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NONLINEAR EVOLUTION EQUATIONS

CHIN-YUAN LIN

In memory of my mother, Liu Gim

ABSTRACT. Nonlinear evolution equations are studied under various condi-
tions. The methods used are based on the theory of difference equations. The
results presented here are illustrated with examples.

1. INTRODUCTION

In this section, we review some background material needed later. Let w € R and
M > 1. Let X be a real Banach space with the norm ||-||. Let B: D(B) C X — X
be a linear operator satisfying the following two assumptions:

(i) B is closed and has domain D(B) dense in X.
(ii) The resolvent set p(B) of B contains (w, c0), and

1T = AB)™ < M(1 - o)™
for A\ >0, A w<landn=1,2,3,....

It is well-known [11l 28] that B generates a Cj semigroup 7'(¢), ¢ > 0, that
IT(t)] < Me*t, and that T'(t)ug for ug € D(B) is a unique classical solution to the
Cauchy problem
%u =DBu, t>0, u(0)=u. (1.1)

Here by a Cy semigroup T'(¢), it is meant that T'(¢),¢ > 0 is a family of bounded
linear operators on X, such that T'(0) = I,T(t + s) = T(t)T(s) for ¢t,s > 0, and
limy_,0 T'(t)z = z for € X hold.

The above result is proved in [I1] and [28, Page 19] by applying the Hille-Yosida
theorem, combined with a renorming technique. This result is due (independently)
to Feller, Phillips and Miyadera (see [I1] for references to the original works). This
result is also valid under the seemingly more general conditions:

(ii’) The range of (I — AB) contains D(B) for small enough A > 0 with Aw < 1.

(ii”) (I — AB)~ 'z is single-valued for x € D(B), and |lu| < M(1 — Mw)~"||z||
holds for all A > 0 with A\w < 1, z € D(B), and u = (I — AB) "z,n =
1,2,3,. ..
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For generating nonlinear operator semigroups, let A : D(A) C X — X be a nonlin-
ear multi-valued operator, which satisfies:

(iii) The range of (I — AA) contains D(A), for small enough A > 0 with dw < 1.
(v) (Dissipativity): |lu—v| < |lu—v—A(z—y)]|| holds for all A > 0, u,v € D(A),
z € (A—wu,and y € (A —w)v.
Crandall-Liggett [7] proved that A generates a nonlinear operator semigroup 7'(t),
t > 0. When applied to ug € D(A), T(t)ug gives a unique generalized solution to
the Cauchy problem

d
ZU € Au,t > 0,u(0) = o, (1.2)

the notion of solution being due to Benilan [3]. The generalized solution is a strong
one if X is reflexive [7].

A different condition on A or A(t) with ¢ dependence, for the existence of a strong
solution is given in [I8| [19], where applications to parabolic partial differential
equations are given. This condition is called embeddedly quasi-demi-closed, which
is weaker than that of continuous or demi-closed [25].

Generalizing the Crandall-Liggett theorem, Kobayashi [15] (see Miyadera [25]
pp. 131-132, 141-142, 146], and Takahashi [31]) assumed (v) and the weaker (vi)
(actually, only (viii) was used.):

(vi) liminfy_g (d(Ran(I — AA),z))/A = 0 uniformly for all z € D(A).
Here Ran(I — AA) denotes the range of (I — AA), and d(Ran(I — AA),z) denotes
the distance between the set Ran(I — AA) and the point . That for a family of
functions {fx}aso : D(A) € X — R,liminfy_q fi(z) = fo(x) holds uniformly for
all z € D(A) means:

(vii) For every € > 0, there is a Ay = A1(€) > 0, which is independent of z such
that fo(z) —e < fa(z) for all 0 < A < Ay and for all x € D(A).
(viii) Given € > 0 and given p > 0, there is a 0 < Ay = Aa(e, u) < p, which is

independent of x such that fy,(z) < fo(z) + € for all x € D(A).

Note the following condition, (viii’), weaker than (viii) (see [21, Lemma 10]), is easy
to compare with (iii):

(viii’) For each © € D(A) and each p > 0, there are 0 < p; = p1(p) < p and
et* € X with [|e"®] < p for all © € D(A), such that

(1" 4+ ) € Ran(I — g A)
holds. Here p; is independent of x.

Kobayashi [I5] (see the book by Miyadera [25, pp.152-153], or the book by Laksh-
mikantham [I7, pp. 112-113]) gave this example that his theory applies to but the
Crandall-Liggett theory does not:

Example 1.1. Define an operator A : D(A) C R? — R? by

for
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Here (R2,||.||) is a real Hilbert space with the inner product (u,v) of u and v for
u,v € R? and with the norm ||u|| = v/(u,v) of u for u € R?. Then A satisfies (vi)
but not (iii), and the equation (I.2)) has a unique classical solution. For

_ {cos(Bo)
vo= (sin(90)> € D(4),
the solution is

cos(fy — ¢2etan(d)) cos(t)  sin(t)

u(t) = Jim, <sm<eo - t§<>>> - (—sin(t) cos(t)) o

0 1
AM<—1 0>’

a matrix whose restriction to the unit circle is the matrix representation of A, the
solution also equals et = 3" (tAy)"/nl, applied to ug, which is

( cos(t) sin(t)) o,

—sin(t) cos(t)

With

But this is a coincidence, since, for a general matrix S, e, existing as an infinite
series of ¢S, does not leave unit circle invariant, in general.

Note that A is not a linear operator since D(A) is not a linear space. If A is
defined on the unit sphere in R? with

Yy x
Au= |-z |, for u=|y| € D(A),
0 z

the unit sphere in R?, then for

cos(fp)
ug = | sin(6p) | € D(A),

cos(fy — t%n(’\)) cos(t) sin(t) 0
;ii% sin(6y — t%n(/\)) = | —sin(t) cos(t) O | uo,
z 0 0 1

from Kobayashi theory, is the unique classical solution to the equation (L.2)), and

cos(t) sin(t) 0
—sin(t) cos(t) 0
0 0 1

are the special rotation matrices about the z— axis, preserving the length.

ni
For rotation matrices about a general axis i = | no |, a unit vector in R3, the
ns
result also follows from the Kobayashi theory, in which the unique solution to (1.2
is given by the limit, as A — 0 with f) = arctan(\)/\, of

—ngsintfy + (1 — costfa)ning costf;+n§(lfcostfk) nysintfx + nang(l — costfy)

costf,\Jr(lfcosth)n% nzgsintfx + nin2(l —cos(tfr)) —nasintfy +ning(l — costfy)
uo,
nasintfy + (1 — costfa)ning —nysintfa + nens(l — costfy) costf>\+n§(1—costfx)
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which is equal to

cos(t) + (1 — cos(t))n? ng sin(t) + ninz (1 — cos(t)) —ng sin(t) + ning(1 — cos(t))
—ngsin(t) + (1 — cos(t))ninz cos(t) + n3(1 — cos(t)) nq sin(t) + nang(l — cos(t)) | wo,
ng sin(t) + (1 — cos(t))ning —nq sin(t) + nang (1 — cos(t)) cos(t) + n3(1 — cos(t))

where the associated matrices are rotations about the axis 7. (see Section [7)).
The general rotation matrices have important applications in Physics, Altmann
[1], especially Pages 73-75, and in Global Positioning System, GPS, in Civil Engi-
neering, Soler and Marshall [30], especially Pages 30-31. Compare how the physi-
cists [1] derived the formula to ours. See Section|[7]for details and more examples, in-
cluding nonlinear, single-valued or multi-valued, finite or infinite dimensional ones,
and time-non-autonomous ones, which cannot be derived by the restriction as in
Example Those examples are interpreted as non-liner non-autonomous rota-
tions, single-valued or multi-valued, of finite or infinite dimensions, evolving with
time by satisfying or and preserving the lenth in a nonlinear and time
nonautonomous way. This seems a complete approach to the rotation problems,
compared to the approach by the physicists, Altmann [IJ.
The time-nonautonomous examples requires a theory that we shall develop in
this paper. An introduction of the background of the time-nonautonomous theory
is presented below.
In time-nonautonomous theory, by an evolution operator U(t,s),0 < s <t < T
on C C X, it is meant that U(s, s) = I(the identity operator) and U(¢t, s)U(s,r) =
U(t,r) for 0 < r < s <t < T hold and that U(t,s)x for x € C is continuous
in the pair (¢,s) on the triangle 0 < s < t < T [§]. The time-nonautonomous
operator A(t), associated with the evolution operator U(t, s), is defined as follows.
Let T > 0 and let A(t) : D(A(t)) € X — X be a time-dependent, nonlinear,
multi-valued operator that satisfies (ix), (x), and (xi) for each 0 <t < T [8] [25]:
(ix) [|Ju—v| <||(u—v) = A(g — h)|| for all u,v € D(A(t)), g € (A(t) —w)u,h €
(A(t) — w)v, all t € [0,T], and all A > 0. Or equivalently, n(g — h) < 0 for
somen € G(u—v)={£ € X*: [lu—v]]?>=¢&u—v)=|¢|%-}, the duality
map of (u — v). Here (X*,||.||x~) is the dual space of X.

(x) The range condition. The range of (I —AA(t)) contains the closure D(A(t))
of D(A(t)) for small 0 < A < A\g with Agw < 1.

(xi) D(A(t)) = D, is independent of ¢.

Assume further that A(t) has the t-dependence (xii) or (xiii).

(xii) There are a continuous function f : [0,7] — X and a monotone increasing

function L : [0, 00) — [0, 00), such that
[Ix@)z — Ia(m)z| < Alf(E) = f(OIIL(]]])

for 0 < A < X\p,0 < t,7 < T, and x € D, where J\(t)z = (I — MA(t))~!
exists for z € D by (ix) and (x).

(xiii) There is a continuous function f : [0,7] — X, which is of bounded variation
on [0, 7], and a monotone increasing function L : [0, 00) — [0, 00), such that

[Ix(@®)z = Ia(r)z| < Alf(E) = FOIL=[) + [A(T)z])

for 0 < A < Xg,0 <t,7 <T,and x € D. |A(7)z| = limy_ ||(J>\(TA)—1)w||
exists by [9] B3] [§].

Note that either (xii) or (xiii) implies (xi); see Crandall-Pazy [§].
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Define D(A(t)) = {z € D(A(t)) : |A(t)z| < oo}, a generalized domain for
D(A(t)), introduced by Crandall [9] [§] and Westphal [33].
Crandall and Pazy [8] showed that D = D(A(t)) is constant in ¢, that U(t, s)x =

limy, oo [T0 g Ji=s (s + zt:—f):z: exists for x € D and 0 < s <t < T and is Lipschitz
continuous in t for z € D, and that U (t,s) is an evolution operator on D =
D(A(t)) = D satisfying

Ut s)x = Uty s)y|| < e |z —y]

for 0 <s,t <T and m,yeﬁ.
Further it is showed in [8] that U(t, s)zo is a generalized solution to the time-
dependent nonlinear equation

%6A(t)u,0§s<t<T

u(s) = xo

(1.3)

for zy € D, and that U(t, s)zq for g € D is a strong solution if X is reflexive and
A(t) is closed.

The above result [§] generalizes many previous results, which assume either linear
or t-independent or single-valued A(t) or more restricted A(t) or X. See [§] for a
discussion of these. This result also applies to time-dependent nonlinear parabolic
boundary value problems with time-independent boundary conditions [8]. More
references on this subject can be found in [2, (3, [6, [7, [8] [9] 10} 1T}, 13} 15l 16, 17, 25|
26, 27, 28, 31).

For problems with time-dependent boundary conditions, a theory was developed
in [19) 22]. [19] allows for time-dependent domain and strong solutions. This
applies to problems with time-dependent boundary conditions. [22] strengthened
[19] to prove that not just a subsequence but the original sequence converges and
that the applications in [19] with the space dimensions equal to 2 or 3 are solvable
numerically by the boundary element methods [4].

The condition introduced in [I9] (see also [18]), under which a strong solution
exists, is called embeddedly quasi-demi-closedness and is weaker than continuity
or demi-continuity [25]. Its definition is this: Let (Y,]|.]]y) be a real Banach space
with (X, ||.||) continuously embedded into it. That the operator A(t) is embeddedly
quasi-demi-closed is that if ¢, € [0,T] — t, z, € D(A(tn)) — « and |ly,|| < k for
some Y, € A(t,)Tyn, then € D(no A(t))(that is, n(A(t)z) exists) and

1(Yn,,) — 2] =0

for some subsequence y,,, of y,, for some z € n(A(t)z) and for each n € Y* C X*,
the real dual space of Y.

The question arises: for nonlinear evolution equation problems, would it be
possible to develop a theory that uses as the basis, the generalized range condition
(vi) in Kobayashi [I5] and the time-regulating conditions (xii) and (xiii) in Crandall-
Pazy [8]?7 This is what we intend to do in this paper. Examples are given in Section

However, we should remark that our new examples here do not include applica-
tions from partial differential equations. This is because we need uniform continuity
of A(t) for our examples but this will not be satisfied by partial differential opera-
tors.
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In this paper, we shall use the difference equations method in [20], 2I] to show
that under various conditions related to (vi), (xii), and (xiii), a quantity V (¢, s)zo

similar to
n

U(t,s)rg = lim HJt o s+z

n—oo
i=1

— S
)96‘0

(in Crandall-Pazy [§] ) exists and is the so-called a limit solution to the equation
(1.3) for x¢ in a generalized domain F, similar to D(A(t)). The limit solution is
a strong solution if A(t) is embeddedly quasi-demi-closed. Furthermore, V (¢, s)zo

is Lipshitz continuous in ¢ for 2o € E and V(t,s) is an evolution operator on E.
Here [20, 21] proved the generation results in [7, [I5] [§] by the method of difference
equations.

Two remarks follow. Under a condition similar to (vi), a quantity similar to

G~
A(t)a] = im LD

in

D(A(t)) = {x € D(A(t)) : |A(t)z| < oo}
(in Crandall-Pazy [8]) does not necessarily exist, and so we generalize D(A(t))
to obtain E by weakening limy_,o to limsup,_,,. A balance exists between the
range condition (x) and the time-regulating condition (xii) or (xiii); this means
that a range condition more generalized than (x), such as (R6), (R7), (R1), or (R2)
(in Section , should be coupled with a time-regulating condition less generalized
than (xiii), such as (T4), or (T1) (in Section [2), in developing the theory, unless an
additional condition is assumed such as (R3); and vice versa.

The rest of the paper is organized as follows. Sections [2] and {] contain basic
assumptions and some preliminaries, respectively. Section [3| contains the main
results. Section [l contains some intermediate results. Section [l deals with the
proof of the main results in Section [3] Finally, Section [7] concerns applications,
which satisfy (R4), (R6), (T4), (R1), (R2), and (T1) (see Section |2)) but do not
satisfy the (iii) in Crandall-Liggett [7] or (x) in Crandall-Pazy [§].

2. BASIC ASSUMPTIONS

We make the following assumptions:

(A1) Dissipativity as stated above (ix): ||lu —v| < [[(v — v) — A(g — h)]| for all
u,v € D(A(Y)), g € (A(t) —w)u,h € (A(t) —w)v, all t € [0,T], and all
A > 0. Or equivalently, (g — h) < 0 for some n € G(u —v) = {£ € X* :
|lu—v||? = &(u—v) = ||€]|%-}, the duality map of (u—wv). Here (X*,||.[|x~)
is the dual space of X.

(A2) Constant domain as stated above (xi): D(A(t)) = D, is independent of ¢.

Generalized range conditions.
(R1) There is a closed subset E in X such that E > D(A(t)) holds for all ¢. For
allz e F,
n—0 )
holds uniformly in z and ¢.

=0
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(R2) There is a closed subset F in X such that E D D(A(t)) holds for all ¢. For

(R3)

(R6)

each x € E and each p > 0, there is a 0 < p3 < p, which is independent of
x,t, such that

(pre®t + x) € Ran(l — py A(t))

holds for some %! € X with [[e"*!|| < u for all z,¢.
(Additional property) The same as the assumption above, with the addi-
tional property

Z ||€ﬂ,95i7ti — MYisTi < konﬂl

i=1

for some ko > 0, and for all z;,y; € F and all t;,7; < T, where i < n € N.
We use {x,u, {u1}, et} to denote the set of values satisfying (R2),

with g < Ag, so that pjw < pw < Agw < 1.

There is a closed subset E in X such that E D D(A(t)) = D for all

0 <t<T, and that

d(Ran(I — pA(t)), x)
L

uniformly for all x € E,0 <t < T, for all 0 < u < ug, for some pg > 0,
and for some function go(p), where go(p) = cop for some constant ¢y > 0.

There is a closed subset F in X such that E D D(A(t)) for all 0 <t < T.
For each = € F,

< go(n)

(pet ™ +2) € Ran(I — pA(t))

holds for some pg > 0, for all 0 < p < pg,0
et ¢ X, where for all 0 < pu < po,z € E, and 0

e < g1 ()

holds with g1 (1) = go(p) = cop.

We use {z, po, i1, €°**} to denote the set of variables in (R5). Here we
take u < Ag so that puw < Agw < 1.
There is a closed subset E in X such that E D D(A(¢)) holds for all
0<t<T. And

T, and for some

<
S T7

t <
t <

lim d(Ran(I — pA(t)), x)
n—0 2
holds uniformly for all z € Fand 0 <t < T.
Note (R6) is weaker than (R4).
There is a closed subset E in X such that E D D(A(¢)) holds for all
0 <t <T. For each x € E and each v > 0, there is a 0 < pg < v, which is
independent of x, ¢, such that for all 0 < pu < po < v,

(pe”™! +x) € Ran(I — pA(t))

holds for some %! € X with ||e"%!|| < v for all z,t.
We use {z,v, uo, "'} to denote the set of variables satisfying (RT7).
Here we take v < A\g so that pw < Agw < 1.

=0
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Time-regulating conditions.
(T1) Ifz,y € X, 0<t,7 <T,and 0 < pg < pu < Ag are such that J,, (t)z and
Ju, (T)y exist, then
1 (W) = Ty (Nl < (1= paw) "M ll =yl + a1 £(2) = F(OIL(yID)]
or
[0 @) = Ty (D]l < (1= paw) " Hlle =yl + mall £2) = FEIL Ty (7)y1D)]

holds, where f and L are as in (T4) below.
(T2) fa,ye X,0<t,7<T,and 0 < p1 < p < Ag are such that J,, (t)z and
Ju, (T)y exist, then

[Ty ) = Ty (T
< (1= paw) Ml =yl + mllF &) = FOILAlyIN (L + IIWII)]
[ Jus W) = oy (T
< (1= paw) " Hllz =yl + pallF &) = FONLA T (T)ylD (A + IWI)]

holds, where f and L are as in (T4) below.
(T3) fz,ye X,0<t,7<T,and 0 < p1 < p < Ag are such that J,, (t)z and
Ju, (T)y exist, then

1, (B = Ty (Nl < (1 = paw) ™ Il =yl + mall£(2) = Lyl

: J,ul(’r)yfy
x (1+11gljgpllTl\)]
[y )z = Ty (Mgl < 1 = paw) ™ Il =yl + 1) = FEOILA T (Dyll)

x (1 +1imsup|\w||)]
u—0 M1

holds, where f and L are as in (T4) below.
Lemma [6.1] shows that (R1) implies (R2).
(T4) If 2,y € X, 0<¢,7 <T,and 0 < p < A are such that J,(t)z and J,(7)y
exist, then

1)z = Ju(m)yll < (1 = pe) " lle = yll + pll £2) = FOILAYI)]
or
() = Ju(r)yll < (1= pw) " |z =yl + pll £E) = FEOILATu(T)y])]

holds for some continuous function f :[0,7] — X, and for some monotone

increasing function L : [0,00) — [0,00). (So L(a) is finite for finite a > 0.)
(Ts) If z,y € E,0<t,7 <T,and 0 < pt < Ag are such that J,(t)z and J,(7)y

exist, then

[ Tu(t)z = Ju(T)yll

< (1= o) — gl + I F(E) — FEOILIN( + ||']“(Tij"y|>1
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or
[ Ju(t) = Ju(T)yll

< (U= pw) e =yl + pll (@) = FONLAT (I + IIJ“(TLny)]

holds for the same L, f as in (T4) but with f of bounded variation also.
(T6) If z,y € E,0<t,7 <T,and 0 < pt < Ag are such that J,(t)z and J,(7)y
exist, then

102 = (]
< (1) [l =yl + ) = Iy + limsup | 222
[T () = Ju(T)yl|

< (1= o)l — gl + 17 (0) — FEONLATL Pyl + limsup ||‘Wf’)‘y||>1

pu—0

for the same L, f as in (T5).
Now, we state the following hypotheses:

(H1) The assumptions of the dissipativity (A1), the constant domain (A2), either
the generalized range condition (R4) or the generalized range condition
(R5), and either the time-regulating condition (T4) or the time-regulating
condition (T5) or the time-regulating condition (T6).

(H2) The assumptions of the dissipativity (A1), the constant domain (A2), the
time-regulating condition (T1), and either the generalized range condition
(R1), or the generalized range condition (R2).

(H3) The assumptions of the dissipativity (A1), the constant domain (A2), the
additional property (R3), and either the time-regulating condition (T2) or
the time-regulating condition (T3).

(H4) The assumptions of the dissipativity (Al), the constant domain (A2), the
time-regulating condition (T4), and either the generalized range condition
(R4) or the generalized range condition (R5).

Note that the union of the hypotheses (H2) and (H3) contains the special cases:
hypotheses (H1) and (H4).

Note that as (A2) is implied by either (xii) or (xiii) in Crandall-Pazy [8], (A2) in
(H1) is implied by other conditions in (H1)(see Lemmas and Section
[4); also (A2) in (H2) or (H3) or (H4) is implied by other conditions in (H2) or (H3)
or (H4) (see Lemmas and Section [d]). Assuming (A2) (as in Crandall-
Pazy [§]) is redundant but it helps see what the hypotheses (H1), (H2), (H3), and
(H4) are.

Note that (R4) and (R5) are motivated by (vi) and (viii’), respectively, and (T4)
and (T5) (or (T6)) by (xii) and (xiii), respectively. (R5) is weaker than (R4). For
D(A(t)) = D being constant, we can take E = D and e*%! = 0, which is the case
(x) and (A2).
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3. MAIN RESULTS
For A(t) satisfying (ix) and (R5), let « € E be such that for {z, uo, p, €'},

» Tt —
[A(t)2]) = lim sup | 2™ 2) 2
n—0 1Y
Define E(t) to be the set of all such 2’s.
For A(t) satisfying (H2) without (T1) or for A(t) satisfying (H3) without both
(T2) and (T3), the E(t) is similarly defined; E(t) is defined to be the set of all
x € E such that for {z, u, {1}, e"%t},

|| < oo.

, 5t _
[A(0] = imsup | Fe2 U222 =2
pn—0 M1
For A(t) satisfying (H4) without (T4), a similar definition made for [[A(t)x]] is left
to the reader.
Here note that lim sup = lim under the case (x) in Crandall-Pazy [§]. It is proved
in Lemma and the Remark (see Section [4) that E = E(t) is constant in ¢ and
that

| < oo.

E=DAW)=D.
Definition. For z € E with A(t) satisfying (H1), let
Jyu(t) (pet™t —
sup [[A(t)z]] = sup limsup || u(t) e to) -
0<t<T 0<t<T  p—0 H
Similar definition is given for A(t) satisfying (H2) or (H3), for which
t %4 _
M(z) = sup [[A(t)z]] = sup limsup|| T (i€ +2) m”
0<t<T 0<t<T u—0 i

The case for A(t) satisfying (H4) is similarly treated and is left to the reader. M (x)
is uniformly finite for each x by Lemma

M(z) =

Theorem 3.1. Under the hypothesis (H2) or (H3), limx_oux(t,s;x0) exists for

To € E and is the so-called a limit solution to the equation (1.3). limy_.oux (¢, s;20)
for g € E is a strong solution if A(t) is embeddedly quasi-demi-closed. Further-
more, U(t, s) defined by

U(t, s)xo = )l\ir% ux(t, s;20)

is a nonlinear evolution operator on E. Here uy(t,s;xq) = xo fort = s and

up(t, 8520) = xﬁz(s;xo)

fort e (s+t)_1,s+t)\]N(s,T], where m =1,2,3,...,N* | and x),(s;70) = =
and N* comes from Lemma .

Corollary 3.2. If a multi-valued nonlinear operator A : D(A) C X — X is
dissipative and satisfies

A
m

lim d(Ran(I — A\A), z)

A—0 A =0

uniformly for x € D(A), then A generates a nonlinear contraction semigroup.

In some sense, Corollary[3.2]is a result that lies between the Theorem of Crandall-
Liggett [7] and that of Kobayashi [15].
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4. PRELIMINARIES

For the rest of this article, K denotes a generic constant, which can vary with
different occasions.

The following proofs of Lemmas and are given for A(t) satisfying
(A1) and (R5). For A(t) satisfying other hypotheses, the proofs are similar and left
to the reader.

Lemma 4.1. E(t) c D(A(t)) holds.
Proof. As in [9, Page 435], for 2 € E(t), the definition of E(t) implies

limsup ||.J,, () (ue™* + z) — z||
n—0

J o (t x,t _
< (lim sup || u(t)(ne +2) xH)limsup,u—>O.
pu—0 H pu—0

Since J, (t)(uet®t + x) € D(A(t)), we have € D(A(t)) and E(t) C D(A(t)). O
Lemma 4.2. For {z, jio, p, €%t} with x € D(A(t)),

[ (@) (e + ) — 2] < (1= pw) " (pgr () +p inf y])),
yeEA(t)x

[A(t)2]] < infye gy Iyl and D(A(t)) C E(t).
Proof. For x € D(A(t)), we have
1T, (8) (et + @) — a|| = || Ju(8) (ue ™" + @) = Ju ()T — pA(t))]|

< (1= pw) M (ugr(p) + . inf |y,
yEA(t)z

which gives x € FE (t). The proof is complete. [l
Remark. For {z, u, {u1}, "™} with z € D(A(t)),

[y () (e +2) — || < (1= puw) ™ (pap 41 inf |y,
yeEA(t)x

[[A(t)z]] < infyca()s |y, and D(A(t)) C E(t). The case where {z,v, g, 1, €%}

is given is similarly treated.

Lemma 4.3. The set E = E(t) is constant in t and E= D(A(t)) = D holds if
(T4) or (T5) or (T6) holds.
Proof. As in [8, Page 63], applying (R5) to (T4), dividing the inequality in (T4) by
u, and letting p© — 0, we have
t ,x,t _
limsupHJ“( )(/J'E Jrz) x
pu—0 H
WX, T
< limsup | 22T + 2)
p—0 2

— T 1 x,T
[+ 17 (2) = £(r)][ i sup L({| e 7 + )
n—
or

. t w,x,t _ . T, T _
limsup”J/ ( )(,U,G +‘T) l’” S limsup”‘]/ (T)(He +l‘) :EH
n—0 2 n—0 M
+1£(t) = ()i sup L([|Ju (7) (e + 2)1]);
L
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similarly, from (R5) and (T5) or (T6), we have

t b _
pu—0 K
(1) (e + )

J,
< limsup || £

—Z . x,T
[+ 17 () = f(7)[| lim sup L({| e + ]
n—0 n—0

J 1,7 _
X (14 limsup || u(T) (e ra) -
pu—0 2

I

or
(&) (ue™" + x) —

J @, T _
x | < limsup || 1 (7) (e +x)—x

J,
limsup || =~

n—0 2 n—0 wu
+If(t) = f(7)ll liﬁ?jgp LI (7) (e ™" 4+ 2)|)

J 12,7 _
x (1 4+ limsup || u(7) e ta)-e
pu—0 2

-

Each inequality above implies that E is constant in ¢. Finally, use Lemmas and

42l Here note that if

J (7)) (ue®T +x) —x

s TN 4 )
u—0 M

is finite, then

lim sup (|7, (7) (e + z)|| = ||z
B

is finite. 0
Remark. To prove Lemma[4.3]in the case of A(t) satisfying (H2) or (H3) or (H4),
we employ (T1) or (T2) or (T3) or (T4), respectively.

Remark. We can take E = D and %! = 0 in (R5) if (x) holds; this is the case
in Crandall-Pazy [8], where note lim sup = lim.

As in [20], we now use the theory of difference equations [24]. Let b : D(b) C
R — R be a real-valued function defined on D(b) = NU {0}. Let b, = b(n) for
n € D(b) and call {b,} = {b,}52, a sequence of real numbers. Here b, € R is
the n-th term or the general term of the sequence {b,}5%,. For such a sequence
{bn}, we define b,, = 0 for negative integers n for later use. Let S be the set of all
such sequences. (Thus, for {a,} € S,0=a_; =a_3 = ... ). Define a right shift
operator £ : S — S by

E{bn} ={dn}
for {b,} = {bn}52y € S, where {d,} = {d,}5°, € S with d,, = by, 41; thus
E{bn} = E{bn}ff:o = {dn} = {dn}i'f:o = {bn-‘rl} = {bn-&-l}%ozo'
For ¢ € R and ¢ # 0, define the operator (F —¢)*: S — S by
(E = c){bn}nZo = {an}nZo
for {b,}52, € S, where ap = 0 and

n—1
a, =" E bi
n = Ci 1
=0
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for n =1,2,3,.... Here for convenience, the range of n, {0} UN will be suppressed
for the rest of the paper. Thus

(E = c){bn} = {an}.
It will be seen from below that (E — ¢)* acts approximately as the inverse of
(E — ¢). We also define the left shift operator E# by

E#{b,} = {b,_1}
for {b,} = {bn}52, € S. Here note 0 =b_1 = b_y = b_3 = .... Similarly define
Ei#{bn} = (E#y{bn} = {bn_i}
for {b,} € S. Note b,,_; =0 for n < i.
(E—-o™=((E-o)
for ¢ € N is defined in an obvious way. For convenience, we also define
(B - C)O{bn} = {bn}
for {b,} € S.

For later use, we collect, from [20] 2], the following results, except for Proposi-
tion .10, which is new and will be proved below.

Lemma 4.4. Let {b,}22,{dn}5%, be two sequences of real numbers, with the
general terms by, and d,, respectively. Then the following hold:

(B =)' (E = c){bn} = {bn — "bo},
(£ —c)(E =) {bn} = {bn},
(E = c){bn} < (E —c1)"{bn}
for 0 < ¢ < c¢; and positive {b,}, and
(E=0o){b,} <(E—c¢)*{dn} forc>0 and{b,} <{d,}.
Remark. Here {b,} < {d,} means b, <d, forn=0,1,2,....
Proposition 4.5. Let{,c e R, d=1—¢, c# 1, and ¢ # 0. Let {n}>, {"}>2,,

{€}52 be three sequences of real numbers, with the general terms n,c", and &,
respectively. Then the following equalities hold

(o (n} = {5 - 5 + 5},
(-ate =15 -2,
(= oy = (7).

Here1=0,1,2,..., and (?)EOfornzO orn < i.

Proposition 4.6. Let {,c € R, d =1—¢, ¢ # 1, and c€ # 0. Let {n&"}>2,,
{715, and {(c&)™ 52, be three sequences of real numbers, with the general terms
n&™, &, and (&)™, respectively. The following equalities hold
(B —c§)"{ng"} = {(7 TET TR )E}a
2

(B ") = (5 - )
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(8- () = () )
Herei=0,1,2,..., and (}) =0 forn =0 orn <i.

Remark. In [20], the last equality in Proposition or has the restriction
i < n on its right side. But this restriction is unnecessary from the proof in [20] if
we use the convention (7;) =0 forn=0or n <i. Thus

() = (ko = (3 ) (21 = () e 12,
is a sequence with 0 = a1 = ag = a1 = a_g = .. ..

Lemma 4.7. For a,0 >0, a+08=1, and m € N,
m—1 i
my™ 1 n\ pBn° N N
(B~ By ™y = (- 2 <§. (1) e = D

Lemma 4.8. With the notation in Proposition
1

(B € )1E") = {5 Z() )

8 @emoe
- {<;jic"idi>f“j}

forjeN, &ceR, d=1—c,c#1, c£#0.

Lemma 4.9. Fora>0,0<f8=1—qa, v > 1, and {a,} a sequence in S, The
following holds:

(B =B ENan}t = (B =78)"((E —v0) +v8){an}
={an} ={(v0)"ao} + (VA)(E = vB)"{an},
(E —~B8)*{an} has the first term zero, corresponding to n =0,

(E — B E)™ {n"} = Z( ) (B)(E — vB) ) {my"}.

m

(B~ 8)" By {n*y") = g (") (BB =28 2,
b=y lwﬁ" (”“ )ai}

m—1

1=

m—1
> ((va)(E - +8)*E){
=0

| N

and

() (B =18 By 17} = (o~ Z("*_’lz)ai-lm}

i=1
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= /n+i—2
— —1_j—1.n - i—1 on
O O Ol (M )
:j+1
<{a7y 71
form=0,1,23,..., and j =1,2,3,....
Remark. The fifth equality in the above lemma can be proved as the fourth
equality is although it is not proved in [21].
Proposition 4.10. The following holds, where 3,7 >0, a+ =1, m € N:
n? 2n 1 1
(=Bt = = 4 o = 8",

a?  a?2 a2
(E - By)* {712’7”} =~""YE - B)*{n*},
w—ﬁww#%=#%—fﬁ?+ﬂﬂﬁ;”+aﬁﬂ

e e =]}

7=0

and
(E = 7)™ {n*y"} = 4" (E — B)™* {n?}.
Proof. By definition and Proposition [1.5] we have
n n 1 " n 1 1T,
— =(F - ={- - —=+ —=p0"}
(Gt gt TN = (BB} = 5 - 5+ 5 7)
Differentiation with respect to G of the above gives the first identity in the Propo-
sition.
The second identity follows easily from the definition. The first and second
identities gives
2 —
(B = 90" {ny"}y = (- = 2+ =0 = 25 (89"
Applying (E — (7)* to both sides and using Proposition we have
(B = By)**{n*y"}

n2 n
G- F G -G - (1),

o2 o3 o ol o?

n2ym 2n7” 1, 1 1

Repeating this operation gives
6n 6 3 6 3
H(=+ ) - (5 +5)8"

2
B 3xg 2. ny _ o0 Y -
(E ﬁ'Y) {n Y } = {(ag Y b ot ab a

B Y P

Continuing this way, we are led to, for m € N,
n?  (2m)n m

(E— QV)m*{nz“Yn} = {(aim T gmtl + (0375:12 + am+l)

n n—(m—i n 1
_Z a“‘Q az-s-l)(m_i)ﬁ =)y W}’
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where x,, satisfies xo =0, x1 =0, x2 = 2, and
Xm = Xm—1 T+ 2(m - 1)-
The theory of difference equation gives x,,, = m(m — 1), which , together with the

substitution j = m — ¢, plugged into the above long identity gives the last two
identities in the Proposition. O

5. INTERMEDIATE RESULTS UNDER HYPOTHESIS (H1)

For the rest of the paper, we shall assume that the function L in (T4) or its
similar conditions (e.g. (T5), (T6) and so on) takes the form

L(llyl)-
The proof for the other case where L(]|J,(7)y||) holds is similar.

Lemma 5.1. Under (A1) and (R5), for xy € E and 0 < p < o, there are
zt' = al'(z0) € D(A(t:)), depending on xo, and eritio e X i =0,1,2,..., such

7

that
o = Tt (et )
holds for all 0 < t; < T with |4 < g1 (u). Here z}f = xo.
Proof. Start with = xy in (R5), we have
oy = Ju(ty) (et ™" 4 o)

for all 0 < ¢; < T, and for some x| € D(A(t1)) and some e € X with

|ler-mostr|| < gy (u). Next with z = 2/ in (R5), we have
wl = J,(t2) (ve" ™1t 4 )

for all 0 < t, < T and for some x4 € D(A(ty)) and some €12 € X with
|15t || < gy (u). Continuing in this way we complete the proof. O

Definition. For z € F with A(t) satisfying (H1), let
T () (et + ) —
sup [[A(t)z]] = sup limsup || pOpe™ + ) =
0<t<T 0<t<T p—0 H
Similar definition is given for A(t) satisfying (H2) or (H3), for which
Ty, () (pa ™! —
M(z) = sup [[A(t)z]] = sup limsup|| () (e +2) x”
0<t<T 0<t<T pu—0 H1
M (z) is uniformly bounded for each by Lemma[1.3] The case for A(t) satisfying
(H4) is similarly treated.
Lemma 5.2. For zy € E with A(t) satisfying (H1), the z'* in Lemma satisfies
o} = woll < ip(1 — pw) ™" (M (z0) + 291 (u))-
Here M(zo) < K,i € N, and uw < 1.

M(x)

Proof. After z!' is chosen, we have, for zg € E, (R5) implies J,,(t;)(pet "0t + xg)
exists for some e**0:t ¢ X with

[Tt < g1 (1)
With that, we have
2} — ol < Il — Ju(ts) (et 4 o) || + [T (t) (e ™" + 20) — wol|.



EJDE-2005/42 NONLINEAR EVOLUTION EQUATIONS 17
Note the first and the second term on the right side of the above inequality is less
than or equal to
iy = @oll +2vug1(n)  and  pM (xo),
respectively. Here v = (1 — pw)~! > 1. Tt follows that
2} — ol < Yll2f=y — ol + pM (o) + 27pg1 (k) -
This recursive inequality completes the proof. (I

Lemma 5.3. For {xq, jio, jt, €%} and {xq, o, \, €M%}, where o € E and X >
s
Ia(t)(AeMTot + 3g) — 2 ||

A

|| Ju(t)(,ueﬂvro’ + xO) — o || + (1 _ ,MUJ)(QI()‘) + gl(/,[,))

(1= v

<(1—pw)

Furthermore, for zo € E(t),
| ADA T 4 x0)
A
Proof. As in [8, Page 61],
J)\(t)()\é)\7w0’t + 1’0) — X
) . ||
B EAUI S
<3 m

where the second term of the right side is less than or equal to

— Mot 4 3g) —x
(1 o) (A POOETEL T 20 g, ) 490 (1)

by the nonlinear resolvent identity. Regrouping the terms and letting p — 0 we
complete the proof. O

20 < (1= 2w)Hgr(N) + [[A()o]])

T 1
) LI e+ 20) = OO + )|

Remark. For {zo, i, {11}, €%} and {0, A, {\1 }, M0t} given, where zy € E(t),
and p1 < p < A < A, the above proof goes through and gives
IO +a0) — a0
A1
| Ty () (pa €70 + @) —
M1

(1=

< (1 - mw)| D+ (1= pw)(+ ).

Furthermore, for z € E(t),

e () (A edof +ag) —
M

’ . .
The case where {xo, v, 110, 1, €%°'} and {xq, V', g, ', € %0t} are similarly treated.

20 < (1= Mw) A+ [[A®)wo]) -

Lemma 5.4. For {x,, o, i1, €} and {xq, puo, pt, %01}, where x, € E(t), zo €
E(t), and ||z, — 20| — 0, it holds
[A(t)xo]] < liminf[[A(t)z,]] .

n—oo
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Proof. As in [8, Page 61], by Lemma we have
I Ju(t)(/“”’l‘o’t +20) — %o I

,u
<l J,u () (petmot + x) — xg B () (pet®nt + x,) — @y, H
- 7 7
Ju(t) (et + ay) — @y
+11=- I

I
siufmn*m@mn+mw»+mm—mm+iwn—mn

+ (1= pw) " g1(w) + [[A)za]).-

Letting n — oo and then p — 0 we complete the proof. O

Remark. In the case where {z,, u, {g1}, €%t} and {zg, p, {p1}, e%0:t} are given,
the above proof goes through and gives the same result. Also the case associated
with (R7) is similarly treated.

Lemma 5.5. For zg € E with A(t) satisfying (A1), (A2), and (R5), the functions
zt =zt (s;20) in Lemma depending on s,xq, for0 < s < T andt; = s+ip < T,

satisfy

ot —at )l _

p =
M(z}) = OiltlgT[[A(t)xi’H <K

if (T5) holds. Here pw < 1. Furthermore, M (z!) < K if(T6) holds.
Proof. In the case of (T5), we have
i — o | ) e ) — (i) (et g )|
7 [

- |
< (1= pw) (201 (1) + #

() — f(tim)|L()| et 2y (1 +

)
|

m )l

It follows that by Lemma
a; < ciai—1 + by,

llz —z5_ |l
m )

di = £ (t:) = f(ti-)1L(nga () + KT (M (20) + 291 (1) + [[z0])),
¢i = (1—pw) Y (1+d;) , and b; = (1 —pw)~1[(2g1 (@) +d;]. This recursive inequality
gives

where a; =

ot gt
||’#H||§K.

Note that by [8, Page 65],

a; < (H cj)ao + Z( H ¢;)bk,
j=1

k=1 j=k+1
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i

[T +d) <exp(dd;)

j=1 j=1
and that f is of bounded variation over [0, T].

"
n woxy g5t i
o —(pe +ai_ )

Since m € A(t;)z!, we have
xi‘ _ ([LEM’I;L_l’ti + 1,2: ) x’;; - xé:
[At)= T < | . = < g1(u) + ||T1|| < g1(p) + K

by Lemma As the proof of Lemma about E(t) begin constant in ¢, we have
M) = sup [[A(t)z}]] < K.
0<t<T

?

In the case of (T6), we follow [8, Pages 65-66]. As above, by Lemma

B I3

[A)2]) < () + =22,

which by Lemma [5.3|is less than or equal to
g1() + ([At) 2} ]] + g1(1)) (1 — ) ™,
where [[A(¢;)2"_]], in turn, by the proof of Lemma about E(t) being constant
in ¢, this expression is less than or equal to,
A2 ]+ 1 (8) = o) I Llpe =00 4l )+ [[Ati) )
The rest of the proof is the same as that for the case of (T5). O

6. THE PROOF OF THE MAIN RESULTS

We use the notion about difference equations introduced in Section [l Let E;
be a right shift operator acting on the first index of a doubly indexed sequence of
real numbers; that is, let

Er{pmnt = {pmntmn=o = {Pmr1n} = {Pmi1n}im nzo

for {pmn} = {Pmm}tmn=o € S. Here S is the set of all doubly indexed sequences
of real numbers {py, » }os =0 With

Pm,n = 0

for negative integer m or n.
Similarly define Es by

Ez{pm,n} = {Pm,nJrl}
for {pm.n} € S. Thus E, acts on the second index. It is easy to see that for a

doubly indexed sequence {pim.n} = {Pmn}ovn=o € S, E1Ex{pmn} = E2E1{pmn}
holds.

Lemma 6.1. (R1) implies (R2).

Proof. This basically follows from [25, Page 142.]. Let A > 0. For « € E, we have
by (R1) that there is a A = A;(A) > 0 which is independent of z, t,with 0 < A; < A,

such that o
d(Ran(I — A A),z) < %
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holds for all z € E and ¢t € [0,T]. For this 22* > 0, we have by the deﬁmtlon of
distance in (vi) that there are M = 2210 € D(A(t)) and yM = y*+ Mt € A(t)z?
such that

Y a2 AA A

—LE—)\ly’ T—FT_)\l/\

By letting eM®? = W%j)‘ly“, the proof is complete. O

Lemma 6.2. Let 0 < s < T, zo € E, and let (R2) hold. Then for each X\ > 0,

there exists A\ = A1(\) > 0, which is independent of v € E t, with 0 < A\ < A,
At

and exist tk = k)\l,xk = x,""", and yk = y)‘l’)‘t k=1,2,..., such that ;vg €
D(A(t)),yp € A(t)zy, and
0=ty <ty < <tp <tpq < ...,kllrgotﬁzoo,
07—ty =\ <\,
le — 2oy = (R =t Dwill < (8 — o)X

Proof. Compare with [25] Page 142]. Now starting with z = xg, p = A > 0, and
p1 = A1 in (R2), we have 23 € D(A(t)),y; € A(t)z?, such that

— /\1y)‘ =20+ )\1€>\’z°’t

holds with [[eV@of|| < . Next with 2 = 29 € D(A(t)),p = ), and g3 = Ay in (R2),
we have x5 € D(A(t)),ys € A(t)z3, such that

A A Azt
— Ay = a] + Aen'

with ||e’\"”?’t|| < A. Continuing this way, we have 3 € D(A(t)),y; € A(t)z}
(k=1,2,3,...), satisfying

A
g = ok + e

with ||6)"”3271’t|| < A. Define t = kA1, and the proof is complete. O

Lemma 6.3. Let T > s > 0, 29 € E, 0 < X\ < Xo. Under Lemma [6.3, there

e
exist 0 < Ay = M(A) <A\, N* €N, 1) = kA > 0, 2} = 2, ¢ D(A(s +

), st € Bk =0,1,2,..., N, such that

Ty — Ty, Nad st AV
t)‘ _ t/\ — €Tk ke A(S +tk)xk
k—1

holds with, || M%< || < A 82 — 2, = A\ < A, and

0=ty <t} <ty < - <thyr_, <T <ty

A A
Proof. Asin [25, Page 144], let t = s+t3 and M TSR = j’“_ff L —y} in Lemma
k-1

and the proof is complete. O

. A A
For convenience, let {T’ s, g, \, A1, 27, t3, N*, M-} denote the contents
in Lemma
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Lemma 6.4. Let 0 < \, u < Xg. For {T,s,z0, \, A1, 2t} N, 6)\71?,L,1,s+tﬁb} and

T,s,xq, it 1,x“7t“7N“,e“’xLl’s+t5 giwen under the conditions of Lemma
s 15 T Uy
and (A1), the inequality

A < YQUm—1,0 + VBAm -1+ bmn

holds. Here appn = |z}, — 2ty = (1 — 22L0)"1, 0 < py < p < Ao, =

\ A1+p1
1251 — _ — 1
A1+p B=1-a A1+pr? and

A
TR | R )
1 1

~ /\1,u1
T oAt m
and 0 < Agw < 1, where

R < 301 f (s +mAr) = f(s +npn) [ LB et 4 ab )+ aatt])(1
|z = (st Lot

M1

ok — (uleﬂ’xﬁ—l’sﬂﬁi +z* 1)
or limsup ||— L=
u—0 H1

Here 0 = A1 /(M + ).

bm,n =

(/\ + ,U) + km,na

+ either 0 or

-

Remark. The recursive inequality in Crandall-Liggett [7, Page 270] is different
from that in Lemma[6.4 and cannot be used here since we do not know whether \;
or  is bigger.

Proof. From Lemma we have
A A
@ = Iag (5 mA) A eMTmooT e gl )
I
@l = Ty (s np) (pae TSt ).

: _ m
Setting o = pvEm

as in [I7, Page 86],

and using the nonlinear resolvent identity [7, Page 268], we have,

2 = Jo (s +mA) (@M Tm-vstin 4 A ) 4 e )
zh = Js(s + nul)(ﬂ(ulﬁu"/]ﬁi‘l’SHit +xp, ) +azh),

where v = H— and 3 =1 — . It follows as in [I7, Page 86], using (4.3) that

Am,n = Hmﬁn - mﬁH S 'Y(aamfl,n + ﬂam,nfl + J()\ + M)) + km,nv
where by (4.3),

R < 70| f (s +mAy) = f(s+np) | LB(|pae =2t 4 ah )+ aaly]) (1+

[t — ((B(preTn—r"ttn 4 ok ) + aak)||
ag

. ol — (Bt 4 gk ) 4 aalt)
or limsup ||
n—0 g

either 0 or

-

Here v = (1 — ow)~!. This completes the proof. O
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Lemma 6.5. Under the the assumptions of Lemma[6.4),
m—1

{amn} < (ya(By —7B) B2) ™ {aon} + Y (v Bz = v8)* E2)'{(v8)"am i o}
i=0

+ Z(Wa)jfl((E2 —98) E2) {bmt1-jn}-
=1

Note by, < ’yﬁfﬁl A+ 1) + k-

The proof of the above lemma can be found in citeLin3.

Lemma 6.6. Under the assumption of Lemmal[6.4 and (T1) or (T2) or (T3), the
foloowing inequality holds for xo € E:

a0 = [[on, = 2ol < (1= Aw) ™™ (mA1)(2A + M (x0)),
where M (z0) < K and 23 = 29 = 5.

The proof of the above lemma follows from the proof of Lemma [5.2] and is left
to the reader.

Proposition 6.7. Under the assumption of Lemma and (A2), for x) = ¢ € E,
we have

o}~
M -7
M(xf‘) = sup [[A(t)xf‘ﬂ <K
0<t<T

for 0 < s+i\y < T if (R3), (T2)) holds. Furtheremore, M(x}) < K if ((R3),
(T3)) holds.

The proof of the above proposition uses Lemma the Remarks in Section
and ((R3), (T2)), or ((R3), (T3)), and follows the proof of Lemma [5.5 It is left to
the reader.

For convenience, denote the first, and second on the right side of the inequality in

Lemma by {¢m.n}, {dm.n}, respectively, and the third term by {sm.n}+{€m.n}-
Proposition 6.8. For x( € E,

{emm} < {77 ((npr—mAr)++/ (npy — mA1)? + (mAr)pa + (npn)d) (2u+M (20)))},
where 41 = (1 — pyw) L.

The proof of the above proposition can be found in [21], for which Lemma is
used.

Proposition 6.9. For zg € E,
{dmn} < 7™ ((mAr = 0p0)® + (np) A+ 0))V2)75" (24 + M (20))},
where v = (1 — A\w) L.

The proof of the above proposition can be found in [21], for which Lemma [6.6]is
used.

Proposition 6.10. For zq € E,
{smn}t < {7y (MAL) (A + )}
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The proof of the above proposition see [21].
Proposition 6.11. Let {T, s, 19, \, A1, ), 1), N*, A’”’f?nfl’s"'tgl} and
{T’ S’ yo? >\’ Al? ym7 t)\ N)\ )\’ym 1’S+t’!ﬂ}
be given, where xo € E = D, yo € E, and | @m—rstm ||| eAUm—15 T || < X, Then

Iz, — ymll < 75" (2o — yoll + (mA1)(2X)),
where o = (1 — \jw) ™!

Proof. Note z), and v\, satisfy

A A
X — X, _
m m 176)\ m1’5+tm€A(S+t)\)
A1
A A
- _ Y PN
Ym )\ym L Aypnstty, o A(S—thn)y?n,
1

respectively. jFrom the condition (A1) for A(t), we have

A A A A
27 =yl < v2(llem 1 = g1 |+ Aa([[eMTmmro oo | 4[| ¥mmrsFm ).

This recursive relation gives the result. Here note 23 = zo,v) = yo,7s < 73" for

i < m, and [|edTmors | |leMmons | < ). O

We now estimate {e,, }. From Lemmas and and Proposition
and the assumption on f, we have

{emn} < Z(va)j‘l((Ez —B)* Ex) {K~op(lnpy — (m+1— j)M|)}

m

< (@) TN (Ba = AB) B2 {K oy p(Inp — (m +1 = )\ )},

j=1
where v = (1 — ow)~ L.

As in Crandall-Pazy [8, Page 68], let § > 0 be given and write the right side of
the above inequality as {Iy(,%)n} + {I,g,i)n}, where {Iy(,%)n} is the sum over indices with
|npy — (m+1—7)A1| <0, and {I,(,%)n} is the sum over indices with [ny; — (m+1—
j)A1] > 6. Using Lemma [4.9] we have

{Thn} s{Kapw)Zof P} < {Ep(8)y™y " mA).

On the other hand, using Lemmas [£.7] and [£.9] and Proposition .10, we have
{15

< Kop(T) ) _(va)’ = (B2 = ~8)" E2) {7"}
1

j=

3

np1 — (m — A)?
< Kop(T) Y (ya) = (By ~ 1) By o =ML LA,

<.
—

= Kop(T)572 3 (7)™ (B2 — v8)" B2l (" (n(1)? — 2njua (m + 1 = )\,
j=1
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j=1 =0
x {n*y"(11)? = 209" pa(m +1— j)A1 }
i J n+i—2
+{Kop(T)5 ™ (1 - Z( i1 ) BTG
j=1 i=1

Jj=1 1=0 ai
L. . 1—1 .
z(z—l i (i—k)(i—k—-1) i—k (n\ .k 9
+ ( it2 az+1 2::0 i—k+2 + ai—k+1)<k)ﬂ ) (1)}
i—1
n 1 n ok gn—k )
+ {(Oﬂ - az-‘rl az+1 ]g (k‘) 5 )(—2/11(772 +1- ]))‘1)}]

#Kon(Ma* S0 > ) a1 e )
PO

<{Kop(T)s 24"y a™' D> <]) 2% + - D é))ﬁiaj’i(m)z}

7 a
j=11

+ {Kop(T —122( a2 1 )
j=1 =0
+ {Kop(T)5 2"~ 3 e+ 1= j20u)%,

(Note that v > 1 and that we dropped the negative terms, associated with Zz;lo

or (”j_ZIQ)) The above expression equals

{Kop(T)6 >y y"a" Z Qﬁ]n i = 2; B =8 %)(m)Q}
+ {Kop(T)6 4"y~ Z n——=)(=2p1(m+ DA +5(2p1A1)) }
+{Kop(T)6*y"y"a"" Z((m +1)? = 2(m+1)j +j*)(M)?},

where the calculations in [7, Page 271] were used:
J

. 7 . j .
Z(Z)ﬂiaf—izli(ﬁ)wiaj : ﬁy,Z(j) 2piad ™t = 5%(j — 1) + Bi),

=0 =0 =0
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in which we have ca™! = Ay,

NgE

(n*(11)? = 201 (m + DA+ (m +1)*(M)?) = m(np — (m+ 1)A1)?,

D2 2 2R S 21 0n) — 26 + D500
=1 =

= —Z2A1(nu1 —(m+1)A)j+ 22)\1(7”%1 —(m+1)A1)j =0,

=1
m 2 2 2 2/3 2 A ) m ) 6
ST B oy = S0P ) =0,
N « « - (0%
Jj=1 Jj=1
i 2 m+1
Z(—%‘F Z)q (1 — J<>\1(/~L1+)\1)%)~

j=1
Putting things together, we thus proved the following statement.
Proposition 6.12.

{emn}
<A{Kp(6)y" " (mA)}
+ {Ep(T)y™ "6~ 2[(mA1) (g — (m + 1)A1)* + (
Proof of Theorem[3.1 Let
{T s -7707)\ /\1’ mvtA NA Amm 1S+t>‘}
(T, Yy A A1 Y iy, N, X055ty
{T,s,xo,u,ul,x th NM e T I,S—H’L}

n»’n’

W(M)Q)(m + A1)]}

(T, 8, Yp, 11, i1, Yttt N eo¥n—nsttny

be given, where zy € B = D, Yp € E, and lim, .o yp = xo. We write ) =
x),(s;70) to indicate the dependence of ¢ and s.
As in [15] (see [25, Page 131)), let ua (¢, s;x0) = zo for t = s and
ux(t, 8;20) = b (53 20)
fort € (s+t)_1,8+tN] N (s,T], where m = 1,2,3,..., N
Let t,7 € [s,T]. Let ux(t,s;w0) = w9 = x( for t = s and for t > s, choose
1 <m < N* such that t € (S+tm 1, 8+1) ], for which uy(t, s;20) = x)),. Similarly,
let uu(T s;x0) = 19 = b for 7 = s and for 7 > s, choose 1 < n < N* such that
€ (s+th_,, s+ t4], for which w, (7, s;z0) = 2 (s; ). Note
lux(t, 5320) = wu(7, 5;20) || = l|27, (53 20) — 2 (53 20) |
< Nlwg = ymll + v = wiill + Nyt = 24l
Also note mA; =), < (t—8)+ A1 < (t—s)+ A\, nuy =tF < (7—8)+p1 < (T—8)+4,
mAy —npn| = [, = th] < |t = (t = s)[ +|(t = 5) = (7= 8)| + |(7 — 5) = t4]
S+ t=7l+p KA+t — 7]+ p,
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and
(np1 — (m+1)A1)? < (Inpg —mAi| + A1)* < (2(u1 + M) + [t —7])°
Also note v < 1,7 < 9.

Letting 62 = /i1 + A1 and applying Lemma Propositions
and we have

limsup[ sup |Jux(t, s;20) — uu(t, s;20)||] < QeT‘”on — Ypl|-
A u—0 s<t<T

Let p — oo and we have
U(t, s)xo = )l\ir% ux(t, s;20)
exists uniformly for ¢ € [0,77] and then, the (xx) holds by Proposition
|U(t, s)xo = U(t, s)yoll < Kl[zo — ol (6.1)
for xg,yo € E. Ul(t,s)xg = limy_oux(t) = limy_oux(t, s;xo) is the so-called a
limit solution to the equation (|1.3]).
Next show that U(t, s)zg = u(t, s;xg) = limy_oux(t) = limy_oux(¢, s; ) for

xo € E is a strong solution to (L.3)) if A(t) is embeddedly quasi-demi-closed. From
Lemma we have

A A
— MA(s + 1)z 2 MeMTh-ns T 4og

For 0 < s <t < T, construct the Rothe functions [12, 29]. Let C*(s) = A(s) and
CMt) = A(s + 1) for te (s+tp_q,s+tp], and let x*(s) = x*(s, s;20) = ¢ and

t—(s+ty_4)
X)) = XM, 53 w0) = g + (2 — 95271))\71“
fort € (s+t3_,,s+1t3] C[s,T]. Note ||"7”1H < K for xy € E by Proposition
0.7 .
From [20, Pages 261-263] and [22] Pages 8-9], we have the following: for z € E,
k= [—s] or [t;—f] + 1, ( without loss of generality, assume the former is the case)
i s 3(0) — s (0] = 0.
A=04els,T
X (2) —XA(T)H < Kt — | (6.2)
for t,7 € (s +t3_,,s+t3], and
dx M (t
O ¢ oM tua(t) + ha it M) = 2 (63)

dt
for t € (s+t)_,,s+1}), where the last equation has values in B([s, T]; X), the real
Banach space of all bounded functions from [s,T] to X, and
U(t =u(t,s;x) = li t) = lim x*(¢
( 78)330 u( 757330) /\1_%’”’/\( ) )\IL%X ( )

= 11m xALAS](S xg) = hm xk (s;20)
1

uniformly for finite 0 < s < ¢t < T and for z¢ € E; for 2o € E and for v (t) €
C*(t)ux(t) for which . ) gives

d
G0 = 00 e
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this holds by integration: for each n € Y* C X* |
WO ) = 20) = [0 )+ et

where [[v*(t)|| < K and ||e’\’£271’s+t2 <X ask= [t;—ls] — 00 or A — 0, this holds:
(W (1)) — n(v(t, 5;20))
for some wv(t, s;zg) € A(t)u(t, s; xo),

n(u(t, s; o) — o) = / n(v(r, s;x0)) dr = 77(/ v(T, 8;20)) dT,

t
u(t, s;zg) — x9 = / v(T, s5x0) dT
inY
% ult, s:0) = v(t, 5:20)

—ult,s;zg) = v(t,s;x

dt 39y L0 39y L0

in Y for almost every ¢ € (s,T), and

Gt 5::00) € ADYult, 5:0)

in Y for almost every t € (s,T), u(s, s;x9) = x9. Thus U(t, s)xg = u(t) = u(t, s;xo)

is a strong solution to (|1.3)).
Now, we show that U(t, s) is an evolution operator.

Step 1. Letting A\, u — 0, applying Lemma [6.5] Propositions 6.11]
and and then letting 6 = /|t — 7|, we have

lim ||ux(t, s;20) — wu (7, 5520) ||
A,n—0
= ||U(t,s)xo — U(T, 5)xol|
< €79 (2|lwo — ypl| + 3|t — 7| M (0)) + K(P(m) +1t—r7])

< K([t =7+ p(VI]t = 7))

for xog =y, € Fand 0 < s < t,7 <T. That continues to hold for ¢ € E by (6.1]),
which shows that U(t, s)xo is continuous in ¢ uniformly for s.

Step 2. As in [8, Page 71], the Remark after Lemma and Proposition imply
Ut,s): E— E
holds for 0 < s <t < T under (T2) or (T3). Since
J U s)ap — U(L, s)zo]| — 0

by the estimate (xx) for z¢ € E, x, € E with ||z, —zo|| — 0, we have U(t, s)xo € E
for 2o € E under (T2) or (T3). This is also true under (T1) since
ux(t, 53w0) = i, (¢, 53 70)

= J)\l (S —+ m)\1)<)\16)‘1x?n—1(t73§$0)73+m)\1 + ',1:27,—1057 s; CCO))

which is in D(A(s

+mAy)) for t € (s+ (m — 1)1, s + mAi] and zg € E and since
D(A(s +m\)) =D 4.2

-y by the Remarks after Lemma |4.2f and
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Step 3. Let 29 € E and 0 < 5,7 < t < T. We have t € (s + (m — 1)A1, s +mAy] for
some m € N and

u (¢, S'xo) =2 (53 20)
(s; zo), where the former case is assumed

which is equal to ) o) (s;x0) or to )

[ [5+1
without loss of generahty In this case,

lim 27y _.,(s;20) = U(t, 8)xo

A—0 3
Here [z] is the greatest integer that is less than or equal to .
Let 0 < 7 < T be such that t = s + 7. Let k = [*] = [{]. Using Lemma
and Proposition 6.7 and (T1) or (T2) or (T3), we have

Cyp = fo\ﬁ](s;xo) — xf‘ﬁ](r;xo)ﬂ

= [l (53 20) — @7 (r; 20) |
< (s + RA) it (205N o (s:2))
= g (o RA) R TN e ()|
< (1= 2w) 7 AL(4N) + Cr—1 + Aip(|s — r)K].
This recursive inequality, using Cy = 0, gives
Cr < (1= XNw) kA (40) + Mp(|s — r) K].
As kX = [All])\l — 7 and A — 0, the above expression converges to
|U(s 4+ 7,8)xg — U(r + 1,7)x0] < ™ K7p(|s —r|).

This continues to hold for zy € E by the estimate (6.1]).

Step 4. Let zg € E, and s <t <7 <T. We have 7 € (s + (m — 1)\1, s + mA;] for
some m € N and
ux (T, 8;30) = 2y, (55 70)

which is equal to xE\T,S](s; xg) or xE\T,S (s;z0), where the former case is assumed
RSH A1

I+1
without loss of generality. Here [z] for z € R is the greatest integer that is less than
or equal to x.

We also have

t—s
A ) — A
%%%ﬁﬂﬁww_xgﬂ“+[M]h’Vq®xw

By Step 2, U(r,t)U(t, s)xo and x[, t]( [t)\—])\l, U(t, s)xo) exist. It follows that

HI[" ,](er[ )\ ])\1, Tlecs e](S x9)) — U(,)U(t, s)zol|
t— t—s
< ||:B (84 [ ])\1, e (8320)) — a7 (3 + AL U(E, s)zo)|
*1 /\ [ ] (57 )\1
t—
+ ||x o (s + [ ])\1, U(t,s)xo) — =t (t; U(tvs)xO)”
X1 ] A [ A1 ]

+ ||x[)‘%t](t; Ul(t, s)xo) — U(T,)U(t, s)xol|,

which converges to 0 by the proof for Step 3 and by the part before Step 1 about
proving

Ul(t, s)xo = hrrbux(t $;x0) = hrrbx[)‘t s1(8;20),
A1
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which used Lemma [6.5] and Propositions [6.8] [6.9} [6.10} [6.11} and [6.12]

On the other hand, as A — 0,

A . A
12 zze) (5 20) = ety

ey (5:20) |
1

converges to 0 by the part before Step 1 again, which used Lemma [6.5| and Propo-
sitions 6.10} [6.11] and [6.12] Thus we have, as A — 0,
U(r,s)xg = U(r,t)U(t, s)xo.

Compare [25, Page 146]. Note that Steps 1 and 3 show that U(t, s)x¢ is continuous
in the pair (¢, s) on the triangle 0 < s <t < T. O

Proposition 6.13. Under (T2) or (T3),

UL, s)xg — U(T, 8)xo|| < K|t — 7|
holds for 0 < s <t,7 <T and xy € E.
Proof. As in [8, Page 71], Lemma implies

2y (8;20) = &fes (57 70) |
2] =
= [l (s + T2 IAn; 2ma (55.20)) — @ ms (55.20) |
[521-1557) A b P [ree)i® 0 [T2v> 0
t—s T—38
< (1) C 2K (M@ (55 20)) +2)
)\1 )\1 A1

fort > 7 and 0 < A\; < X < Ag. Using Proposition [6.7] and letting A — 0 completes
the proof. 0

7. APPLICATIONS

In this section, we state some examples first and preset their proofs next. We
include linear or nonlinear, single-valued or multi-valued, finite or infinite dimen-
sional, and time-nonautonomous examples.

Example below deals with linear rotations about a general axis n. These
general rotations have important applications in Physics [I, Pages 73-75], and in
Global Positioning System, GPS, in Civil Engineering, Soler and Marshall [30),
Pages 30-31.]. Compare how the physicists, Altmann [I], derived the formula to
ours.

As are stated in Section these examples here are interpreted as linear or
nonlianer, time autonomous or non-autonomous rotations, single-valued or multi-
valued, of finite or infinite dimensions, evolving with time by satisfying or
and preserving the length in a, linear or nonlinear, and, time autonomous or
non-autonomous, way. This seems a complete approach to the rotation problems,
compared to the approach by the physicists, Altmann [I].

However, we should remark that our new examples here do not include applica-
tions from partial differential equations. This is because we need uniform continuity
of A(t) for our examples but this will not be satisfied by partial differential opera-
tors.

Example 7.1 (Kobayashi [25 Pages 152-153]). Define an operator A : D(A) C
R? — R? by

A <‘5) = (_ym> for (;) € D(A) = {(i) ER?: 2?4y =1}
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Here (R2,||.||) is a real Hilbert space with the inner product (u,v) of u and v in R?

and with the norm [ju|l = /(u, ).

Note that A is not linear, since D(A) is not a linear space. Note also that A
is uniformly continuous, dissipative, and satisfies (R4), (R6), (R1), and (R2), (for
which uniform continuity of A is not as necessarily needed as in Kobayashi (see
Miyadera [25, Pages 152-153]) but does not satisfy (iii). The equation has a
strong (in fact, a classical) solution,

_ 5. [cos(bp — t%n(’\)) [ cos(t) sin(¢)
u(t) = ;\ILI%) (Sin(90 - t%ﬂp‘)) ~ \—sin(t) cos(t) uo
~ (cos(by) . _ (0 1 . -~
for up = (sin(@o)) € D(A). With Ay = (_1 0) , a matrix whose restriction to
the unit sphere is the matrix representation of A, the solution also equals e

S0 AT Capplied to ug, which is

n=1""nl (eos(t) Sin(t)) Uo-

—sin(t) cos(t)

tAn =

But this is a coincidence, since, for a general matrix S, e*®, existing as an infinite
series of tS, does not leave unit sphere invariant, in general. The Examples below,
nonlinear or nonautonomous or multivalued or of infinite dimensions, cannot be
derived by the restriction as in this example.

Example 7.2. In Example replace R? by R, where n € N, n > 2, and replace
the operator A by by

T Y1 L1
X2 Y2 €2

A . = . for 3 S D(A),
x’ﬂ y’l’b xn

the unit sphere in R”, where > | y;2; = 0,y; € R and y; are linear functions of
X1,Tg...,Z, ; or define A(-) as an element from ,or two elements from, ..., or all
elements from the set

1

Y2 2
P={ .| € R™ : Zyixi =0, where y; are linear functions of z1,xa,...,2Zn}.
. =1

Yn

Then the results in Example [7.1] hold, as in the proof of Example The details
of the proof are left to the reader. Here note that P # 0, e.g.

Y1 n3Tz2 — N2x3
Y2 | = | —n3x1 +nix3
Ys NaT1 — N1T2

As in Example [7.3] below, where ny,n2,n3 are constants, lies in P, and that each
element in P determines uniquely an axis 7, a vector in R™, about which the
ni
associated matrices rotate. The axis n in Example |7.3|is | ngo
ns
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Remark The unit sphere, centered at the origin, can be replaced by the general
sphere of radius r, some r > 0, centered at the origin, or by the set

{ueR":0<ry < |lul| <r}

for some r1 > rg > 0. This also applies to the other examples.
The next example is a special case of Example [7.2] and its solution will be
computed explicitly.

ni
Example 7.3. In Example (7.2 let n = 3, 7 = | ny | , a unit vector in R3, and
ns
Y1 n3T2 — N2T3
Y2 | = | —n3T1 +nix3
Y3 N2T1 — N1T2

The results in Example hold, and the solution to (1.2)) is given by the limit, as
A — 0 with f\ = arctan(\)/\, of

costfy 4 (1 — costfy)n? —ngsintfy + nin2(1l — cos(tfr)) nasintfx +ning(l — costfy)
ngsintfx + (1 — costfr)ning COSth+TL§(17COStf,\) —nysintfxy + nong(l — costfr) | uo
—ngsintfy + (1 — costfa)ning nysintfx + nang(l — costfy) costhJrng(lfcosth)
which is
cos(t) + (1 — cos(t))n? —ngsin(t) + nin2 (1 — cos(t)) ng sin(t) + nins(l — cos(t))
ngsin(t) + (1 — cos(t))nins cos(t) + n2(1 — cos(t)) —ny sin(t) + nang (1 — cos(t)) | wo,
—ng sin(t) + (1 — cos(t))ning ny sin(t) + nang (1 — cos(t)) cos(t) + n3(1 — cos(t))

where the associated matrices are rotations about the axis n. These general ro-

tations have applications to Physics, Altmann [I], especially Pages 73-75, and to
Global Positioning System, GPS, in Civil Engineering, Soler and Marshall [30),
Pages 30-31]. Compare how the physicists, [I], derived the formula to ours.

Example 7.4. Replace the operator A in Example [7.1] by the time dependent

operator
o )-w0 ()

where a(t) is a continuous function on [0, T] with a(t) > dy > 0 for some dy. Using
the proof of Example we readily show that A(t) is uniformly continuous and
dissipative, uniformly for all ¢ € [0, 7], and satisfies (R4), (R6), (T4), (R1), (R2),
and (T1) (for which uniform continuity of A(t) is not as necessarily needed as in
Kobayashi (see Miyadera [25], Pages 152-153]) but does not satisfy (iii) or (x). Here

note E = E = D(A(0)) = D(A(0)). So the equation (T.3) has a strong (in fact, a
classical) solution. The details of the proof are left to the reader.

Remark Extensions of Example to the n dimensions with multi-valued A(t),
are performed as in Examples The details are left to the reader.
Remark In infinite dimensions, uniform continuity of A is as needed for (R4), (R6),
(R1), and (R2), as in Kobayashi (see Miyadera [25], Pages 152-153); the following
examples indicate how it is needed. Uniform continuity of A is defined as: for an
€ > 0, there is a § > 0, such that for z,y € D(A) with ||z — y|| <, it is true that

|lu—v| <e

holds for some u € Az and some v € Ay, where § does not depend on z,y.
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Example 7.5. Let H be a real Hilber space with the inner product (u,v) and
norm |ju|l =/ (u, u).
Define a t-dependent nonlinear operator A’(t) : D(A’(t)) = H — H by A'(t)u =
a(t)Bu for w € H, where
B:DB)=H—H
is a nonlinear operator, such that ||Bu|| =1 (or both ||Bul|| > dpp > 0 and || Bul| <
0o for some dgg, dooo > 0, as the following proof shows) for u € H with [jul| = 1,
(or ||v]] =1 or both ||v|| > dgo > 0 and ||v|| < dgoo > 0 for all v € Bu and for each
u € H with |lu]| = 1) and that either of the following three conditions holds:
e If B is single-valued, then (Bu,v) 4+ (u,Bv) = 0 for u,v € H and B is
uniformly continuous.
e If B is single-valued, then (Bu,u) = 0, (B — wp) is dissipative for some
wo € R, and B is uniformly continuous.
o If B is multi-valed, then (v,u) = 0 for all v € Bu, (B — wy) is dissipative
for some wy € R, and B is uniformly continuous (defined in the Remark
above this example.

The first condition in Example is equivalent to (Bu,u) = 0 for u € H and
(Bu — Bv,u —v) =0 for u,v € H; in which case,

(A" ()u,v) + (u, A'(t)v) =0, (A" (H)u,u) =0, A()0=0.

Here a(t) is as in Example
Let A(t) be the restriction of A’(t) to

D(A(t)) ={u e H :|u|| =1}
Then the conclusions in Example hold for A(¢).

Example 7.6. This example follows from Example and Let X = R%, a
real Hilbert space. Let

0 1 0 0
-1 0 0 O
B= 0 0 0 -1
0 01 O
or
0 1 0 -1
-1 0 1 0
B = 0 -1 0 -1
1 0 1 0

Let A'(t) = a(t)B and let A(t) be the restriction of A’(¢) to the unit circle in R*.
Here a(t) is as in Example[7.4] Then the conclusions in Example [7.5/ hold for A(t).

In general, for H = R?",n € N, a real Hilbert space, and for A’(t) = a(t)B,
where a(t) is as in Example and B = (b;;) is a real anti-symmetric matrix of
2n x 2n(that is B4+ BT =0 or b;; = 0,b;; +bj; = 0,4,7 = 1,2,...,2n), we have the
conclusions in Example hold for A(t) after suitably choosing b;;. Here A(t) is
the restriction of A’(t) to the unit circle in R*". The details are left to the reader.

Remark. Example extends to the case of infinite dimensions (see below, Ex-
ample by using the abstract results in Example [7.5
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Example 7.7. Let X = (L?(—m, ), be a real Hilbert space with the inner product
(u,v) = |7 _u(z)v(z)dr and norm |ul| = \/(u,u). Let S = {¢o, ¢1,d2,...} be an
orthornormal system in L?(—m, ), where

1 cos(nx) sin(nx)

) n—1\T) = 5 n\L) = g

e P2 1(z) NG Pan () NG
For f € L?(—m,n), by Coddington and Levinson [5, Page 199], we have f =
>0 o Qn®y; this holds in L?(—m, ) with ||f — Y1, a;di|| — 0 as n — oo, where
on = |7 f(2)$n(x) dz holds uniquely.

Define a linear operator B : D(B) = H — H by

$o(z) =

n=0

where (B2, = Qapt1, Pont1 = —Qon, n = 0,1,2,.... For convenience, the operator
B can be thought as the infinite matrix

0 1

-1 0

0 1
BM - _1 0 )

for which

Bo o

bi| =By | &

0 1
-1 0
along the diagonal in the infinite matrix By, and the sequences {«;}, {3} are in
[?, which is defined to consist of all sequences £ = {¢;} such that > .2 |&[* < oco.
The norm in 2 is

Note that the 2 x 2 matrix By = in the upper left corner is repeated down

el = Q).
=0

Let A'(t) = a(t)B and let A(t) be the restriction of A’(t) to the unit circle in H.
Here a(t) is as in Example Then the conclusions in Example[7.5/holds for A(t).
The convenience by this symbolic representation will be seen in the next example.

Example 7.8. The operator B in Example can be replaced by an operator
B, whose symbolic matrix representation By = (b;;) is real anti-symmetric in an
obvious sense, Kato [14, Pages 143, 269-270], Taylor and Lay, [32, Pages 57, 215]:

By +Bi, =0 or bj;+b;;=0, i,j€c{0}UN.

Here it is assumed that for each {a;} € [?, defined in Example [7.7]

Bi = Z bijaj
j=0
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is convergent for each i, and the sequence {3;} lies in /2. Under this assumption,
it follows, Taylor and Lay [32], Pages 215-216, that By : [> — [? is a continuous
mapping.

But we need uniform continuity of By, and so further restrictions on (b;;) are
required. For this purpose, Bj; can be, e.g.

0o 2 0 -3

-2 0 4 0
0 -4 0 -5
Bu=|3 0 5 0 :

Here the 4 x 4 real anti-symmetric matrix By in the upper left corner of the infinite
matrix Bjs is repeated down along the diagonal in the matrix Bjy.

Note that the upper left corner matrix By is real anti-symmetric but it can be
of any finite size. Thus, this example provides a large class of examples in infinite
dimensions, which might be of interest. This large class of examples can be used
in the set P in Example below.

The proof of the above example follows that for Example [7.7] which used the
abstract results in Example [7.5] The details are left to the reader.

Example 7.9. In Example replace Bf = ZZOZO Bn¢n, where (o, = qopq1,
Bon4+1 = —Qap, by Bf which is one element, or two elements, or ..., or all elements
from P, where

P E{g = Zﬂn@Z’n € Lz(fﬂvﬂ—) 0= (gaf) = Zﬂnana
n=0

n=0

with /3, linear functions of ag, a, ..., a,,, for some m},

as in Example Then the results proved in Example[7.7] hold. The details of the
proof are left to the reader. Here note that P # (), e.g. Example and that each
element in P determines uniquely an axis 7, a vector in L?(—m, ), about which
the associated semigroup of operators rotates. For example, the axis

2
n= Zn1¢17
i=0
where Z?:o n? =1, if, for f = Z?:o a;¢; € D(B) with Z?:o a? =1,
Bf = (naa1 — niaa)go + (—naag + noae) 1 + (niag — noar ) da.

Example 7.10. Replace the operator A(-) in Example by

A(t) (;) = a(t)B (i) = a(t)m( Y > .

—Zx

Then the conclusions in Example holds for A(t).
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Remark. The nonlinear operator A(t) in Example can be obtained by ad-
justing A(t) (Z) to e.g.
a(t)\/1 + a? (_yx> L a1+ gt (_yx> voeeyor a(t)h(z,y) (_yx) :

where h(z,y) are differentiable functions of z,y. Extensions to n dimensions with
multi-valued A(t), are performed as in Example |[7.3] The details are left to the
reader.

Example 7.11. Replace Bf =Y B;¢; in Example by

Bf =y\/a}+1)_ Bids.
i=0

Then the conclusions in Example hold for A(t).

Remark The nonlinear operator A(t) in Example can be obtained by adjusting
Bf to

\/1+Q%Z/BZ¢27 \/1+a§2/61¢277 or h(a07a17"'7an)2ﬂi¢iv
=0 =0 =0

where h(ag, a1, ...,ay) are differentiable functions of ag, a1, ..., q, for each n =
0,1,2,.... These nonlinearities also apply to Example and Example The
details are left to the reader.

Proof of Example[7.1. The proof given here, with parts different from Miyadera
[25, Pages 152-153], is intended to indicate how uniform continuity of A is not as
necessary.
Step 1. It is easy to see that A is uniformly continuous and dissipative.
Step 2. Let w € D(A) and w = (u — MAu), where A > 0. Simple calculations show
that
ol = 1+ A2
Note (Au,u) =0 and (Au, Au) = 1. So
Ran(f —MA)ND(A) =0
and
Ran(l — M) € S={u e R?: |lul| = 1+ \2}.
Step 3. Claim: Ran(I — AA) = S. Let h = /1 + A?v, where

o= (32)

is an element in the unit circle in R?. Here 0 < § < 27. Suppose
u = (cos(¢)sin(¢)) € D(A)
is such that u — AAwu = h, where 0 < ¢ < 27w. Then
V14 X2 cos(¢ + 1) = cos(¢) — Asin(¢) = v/1+ A2 cos(0),
V1 + X2sin(é + ) = sin(é) + Acos(é) = V1 + AZsin(6),

where A = tan(¢). So such a u exists.
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Step 4. Since D(A) = D(A) is a unit circle and S is a concentric circle of D(A)
with the radius v/1 + A2, it follows that

dRan(I — MA),u) =14+ X -1

holds for u € D(A) = D(A). So
d(Ran(I — AA),u) V1+X-1
= —
A A
as A — 0, uniformly for all w € D(A) = D(A).
Step 5. Since A is uniformly continuous (and so A is embeddedly quasi-demi-closed),

equation (1.3)) (or (1.2))) has a strong solution u(t, 0; zo). In fact, the strong solution
is a classical solution as the following shows: let 0 < A < Ag, small enough, and

o (5% o . o Uy — )\'LLQ .
u= <u2> €D(A), v=u—Nu= <u2 —|—)\u1) ;

ol = V14 A2,

0

_ v 1 1 =X
||U||1+)\2()‘ 1>u€D(A),

and tan(f) = A, where 6 is the angle between the vector v and the vector v;

- 1 1A _( cos(@) sin(f)\
YA Az \-A 1 w= —sin(f) cos(h) b
from the proof of Theorem
A ( cos(6) sm(@)) R ( cos(nb) sm(n@)) zo:

1=\ —sin(0) cos(0) n —sin(nf) cos(nd)

t
u(t,0;z9) = )l\li% x[)‘%] = nlLrI;O Ty

0 i o
. co.s(t@) Sln(t@) 2o
-0 \ —sin(tmy)  cos(tmy)

_ ( cos(t) sin(t)> 20 € D(A).

—sin(t) cos(t)

From the proof of Theorem [3.I] about a strong solution, we have

t
u(t, 07 LL‘()) — g = / A’LL(T, 0, (E()) dT,
0

which is differentiable, since Au(r,0; z¢) is continuous in 7; so u(t, 0; xg) is a classical
solution; uniqueness follows from dissipativity, as is standard. (Il

Proof of Example[7.3. Let 0 < A < A, small enough, and let

U1 U1 Uy — )\’Ilg’U,Q + )\?7,2’(1,3
u=|uz | € D(A), v=[v2| =u—Au= [ u2 + Isu; — Anjus
U3 U3 U3 — ANy + Anqus

3 2 _
where )7, uf =1 and
n
n2
ng

>
Il
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with 322 n? = 1. Then the terminal point of u and that of v are on the same
plane, which is perpendicular to the axis, 7, since u = v|, where v, the component
of u on the axis n, is given by
3
uy = n(u,n) = ﬁZumi,
i=1
and the component v, the component of v on the axis 7, is given by
3

3
v =n(v,n) =n E vin; =N E uing = uj.
i=1 i=1

Here (u,n) = Z?:l u;n; is the inner product f[niu; + Aninsus — Aningugnaus —
)\ngngul + )\nanU3n3U3 + )\ngngul — )\nlnguﬂ.
The component v, of v, that is perpendicular to the axis 7, is given by

’UL:’U*’Uuivf’LLH

(1 —n?)u, (=Ansz —ning)us  (—ning + Ang)us
= | (=ning + Anz)uy (1 —n2)uz (—nang — Anq)us
(—nin3 — Ang)ur  (—nans + Ang)us (1 —n?)us

The component u, of u, that is perpendicular to the axis 7, is given by

Uy —nq (U7 ﬁ)
up =u—u=u—n(u,n) = |uz —nz(u,n)
us — ng(u,n)
Note the following calculations:

a1 = Tlull® = fly |I* = 1 = (u, )%

o)1 = u? + (Ansuz)? + (Angus)? + 2(=Anguiug + Anguius — A\2nonsugus)
+ud + (Msu)? + (Anqusz)? + 2(Msugus — Anjugus — Aninguius
+u 4+ (Angur)? + (Mnjug)? + 2(—Anguiuz + Anjugusz — A>ninougus)

=14+ X031 —u?) + X031 —ud) + An3(1 —ud)

2
— 2\ (n27’L3UQU3 + ninzuiuz + n1n2u1u2);

oy I = [y lI* = (u, 2)?

= (n1u1)2 + (nqu)Q + (77,311,3)2 + 2(n1nguq e + N1NgUIUZ + N2N3ULU3);

oL I? = [[oll* = floy|I”
=14+ X2 — (1 + X)) [(n1u1)? + (nouz)? + (n3us)?]
—2(1 4 A?)(ninouius + ninsuius + nongusus)
= (1+ M) — (1 + \?)(u,n)?
= (1+2)[1 = (u,7)’];

(v,u) = u% — Anzuguy + Angusug + u% + Ansuiug — Anqusus

+ ug — Anguiug + Anjusus = 1;
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(i,ur) = (v,u) — (v,7)(u, 2) — (u,n)(u,n) + (u,n)? =1 — (u,n)?%
cos(f) = (i, u) _ A = !
Jorlllucl VI +A2) (1 = (u,7)2) /1 — (u, n)? VI A2

for which tan(f) = A; here 6 is the angle between v, and wu .

= UL =_1 A
Let wy = g lur ]l = 7L and wy = v = u). Then
1*”% 2 —Ans—nins Ans—ning
Ve M \/szz tmny  TUESE mans
— Anz—nin —Ani—nan
w= Myu=| Arszmn: —Ani—nang "
6 JTiaz T e v T ViAo T h2ns
—Ans—ninsg Ani—nasnsg 1—n3 2
Vit s TUERET o neig iz T
which is equal to
cos(f) + (1 — cos(9))n? —ngsin(@) + ninz(1 — cos(0)) ng sin(0) + ning(1 — cos(9))
ng sin(0) + (1 — cos(0))nina cos() + nZ(1 — cos(0)) —n1 sin(0) + nang (1 — cos(0))
—ng sin(0) + (1 — cos(0))ning nq sin(0) + nang (1l — cos(0)) cos(6) + n3(1 — cos(8))

and this is in D(A). Tedious calculations, left to the reader, show that MyMy =
My, 4. Since My = I, the identity matrix, we have the inverse of My equal to M_,
and

u=M_gw € D(A),

where M_g is the rotation about the axis 7, rotating w to u through an angle
—6, since u; and w, are on the same plane, perpendicular to the axis i, |Ju || =
lwo ||, [luy |l = |lwyll, and w is 6 ahead of u, in counterclockwise sense.

From the proof of Theorem it follows that
xi‘ = M,gxo,xg‘ = M,ggxo, e Th = M_ppx0.

From from the proof of Theorem [3.1)) it follows that

u(t,0; zg) = lim :c[ = lim xn = hm M_, o x9=DM_4x0

A—0 n—00 —0 tan(6)

which is equal to

cos(t) + (1 — cos(t))n? ng sin(t) + nina (1 — cos(t)) —ng sin(t) + ning(1 — cos(t))
—ngsin(t) + (1 — cos(t))nina cos(t) + n3(1 — cos(t)) ny sin(t) + nang(1 — cos(t)) | zo
ng sin(t) + (1 — cos(t))ning —nq sin(t) + nens(1 — cos(t)) cos(t) + n3(1 — cos(t))

in D(A). From the proof of Theorem about a strong solution, we have

t
u(t,0;m9) — xo = / Au(T,0;20) dr,
0

which is differentiable, since Au(r,0; z¢) is continuous in 7; so u(t, 0; xg) is a classical
solution; uniqueness follows from dissipativity, as is standard. The rest of the proof
is left to the reader. |

Proof of Example[7.5. The following proof assumes single-valued B. The proof for

multi-valued B is similar and is left to the reader.

Step 1. Claim that A’(t) (and then A(t) ) is dissipative, uniformly for all ¢ € [0, T].

It suffices to consider the first condition in Example [7.5] Let u,v € D(A'(t )) =
D(A'(t)). Then

(u—v, A'(t)u— A'(t)0) = (u, A () — (u, A ()v) — (v, A () + (v, A'(£)0) = 0.

So A’(t) is dissipative, uniformly for all ¢ € [0,T]. Here note (w, A'(t)w) = 0 for
we H.
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Note that A’(t) is weakly continuous under the condition
(Bu,v) + (u, Bv) =0

for u,v € H satisfying the first condition in Example Let u, € D(A'(t)) — u
as n — 00. Then

(A" (t)un, v) = = (un, A'(t)v) = —(u, A'(t)v) = (A'(t)u, )

holds for v € H, uniformly for all t € [0,T]. So A’(t) is weakly continuous, uniformly
for all ¢t € [0,T).

Step 2. Let u € D(A(t)). For A\ > 0,
lu = AA®)ul2 = (1= MA@, u— @) = [ull? — 2(u, AAE)u) + N[ AE)ul?
=1+ \a(t)? > 14+ M6 (or > 14 M\25363,).
So Ran(I — MA(t)) N D(A(t)) = 0, and

Ran(I — MNA(t)) C S={u € H : |jul| = V1 + Na(t)? > /1 + \262}

if || Bul| = 1.
Step 3. Let u € D(A(¢)) and A > 0. Let v = (u + AA(t)u). As in Step 2,

o]l = /T + A2a(t)2. Let
v

1+ X2a(t)?
It follows that ||w| =1, w € D(A(t)), and ||w — v|| = /1 + A2a(t)?2 — 1. So
d(D(A(t)),u+ MNA(t)u) < (\/1+ Na(t)? —1)

or

te[0,T]

d(D{A(E)), u + AA(t)u) < <\/1 + 2% max |a(t)|63y — 1))
and
1o ADCAD), u+ AA(t)u)
,\li% A
uniformly for all 0 < ¢ < T and u € D(A(t)).

Step 4. Following [25, Page 151], let u € D(A(t)) = D(A(t)). For € > 0, there is a
X = X(e) > 0, independent of u, such that for all 0 <A < N <

d(D(A(t)),u + AA(t)u)
\ <€
It follows from the definition of distance that there is u. € D(A(t)) such that

llue = (uw+ AA@)w)|| < Ae + d(D(A(t)), u + ANA(t)u) < 2Xe.
So, as € — 0, we have A — 0 and

[lue — ull < MJA(t)u|| + 2Xe — 0.

=0

Let v > 0. Since A(t) is uniformly continuous, there is a 6 = §(v) < v such that
AW u — At)u"|| < v

if |u' — || < § for v/, u” € D(A(t)). Here § is independent of v, u".
Since |Jue — u|| — 0 as € — 0, there is an 0 < ¢y = €y(d) < § < v such that

llue —ul] <6 <wv



40 C.-Y. LIN EJDE-2005/42

and then
A ue — A(t)u|| < v
holds for all 0 < A < X <€ < ¢ < ¢ < v, uniformly for all ¢ € [0,7]. Here
N = X(v) and ¢y = ¢9(v) are independent of u. It follows that
d(Ran(I —)\)\A(t)),u) < A — (), — ]
<A llue = (u+ AA@))|| + M A#)ue — At)ul]
<2e4+v<2u+v

forall 0 < A <N <e< e <6 <, uniformly for ¢ € [0,T]. So

lim d(Ran(I — AA(t)),u) _o
A—0 A

uniformly for all u € D(A(t)) = D(A(t)) and ¢ € [0,T).

Step 5. Suppose u = (I —AA(t))"'f and v = (I — MA(t))"'g exist, where f,g € H
and A > 0. We have u — MA(t)u = f and v — MA(7)v = ¢. It follows from the
dissipativity of A(t) that

l[u = o[l < Ala(t) = a(m)l|lv]l +[If — gl -
So A(t) satisfies (T4) and (T1). O

Proof of Example[7.7. Step 1. Note that for f = >".°  a;¢; and g = Y oo alds,

m o0
(f.9)= mligloozaiaé = aiaj.
1=0 1=0

Step 2. Tt is easy to see that A(t) is uniformly continuous, uniformly for all ¢ € [0, T].
Step 3. Proving dissipativity of A(t) is left to the reader. Here note that for f =
Yoo i € L*(—m, ), lim; .o o = 0 by the Parseval’s formula Y- o = || f[|*.
The rest follows from the proof of Example [7.5 0

Proof of Example[7.10, Note that for (;) € D(A(t)),

15(3) I=vET 2 = ViF =1 aa |5(7)] < Ve
Also note that (A(t)u,u) =0 for u € D(A(t)), and
IA@)ul = la(t) Bull < max |a(t)|v2
€[0,7]

)

for uw € D(A(t)). The rest is left to the reader. d

Proof of Example[7.11} Step 1. To prove that A(t) is uniformly continuous, uni-
formly for all ¢ € [0,T, use the mean value theorem and that for all a,b € R,

(a+b)* <2(a® +b%).

Step 2. Use the proof of Example [7.7] to prove the dissipativity condition. The rest
follows from Example [7.5] The details are left to the reader. O
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