relation A[Z] is bounded in B, and satisfies

estimate ((6.4)).

It remains to prove . Denoting Z = Z! — Z? the components A°[Z] and
AYZ] of the vector A[Z] = A[Z'] — A[Z?] are expressed by the formulas and
([4.19), respectively, containing n;(0) = 0. Using the estimate for A[Z] and
observing that Z = £ +V with ¢ = 0 and V' = V1 — V2 we deduce (6.5). The
lemma is proved. (I
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