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REITERATED HOMOGENIZATION OF
HYPERBOLIC-PARABOLIC EQUATIONS IN DOMAINS
WITH TINY HOLES

HERMANN DOUANLA, ERICK TETSADJIO

ABSTRACT. This article studies the homogenization of hyperbolic-parabolic
equations in porous media with tiny holes. We assume that the holes are
periodically distributed and that the coefficients of the equations are periodic.
Using the multi-scale convergence method, we derive a homogenization result
whose limit problem is defined on a fixed domain and is of the same type as
the problem with oscillating coefficients.

1. INTRODUCTION

In porous media with tiny holes, we study the asymptotic behaviour (as e — 0)
of the solution to the following problem with rapidly oscillating coefficients:
x\ 0%u. T t\ Oue . T T .
p(?) 6t2 +ﬁ(g;?) 615 _dIV (A(g,g)vus) :f m Qa X (OaT)7
rr Cy— e
A(g’gZ)VUE ve =0 on (9Q°\99Q) x (0,T),
ue =0 on (00°NINQ) x (0,T), (1.1)

ue(z,0) = u’(z) in QF,

)5 (@.0) = pF(5)0"(@) in 0,

where ) is a bounded domain in RY (N > 3) locally located on one side of its
Lipschitz boundary 99, f € L*(0,T;L*(Q2)), u® € H}(Q), v° € L*(Q), T > 0 is
a fixed real number representing the final time of the process and ¢ is a domain
with periodically distributed tiny holes. The coefficients p, 8 and the matrix A are
periodic. A detailed description of the domain Q¢ and precise assumptions on the
coeflicients are given in the next section.

Equations of the form are usually called hyperbolic-parabolic equations (H-
P equations) and appears when modelling wave processes arising for instance, in
heat theory (p = 0 and 3 # 0), theories of hydrodynamics, electricity, magnetism,
light, sound and in elasticity theory (p # 0 and 8 # 0) (see e.g., [I'7, [I§]). It
is also well known [2] 20] that equations of the form model the process of
small longitudinal linear elastic vibration in a thin inhomogeneous rod, in this case,
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p # 0 is the linear density of the rod, 8 = B(y) # 0 the dissipation coefficient, A
the Young’s modulus, f the distribution of the density of an external force directed
along the rod and wu. the displacement function.

The homogenization problem for H-P equations was first studied by Bensoussan,
Lions and Papanicolau [3] in a fixed domain by means of compactness arguments
and Tatar’s test function method. Bakhvalov and Panasenko [2] considered the
same problem and utilized the formal asymptotic expansion method combined with
maximum principles to prove homogenization results.

To the best of our knowledge, Migorski [T1] was the first to address the homoge-
nization problem for H-P equations in perforated domains. In a domain perforated
with holes of size ¢, he considered a Y-periodic matrix A and assumed some strong
convergence hypotheses on p® and (3° to prove a homogenization theorem by means
of the test function method. Timofte [21] considered the same problem as Migorski
but with p* = ¢ and a non-linear source term. Yang and Zhao [23] addressed the
same problem as Migorski by means of the periodic unfolding method. It is worth
pointing out that none of the just mentioned works falls within the framework of
reiterated homogenization and those in perforated domains deal with holes of size
E.

In the situations where p # 0 and § =0, or p = 0 and 8 # 0 there are numerous
works that are indeed related to the homogenization problem for H-P equations. In
this direction we quote [4, 5 [6, [7, O] 10l 12} 13} 14} 22] and references therein. We
also mention that Nnang [16] has studied the deterministic homogenization problem
for weakly damped nonlinear H-P equations in a fixed domain with p = 1.

In this work, the matrix A oscillates on two scales and our domain is perforated
with tiny holes of size €2 so that our work falls within the scope of reiterated
homogenization. Moreover, we have a time dependent function 5° and we utilised
Nguetseng’s two scale convergence method [I5]. A passage to the limit (as e — 0)
yields a macroscopic problem which is of the same type as the e-problem: an H-P
equation.

This article is organized as follows. Section [2| deals with the geometric setting
of the problem and detailed assumptions on the data. In Section [3| some estimates
and compactness results are proven. In Section [ we recall the basics of the multi-
scale convergence theory and formulate a suitable version of its main compactness
theorem to be used in the proof of our main result. We also proved some preliminary
convergence results. In the fourth section our main result is formulated and proved.

2. SETTING OF THE PROBLEM

Let us recall here the setting for the perforated domain Q¢ (see e.g., the pioneer-
ing work on homogenization of differential equations in perforated domains [4]). Let
Z = (0,1)" be the unit cube in RY and let © C Z be a compact set in RY with
a smooth boundary 00, a non-empty interior and such that the Lebesgue measure
of the set Z \ O is different from zero. For € > 0, we set

tf={kecZ:*(k+0)CQ}, O°=Uree’(k+0)
and we define the porous medium as:
QF=Q\ 6.

It appears by construction that ¢° is finite since {2 is bounded. Hence ©¢ is closed
and Q° is open. One can observe that ¢ represents the subregion of {2 obtained
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from Q by removing a finite number of periodically distributed holes {2(k + ©) :
k € t°} of size 2. In the e-problem , Ve is the outward unit normal to 2° on
00F \ 0. If we set Z* = Z\ © and denote by x¢ the characteristic function of the
set GG, the perforated domain ¢ can also be defined by

O ={req : XZ*(S%) —1}.
Hence "
xoe(2) = xz-(55) (2 € Q).
For further needs we introduce the Hilbert space
V.={uec H(Q°) :u=0on 09}
endowed with the gradient norm
lullve = Vull(r2@epy~ (uw € V).

We now state the assumptions on the data. The e-problem is constrained
as follows:
(A1) Uniform ellipticity. The matrix A(y,2) = (aij(y,2))1<ij<n € LRN x
RN)N>XN g real, symmetric and there exists a positive constant A > 0 such
that

| @ijll poe ey xryy < A for 1 <i,5 <N,

N
Z aij(y, 2)¢¢; > A7HC? for ae. (y,2) € RY x RY and all ¢ € RY.
ij=1
(A2) Positivity of p and 8. The functions p(z) € C1(RY) and B(y, ) € L= (RN x
R) satisfy
p(z) >0 inRY,
Bly,7) >a>0 ae inRY xR.
(A3) Periodicity. Let Y = (0,1)", Z = (0,1)" and 7 = (0,1). We assume that
the function g is Y x 7-periodic and that for any 1 < i, j < N, the function

ai; is Y x Z-periodic. We also assume that the function p is Z-periodic and
further satisfy

(2.1)

Mz-(p) :/ p(z)dz > 0.
The main result of this article reads as follows (the matrix A appearing therein

is defined later).

Theorem 2.1. Assume that hypotheses (A1)—(A3) hold and let u. (¢ > 0) be the
unique solution to (1.1)). Then as e — 0 we have

ue — ug in L*(Qr),

where ug € L2(0 T; Ho( is the unique solution to

in Q x (O,T),
up =0 on 0N x (0,7),
ug(z,0) = u’(z) in Q,
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( / *P(z)dz)%(x,o) ~( Z*mdz)vo(x) i

Unless otherwise specified, vector spaces throughout are considered over R, and
scalar functions are assumed to take real values. The numerical space R and its
open sets are provided with the Lebesgue measure denoted by dx = dxy...dxy. The
usual gradient operator will be denoted by V. Throughout, C denotes a generic
constant independent of € that can change from one line to the next. We will use
the following notation. The centered dot stands for the Euclidean scalar product
in RY while the absolute value or modulus is denoted by | - |.

Let F(R™), (m > 3 integer) be a given function space and let U be a bounded
domain in R™. The Lebesgue measure of U is denoted by |U| and the mean value
of a function v over U is denoted and defined by

My (v) = |1U|/Uv(x) dzx.

We denote by Fpe;(U) the space of functions in Fioo(R™) (when it makes sense)
that are U-periodic, and by Fx(U) the space of those functions v € Fe,(U) with
Jyv(y)dy = 0.

The letter E denotes throughout a family of strictly positive real numbers (0 <
¢ < 1) admitting 0 as accumulation point while a fundamental sequence is any
ordinary sequence of real numbers 0 < €, < 1, such that ¢, — 0 as n — +o00. The
time derivatives % and ?;7; are sometimes denoted by u’ and u”, respectively. For
e > 0 the functions z — xz+(%), z — p(%), (z,t) — B(£, %) and z — A(%, %)
are sometimes denoted by x%., p°, 8¢ and A®, respectively.

3. ESTIMATES AND COMPACTNESS RESULTS

We recall that [3, Theorem 1.1] for any € > 0 the evolution problem (1.1]) admits
a unique solution u. that satisfies

u. € L(0,T;V2) N L*(0,T5 V),
ul € L(0,T; L*()),  /pful € L®(0,T; L* (7)),
prul € L*(0,T: V)
u.(0) =u°,  pul(0) = p=u'.

Proposition 3.1. Under hypotheses (A1)—(A3), the following estimates hold:

luell oo 0, m5v) < C, (3.1)
IVPEuL | Los (0,522 (00)) < C, (3.2)
lulll L2020y < C, (3.3)
lo%u || L2 0,mvr) < C, (3.4)

where C' is a positive constant which does not depend on ¢.
Proof. We follow [3]. Let t € [0,7]. We multiply the first equation of (1.1)) by u.

and integrate over 2° to get

/E [p(s%)ugu; . 5(% i)(u;y — ol div (A(; g%)VuE)}dx = | fuida

¢’ g2
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‘Which is also written

o RCO AR AETCOP SITARTE

e g £
_/ vl div (A(g )Vu.)dz (3.5)
= fuldx.
QE
But
1 x fay ., Ld x ,
5 | ol =55 ( [ o) [0l ar)
1d
567(,0(%) ) E)Lz(szs)
and

r t E
/QEB(E’?)( o) de = (BuL, ut) 12 ey
so that, on setting [,. A*Vu.Vuldr := A°(uc,u.), the Green formula

—/ ul div(A(g, %)Vus)d:v = | A*Vu.Vul.dz
e g € Qe

and the following consequence of the symmetry hypothesis on A,
) T x 1d
- /E ul div (A(g, E—Q)Vue)dx = §£A5(ug,u€)

allow us to rewrite (3.5) as follows

1d
5@( uL, ul) 2oy + (B5ul, ul) 200y + 1d 4 (ue,uc) = (f,ul)r20s).  (3.6)

2dt
We now integrate (3.6]) on [0,t] and obtain
1 1 1
3 (Puc(®), uc(t)) L2 (ae) = 5 (P uc(0), uL(0)) L2 (e + 5 A (ue(t), us(t)

A (ue(0),u(0)) + /0 (570 (5), 0 (9)) 12 e ds
- / (f(), L (5)) (e ds.

Using the initial conditions, we obtain
1 1 k
SV Oy + 5A e 0).0e(0) + [ (30,092 s

1 1 ¢
= QAE(uovuO) + §|\v0|\%zms> +/0 (f(s),ul(s))L2(ae)ds.

Using the positivity of 3, the boundedness and ellipticity hypotheses on A, the
Cauchy-Schwartz and Young’s inequalities, one readily arrives at

1 t
VA0 i + e (1, + 20 [ (o)

t t
2
< MT gy + [0y + [ I MEranrds + = [ Iy,
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which implies (3.1)-(3.3) as easily seen from

t
IV o + eI, + [ (o)l s

(3.7)
< C(H/U'O”?—I&(Q) + 100220 + ”f”%?(O,T;L?(Q)))'
We use the main equation in to deduce that
lo* w2 0,mvsy = || = Bouz + div(A“Vue) + fllr2o,mvy) < O,
which completes the proof. ([l

Since solutions of (L.1)) are defined on Q5. = (0,7) x Q° but not on Qp =
(0,T) x , we introduce a family of extension operators so that the sequence of
extensions to 2 of solutions to (1.1)) belongs to a fixed space in which we can study

its asymptotic behaviour. The following result is a classical extension property
[4] [11].

Proposition 3.2. For any € > 0, there exists a bounded linear operator P. such
that

P. € L(L*(0,T;V.); L*(0,T; H3(Q))) N L(L*0,T; L*(9F)); L*(0,T;L*()))

and

Pu=u ae. inQ, (3.8)

P/ = (Puw) ae inQF, (3.9)

[ Peul|p20,7502(0)) < CllullLzo,m;r2(0e)), (3.10)
[ Peullz20,1:m2 2y < Cllullz20,mv2)- (3.11)

An immediate consequence of Proposition [3.1]and Proposition[3:2]is the following
estimates that will be useful in the sequel.

Proposition 3.3. Let ¢ > 0 and let u. be the solution to (1.1). There exists a
constant C' > 0 independent of € such that

| Peue | 2 (0,7;m1 (02)) < € (3.12)
I(Peue) |l 1207:2(0) < C. (3.13)
||(PEUE)/HLQ(O,T;H—l(Q)) < C. (314)

We are now in a position to formulate our first compactness result.
Theorem 3.4. The sequence (P.u.)e>q is relatively compact in L*(0,T; L*(£2)).

Proof. Tt is a consequence of proposition [3.3 and a classical embedding result. We
define
W ={uec L*0,T; H}(Q)) : ' € L*(0,T; H ()}

and endow it with the norm
lullw = llullz20,75m )y + lullzzorm-1(0)) w € W.

It is well known from Aubin-Lions’ lemma that the injection W € L2(0,T; L?(Q2))
is compact. The proof is complete since the sequence (P:u.)c>¢ is bounded in W

as seen from ([3.12))-(3.14). O
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4. MULTISCALE CONVERGENCE AND PRELIMINARY RESULTS

In this section, we recall the definition and main compactness theorem of the
multi-scale convergence theory [I], [15]. We also adapt some existing results in this
method to our framework. We eventually prove some preliminary convergence
results needed in the homogenization process of problem .

4.1. Multiscale convergence method.

Definition 4.1. A sequence (u.).cp C L?(27) is said to weakly multi-scale con-

verge towards ug € L2(Qp x Y x Z x T) (denoted u. —% wg) in L?(Qr), if as
e — 0,

¢
2 2 ) dwdt
g

/ ue(x, t)o(x, t,
Qr

e’ e
— //// uo(z, t,y, 2, 7)p(x, t,y, 2,7) de dt dy dz dr
Qr XY XZxT

for all ¢ € L?(Qr; Cper(Y x Z x T)).
A sequence (uc)eerp C L2(92r) is said to strongly multi-scale converge towards

(4.1)

sS—ms

up € L?>(Qr xY x Z x T) (denoted u. —— wg) in L?(Q7), if it weakly multi-scale
converges to ug in L?(Qr x Y x Z x T) and further satisfies

luell2(@r) = llwollLe(@rxyxzxr) ase— 0.

Remark 4.2. (i) Let u € L2*(Qr;Cper(Y X Z x T)) and define for ¢ € E,
u®: Qr — R by

r x t
u®(z,t) = u(amt, ppr 6—2) for (z,t) € Qr.
Then v® "% u and u* =% v in L?(Qr) as ¢ — 0. We also have
u® — u in L?(Q7) -weak as € — 0, with

u(x,t) :///Y ; Tu(-,-,y,z,T)dydsz.
X4 X

(i) Let u € C(Qr; L2 (Y x Z x T)) and define u® like in (i) above. Then

per
w® % win L2(Qr) as € — 0.

(i) If (ue)eer C L?(Qr) and ug € L2(Qp x Y x Z x T ) are such that u, —— >
up in L?(27), then still holds for ¢ € C(Qp; L2, (Y x Z x T)).

(iv) Since xqo:(x) = xz-(Z%) for almost every x € 2 and any ¢ € F, we deduce

from (ii) above that, as ¢ — 0, yg: ———> Xz« in L?(£2).

The following two theorems are the backbone of the multi-scale convergence
method [11 [15].

Theorem 4.3. Any bounded sequence in L*(Qr) admits a weakly multi-scale con-
vergent subsequence.

Theorem 4.4. Let (u.)ccr be a bounded sequence in L*(0,T; H}(2)), E being a
fundamental sequence. There exist a subsequence still denoted by (uc)ccr and a
triplet (ug, u1,uz2) in the space

L2(0,T; Hy () x L*(Q; LT Hyey (Y)) % L2 Q3 L*(Y x T3 Hpe, (2)))
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such that, as € — 0,
ue — ug in L*(0,T; Hy(Q))-weak (4.2)
OUue w—ms Oug Oui Ous

r—ms, +

Remark 4.5. In theorem [£:4] the functions u; and us are unique up to additive
functions of variables x,t,7 and =z, t,y, 7, respectively. It is therefore crucial to fix
the choice of u; and wus in accordance with our needs. To formulate the version of
theorem [£.4] we will use, we introduce the space

H;ﬁp(Z* {ue pcr(Z) : /* p(z)u(z)dz =0}

and its dense subspace

Cx(2")={ueCX(Z): / p(z)u(z)dz = 0}.

*

in L*(Qr) (1 <i<N). (4.3)

Theorem 4.6. Let (u.).cr be a bounded sequence in L*(0,T; H}(2)), E being a
fundamental sequence. There exist a subsequence still denoted by (u:)ecr and a
triplet (ug, u1,uz) in the space
L2(0,T3 HY()) x LA(Qs LT3 HY(Y))) x L33 LAY x T3 HY, (7))
such that, as e — 0,
ue — ug in L*(0,T; Hi(Q))-weak (4.4)
OUue w—ms Oug n ouq . Oug
Ox; Ox; Oy; Oz
4.2. Preliminary results. Before formulating some preliminary convergence re-

sults needed later, we recall some results on periodic distributions (see e.g., [7]
19]). As above let L2 ,(Z7) denotes the space of functions u € Lg, (Z) with

f 74 P z)dz =0, and cons1der the following Gelfand triple
H#p(Z ) C L#p(Z*) C (H#p(Z*)) .

Ifue Liﬁp(Z*) and v € H%Ep(Z*), we have [u,v] = (u,v) where [-, -] denotes the
duality pairing between (Hy,(Z*)) and Hy ,(Z*) while (-,-) denotes the scalar
product in L% (Z*). The topological dual of L*(Y x T;Hy (Z*)) is L*(Y x
T; (H;&p(Z*)) ) and Coar(Y) ® Coe(T) ® C,(Z7) is dense in L2(Y x T; Hj#p(Z*)).

per

L*(Qr) (1<j<N). (4.5)

per(

Proposition 4.7. Let u € Dy, (Y x T x Z) and assume that u is continuous on
Cou(Y)®Ce(T) ® CE,(Z7) endowed with the L3, (Y x T; Hy (Z*))-norm. Then
(Y x T;(Hy,(Z*))'), and further

u € L?
// ya a Y, T, )] dy dr
for all p € C35,(Y) ® Coe

per
per(T) @ CE,(Z7), where (-,-) denotes the duality pairing
between D, (Y x T x Z) and C2 (Y xT xZ).

per per
Proposition 4.8. Let

V={uel*(Y xT;Hy,(Z"): PX7+ 55 € L*(Y x T3 (Hy,(Z2))}.
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(i) The space V is a reflezive Banach space when endowed with the norm

0%u
HU” = ||UHL2(Y><T;H;LP(Z*)) + ||’DXZ*ﬁHLQ(YXT;(H#p(Z*))’) (u S V)

(ii) It holds that

! 0? ! 0%v
/O/Y [PXZ*a—TZ,U] dydr = /o/y [u, px 2+ 872] dydr  for allu,v €V,

We can now formulate the main result of this section.

Theorem 4.9. Let (u:)ecg be the sequence of solution to (1.1), E being a funda-
mental sequence. There exist a subsequence E' of E and a triplet (ug,u1,us) in the
space

12(0,T5 HAQ)) x L3(Qs HL(Y)) x L2003 LAY x T; H}, (2°)))
such that, as E' 5 ¢ — 0,

Pouc —ug in L2<QT)a (46)
O(P-tte) w—ms Oug . o
o) oo, Do, 120, (47)
O(P.tte) w—ms Oug Ouy  Ous . o .
WTms, 1<i¢<N). 4.
8xi 8:1:1 ayz + 821 m L (QT) ( == ) ( 8)

The proof of Theorem [£.9] requires two preliminary results and is therefore post-
poned.

Lemma 4.10. Let E, F’, (u:).cr and the triplet (ug,u1,us) be as in Theorem .
It holds that
1

. X X
lim /Q el Dol ) ()l

N //// uz (@, t,y, 2, 7)p(2)x 2 (2) (.t y, 2, 7) de dt dy d= dr
QrxYxZxT
forallp e DQr) @CH(Y)® ngr(Z) ® C;c)xér(T) such that

per
/ Xz+p(2)p(z)dz =0  for all (z,t,y,7) € Qr XY X T.
z

Proof. Let ¢ € D(Qr) @ C32,(Y) ® C33.(Z) @ C32,(T) with [, xz+p(2)e(z)dz = 0,
we deduce from the Fredholm alternative the existence of a unique w € D(Qr) ®
Cooe(Y) ® Hy, (Z*) © Cpe,(T) such that
Aw=ppxz- inZ,
w(z,t,y,T) € H;EP(Z*) for all (x,t,y,7) € Qr xY x 7.
But the restriction to Z* of the function w defined by (4.9)) belongs to C3(Z*) so
that we have

(4.9)

1 1
div(V,w)® = (div V,w)® + g(divy V.w)® + 6—2(Azw)E in QF,

and therefore
1

X X
572 . u€($7t)p(?)XZ* (672)(10(:1"7@
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=— Vue - X5« (V,w)® da dt — / Ue Xz (div V,w)® da dt
QT QT

1

- f/ UeX g (divy V,w)® dx dt.
€ Jar

As, E' 3¢ — 0, ([£38) and (iii) of Remark [£.2] reveal that the first term in the right
hand side of this equality converges to

- //// (Vauo + Vyur + Vioug) - xz+ (Vow) de dt dy dz dr
Qr XY XZxT

= //// usx z+ (A w) dx dt dy dz dr,
Qr XY XZxT

while the second one converges to zero. As regards the third term, since the test
function therein, (div, V,w)®, depends on the z variable, its limit cannot be com-
puted as usual like in [8, Theorem 2.3] even if its mean value over Y is zero. This
requires some further investigation. From

1 1
div(Vyw)® = (div V,w)® + g(divy Vyw)® + E—Q(divz Vyw)® in Q%

and
(div, Vyw)® = (div, V,w)® in QF,
it follows that
1

- = / UexZ- (divy Vow)® da dt
3 Qr

:5/ Ue X7 (div Vyw)® dxdt—l—/ Ue X G+ (Ayw)© da dt
Qr Q

T

+ 5/ Vue - x%- (Vyw)® de dt.
Qr

Therefore,
1
- 7/ UeX G (divy Vo w)® dr dt
13 Qr
— //// uoXz+(Ayw) dedtdydzdr =0
Qr XY XZXT
as E' 5 e — 0. The proof is complete. O

Lemma 4.11. Let E, FE’, (u:)ecp and the triplet (ug, ui, us) be as in Theorem ,
It holds that

Tz x t
- 2

)

.1 T T
lim — ug(x,t)p(g—Q)XZ*(E—Z)(,o(gc,t7 )dz dt

e—=0¢€ Jq

= //// ul(xatuy7277—)p(2)XZ* (z)sp(x7t7y72’7) dmdtdydz dT
QrxYxZxT
for all p € D(Qr) ® C35,.(Y) ® C35,.(Z) @ C2,(T) such that

per

€2’ ¢

/ oly)dy =0 for all (z,t,2,7) € Qr x Z xT.
Y
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Proof. Let ¢ € D(Qr) ® Ce,(Y) ® Coe(Z) @ Co5.(T) with [, o(y)dy = 0 and
consider w € D(Q7) ® C2(Y) ® Ch (Z) ® C2,(T) such that

Ayw=¢p inY,
w(w,t,z,7) € CEF(Y) forall (v,t,2,7) €Qr x Z xT.

Recalling that
1 1
div(Vyw)® = (div V,w)® + g(divy Vyw)® + ?(divz Vyw)® in Qrp,

the following holds

2] e on G Gl

3

1 x
= /QT us(m7t)XZ*(§)(Ayw)(x7t’

c (4.10)

=— Ve - X7+ (Vyw)® — / U X7+ (div Vyw)® da dt
QT QT

1
52 Qr
As [, div.(V,w)dz = 0 we follow the lines of reasoning in the proof of Lemmam

to compute the limit of the last term in (4.10). We find that as £’ > ¢ — 0 the
right-hand side of (4.10)) converges to

//// Xz~ {_ (VzUO + vyul + VZUQ) . (Vyw) — Uo(div Vyw)
Qr XY XZXT
— ug(div, V w)} dzx dt dy dz dr

//// w1 Xz~ (Ayw) dx dt dy dz dr

Qr XY XZxT

= //// urx z=ppdx dt dy dz dr,
Qr XY XZxT

and the proof is complete. ([

Ue Xz (div, Vyw)© dx dt.

Proof of Theorem[].9 According to Proposition[3.3] Theorem [3.4]and Theorem [4.6]
it remains to prove and to justify that the function w; in the triplet given by
Theorem (4.6 actually belongs to L*(Qr; Hj(Y)), i.e., up does not depend on the
variable 7. We start with the fact that uy € L*(Qr; Hy(Y)). To prove this, let
Y € D(Qr) @ CF(Y) @ Cpe,(T) and consider the function ¢° € D(Qr) defined by

r t
Z[}E(Jﬁ,t):é‘gl/)(ll,t,g,?), (JL‘,t) EQT-
Using ¢ as a test function in problem (|I.1]), we obtain

0%° O(P-ue)
x5 (P, dzx dt EXG e ———20pf dx dt
/QTP Xz« (Petie) - dr dt + QTﬁ Xz =gy ¥ dz

+ / AV (Peue) - X7 V& dx dt = X% dx dt.
QT QT
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Letting £’ £ — 0 in this equation, the term in the right-hand side and the second
and third terms on the left hand side obviously converge to zero, so that

82¢8
. c _
E’lanén—»O o P XQE(PguE)—atz dxdt = 0. (4.11)
However,
P o e 10
o2 7 o otor e 012’
Substituting (4.12)) in (4.11) we realize that

lim L / (P (z, t)p( z) 0%
Qr

E'3e—0 € )Xz (572) or?

Using Lemma [4.11] this is equivalent to

2
il ws @,y (X ()2 (., 7) de dt dy ddr =,
QrxYXZxT or

which, by taking 1) = 11 @2 @13 with ¢ € D(Qr), P2 € CE(Y) and 93 € Coe,(T),
also writes

82
[ @iz [[ et [ wnletnn G5 ) dededy —o.
z* QrxY T T
The hypothesis M z+(p) > 0 and the arbitrariness of 11 and s yields

(4.12)

T t

' 13 o
/ uy(x,t,y,T) (r)dr =0 for all 3 € Co2 (7).
0

o7 per

Taking in particular ¢3(7) = e~ 27 (p € Z \ {0}), we obtain
1
/ ui(z,t,y,7)e *™Tdr =0 for all p € Z\ {0}. (4.13)
0
The Fourier series expansion of the periodic function 7 — wuq(z,t,y,7) writes

1
up(x, t,y,7) = Z C,e* ™7 where C), = / up(x,t,y, 7)e 2P dr,
PEZL 0
However, (4.13) implies that C, = 0 for all p € Z\ {0}, so that uq(z,t,y,7) = Co =
fol up(x,t,y, 7)dr. This proves that the function u; is independent of 7.

We now prove (4.7). It follows from (3.13) and Theorem that there exists
w € L2(Q7 x Y x Z x T) such that, as E' 5 ¢ — 0,

3(P5u5) w—ms

— T w in L*(Qr). (4.14)
Since (4.6) implies that % — % weakly in D/'(Qr) as E' 3 € — 0, while

(4.14) implies % L My wzxr (w) weakly in D'(Qr) as E' 3 ¢ — 0 it is
sufficient to prove that the function w does not depend on the variables y, z and
T to conclude that w = % in L?(Qr). Firstly, we prove that the function w
does not depend on the variable z. Let 6 € D(Qr), ¢ € Coo,(Y), ¥ € C35,(Z) and
¥ € €2, (T) and define we (x,t) = 0(z, t)p(£)(%)I(%) for e € E' and (z,t) € Q.

Passing to the limit as £’ 5 € — 0 in the equality

_€2< 9 (8(Psus)

g ("))
Oz ot ’ L2(0,T;H=1()),L?(0,T;HE ()
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t . O(Peue) 280 o\ e
= IH— EE + 6 0 | dx dt,
[ )R [ v+ 0 (G e () v s

we obtain (keep in mind that (3.13)) implies the boundedness in L?(0,T; H~1(Q))
of the first term in the duality bracket just above)

O:/ w(zx, t,y,z,7)0(x, t)p(y )81/}( YO(7) dx dt dy dz dr
QrxYXZxT azj

which by the arbitrariness of 0, ¢ and 1 implies
0
/ w(z, t,y,z,T) w()dz—O for all (z,t,y,7) € Qr xY x T,
z 0z,

which proves that w does not depend on the variable z. Similarly, one easily proves
that w does not depend on y by passing to the limit in the following equality (where
we (z,t) = 0(2,t)p(2)9(%) for € € B and (x,t) € Q)

< Pus )’ E>

8% L2(0,T;H-1(2)),L2(0,T; HL ()
_ 4 (P Us) dp

= [ @D [8xj<p +0(5 | ot

As for the independence of u; from the variable 7, we have the following equality,
where w®(z,t) = 0(z,t)9(%) for e € E and (z,t) € Qr

2/ € €
—X(p 52 Y >L2(0,T;V;),L2(0 TiVe)

B x x  O(Pug) [ 500 . o0
_/QTp(ﬁ)XZ*(sQ) ot { a0, )]dxdt’

which, after a limit passage as E' 3 ¢ — 0 (keeping (3.4) in mind) leads to

1
o0
0= /\/lz*(p)/ w(x,tm)a—dT for all (z,t) € Qr.
0 T
However Mz« (p) > 0 and the proof is complete. O

Remark 4.12. To capture all the microscopic and mesoscopic behaviours of the
phenomenon modelled by problem (1.1)), one must take test functions of the form

x i r x t
¢€(x,t) = 1/’0(%75) +5'¢)1 (xvta ) 72) +52¢2<$at7 gv ?a ?)7

with 19 € D(Q7), 1 € D(Q7) @ CF(Y) @ Coe,(T) and h2 € D(Qr) @ Cpe, (V) ®
Cx,(Z27) @ Coer(T). Theorem informs us that the function u; does not depend
on the variable 7 so that in the homogenization process of problem we can
instead use test functions of the form

T r x t
ws(flht) = 1/J0(5U>t) + 5¢1 ((E7t, g) + 821/}2 (l’,t, ga ?7 ?)7 (415)
where 1 € D(Q27) ® CZ(Y) and 1o, 12 are as above.

5. HOMOGENIZATION PROCESS

In this section, we pass to the limit in the limit in the variational formulation of
problem (I.1)) and formulate the microscopic problem, the mesoscopic problem and
the macroscopic problem, successively.
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5.1. Global limit problem for (I.1). The setting being that of Theorem. 4.9] let
Yo € D(Qr), 1 € D(Qr)@CE (Y) and ¢2 € D(Qr) @CHe (Y )®C#p(Z*)®CS§r(T)
and consider for any ¢ € E, the function 1. € D(Q2r) defined as in . We aim
at passing to the limit (as E’ 3> e — 0) in the equality

0?1
| oG ()P S dads

r ty oz 3(Pus) .
+/QTB(va )sz(i) Vel 1) do di -
—|—/Q XZ*(§>A(£ 52)V(P ue) - Vpe da dt
= A f(x,t)¢5(x,t)xz*(—2)d$dt

We will consider each term of (5.1)) separately. We start with the first term in the
left hand side and denote it by L;. Recalling that

e = Tt (e () e a(5) 5 (5R) mon
we have
Ly

_ . € ’(/}0 . € 82¢1
—/QTP X7+ (Petie) 75 o2 dmdt+5/(2Tp XZ*(PEUE)( 12 ) dx dt

627,[12 € a2w2 e (52)
2 “X5 —_— £ . € Y r2
+e /ssz XZ*(P5U5)< 52 ) dxdt+2/QTp XZ*(PEuE)<ataT> d di
1 £, € 82’(/}2 €
+52/9Tp XZ*(PeUs)(%t)( 572 ) dz dt.

As e — 0, (4.6) and (iii) of Remark imply that the second and third terms in
the right hand side of ([5.2)) converge to zero and the fourth term converges to

2///QTXYXZ,0(Z)XZ*(Z)UO(Lt)(/0 ;T(ag’?)df)dzdtdydz_o

while, using the weak-strong convergence theorem in L?(Q7), we realize that the
first term converges to

(/* p(z)dz)( A 8252 1/10(30 t)dx dt)

As for the last term, Lemma [£.10] applies and yields the following limit

1 82
/Q (/O/Y[ug,pxz*?w;] dydT)dacdt.
T

Hence, as ¢ — 0, Ly converges to

</Z z)az) ( /QT %%(z, t)da dt)
/QT //Yx U20X Z*, 31/} }drdy)dxdt

(5.3)
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Considering now the second term in the left hand side of ([5.1)) which we denote
by Lo, we have

Ly

Yoz, t)dxdt + ¢ ﬁsxsz*

_ . e O0(P:ue) O(P:-ue)
— QTB Xz~ 8t t

. o O(Puc T T
+52/S; ﬂXZ* (at )¢2<(E,t7g,§ ?)dl'dt

The second and third terms in ) tend to zero as ¢ — 0. As the first term is
concerned, . and item (iii) of Remark - 4.2 help to obtain the limit

////QTXszxT (v, T)xz (2 )7%/10 dx dt dy dz dr
= |27 /O/Yﬁ(y,r)dych (/QT a—towoda;dt>.

Finally, it is known that the third term in the left hand side of (5.1)) converges to

1] Al 2)(Tatig + Ty + Vz2) - X2+ () (Vtho + ¥y
Qr XY XZXT
n vquz) da dt dy dz dr,

x
1 (z,t, g) dx dt (5.4)

(5.5)

while its right-hand side tends to

| Z*| [z, t)o(x, t)dx dt. (5.6)
Qr

To formulate our global limit problem, we need to prove that us(x,t) € V for
almost all (z,t) € Qr, such that we can rewrite the duality bracket in (5.3) using
the formula in Proposition [£:8] viz.,

1 2 1 2
0 0°u .
// [uz,pxz*aiﬂ;z]dydrzf/ I:pXZ*T;,’l/JQ]dydT a.e. in Qrp.
0JY T 0JY T

Proposition 5.1. The function uy € L*(Qp; L2,.(Y x T; H# (Z*))) defined by
Theorem [].9 satisfies

ug(x,t) € V. for almost all (z,t) € Q.
Proof. After the passage to the limit in (5.1]), we obtain

(/ ()dz> o 8t2 =10 dxdt+/QT // uQ,pxz*a;—d;]dyd )dxdt
+127 //6y ) dy dr /QT 4o da dt

+ //// Ay, 2)(Vauo + Vyur + V.ug) - (Vw¢0 + Vyin
Qr XY XZ*xT
n vzwg)dx dt dy dz dr

= |Z*| f(lL',t)’L/)O($,t)diL'dt,
Qr
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for all (4o, 1, ¢2) € D(Qr) x (D(Qr) ® C(Y)) x (D(Qr) @ Coe,(Y) ® €3, (T) @
C;op(Z*)) Taking in this equation 19 = 11 = 0 and 3 = ¢ ® ¢ where ¢ € D(Qr)
and ¢ € Coe, (Y x T) @ CE,(Z7), and using the arbitrariness of ¢, we obtain almost

per
everywhere in Qrp,

// uz,pr*a—f]dydT

Y xT

= /// A(y, 2)(Vauo + Vyuy + Voug) - (V.¢)dy dz dr.
Y XZ*xT

Let (z,t) € Qp and consider the linear functional

o /// Ay, 2)(Vauo + Vyur + Vou2)(V.0) dy dz dr.
Y XZ*xT

It is easy to see that the boundedness of the matrix A implies that the above linear
functional is continuous on C35.(Y x T) ®C;fp(Z*) for the L2 (Y x T, H;&p(Z*))—

per per

norm. Proposition applies and gives pyz- % “"‘ € Lo, (Y x T,(Hy,(Z%)))
almost everywhere in {)7. This completes the proof ([

The passage to the limit in (5.1)) as £’ 3 ¢ — 0 proved the following result.

Proposition 5.2. The triplet (ug, u1,u2) defined by Theorem is a solution to
the variational problem:

(uo, u1,uz) € L*(0,T; Hy () x L*(Qp; Hy (Y)) x L*(Qr; L*(Y x T Hy, ,(Z27))),
6 () 6
(/ p(z )dz) 5 wodde/QT //YXT pxz*ﬁ,zbg]dydT) dz dt

+|Z| // By, ) dy dr 1/1 dz dt
| - ) ar at 0

T //// Ay, 2)(Vauo + Vyur + V.ug) - (Vzil)o + Vyih
Qr XY XZ*xT
+ vqug) da dt dy dz dr

— 17" /Q Fa, o, 1) da dt

for all (o, ¥1,¢2) € D(Qr) x (D(Qr) @ CF(Y))
x(D(Qr) ® C3%(Y) ® C2(T) @ C5,(27)).
(5.7)

The variational problem (5.7]), sometimes called global limit problem, is equiva-
lent to the following system of three problems:

! 82'LL2

/QT (/O/Y [pXZ*Wﬂ/&]dydT) da dt

+ //// A(yaz)(vzuo + Vy’LH + VZUQ) (58)
Qr XY xZ*xT

(Vo) dadtdydzdr =0
for all ¢2 € D(QT) ®ngr( ) ®C§2r( ) ®C;!:op<Z*>7
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(y,2)(Vauo + Vyus + Vou
////QTXYXZ*XT )( ’ v 2) (5.9)

(Veipr)dzdtdydzdr =0 for all ¢, € D(Qr) @ CE (Y);

and

</*p(z)d'z) o %wodfdt
+1271( /1/ Bly, 7) dydr) /Q %%dxdt
////QTxYxZ*xT (y,2)(Vauo + Vyur + V. uz) (5.10)

(Vb)) dx dt dy dz dr

= |Z*\/Q f(z, t)o(x, t)dxdt for all ¢y € D(Qr).

We are now in a position to derive equations describing the microscopic, the
mesoscopic and the macroscopic behaviours of the phenomenon modelled by ([1.1)).
We start at the microscopic scale.

5.2. Microscopic problem. Taking in (5.8)), ¥ = ¢ ® 6 ® ¢, with ¢ € D(Qr),
0 € Cper(Y) and ¢ € C,(Z*) ® Cpe,(T) we obtain by the arbitrariness of ¢ and 0
and for almost all (z,t,y) € Qp x Y,

1 82 1
[ loxa 5z olar == [ [ A 2)(Vato + V0 + Veuz) (V) dr.
0 T 0Jz*

Therefore, for almost all (x,t,y) € Qr x Y, the function us(z,t,y) solves the
variational problem:
uz(x,t,y) € Lﬁer(Té H;,ép(Z*))v

! 8211,2
[PX2+ = v]dT + Ay, 2)(Vyug) - (Vyv)dz dr
/0 or /0/ ’ (5.11)

1
_/ A(ya Z)(kuo + Vyul) . (Vzv)dz dr
0J2*
for all v € L2, (T; Hy,(Z*)).

per
Moreover, the variational problem (5.11) admits a solution uniquely defined on
Z* x T since, if vy,vy € L2 (T; H;&p(Z*)) are two solutions, then v = v; — vy €
(T;Hy ,(Z7)) will be solution of the linear homogeneous equation

per
82
p(z )8 5 +div.(A(y, 2)(V.v)) =0 in Z* x T
with zero Cauchy data, we therefore we deduce that v = 0in Z* x7 and uniqueness
follows.
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As customary, let y € Y be fixed and let x;(y) (1 < i < N) be the unique
solution to the microscopic problem

Xl(y) € L?)er(T; H;&p(Z*))a
1 82 ; 1
| oxe G lar+ [ [ Aw2(Tx0) - (v.)izdr

1 N
0
= *// Zaik(yaz)aidZdTa
0 1= Zk

for all ¢ € L2,(T;Hy,(Z*)) (i€{l,---,N}).

per

(5.12)

Multiplying the i*" equation of (5.12) by g—zfi’ + ?‘9% and then summing the resulting
equations over ¢ = 1,--- , N, it appears that the function (z,t,y, z,7) — x(y, 2z, 7) -

(Vauo(z,t) + Vyui(z,t,y)) is a solution to (5.11). Hence, setting x = (x;)1<i<n it
holds almost everywhere in Q7 X Y x Z* x 7 that

up(z,t,y,2,7) = X(y, 2,7) - (Vouo(z, 1) + Vyui (z,t,y)). (5.13)
On putting
oxi -
zX)ij = 7 1< ) < N y
(V X) J azj ( 4] )
From (55.13) we can deduce that
Vaous =Vox - (Vauo+Vyur) ae inQp XY xZ°x7T. (5.14)

5.3. Mesoscopic problem. Taking 11 = ¢ ® ¢ ® 8 with ¢ € D(Qr), 0 € C2.(T)

per

and ¢ € CZ(Y) in (5.9) and using (5.14) and the arbitrariness of ¢ and ¢, we realise
that for almost every (z,t) € Qp, the function uq(z,t) is the unique solution to the
following variational problem (where I denotes the N x N identity matrix)

ui(x,t) € H#(Y),

/Y(/Ol/*A(I—i— V.x)dz dr) Vyui - Vyédy (5.15)

1
S /(/ A(I + V. x)dz dT) Voug- Vybdy for all ¢ € HY(Y),
Y 0JZ*

To abbreviate notation, we put

=[] Awausvaear wen),

and recall that there exists a unique = (6;)1<i<y € (Hy (Y))™N solution to the
mesoscopic problem

0; € H#(Y),
- ov
AVGZVvd :—/ di —d .
/Y Y yvay Y; " oun Y (5.16)

forallve Hy(Y) (i=1,---,N).

It is easy to check that the function (z,t,y) — 6(y) - Vauo(z,t) is also a solution
to (5.15]) so that by the uniqueness of the solution to ([5.15)) we have

ui(x,t,y) = 0(y) - Vyuo(x,t) for ae. (x,t,y) € Qp x Y.
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On setting
09; .
Vy0)ij = 1<i,j <N),
V005 =5 )
it follows that
Vyui(z,t,y) = V,0(y) - Vyuo(z,t) ae. in Qp x Y. (5.17)

5.4. Macroscopic problem. As far as (5.10) is concerned, we use (5.14)) and

(5.17) to write

Vauo + Vyur +Voue = T+ Vox) (I +Vy0)Veuy ae in Qp xY x 2 x T

where the functions y and € are the solutions to problems (5.12)) and (5.16), re-
spectively. We have

//// Ay, 2)(Vauo + Vyur + Viug) - (Vatho) de dt dy dz dr
Qr XY X Z*xT
1
= // (// Ay, 2)(I + V. x)dzdr)(I 4+ V,0)Vug - Vithy do dt dy
QrxY *
// V(I + V,0)Vaug - Vatpg dadt dy (5.18)
QTXY
— [ (] AT + 9,000 - V.o dds
QT Y
= / AV uq - Vaiho dz dt,
Qr

where A = fY (I+Vy0)dy. With this notation, variational problem (5.10]) implies

82160 « ! 311,0
(/*p(z)dz) | G tedzdit |2 \(/O/Yﬂ(y,T)dydT) | Godvd
- / div(AV yug) o d dt
Qr

= |Z*\/ fla, t)o(x,t)dxdt for all g € D(Qr),

Qr

(5.19)
which is nothing but the weak formulation of

Mz (p )82 + My (329 - L G (AVug) = f(ant) i Q (5.20)

912 Y xT ot |Z*| Y U x, T. .

We are almost done with the proof of the following theorem which is the main result
of this article.

Theorem 5.3. Assume that hypotheses (A1)—(A3) hold and let ue (¢ > 0) be the
unique solution to (1.1]). Let ug be the function defined by Theorem and solution
to the variational problem (5.10). Then as 0 < ¢ — 0 we have

ue —ug in L*(Q7), (5.21)
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where ug € L2(0,T; HY () with 9% LQ(O,T : L2(2)), is the unique solution to

(9 () 8“0
Mz (p)—5 o2 + My x7(8)—— ot |Z*| le(AVzuo) f(z,t)
in Q% (0,7),
ug =0 on dNx (0,7), (5.22)
uo(z,0) = u’(z) in Q,
0
Mz*(p)%(x,()) = Mz (yp)°(z) in Q.

Proof. The arbitrariness of the fundamental sequence E in the limit passage in this
section and the uniqueness of the solution to prove that we have for the
whole generalised sequence € > 0. Hence, it remains to justify the initial conditions
appearing in the macroscopic problem . We start by justifying that ug(x,0) =
u?(x) for almost every z € Q. This is obvious since ug, P.u. € C([0,T]; L*(Q2))
(e > 0) and P.u. — ug strongly in L?(Qr) with Poug(x,0) = u%(z).

Next, we justify the initial condition satisfied by 8“0( 0). We consider a func-
tion ¢ ® ¢ where ¢ € D(2) and ¢ € D([0,T]) with gp(T) =0 and ¢(0) = 1. After
multiplying the main equation in by ¢(x)¢(t), we integrate over Q5 and per-
form an 1ntegration by parts with respect to the variable ¢ in the integral containing
the term 88;590 (with the initial condition p(%% )aa’ff (2,0) = p%(a%)vo(a;) in mind),
we obtain:

).

/ P 8u5¢(x)go(t)da:dt+/ A(Z. 5)p(O)Vue - Vo(a) dr dt

€ 52 s,

) @swis — [ (51000550 (0 do

5 €
T

[N

P2 (

T
2

— [ t)o(@)e(t) de dt.

Q%
When 0 < € — 0, using the same arguments as in the derivation of the global limit
problem, we obtain

OJug /
_Mz*(\/ﬁ)/gvo(x)qb(m)dx—./\/lz*(p) o, T (t)¢(z) dx dt
ou 1 (A
T Mysr(8) | ZGreo() dedt = | div(AVu)p(a)e(t) de di

= ; fz,t)p(x)p(t) dz dt.

(5.23)
Keeping (5.22) in mind, an integration by parts with respect to the variable ¢ in
the second term of (5.23)) yields

| Mz ()% 0.0) - Mz (Vo1 @) ol =0, (524)
Q
which implies

M () 220 (2,0) = M- (VA (@) in Q.

ot
The proof is complete. O
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