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FUNDAMENTAL SOLUTIONS AND CAUCHY PROBLEMS FOR
AN ODD-ORDER PARTIAL DIFFERENTIAL EQUATION WITH
FRACTIONAL DERIVATIVE

ARSEN PSKHU

ABSTRACT. In this article, we construct a fundamental solution of a higher-
order equation with time-fractional derivative, give a representation for a so-
lution of the Cauchy problem, and prove the uniqueness theorem in the class
of functions satisfying an analogue of Tychonoff’s condition.

1. INTRODUCTION

We consider the equation

aa 82n+1
(g7 + (0" Gz ) vl w) = f(oon), (L.1)

where o € (0,1), and 97/0y? stands for the fractional derivative of order o with
respect to the variable y with starting point at y = 0.

Equation refers to evolutionary equations with fractional derivative with
respect to the time variable. The most studied among equations of this type are
fractional diffusion and diffusion-wave equations (i.e. equations with second-order
space derivative). In this connection, we refer to [4 [12] [13] 18] 2T [22] 26, 27 28],
33, B7, 40] which present a variety of approaches to these problems and contain
basic results on them.

Equations of the form with an integer o are also intensively investigated.
The main approaches to the study of higher (odd) order equations and comprehen-
sive bibliography on the problem can be found in [T}, 2} [5] [6, [8, @ 15} [16] 19} 20} 25].

Equation with non-integer o was considered in [3] from a probabilistic point
of view, in particular, a fundamental solution in terms of the Laplace transform
images was constructed. We also note papers [7, 29] 80} B1] in which equations in
the form were studied in the cases n =0 and n = 1.

It is worth pointing out that fractional differential equations arise in modern
physics and mechanics and display many effective applications. In this regard, we
refer to books [14] 23] B2] [34] [36] which provide insight into the developments of
the topic.

In this article, we construct a fundamental solution of equation and give a
representation for a solution of the Cauchy problem, we also prove the uniqueness
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theorem in the class of functions satisfying an analogue of Tychonoff’s condition
35].

The fractional differentiation is given by the Dzhrbashyan-Nersesyan operator
[10] (see also [28]) associated with ordered pair {«, 8}, i.e.

80 «, —1 a

gy =D =DLIDG, aBe©], o=atpo1 (12)
where Dg; " and Dg,, are the Riemann-Liouville fractional integral and fractional
derivative, respectively, defined by the formulas [24] p. 11], [I7, Sec. 2.1]

DJg(y)zSigl}((ye)‘“ /tyg<s>|y—sf-1ds, c> 0, DUgly) = gly); (1)

. 017 _
D}, g(y) = sign’(y — t)a—qufy Y9(y), d€(qg—1,q, geN.

For the pairs {o,1} and {1,0}, operator coincides with the Riemann-
Liouville derivative Dég’l} = Dg, and with the Caputo derivative Dé;’o} = G,
respectively. Therefore, the equation under consideration covers both the special
cases of the equation with the Riemann-Liouville and Caputo derivatives.

The paper has the following structure. In Section [2] we gathered information
concerning fractional differentiation operators and the Wright function, which is
necessary for our considerations. In Section [3] we introduce a special function that
is used to represent the fundamental solution, and prove some of its properties.
We formulate the Cauchy problem and give the representation of the solution in
Section [4] Section [5] presents the uniqueness theorem for the solution in the class
of exponential growth functions.

2. AUXILIARY ASSERTIONS

In what follows, the symbol C' denotes positive constants, which are different in
different cases, indicating in parentheses the parameters on which it can depend if
necessary: C' = C(a«, f3,...); we write arg z for the principal value of the argument,
which is taken to lie in the range (—m, 7], and Ng = NU {0}.

We begin by recalling some properties of fractional integrals and derivatives
(I} [17):

/y h(t)D, g(t) dt = /yg(t)D;fh(t) dt, &> 0; (2.1)
. _ D Sy —nl s

ifecRand d € (p—1,p|, p€N; and

ly—nl>' _ly—nl!
D¢ = 2.3
o T(6) I'(6—e) (2.3)
ifeecRandd >0o0reeNanddeR.
From (1.2)) and (2.2)), it follows that
a o |y — 77|_6 a—1

INCEC)
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The Wright function is defined by the series [38]

b(0,¢; 2) Z r MH (6> —1). (2.5)

The Wright function may be written as [39]

1

P(0,e;2) = 7/ pcexp(p+zp~?)dp, (5>-1), (2.6)
2mi H(rwm)

where H(r,wm) = {p : |p| = r, |argp| < wn}U{p: |p| > r, argp = fwn} is the
Hankel contour, which is traversed in the direction of non-decreasing argp, and

w e (1/2,1].
For the function ¢(d, €; z), it holds the differentiation formula [38], [39]
d
%cb(é,s;z) =¢(0,e+d;2) (6> —1). (2.7

From the asymptotic expansion of the Wright function (see [39]), an inequality
follows:

6(—3,652)| < Cexp (= v|z[T7), C=C(8¢,v), (2.8)
where § € (0,1), ¢ € R, and
— 1
<(1—5)§%cosﬂ- |arg 2 T > |arg z| > +67T.

1-5 7
In addition, the equality

1
lim —¢(—6,6;2) = —— 2.
lim ~¢(=0d,¢;2) T —3) (2.9)
holds for all integer non-positive €. So, for § € (0,1), e € R, z > 0, y > 0 and A

satisfying the condition

é
5T < |arg A| < mr, (2.10)

it follows from (2.8]) and (2.9)) that
07 (_5) g NOa

SRCIC NP < Ca fyttl 0> 2.11
05 ey < Co =30 iy e
where C = C(g, 6,0, \).
Formulas (2.7) and (2.8)) yield
1
—0,€; \x) 2.12
| et e = e (2.12)

for every A satisfying (2.10]).

The following Lemma establishes the fractional differentiation formula for the
Wright function with a complex argument.

Lemma 2.1. Let 6 € (0,1), ¢, v € R and the inequality (2.10) hold. Then

Dgyysflgb (75, €; )\y*‘s) =y V1 (75, e—v; )\y*‘s) . (2.13)
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Proof. First observe that representation (2.6)) yields

1
Yo (<085 0y7°) = 3 / p Pyt gp, (2.14)
T J H(rw)

and formula (2.3) gives
Dgye? =y Evi-u(py), (2.15)

where
k

E&n(z) = ];) m

is the Mittag-Leffler function.

Combining (2.14) and (2.15)) we obtain

Dy~ o (—0,530y7°%)

_y s
= ‘Z . / P E11-,(py)e™ dp

U H(T,wﬂ') (2 16)

—v 5 ’
=y2 / P~ [Er1-0(py) — (py)'e™] e dp

T JH(rwr)

+y o (<0 e — v 0.
Let us consider the integral on the right-hand side of the last equality. Set
Cr={p:Ip| = R,|argp| Swr}, Hg={p€ H(r,wn):|p| <R}

It is evident that the integrand in the integral under consideration has no singulari-
ties in the domain bounded by the curves C'r and Hg. In addition, the asymptotic
behavior of the Mittag-Leffler function (see [II, Ch. 3], [I'7, §1.8]) yields

C
|E11—v(py) — (py) e’ | < JR for every p € Ck.

Also, for w close to 1/2 and p € Cg, we have
™
2
Thus, from the above it follows that

< Jarg \p°| < 7.

5
/( )p‘E[El,l—u(py)—(py)”e”y]ekp dp
H(r,wm

. — v 5
= lim P [Bra—v(py) — (py)”e?] e dp
R—oo Hg

. — v 5
— lim [ p°[Eri-u(py) — (py)”e?’] e dp = 0.

R—o0 CR

The last equality with (2.16) proves (2.13).
We note that for arg A = 7, formula (2.13)) was proved in [29]. O
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3. FUNDAMENTAL SOLUTION

We consider the function

p—l "l Ad (— Sy Ay~ for x <0,
: 2n+1 =3 Xk (=, iy Ay ™7) for x> 0.
Here and in what follows we use
o 2k—n+l .
= = n . 2
V= o1 Ap = e 21 (3.2)

We also regarding the arguments and parameters of the function (3.1) have the
following ranges:

r€R, ye€(0,00), oc€(0,1), neNy, peR. (3.3)

Remark 3.1. It is easy to check that the function (3.1)) is real-valued. Indeed, by
(2.5), we have

[e%e} q

q m
Z Ae® (=7, 1y Apz) = Z m Z )\ZL+1 (p,a €No, p>q). (3.4)

k=p m=0 k=p
Let
m-+1
&= .
2n+1

If m =2n (mod (2n+1)) (i.e. m = (2n+1)j + 2n for some j € Ng) and, therefore,
e%¢ =1, then
q q
DA = TE T = () (g —p D). (35)
k=p k=p

For 24" = 1, we have

q a 2epi _ ,26(g+1)i
m+1 _ _(1—n)gi 2aki _ 0 e (1-n)éi
Z A = Z e T T ek ©
k=p k=p
_Sing(@—p+1) pigntiei
sin & '

In particular, this implies

n—1 2n

ma1  sinén m41 _  qympsiné(n+1)  sinén
1;0)\16 - sin¢’ ZA’“ =(=1) sin & - siné’ (36)

Equalities (3.4), (3.5) and (3.6) prove that the function G% ,(z,y) is real-valued,
with arguments and parameters satisfying (3.3]).

k=n

Remark 3.2. In the case n = 0, there are no summands in the sum that gives the
value of (3.1]) for < 0. That is G ;(2,y) = 0 for all z < 0.
Lemma 3.3. Let m € Ng. Then
o™ om
—GH (0—,y) — =—G~% (0
oxrm o’,n( ’ y) orm o,n( +, y)
yr—ym=1 " 1 ifm=2n (mod (2n+1)),
L' (p—ym)

3.7
— (fl)(mﬂ)(n*l) 3.7
0 otherwise.
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Proof. By (2.7) and (2.9), we have

am om 1 yuf'ymfl
— G~ _ ™ —
Gl (0=) = 5 G (04,)

2n

k=0
From (3.5) and (3.6)), it follows that

§5m4_¥1W1W“@nH)ﬁmM (mod (2n + 1)),
mtl _

P 0 otherwise,

This leads to (3.7).

Lemma 3.4. Let m € Ng and v € R. Then

yu+v 1
/ GY. xydx—i,
L' (p+7)

= _1)7’1*1Gg;10'(l,’ y)?

62n+1
WGg,n (1‘, y) (

Dgng,n (1‘, y) = Gg;zy (1‘, y),

o " a2n+1
(Déy A+ (=1 W)Gin(l’,y) =0.

Proof. First observe that each A, satisfy the inequalities
1+

T < larg(—=Ap)| <7, k=0,1,...n—1,

1
;7w<|arg)\k|§7r, k=nn+1,...2n,

S
2n+ 1T (u —ym) K

(3.8)

(3.9)

(3.10)

we recall that we choose the branch of arg z with the range (—, 7]. This makes it

possible to apply (2.12) to calculate the integral in (3.8]),

| _ctaema

pu—1 n—- 1 0
_ >\ - d
2”+1k ) /mqﬁ( v,y Ay~ da

2n

pn—1
- ;;Jr : Z Ak/ —, 5 Ay ) da

Y1 2n

T @n+ DT +7) 21

k=0

Further, the equalities in ) follow from and -7 and - is a conse-

quence of (3.9 .

Lemma 3.5. Let m € Ng. Then

O’ (_:u) 5{ N07

7(;# my < Clx 0;4+w(9 m)l 0 >
| | =7 -1, (—n) € Ny,

and C = C(o,pu,0,m); and

lim ¢t rtm

JE . —
2 teo ox mGH (:c,y)exp (V:t‘$|1*7y 17'Y) :07 z=1Ty ’y’

O

(3.11)

(3.12)
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for any v_ and v4 such that

(n - 1)7‘(’ e nm
—_- < (1- = _—
2n+1-o0’ (1= S omti—o

Proof. By (2.7) and (3.1)), we have

am
|5 Gl 9)|

_ < (1—7)yT7 cos (3.13)

< Oyp—rm=1 maxo<k<n—1|¢ (=7, b — ym; Ay =) for 2 <0,
N maxn<kg<2n |¢ (_’77 o= m; Akxy_’yﬂ for z > 0.
Combining this and (2.11)) we obtain (3.11)). Furthermore, the equalities
 rjas(A) (-
min  cos = cos ,
0<k<n-—1 1—7~ 2n+1-o
. T — |arg A\g| nw
min cos —————— = oS ————,
n<k<2n 1—7v 2n+1l—-o

and the inequality (2.8)) lead to (3.12]). O
Lemma 3.6. Let 7(x) € C(R),

hrjr:l T(z )exp(—ui|m|ﬁT7ﬁ) =0 (3.14)

xr—

for some v_ and vy satisfying (3.13)), and
oo
v = [ 9657w s ds
— 00 ’
Then
lir% Dg‘;lv(m,y) =71(z), =zeR, (3.15)
y—)

a2n+1

(Dl + "2 Yol =0, () €RX(0.T). (316)

Proof. By (3.8) and @, for any € > 0, we have

Dg‘yl x,y) / / )]G1 Tz —s,y)ds
zte
+ / [7(s) — 7(2)] G};n”(x —s,y)ds

+7(z / G (x—s,y)ds
—Il+12+7-( )

Taking into account (3.12]) and (3.14)), we obtain

iml; =0, |I]<C(o) sup |7(s)—7(z).
y—0 s€(z—e,z+e)

The continuity of the function 7( and an arbitrary choice of ¢ imply (3.15] -

Let us prove . By (2.4 . and -, we have

- —Br(x
Déy’ﬁ} (2,y) = / ()G w — s,y)ds — LT

r(1—-p)
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From (3.7) and (3.9)), it follows that
82n+1 a e o] aQn
R

Ox2ntl v(wy) = or s Hx2n Gon(x—s,y)ds
= [ e - sy ds + (1T
o ’ (1 -p)
Combining the last two equalities, we obtain . (Il

Lemma 3.7. Let f(z,y) be representable in the form f(x,y) = Dy, g(x,y), where
Yy Og(z,y) €C(D), e>0,6>0andec+ 6 >1— 3,

lim y'~g(z,y) exp ( - VilzlﬁT‘ﬁ) =0, (3.17)

r—+o0

for some v_ and vy satisfying (3.13] -, and

w(z,y) // f(s, )G (x — s,y — t) ds dt.

Then
lim D§, 'w(z,y) =0, z€R, (3.18)
y—0
{a,6) gz
(D7 + (D" g Jwlay) = fl@y), (y) €RX (0T, (319)

Proof. The conditions imposed on the function f(z,y), and the relations (3.11)) and
(3.12) imply

|w(m,y)| < Cya+5+'y(2n+9)—1,

where C' = C(0,0), and 6 can be chosen in [0, 1) sufficiently close to 1. Therefore,

by (2.3) and (3.2), we obtain
| Dy w(a,y)| < CyHOTo R,
By the conditions imposed on € and J, and equality o = a+ (3 — 1, this gives (3.18]).

By (2.1), (3.7) and (3.9] @, we have

62n+1 6271 B .
W / / 8 QnGZ,,ﬂ* (x—s,y—t)dsdt
—t e—1
- (—1)"/ g(a, t)(yr(g))dt (3.20)
0

y oo
Hr-t / / 9(8, )GV (x — s,y — t) ds dt.
0 —oo '

Note that the first summand on the right-hand side of the last equality is equal to
Dq, g9(z,y) = f(z,y). Then, taking into account (3.18)), we obtain

D{a”g} (z,y) = hm/ (,6)G5 (@ — s,y — t)ds

/ / (5,0)G5 (x — s,y —t)dsdt.

It follows from ) that the first summand equals 0. Combining this with (| -,
we obtain
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Remark 3.8. For n = 0, it suffices to require convergence of the corresponding
limits in (3.14) and (3.17)) only for 2 — —oo, because G% ,(z,y) = 0 for z < 0 (see
Remark .

The properties of the function G% (in particular, formula (3.10), Lemmas
and proved above imply that the function
Lon(z,y;s,t) = Gg;ﬂ(x —s,y—1t) (3.21)
is a fundamental solution of equation ([1.1)).

4. CAUCHY PROBLEM

Let D =R x (0,7) and Dy = R x [0,7). A function u(z,y) is called a regular
solution of equation in the domain D if u(z,y) has continuous derivatives
with respect to z till the order 2n + 1 in D, y'~*u(x,y) € C(Dy) for some pu > 0,
Dgy_lu(x,y) € C(Dy), Dgy_lu(x,y) is absolutely continuous as a function of the

variable y in the half-closed interval [0, T') for every fixed = € R, and u(z, y) satisfies
(1.1) for all (z,y) € D. We pose the Cauchy problem:

find a regular solution of equation (1.1]) in the domain D such that
lirr%) Dg;lu(x,y) =71(z), zeR, (4.1)
y—)

where 7(x) is a given function.

Theorem 4.1. Let the functions 7(x) and f(x,y) satisfy the conditions of Lemmas
[5:6 and[371 Then the function

LS Yy poo
u(xvy) = / T(S)Dgilra,n(xvy;svo) ds +/ / f(svt)l—‘o,n(xvgﬁ S,t) dsdt
0 —00

— 00

is a reqular solution of equation (1.1) and satisfies the condition (4.1).

Proof. By (3.9) and (3.21]), the statement of the theorem is a consequence of Lem-
mas and O

5. UNIQUENESS

Here we prove the uniqueness theorem for the problem ([1.1), (4.1)) in the class
of fast-growing functions satisfying an analogue of Tychonofl’s condition [35].

Theorem 5.1. There is at most one regular solution of problem (1.1), (4.1) in the
class of functions that satisfy the condition

lim y'~%u(x,y)exp (—V|x|ﬁ) =0, (5.1)

|| =00
for some positive constants § and v.

Proof. We consider the function

Wyr(,y) = Gg (2, y) he(2),
where
1 itx e (—rr),
he(@) = (o fof (2 = )P 1= 2)20F e i [a] € [rr 4+ 1),
0 otherwise.
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It is obvious that
he(z) € C*" Y (R); 0 < ho(z) <1; [ (2)] < const.; (5.2)
A (z) =0, for|z| & (rr+1); k=1,2,...,2n+1. (5.3)
Put

2n+1 2n+1
_ (plas) 9 « _ (piBal 9
L= (DOt + (_1)n852"+1)’ L" = (Dyt - (=" 652’”1)'

Let u(z,y) be a regular solution of the homogeneous problem (1.1), (4.1) (i.e.
7(z) =0 and f(z,y) = 0) satisfying condition (5.1]). Moreover, let (x,y) be a fixed
point in R x (0,Tp), where

. 1—7 ™ -1
TO:mln{T,'y( » COSQTL—&-l—O’)W },

and u, € and r are positive numbers such that r > |z| + & and p > 2ny. By the

formulas (2.1}, (3.9) and (3.10]), and the relation

a2n+ 1 82n+1

u(s,t) +u(s,t) =Wy r(x — s,y —1t)

Wyr(lx—sy—t 52

) as2n+1

9 2n . ak aanlc
= %Z(fl) @WM,T(ﬂffs,yft)Wu(S,t),
k=0

we obtain

Yy T—¢€ oo
— / / +/ W#,r(iﬂ — s,y —t)Lu(s,t)dsdt
z+te
/ / / u(s, ) LW, ,(z — s,y — t) dsdt
(5.4)

S=r—e&

Y 2” 8 92n—k
+k
/o ) G W = sy = gt _

= Il +123

/ / / u(s, ) LW, o (x — s,y — t) ds dt,

Y 2” +k a 2n—k S=r—¢
I k[ Ly -t ,t} dt.
)= / [ Wi = 5.y = 05 s,

where

It follows from 1D that
L'W,,(z—sy—1t)

2n
(2n + 1)! oF §2n—k+1
n 1 m _ B o 3
Z El( 2n—k+1)'8 kG n(@ =5y t)as2nfk+1h7'($ s).

Combining this with (5.2]) and , we have

r r—l—l
\IﬂgC’/y(/ +/ |u(s, )] Z‘WG“ x—sy—t‘dsdt
0 —r—1 T
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By (3.12) and (5.1)), the last inequality implies lim,._ o I; = 0. Further, by Lemma
and the definition (1.3]), we obtain
2yn—p

gil}I%)Ig = —Dg," Hu(z,y).
Thus, letting ¢ — 0 and r — oo in ([5.4]), we obtain
D2 () = 0.

Since 2yn — p < 0, this implies u(x,y) = 0 for all (z,y) € R x (0,Tp).

Let us now prove that u(z,y) = 0 for any y > 0. Suppose the contrary, and put
yo = inf{y : u(z,y) # 0 for some z € R}. It is obvious that yo > Tp. Consider
the function @(z,y) = u(x,y + yo). For every positive €, our assumption and the
definition of yy enables us to find a number = € R such that

a(z,e) #0. (5.5)
The equalities

Déz’fiou(x,y) = Dé;"ﬂ}ﬁ(m,y), gli% D(‘)‘Jld(w,y) =0

imply that the function @(z,y) is a solution of the homogeneous equation (1.1)) and
satisfies the null initial condition (4.1). By the above, this means that @(z,y) = 0
at least for y € (0,7p). This contradicts (5.5)). Hence, u(z,y) = 0 for all x € R and
y > 0. [l
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