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SMALLEST EIGENVALUES FOR BOUNDARY VALUE
PROBLEMS OF TWO TERM FRACTIONAL DIFFERENTIAL
OPERATORS DEPENDING ON FRACTIONAL
BOUNDARY CONDITIONS

PAUL W. ELOE, JEFFREY T. NEUGEBAUER

ABSTRACT. Let n > 2 be an integer, and let n — 1 < a < n. We consider
eigenvalue problems for two point n — 1,1 boundary value problems

Dgiu+a(t)u+ Ap(t)u =0, 0<t <1,
u(0)=0, i=0,1,....,n—2, D u(1)=0,
where 0 < < n—1 and Dg, and Dég7L denote standard Riemann-Liouville

differential operators. We prove the existence of smallest positive eigenvalues
and then obtain comparisons of these smallest eigenvalues as functions of both

p and B.

1. INTRODUCTION

Let n e Nyn>2 andn—1< a < n. Assume a € C[0,1]. In this paper, we
consider the folowing boundary value problems:

Dy u+a(t)u+Mp(t)u =0, 0<t <1, (1.1)
satisfying the boundary conditions
u(0) =0, i=0,1,...,n—2, DIlu(l) =0, (1.2)
or the problem
Dg u+a(t)u+ Aq(t)u =0, 0<t<1, (1.3)
satisfying the boundary conditions
u(0) =0, i=0,1,....,n—2, DPu(l) =0, (1.4)
where 0 < 81 < 83 < n — 1, or the problem
D u+a(t)u+ Asr(t)u =0, 0<t<1, (1.5)
satisfying the boundary conditions
u?(0)=0,i=0,1,...,n—2, u(l) =0, (1.6)

where Dg, , and ng;, i = 1,2, are the standard Riemann-Liouville fractional deriva-
tives. Here p, ¢, and r are continuous nonnegative functions on [0, 1] that do not
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vanish identically on any nondegenerate compact subinterval of [0, 1] and through-
out this paper, we assume a(t) >0, 0 <t < 1.

The purpose of this work is to apply Krein-Rutman theory [I6] to first, show
the existence of smallest eigenvalues of each of the boundary value problems ,
, or , , or , and second, to compare these eigenvalues when
0<r(t)<p(t)<q(t)and 0 <p1 <o <n-—1

There is a long tradition to apply Krein-Rutman theory to obtain smallest or
principal eigenvalues for boundary value problems for ordinary differential equations
and we cite for example, [7, 13} 17, 20} 21]. These methods have been applied to and
similar results have been developed for boundary value problems for finite difference
equations and dynamic equations on time scales; see, for example, [I], 9} [12].

With the recent rapid advancements in the study of fractional calculus and frac-
tional differential equations, these methods have applied to boundary value prob-
lems for fractional differential equations (both of Riemann-Liouville and of Caputo
type) and analogous result have been obtained; see [5l [6l [0} [TT], T4} [18].

Concerning the first purpose of this work, comparison theorems of Green’s func-
tions of families of boundary value problems have played a key role in the develop-
ment of comparison of principal eigenvalues. For example, in [3], a partial order was
defined on the type of boundary conditions that were specified at the right, and then
comparison theorems for Green’s functions, obtained by Peterson and Ridenhour
[19], were employed to compare principal eigenvalues as a function of the partial
order on the boundary conditions. For the purpose of this article, this is analogous
to comparing principal eigenvalues of , in the case 0 < f1 < B2 <n— 1.
Comparison theorems for Green’s functions of two-point boundary value problems
related to 7 7 as a function of 5 have been obtained [4]; the application to
the comparison of principal eigenvalues is made for the first time in this paper.

Concerning the second purpose of this work, to date, comparisons of principal
eigenvalues for fractional equations have been restricted to the fractional operator

6+ The comparison of principle eigenvalues for a fractional operator (Df, + aZ)
is new. On the surface, it appears that the analogous comparison theory for ordi-
nary differential equations applies to a general nth order linear ordinary differential
operator. But in the references cited above, the operators are assumed to be dis-
conjugate or right disfocal on the given domains and so, with the Frobenius factor-
ization of disconjugate operators [2], the operator behaves as a one—term operator.
Following the lead provided in [8], we obtain a Neumann series representation for
a Green’s function for the boundary value problem associated with a two—term op-
erator, (D§, + aZ), with boundary conditions or . With this approach,
we obtain the necessary comparison theorems for the associated Green’s functions
and then obtain the comparisons of the eigenvalues.

In what follows, we provide preliminary definitions and results related to the
application of Krein-Rutman theory in Section 2. In Section 3, we construct the
Green’s function for the fractional operator (Dg, + aZ) with the boundary condi-
tions , for 51 = fand 0 < 8 < n —1 and for the boundary conditions
(with 8 = 0). We obtain the comparisons of the Green’s function as a function of
B, analogous to the comparison theorems obtained in [4]. In Section 4, we define
the appropriate linear operators associated with each of the boundary value prob-

lems (1.1), (1.2)) or (1.3), (1.4) or (1.5), (1.6). We first show the compactness of
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the operators. Then we apply the methods outlined in Section 2 and obtain and
compare smallest eigenvalues.

2. PRELIMINARY DEFINITIONS AND THEOREMS

We first give the definitions of the Riemann-Liouville fractional integral and
fractional derivative.

Definition 2.1. Let v > 0. The Riemann-Liouville fractional integral of a function
u of order v, denoted 1§, u, is defined as

7 u(t) = 1“(11/)/0 (t — 5)"Lu(s)ds,

provided the right-hand side exists. Moreover, let n denote a positive integer and
assume n — 1 < a < n. The Riemann-Liouville fractional derivative of order « of
the function v : [0,1] — R, denoted D, u, is defined as

1 ar [t L
- _ n—a— — DnIn—a
I'(n — «) dt» /0 (t=2) u(s)ds o+ "ult),

provided the right-hand side exists.

Definition 2.2. Let B be a Banach space over R. A closed nonempty subset P of
B is said to be a cone provided

(i) au+ Bv € P, for all u,v € P and all a, 8 > 0, and
(ii) v € P and —u € P implies u = 0.

Definition 2.3. A cone P is solid if the interior, P°, of P is nonempty. A cone
P is reproducing if B = P — P; i.e., given w € B, there exist u,v € P such that
w=u-—"u.

Krasnosel’skii [I5] showed that every solid cone is reproducing.

Definition 2.4. Let P be a cone in a real Banach space B. If u,v € B, u < v with
respect to P if v —u € P. If both M, N : B — B are bounded linear operators,
M < N with respect to P if Mu < Nu for all u € P.

Definition 2.5. A bounded linear operator M : B — B is ug-positive with respect
to P if there exists ug € P, ug # 0 such that for each u € P, u # 0, there exist
k1(u) > 0 and ko(u) > 0 such that kjuy < Mu < kyug with respect to P.

The following three results are fundamental to our comparison results and are
attributed to Krasnosel’skii [I5]. The proof of Theorem can be found in Kras-
nosel’skii’s book [I5]. Theorem [2.8|is provided by Keener and Travis [I3] as an ex-
tension of Krasonel’skii’s results; a slightly more general result was recently proved
by Webb [22].

Lemma 2.6. Let B be a Banach space over the reals, and let P C B be a solid
cone. If M : B — B is a linear operator such that M : P\{0} — P°, then M is
ug-positive with respect to P.

Theorem 2.7. Let B be a real Banach space and let P C B be a reproducing cone.
Let L : B — B be a compact, ug-positive, linear operator. Then L has an essentially
unique eigenvector in P, and the corresponding eigenvalue is simple, positive, and
larger than the absolute value of any other eigenvalue.
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Theorem 2.8. Let B be a real Banach space and P C B be a cone. Let both
M,N : B — B be bounded, linear operators and assume that at least one of the
operators is ug-positive. If M < N, Muy; > \uy for some uy € P and some
A1 > 0, and Nuy < Aqug for some us € P and some Ao > 0, then A1 < Ag.
Furthermore, Ay = Ao implies uy is a scalar multiple of us.

3. TWO TERM DIFFERENTIAL OPERATOR

To develop the appropriate compact operators, we introduce the appropriate
Banach spaces. Define the Banach Space

={u:u=t"1u, veC1]},
with the norm
lull = [vlo,
where |v]g = sup |v(t)| denotes the usual supremum norm. Notice that for u € 5,
te0,1]

[ulo = [t~ vlo < %7 Ju]],

implying |u|o < |Jul|. We also define the Banach space
By ={u:u=t""tv,ve C0,1],v(1) = 0},

with the norm given by ||ully = |[v/]o.
Note that for v € C1[0,1] and since v(1) = 0, then for 0 <t < 1,

[o(®)] = [o(t) ~ v(1)] = \/ $)ds| < (1= D'lo < ull.
Therefore, |v|o < |Jull1 = [v']o and
lulo = [t*" vlo <t Huly,
implies
julo < Jlull- (3.1)
LetneN,n>2 andn—1<a<n. Assumea € C[0,1] a(t) > 0,0 <t <1,

and consider a boundary value problem for a nonhomogeneous two—term fractional
differential equation

Dg,u+a(t)u(t) +h(t) =0, 0<t<1, (3.2)
u(0)=0, i=0,1,....,n—2, D u(l)=0, (3.3)

where 0 < 8 < n — 1, and Dg, and Dg + are the standard Riemann-Liouville
derivatives.

The following construction of a Neumann series representation of a Green’s func-
tion can be found in [8]. We provide some details because of our choice of Banach
spaces.

Let 0 < 8 <n—1. Let Go(B;t,s) denote the Green’s function for —D8‘+u =0,
satisfying the boundary conditions u(¥(0) = 0,4 = 0,1,...,n — 2, D0+u( ) =0,
which is given by
o (1—g)* 18

I'(a) ’

t21(1—5)*" 1B _(t—g)>~!
T'(a) ’

0<t<s<l,
Go(B;t,s) = (3.4)

<s<t<l1.
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We define
L 0<t<s<l,
UO(B;ta 5) = (175)(,71713 (1_?)01—1 (35)
Ta) — ~ T  0ss<t<l

Note that Go(B;t,s) = t* Lug(B;t, s).
If0< p<n-—1,let h € B. It has been shown in [II] that u € B is a solution of
(13.2), (3.3) if, and only if, u € B and u satisfies

1
u(t) :/O Go(Bst, s)(als)u(s) + h(s)u(s))ds

:/ Go(,@;t,s)a(s)u(s)ds—i—/ Go(B;t, s)h(s)ds (3:6)
0 0

= Ayu(t) + Ah(t),

where A; and A have now been respectively defined as

Alu(t):/o Go(B;t, s)a(s)u(s)ds, Au(t):/o Go(Bst,s)u(s)ds, 0<t<1.

1
(3.7)
If 0 = 3, let h € By. It has been shown in [5] that u € By is a solution of (3.2),
(1.6) if, and only if, u € B; and wu satisfies

u(t) = /0 Go(0;t, 8)(a(s)u(s) + h(s)u(s))ds
1

:/ Go(O;t,s)a(s)u(s)der/ Go(0;¢t, s)h(s)ds (38)
0 0

= Aju(t) + Ah(t).
Remark 3.1. We will suppress dependence on  in the operators A; and A with

the understanding that if 0 < < n — 1, the supporting Banach space is B and if
0 = f, the Banach space is B;.

Solving (3.6) for u to obtain (Z — A;)u = Ah, or, formally

u= (ni%fl?)/lh.

Before stating and outlining a proof of Theorem we state a lemma (see [23]
p. 795)).

Lemma 3.2. Let B denote a Banach space, and assume A : B — B is a linear
operator with operator norm ||A|. Let r(A) denote the spectral radius of A. Then
(i) 7(A) < [l All;
(ii) of r(A) < 1, then (T — A)~t = >°°° A", where T denotes the identity
operator.

Theorem 3.3. Assume a € C[0,1], and assume |alp < T'(a). If0 < 8 <n—1,
then a function u € B is a solution of the boundary value problem (3.2)), (3.3) if,
and only if, u € B and

ult) = / G(B:t,5)h(s)ds,
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where .
G(Bit,s) =Y Gn(Bit,s), (3.9)
n=0
and for n > 1, n an integer,
1
Gn(B;t,s) = / a(T)Go(B;t, 7)Gr—1(B; T, s)dT. (3.10)
0

If 0 = B, then a function u € By is a solution of the boundary value problem (3.2)),
(1.6)) if, and only if, u € By and

u(t) = /O G(0:1, 5)h(s)ds,

where
G(0it,s) = > Gn(0st,5), (3.11)
n=0
and for n > 1, n an integer,
1
Gn(0;t,8) = / a(1)Go(0;t,7)Gr—1(0; 7, 8)dT. (3.12)
0

Proof. To obtain (3.9) inductively from (3.10) (or respectively (3.11]) from (3.12))),

compute each A7.Ah inductively. If

1
AT AR = / G (B:t, 5)h(s)ds
0
then
AT AR = Ay AT AR

- /0 ' GolB:t. s)a(s) /0 G (s 5.r)h(r)drds
_ /01 (/1 (1) Go(B: £, )G (B T, s)dr) h(s)ds

0
1
~ [ GualBit.)h(s)ds,
0
To address the convergence in (3.9)), it is shown in [4] that for 0 < § <n — 1,
Go(Bit,s) >0, (t,s)€[0,1] x[0,1],
and so it follows from ([3.4) that

ta—l(l _ S)a—l—ﬂ 1
0 < Go(Bit,s) < = —.
< Go(Bst,s) < I'(a) (t=1,5=0)  D(a)
To see this, it is clear that for s € [0, 1],
tafl(l _ s)aflfﬁ (1 o 5)a717ﬁ

Go(ﬁa ta 5) <

') t=1 ')

So now maximize the function of s at s = 0. Assume inductively that for n > 1,

an
CalBrs 1, 5)] < o

()" (3.13)
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Then
1 | |n+1
Guna(Britos)| < [ la(DlIGa(81:t, IGu(Bi . s)ldr < [in
0 2 ()

So, is valid for each n > 1. Straightforward applications of the Weierstrass
M-test and the ratio test imply the uniform and absolute convergence of on
[0,1] x [0,1].

For g =0, to address convergence in , first define, for n > 1,

1
v (05, 8) = / a(T)vo(0;t, 7)Gr—1(0; 7, s)dT, (3.14)
0
where vo(3;t, s) has been defined in (3.5). Then G, (0;t,5s) = t*~1v,(0;t,s) and
G(0it,s) = 271> 0, (051, 5) =tV (03, 9), (3.15)
n=0

where V(0;t,5) = >0, v, (03, 5).
It is shown in [5] that fl vo(0;t,8)ds € C*0,1]. Moreover, if h € B; and
[Ih]l1 = 1, which implies by (3.1]) that |h|g < 1, then

d t(1- %)afl ta—1)(1— %)a72 s al
‘%/0 WG(S)h(S)dS‘ S/O Ta) t—2d8|a|0— TO?). (3.16)
Thus,

|alg
[0 (052, 9)[1r < =7
| T (@)
the analogue of (3.13)).

To apply Lemma [3:2] and complete the proof, for 2 = 0or 0 < § < n—1,

calculate

A = _Sup [ Ak

€B,|[hll=1

heB HhH ) H/ Go(Bst, s)a (s)dsH < o) <1 O

The following inequalities are known for G and vy.

Lemma 3.4. The following hold.

(1) Go(Bst,8) >0 for (t,8) €10,1] x[0,1),0< 8 <

(2) Go(B;t,s) > 0 for (t,s) € (0,1] x [0,1) for B > 0 and Go(0;t,s) > 0 for
(t,s) € (0,1) x (0,1);

(3) vo(B;0,8) >0 forse (0,1),0<B<n—1;

(4) If 0 < By < B2 < n—1, then G(p1;t,s) < G(Ba;t,s) for (t,s) € (0,1) x
(0,1);

(5) If0 < B1 < B2 <n—1, then vy(f1;0,5) < v9(P2;0,5) for s € (0,1);

(6) vo(0;1,8) =0 for s € (0,1);

(7) v5(0;1,8) <0 for s € (0,1).

Proof. The proofs of (1), (2), and (4) can be found in [4]. The proof of (3) can be
found in [I§]. For (5), notice that

vo(B2;0,8) —vo(f1;0,8) = () [(1 - s)"‘l_'g2 - (1- s)a_l_ﬂl]
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1
- @G
So (5) holds. Property (6) can be verified directly. For property (7), notice
(a—1)s(1—s)>2
I'()
Because of the construction of G(;t,s) through and (3.9) for 5 > 0 or

through (3.11) and (3.12)), the following extension to Lemma is valid. So we
need the following inequalities.

—8)* 11— (15" P] > 0.

vo(0;1,8) = — < 0. O

Lemma 3.5. The following hold.

(1) G(B;t,5) > 0 for (t,5) € [0,1] x [0,1), 0 B <n—1;

(2) G(B;t,s) > 0 for (t,s) € (0,1] x [0,1) for B > 0O and G(0;t,s) > 0 for
(t,s) € (0,1) x (0,1);

(3) V(B;0,s) >0 fors€(0,1),0<B<n—1;

(4) If 0 < By < B2 < n—1, then G(B1;t,8) < G(Ba;t,s) for (t,s) € (0,1) x
(0,1);

(5) If 0 < B1 < B2 <n—1, then V($1;0,8) < V(B2;0,s) for s € (0,1);

(6) V(0;1,5) =0 for s € (0,1);

(7) V'(0;1,5) <0 for s € (0,1).

Proof. It a = 0, G(B;t,s) = Go(B;t,s) and so (1)-(7) hold. Suppose a # 0. Let
0 < pB1 < B2 <m-—1. For (2) and (4), notice for (¢t,s) € (0,1) x (0,1), 0 <
Go(B1;t,8) < Go(B2;t,8). Now assume for k € N, 0 < Gi(51;t,8) < Gi(B2;t, ).
Then for (¢,s) € (0,1) x (0,1),

1
Gror (Bast,s) = / a(r)Go(Ba; t, )G (Bas 7, 5)dr
0

1
> / a(T)Go(B1;t, 7)Gr(B1; T, 8)dT
0

= Gi41(Pist,s) > 0.
So for each n € N, 0 < G, (B1;t,5) < Gp(B2;t, s) for (¢,s) € (0,1) x (0,1). Then

G(Bast,s) = ZG (B2, 5) >ZG (Bi;t,s) = G(Bi;t,s) > 0.
The proof of (1) is similar. For (3) and ( ), similarly notice for s € (0,1), 0 <
vo(B1;0,8) < vo(B2;0,5). Assume for k € N, 0 < vg(82;0,8) < vk(61;0,s). For
€ (0,1),
1
Uk+1(/82§075):/ a(T)vo(B2; 0, T)vk(B2; 7, s)dT
0
1
>/ a(7)vo(B1;0, 7)o (Br; T, 8)dT
0

= vk41(B1;t,8) > 0.
Thus, for each n € N, 0 < v,(51;0, ) < v,(52;0,s) for s € (0,1). This implies

V(B2;0,s) = Zvn (82;0,5) >ZG (51;0,8) =V (51;0,5) > 0.
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The proofs of (6) and (7) are similar. O

4. COMPARISON OF SMALLEST EIGENVALUES

We derive existence and comparison results. To do this, we will define integral
operators whose kernels are the Green’s function for —Dg, v —a(t)u = 0, satisfying

the boundary conditions u(?(0) = 0, i = 0,1,...,n — 2, D§+u(1) = 0, which are
given by (3.9). So w solves (|L.1)), (1.2) if, and only if,

u(t) =M /01 G(P1;t, s)p(s)u(s)ds.
Similarly, u solves , if, and only if,

u(t) = Aa /01 G(B2;t, s)q(s)u(s)ds,
and u solves , if, and only if,

u(t) = As /01 G(0;t, s)r(s)u(s)ds.

We define the linear operators
1
Mu(t) = [ Gloritshplu(s)ds, (41)
0

Nu(t) = /0 GB:t, 5)q(s)u(s)ds, Lu(t) = /O GO0:t, s)r(s)u(s)ds.  (4.2)

Theorem 4.1. The operators M, N, L : B — B are compact. Also, L : By — By is
compact.

Proof. Let 0 < 8 <n—1. It is proved in [14] that if 0 < 8 <n—1,then A: B — B
is compact, where A has been defined in . For 8 = 0, it is proved in [5] that
A : B — B is compact.

For the sake of completeness, we remind the reader the technique of proof. Let
heBsoh=t*"1u. If 3>0,veC[0,1];if B=0, v e C0,1]. Write

1
Ah(t) = ta—l/ vo(B:t, $)5°~ u(s)ds = 1L Ko(B)o(t),
0
where

Ko(ﬁ)v(t):/o vo(B;t, 5)s* Tu(s)ds,

and vy has been defined in . For 5 >0, A: B — B is compact if, and only if|
Ky(B) : C[0,1] — C]0,1] is compact; for § =0, A: B — B is compact if, and only
if, Ko(B) : C'[0,1] — C*[0,1] is compact. For 3 > 0, a standard application of the
Arzela-Ascoli theorem then gives the compactness of Ky(3). For g = 0, (3.16)) is
employed.

It is clear that the operators A and A; commute and if h € B, then

o0

(Z(A1)"A)h - Ai(/h)”h.

n=0 n=0
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Thus, if u € B, then pu € B and

Mu(t)

Il
S—

G(Br;t, s)p(s)u(s)ds

M

(A1) Apu

0

3
I

o0

A( 3 A;L)pu.

n=0

Once we argue that u € B implies (Y. " AT )pu € B; then the compactness of M
is proved by the compactness of A.

The analysis to show the uniform and absolute convergence of on [0,1] x
[0,1] can be applied to (> oo, AT) h. Now Go(B;t,s) = a(s)Go(B;t, s),

— 1 — —
Go(Bit,s) = /0 Go(Bst, 7) G (8: 7. 8)d,

for each n > 1, and
G(Bit,s) =Y Gu(Bit,s) =t*"" Y u(Bit, s).
n=0 n=0

The assumption |aly < I'(«) implies that G(8;t,s) converges uniformly and abso-
lutely on [0,1] x [0,1]. Thus, (3°,° A7) pu € B.

In a similar way, N : B — B is compact. In [5], it was shown that Ky(0) :
C'0,1] — C*[0,1] is compact and Ky(0)u(1) = 0 for any u € By. Then L : By — By
is compact, which implies L : B — B is also compact. (]

We define the cone
P={ueB:u(t)>0forte]|0,1]}

and the set Q := {u =t*"tv € B:u(t) >0 for t € (0,1], v(0) > 0}. We also define
the cone

Pr={ueB:u(t)>0fortecl0,1]},

and the set Q1 := {u =t*"1v € B:u(t) >0 for t € (0,1), v(0) > 0, v'(1) < 0}.
The proof of the following Lemma [4.2f can be found in [6].

Lemma 4.2. The set  C P°. Hence the cone P is solid in B and therefore
reproducing.

The proof of the following Lemma 4.3| can be found in [5].

Lemma 4.3. The set Q3 C P;. Hence the cone P; is solid in By and therefore
reproducing.

Lemma 4.4. The operators M, N are ug-positive with respect to P.

Proof. We first show M : P — P. Let u € P. Then

Mu(t) = /0 G(B;t, s)p(s)u(s)ds > 0.
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So Mu € P and M : P — P. Next, let u € P\ {0}. Now, there exists a compact
subinterval [a,b] C [0,1] such that p(t) > 0 and u(t) > 0 for t € [a,b]. So for
€ (0,1],

1 b
- / G(B; 1, s)p(s)u(s)ds > / G(B; 1, 8)p(s)u(s)ds > 0.
0 a

Let Mu(t) = t*~'v(t). Then

0) = /0 V(5;0,s)p(s)u(s)ds > 0.

So M : P\ {0} - Q C P°. By Lemma M is ug-positive with respect to P.
Similarly, N is ug-positive with respect to P. (I

Lemma 4.5. The operators L is ug-positive with respect to Py.

Proof. Following the proof of the previous theorem, L : P; — P; and if u € P;\{0},
then Lu(t) > 0 for t € (0,1). Let Lu(t) = t*"'v(t). Again, similar to above,
v(0) > 0. Finally,

1
V(1) = / V'(0;1, s)r(s)u(s)ds < 0.
0
So L:P;\{0} = Q; C P}{. By Lemma[2.6] L is ug-positive with respect to P;. O

The following result is a direct consequence of Theorem [2.7]

Theorem 4.6. Let B, B, P, Py M, N, and L be defined as earlier. Then M (and
N ) has an eigenvalue that is simple, positive, and larger than the absolute value of
any other eigenvalue, with an essentially unique eigenvector that can be chosen to
be in P°. Similarly, L has an eigenvalue that is simple, positive, and larger than
the absolute value of any other eigenvalue, with an essentially unique eigenvector
that can be chosen to be in P5.

Theorem 4.7. Let B, By, P, P1 M, N, and L be defined as earlier. Let r(t) <
p(t) < q(t) on [0,1]. Let Ay, Ao, and A3 be the eigenvalues defined in Theorem
associated with M, N, and L, respectively, with the essentially unique eigenvectors
uy, ug € P°, ug € PY. Then As < Ay < Ao, and Ay = Ag if and only if p(t) = q(t)
on [0,1] and 1 = Pa.

Proof. Let p(t) < q(t) on [0,1]. So for any uw € P and t € [0, 1],
(N — M)u(t) = / GBst, 5)q(s)u(s)ds — / G(B:t, $)p(s)u(s)ds
/Gﬁl,ts ds—/Gﬁl,, (s)u(s)ds = 0.

So (N —M)(u) € P for all u € P, or M < N with respect to P. Then, by Theorem
28 Ay < As.
It p(t) = q(t) on

[0,
Pr # B2 I p(t) # q(t
implies (N — M)uq(t)

1] and B; = B2, then A; = As. Next, suppose p(t) # ¢(t) or
), then p(t) < ¢(t) on some subinterval [a,b] C [0, 1], which
> 0 for t € (0,1]. Let (N — M)uy(t) = t*1o(t). So

1

o(0) = [ V(Ba:0,5)q(s)u(s)ds — / V(B1:0, s)p(s)u(s)ds
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> / V(p1;0,5)q(s)u(s)ds — / V(B1;0,s)p(s)u(s)ds
0 0
1

- / V(81:0,5)(a(s) — p(s))uls)ds.

0
Since p(t) < q(t) on [a,b] C [0, 1], then v(0) > 0. So, (N—M)u; € Q C P°. So there
exists € > 0 such that (N — M)u; — euy € P. So Aqug + eu; = Muy + euy < Nug,
implying Nuy > (A1 + €)u;. Since M < N and Nus = Agus, Theoremimplies
A +€ < Ay, or Ay < As. Next, suppose 51 # B2 and p(t) = ¢(t) on [0,1].
Then 1 < f2, and by Lemma (4), (N — M)us(t) > 0 for ¢ € (0,1]. Let
(N — M)uy(t) = t*"to(t). Then

U(O):/O V(BQ;O,s)q(s)u(s)ds—/O V (8150, 5)p(s)u(s)ds

>/0 V(ﬁl;O,s)q(s)u(s)ds—/O V (810, 8)p(s)u(s)ds = 0.

So, (N — M)uy € Q C P°. A similar argument gives that A; < As.
Finally, let p(t) > r(t) on [0,1]. For u € P and ¢ € [0, 1],

(M — L)u(t) :/0 G(f1;t, s)p(s)u(s)ds — ; G(0;t, s)r(s)u(s)ds
1 1

2/0 G(O;t,s)r(s)u(s)dsf/ G(0;t, s)r(s)u(s)ds = 0.

0
So (M —L)(u) € P for all u € P, or L < M with respect to P. Notice Theorem [2.§]
only requires M be ug-positive with respect to P. Consequently, by Theorem [2.8]
A3 < Ay. Since uz € Py, uz € P. By Lemma[3.4] (M — L)us(t) > 0 for t € (0,1].
Let (M — L)us(t) = t* 1v(t). Then

0(0) = / V(61:0, $)q(s)u(s)ds — / V(0;0, 5)r(s)u(s)ds

1 1
>/0 V(O;O,s)q(s)u(s)ds—/o V(0;0, s)r(s)u(s)ds = 0.

So, (M — L)us € Q C P°. So there exists € > 0 such that (M — L)ug — cug € P. So
Asug + eus = Lug + eug < Mug, implying Mug > (As + €)ug. Since M < M and
Muy = Ajuy, by Theorem [2:8] Az + € < Ay, or Az < Ay. O

Lemma 4.8. The eigenvalues of , (1.2) are reciprocals of eigenvalues of M,
and conversely. Similarly, eigenvalues of (1.3)), (L.4) are reciprocals of eigenvalues
of N, and conversely, and eigenvalues of (|1.5]), are reciprocals of eigenvalues
of N, and conversely.

The main result is a direct consequence of Theorem and Lemma
Theorem 4.9. Assume the hypotheses of Theorem[].6, Then there exists smallest

positive eigenvalues A\ and Ay of , and , , and A3 of , ,
respectively, each of which is simple, positive, and less than the absolute value of any
other eigenvalue of the corresponding problems. Also, eigenfunctions corresponding
to A1 and Ao may be chosen to belong to P°, and eigenfunctions corresponding to
A3 can be chosen to belong to Py. Finally, A > A1 > Ao, and A\y = A2 if and only

if p(t) = q(t) for all t € [0,1] and 51 = Ba.
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