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C1@ convergence of minimizers of a
Ginzburg-Landau functional *

Yutian Lei & Zhuoqun Wu

Abstract

In this article we study the minimizers of the functional

_1 P L — lul®)?
B..6) = [ (vup+ o [ @y,

on the class W, = {v € W'?(G,R?);v|s¢ = g}, where g : G — S*
is a smooth map with Brouwer degree zero, and p is greater than 2. In
particular, we show that the minimizer converges to the p-harmonic map

in Cllo? (G,R?) as ¢ approaches zero.

1 Introduction

Let G C R? be a bounded and simply connected domain with smooth boundary
dG and g be a smooth map from G into S! = {z € R?;|z| = 1}. Consider the

Ginzburg-Landau-type functional

1 1
E.(u,G) = = P — [ (1—|uf?)?
6 == [ vup+ o5 [a-pp)

with a small parameter ¢ > 0. This functional has been studied in [1] for
p =2,d = deg(g9,0G) = 0, and in [2] for p = 2, d = deg(g,0G) # 0. Here
d = deg(g,0G) denotes the Brouwer degree of the map g. For other related

papers, we refer to [3]-[11].

In this paper we are concerned with the case p > 2, d = deg(g,0G) = 0. It

is easy to see that the functional E.(u, @) achieves its minimum on
Wy = {ve W"(G,R?) : v|ae = g}
at a function u. and that

lim u. = u, in WHP(G,R?)

e—0
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where u,, is a p-harmonic map from G into S! with boundary value g [9]. Recall
that u € WHP(G, S!) is said to be a p-harmonic map on G, if u is a weak
solution of the equation

— div(|VuP2Vu) = u|VulP.

Under the condition d = 0, there exists exactly one p-harmonic map on G
with the given boundary value g. However, there may be several minimizers of
the functional. Let 4, be a minimizer that can be obtained as the limit of a
subsequence of the minimizers u] of the regularized functionals

; 1 2, 2, L 2y2
PG = [ (VuP+op e o [ =P (> 0)
on W, as 7, — 0, namely

lim u* = 4. in WHP(G,R?). (1.2)

T, —0

U is called the regularizable minimizer of E.(u,G). Our main result reads as
follows.

Theorem 1.1 Assume that p > 2, d = deg(g,0G) = 0. Let 4. be a regulariz-
able minimizer of E.(u,G). Then for some o € (0,1) we have

lim @, = u, in CL%(G,R?).

e—0 loc

We shall prove a series of preliminary propositions in Sections 2, 3, and 4.
Then we complete the proof of the main theorem in §5. In §6, we indicate how
to extend our result to the higher dimensional case.

2 Convergence of |u]|

We start our argument with the following proposition.
Proposition 2.1

lim [ul| =1 in C(G,R?). (2.1)

E,T—>

Proof. For 7 € (0,1), we have

1
O N / (Va2 + )P/
G
1
< o [ (Va1 —c.
P Ja
Hence
Jo IVuIlP < [L(IVuZ[> + 7)P/2 < C, (2.2)

Jo(I = ul?)? < CeP.
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Here and below, we denote by C a universal constant which may take different
values on different occasions. If necessary, we indicate explicitly its dependence.
;From (2.3) it follows that there exists a subsequence u* of ul with 5, —

0,7 — 0 as k — oo, such that

lim |[ul*| =1, a.e inG. (2.4)

k—o0 ’
Inequality (2.2) combined with |u7| < 1 (which follows from the maximum prin-
ciple) means that |[ul||w1.»(qr2) < C which implies that there exist a function
u, € WHP(G,R?) and a subsequence of uZk, supposed to be uZt itself without
loss of generality, such that

lim u* =u, inC(G, R?). (2.5)

k—o0
Combining (2.5) with (2.4) yields |u.| =1 in G and hence

lim |u?*| =1 in C(G,R?).

k—o0 k
Since any subsequence of |u7| contains a uniformly convergent subsequence and
the limit is the same number 1, we may assert (2.1) which completes the proof.

Next, we prove some related facts about the asymptotic behaviour of |ul],
although Proposition 2.1 is enough for proving the next steps.

Proposition 2.2 For all g € (1,p), there exist constants C, X\ > 0, independent
of € such that

/G V]| < C (2.6)

for 7€ (0,1) and € € (0,7n) for some small n > 0.

Proof. As a minimizer of E7(u,G), u = u] satisfies the corresponding Euler
equation

—div(vP=2/2Vy) = Su(l—|ul?) in@ (2.7)
ulog =g, (2.8)
where v = |Vu|? 4+ 7. Set u = h(cos ¢,sin ¢) and h = |u|. Then
—div(v®=2/2p2V¢) = 0 (2.9)
— div(v®=2/2Vh) + h|Ve[?vP=2/2 = Lh(1 - h?). (2.10)

Fix 8 € (0,p/2) and set
S ={zeG;|hx)>1-e},h=max(h,1— ).

Multiplying (2.8) with h(1 — ), integrating over G and noticing that h|sg = 1,
we have

—/ U<P—2>/2hvwﬁ+/ v<P—2>/2|Vh|2(1_B)+/ o222 2 (1 - )
G G G

1 2 2 7
= [ Pa-ma -
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and thus we obtain

vP=D/2RVRVA < CeP (2.11)
G

by using (2.2) and the facts |Vul? = |[Vh|? + h?|V¢|? and h = |u| < 1. Since
h=1—-¢?onG\S,h=honS and h > 1/2 for £ > 0 small enough, (2.9)
implies

/U(P—Q)/2|Vh|2 < CeP
S
and hence

/ |Vh|P < CeP. (2.12)
S

On the other hand, from the definition of S and (2.3), we have
Cmeas(G \ §)e2° < / (1— |u2)? < Ce?,
G\S

namely
meas(G \ S) < CeP~28

and hence using (2.2) again we see that for any ¢ € (1,p)
/ |VA|? < meas(G — S)l—q/p(/ |Vh[P)I/P < CelP=20)(1=a/P)
G\S G

which and (2.10) imply the conclusion of Proposition 2.2.

Proposition 2.3 There exists a constant C independent of e,7 € (0,1), such

that
1

- 1- TP <C. 2.13
5 ) 0 < (2.13)

Proof. First we take the inner product of the both sides of (2.7) with u and
then integrate over G

/le P=2/27y)y /|u| — ul?).

Integrating by parts and using (2.2) and the Holder inequality we obtain

k. / (1 — Juf?) < / W DG [ oDy
G oG
< C+/ vP=D/2)y,,| (2.14)
oG
< cicC U(p—2>/2+0/ oP=D/2]y, 12
oG oG
< C+C | P2

oG
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where n denotes the unit outward normal to dG and u, the derivative with
respect to n.

To estimate [, vP/2, we choose a smooth vector field v = (v1,v) such that
v|sc = m, take the inner product of the both sides of (2.7) with v - Vu and
integrate over G. Then we have

f/ div(vP=2D2Vu) (v - Vu) = i/(1— [u?)(v - V|ul?).
G G

2eP
Integrating by parts and noticing |u|sq = |g| = 1 and
2 2 1 212 1 202 1:
(= [u*)@ Vu[")=—=5 | VA —|u])"-v=75 [ (1-|uf) divy
G 2 Ja 2 Je

yield

1
—/ v(p_Q)/2|un|2+/ w2274V (1. V) = —/(1—|u|2)2divu. (2.15)
G el 4e? Jq

(From the smoothness of v and (2.2), (2.3) we have

1
= G(l — |ul?)?|divy| < C (2.16)

/v(p72)/2VuV(v-Vu) < C/ v(p72)/2|Vu|2—|—l/v(p72)/2v-Vv
G e 2 Ja

1
< c+—/ v-V(oP/?) (2.17)
e
1 [ . P /2
< CH = | diviwwP’®) — = | vP/=dive
pPJa pJa
< C—i—l/ vP/?
P Joa
and
[ oo = [ oD g 4 )
oG oG
< / v P2y, 240 [ P2 (2.18)
oG oG

where g; denotes the derivative of g with respect to the tangent vector ¢ to 0G.
Combining (2.13)-(2.16) we obtain

/ 2o [ W92 oy l/ /2
8G 8G P Joa

/aG w2 <C (2.19)

and derive
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by using the Young inequality. Substituting (2.17) into (2.12) yields

1 2 2
S [P0 <0

which together with (2.3) implies (2.11).
Using Proposition 2.2 and Proposition 2.3, we may obtain the following
result which is similar to but stronger than the result in Proposition 2.1.

Proposition 2.4 Uniformly for T € (0,1),

lim [ul| =1 in C(G,R?).
e—0
Proof. From (2.6) and (2.11), we have

/ VT ||P+22 < Ce*, Ve e (0,m),7 € (0,1)
G

Ja-umeoes [a-prhs [a-up <o, vreo
G G G
Thus
11— |uZlllwr.ei2r2 (g r2) < Ce*, Vee (0,m),7 € (0,1)
and hence by the embedding inequality, we obtain

11— [ul]]lo(are) < Ce™

which is a conclusion stronger than (2.18).

3 Estimate for ||Vul| .

loc
The main goal of this section is to establish uniform estimates for [|[VuZ|[z; .

Proposition 3.1 There exists a constant C independent of e,7 € (0,n) for
small n > 0, such that

IVull Lk re) < C = C(K, 1) (3.1)

where K C G is an arbitrary compact subset and [ > 1.

Proof. Differentiate (2.7) with respect to z;

_ 1
_(U(p 2)/2%“)%% — E_p(u(l _ |U|2))w, .
Here and in the sequel, double indices indicate summation. o
Let ¢ € C§°(G, R) be a function such that { =1on K, {=0o0n G\ G1,0 <
¢ <1,|V(¢] < C on G, where K C G1 and G; CC G be a sub-domain. Taking
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the the inner product of the both sides of (2.7) with ;¢ 2 and integrating over
G, we obtain

L0200, (= 5 [ = VR - 5 [ COuPR,

Summing up for j = 1,2 and computing the term of the left side yield

2
/ €2U(p—2)/2 Z |Vuxj|2 + p ; 2 / (2v(p—4)/2|Vv|2
G . G
7j=1

1
= er

(1= WP)CTaP +2] [ 00220 0, (32
G G

Applying Proposition 2.1 and the Young inequality, we derive from (2.7) that
for any 0 € (0,1)

1 2\ 2 2
5 o
< /|u|—1|vu|2g2|div(v<P—2>/2vu)| (3.3)
G
< C/ <2U(U(p—2)/2|Au|+¥U(p—3)/2|vv|)
G
< 0(5)/ C2U(p+2)/2_|_5/ §2|Au|20(p_2)/2—|—6/ C2U(p—4)/2|vv|2
B G G G
<

2
C) [ oD s [ &30 Vur P46 [ o0,
j=2

where ¢, 7 € (0,7) with > 0 small enough. Since

_ I%v“’*?)/%xi #%2@(;»74)/2%%#% .

< CulPA2V(| Vol

D ) o

using the Young inequality again, for § € (0,1) we have

[ 6

< 0 [ o Dgugv (3.9
G
c [ o IEwop ([ wrl?vey
G G
5/ v(”*4)/2|Vv|2§2+C(6)/ o2 |VC2.
G G
Substituting (3.3) and (3.4) into (3.2) and choosing ¢ small enough,yield
2
/ €2U(p—2)/2 Z |Vux,|2 +/ CQU(p_4)/2|VU|2
G j=1 ! G

< c/ g2u<P+2>/2+0/ P2V e, (3.5)
G G

IA

IA
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Hence, by applying (2.2) to the last term, we obtain
/ CoP=H/2|7y|2 < C/ ColP+A/2 L, (3.6)
G G

Now we estimate [ Cv®Pt2/2 To do this, we take ¢ = ¢/7p(PT2)/24 ip the
interpolation inequality

[¢llLe < CIVEIT NN ae€(1,2),a=2(1-1/q).
Noticing that
|Vo| < CC2/q*1|V<|v(p+2)/2q + C<2/qv(p+2)/2q71|vv|’

we have

/Gc%(p-ﬂ)/? < C(/G ¢y (P+2)/20)a(1=) (3.7)

x(/ CQ/‘I_1|V§|U(”+2)/2‘1+/ ¢ ay(P+2)/2a=1 gy yax
G G

Since p > 2, we can choose ¢ € (1 + 2/p,2) and hence % < &. Thus using
(2.2) again,we derive that

/42/qv(p+2)/2q and / 42/q*1|vc|v(p+2)/2q
G G
are bounded by

C/ p(®P+2)/2¢ < C(/ oP/2)P+2)/rd < O
G G

Substituting these inequalities into (3.7) gives

/§2U(p+2)/2 < C(1+/ ¢2/ayPH2)/2a=1 7| 9o (3.8)
G G
< C[1+(/ §2v(p_4)/2|Vv|2)1/2(/ ¢4/a=2y(p+2)/a=p/2)1/2])qx
B e e
<

C + C(/ CQ,U(p—4)/2|V,U|2)qa/2(/ C4/q—2’v(p+2)/q_p/2)qa/2.
G el

Here we have used the inequality
(a+b)* < C(a* +b), (a,b>0).

Since ¢ € (1 + %,2), we have L& < 1,% — & < £, Thus, using the Holder
inequality and (2.2), we obtain

/ ¢Ha=2y(pt2)/a-p/2 < C’(/ Up/2)2(p+2)/pq—1 <C.
G G
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Hence from (3.8),we have for any ¢ € (0,1)

/(2 (+2)/2 < C+C(/ C2pP= /27y 2)ae/2
G

< 0(5)+5/ C2oP=H/2)gy|?
G

since & < 1. Combining the last inequality with (3.6) we derive

/ €2U(p—4)/2|vv|2 <C
G
or

[ vl <c
G

where w = vP/%. Since (2.2) implies [, (?jw|? < C, we have (w € W3(G, R),
and thus the embedding inequality gives

/ (Cw)' < C()
G

for any ! > 1, which implies (3.1) since ( =1 on K.

4 Estimate for |[Vul|rx
By means of the Moser iteration, from the estimate (3.1) we can further prove

Proposition 4.1 There exists a constant C independent of e,7 € (0.n) for
small n > 0 such that

IVaZ | e (x52) < € = C(K) (4.1)

where K C G is an arbitrary compact subset.

Proof. Given any zg € G. Let r be small enough and positive so that
B(xo,2r) C G. Denote Q,, = B(x0,7m), Tm = 7+5m. Choose ¢ € C5°(Qm, R)
such that ¢, = 1 on Qui1,|Vin| < Cr—12m, (m = 1,2,...). Differentiate both
sides of (2.7) with respect x;, multiply by C,anbuxj for b > 1 and integrate over
@m- Then

/ (02 20, ), (P, ),

m

= o) G- - o [ G,
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Similar to the derivation of (3.2) we can obtain

/ ¢2 (P2 2/2Z|V e 2+ p+2b / ¢2 o (PH2=4)/2) 72
J

e / P | [ 0P D2, ), Py G- (4:2)

Qm

Also for any § € (0,1), we have

1 2y 2 b4l
SRS

< / |u|_1C,2nvb+1|div(v(p_2)/2Vu)|

< C/ 2o P2 /2| Ay + Clp+2b-2) 2 p(PT2=2)/2y7y|(4.3)

Qm 2 Qm
< C((S)/ €n21,u(p+2b+2)/2+5 €n21,u(p+2b72)/2|Au|2
m Qm
+C(5)(P +2b-2) C2 (P +26+2)/2
2 m
Qm

+M/ Cﬁlv(p+2b‘4)/2|Vv|2

and

‘/ ( (= 2)/2 ) jvbuijmgmxi

C [ WP D2Ty|( V| (4.4)
Qm

< 5[ w02 4 o) / W(P+2/27 ¢ 12
Qm Q’n‘w,

where the constants C' and C(§) are independent of b, m,e, 7. Combining (4.2)
with (4.3)(4.4) and choosing ¢ small enough yield

anv(p+2bf4)/2|vv|2 <C U(P+2b)/2|<m|2 +C C?nv(p+2b+2)/2' (4.5)
Qm Qm Qm

To estimate [, 2 uPt20+2)/2 e take
¢ = C?ﬂ/qv(;v+2b+2)/2q
in the interpolation inequality (3.6) and observe that

2 2b+ 2
V| < aC?ﬂ/tz—l|V(m|v(z>+2l>+2)/2t1 + %@L/qv(w%w)ﬂq—lww
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Then we obtain

/ C2 (P +26+2)/2
m
Qm

< C(/ gﬁ{qv(p+2b+2)/2q)q(1a)<§/62 gﬁ@/q*1|vcm|v(p+2b+2)/2q

m

2b+ 2
+p+ - + / gﬁ/{qv(p+2b+2)/2qfllvv|)qa
q Qm

IN

2 g
C(\/cj? CE’L/QfU(;D-i-2b+2)/2(1)11(1—0()(a)qoz(/;2 C,%,L/q_l|V4m|v(p+2b+2)/2q>4.6)

2b+2
(2 - 2 + )qa(/ (22 (P+20+2) /241 7 |yaor
Qm

Now we estimate all integrals on the right-hand side of (4.6). Choose r small

enough so that meas(Q,,) < 1. In computing we need to notice that ¢ €
1+ %,2), which implies ¢ > 1 + ]ﬁ or %q% < %Qb. We have

C2/qv(p+2b+2)/2q
Qm

< / L (PH26+2)/2g

m

< (meas(Qu))i—(Pr2b+2)/atp20)) / p(PH20)/2) (4 2042)  (a(p+20)

m

IN

(/ U(p+2b)/2)(P+2b+2)/(Q(p+2b))7

m

/ Cfn/q71|vcm|v(p+2b+2)/2q < 2" (P H26+2)/2q
Qm " JQm
2m
iy / p(P20)/2) (0 26+2)/(a(3-+25))
T

IN

and

/ 20y (PH2042)/20-11 7y |

< ( ngv(p+2b74)/2|vv|2)1/2(/ C;ln/qf2v(p+2b+2)/lI*(:D+2b)/2)1/2
Qm m

< (/ C,%Lv(p+2b_4)/2|Vv|2)1/2(/ p(PH20)/2)(P+20+2)/(a(p+20))—1/2
Qm

Combining these inequalities with (4.5) and (4.6) yields
2m 2m 1+2/(p+2b) , P +2b+2 a/2 7142/ (p+2b)—qor/2
I < P 5 Z e, P FT 27T “yqogae/2 p q
V<O + (e + (e l
(4.7)
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where

L :/ 2 oP+2=0/2| g2 and I, :/ p(PH20)/2,
Qm

m

Let

P2 =™, = P/ s

with s > 2 to be determined later. Then (4.7) becomes

s™ + 2)ani10l/2I21+2/Sm—qa/2] )

2m 2™ 142/8™
Il<C[(—I2+( )4, +( 5

The Young inequality applied to the last term on the right-hand side yields

C(Sm + 2)qalfa/2121+2/(sm)fqa/2
2q
< 6L +C(6)[( +2)qa11+2/( )= qa/2]2/(2—qa)
< 5
5™ + 2 940/ (2—ga) 72(142/(s™)—qa/2) /(2—qa)
= 5L + C(8)(Z—2)290/(2—qq) 1 q qo)
L CO) () ;
Thus we obtain
2™ om
L < CO(— . )2 [2+( )an1+2/(s ) (4.8)

"+ 2)2qa/(2—qa) [202/(™)=a0/2)/(2ae)|

+( 5

By the embedding theorem, we have for any s > 1

[ G < el G [ 9w

m m m

C [ (Gmu) + /Q (V6P / & [Vul?)

< OO+ MR+ (PR,

IN

4
which by using (4.8), turns out to be

[ G < C<s>[<1+<ﬁ>2+é)?(?)%+<§>2<?>WI§+<%9>

s, M+ 2 e O L
2q )

If there exists a subsequence of positive integers {m;} with m; — oo such

that
IQI/ vsm,i/2<1,
Q,

then as m; — oo,
[0l 2oo(@u.r) < C(r) - (4.10)
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Otherwise, there must be a positive integer mg such that

Ig:/ vsm/Qzl, VYm > my .

m

Since
2 gy 2 g, 2 1 >1+2>1
sm 2’2 —qa sm 2 —
the exponent of the last term in (4.9) is higher than those of the other terms.
Now comparing the coefficients of the terms in (4.9), we have

Cpr, s (e

2(q—1)
and, if we choose s > 2q(%) e , 7 <1, then

—|—2 211a N Sm+2 2(2(1:1)> 2m 9

Co)® = ()% = (1

Therefore, the coefficient of the last term in (4.9) is greater than those of the
other terms. Hence we have

m m 2(q—1 2 1
s™ g8 +2) e ST

)*(

/ (Cmw)?®® < O( s

4 2q 2
or
[ ooy ([ e yaeesse (4.11)
Qm+1 m
2(q—1)
with some constant Cy > 0, Cy = ﬁ, Ci = s(H725)s, Using an iteration

proposition which will be stated and proved later, we also reach estimate (4.10).
Thus the proof of Proposition 4.1 is complete.

Proposition 4.2 Let Q,(m = 1,2,...) C G be a sequence of bounded, open
subsets such that Qi1 C Qm. If for any 1 > 1, v € LY(Q1, R) and there exist
constants A\, Cy,C1,Co >0, s > 1, As > 1, such that

/ |U|)\sm+1 dz < (COCIn)s(/ |U|>\sm dm)(l-&-Cz/s’")s,
Q71L+1

form=1,2,... then
HUHL‘”(QOO,R) < C(z)‘hcflz(/ |,U|,\s"o dx)As/()\sno)’
no

where Ay, As, A3 are constants depending only on s, Co, and ng is an arbitrary
nonnegative integer.
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Proof. From (4.12) by iteration, we obtain

/ |’U|/\sm+1 dx < C(A)chfm (/ |,U|/\s"0 dm)sm’_”'o‘*'lZm (4.12)
Qm+1 no
where

X = s+8Am 4.+ A1 At

Yo = ms+(m— 1)32)\m R T KRR W WP VY

Zm = Ang---Am—1Am

with Ay, =1+ Cy/s™. Since \j > 1for j=no—1,....m—1,m,..., Z, is an
increasing sequence. Noticing that In(1 + z) < z for z > 0, we have

InZy = Indgy +...+ A1 + 0y,
1 1 1
< )4 () (2™
< Gl O O
(L/s)™ _
S Oy =0

or Zy, < e7. Hence lim,, oo Zmym = Az exists. Clearly, we also have

Vs + s>+ ... 4 sm ot

Xm
Y ems + (m —1)s® + ... +nos™ "0,

<
<

From which it is easily seen that the following two limits exist:
limy, 00 s~ M X,, = Ay and limyy, o0 s~ (™YY, = A,. Taking the 1/Asmtl
power on the both sides of (4.14), letting m — oo, and noticing that

m—0o0

V|| o= R) — lim v As™ dl‘ 1/A87’L+1,
(R, R)
Qm+1

we obtain (4.13).

5 Completion of the proof

Once the locally uniform estimate ||Vu||z(x) is established, it is not difficult
to prove the following proposition.

Proposition 5.1 Let ¢ = & (1—|ul|?). Then there exists a constant C' inde-
pendent of e,7 € (0,n) with n > 0 small enough, such that

V2]l L (,r) < C = C(K),

where K C G is an arbitrary compact subset.
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Proof. Take the inner product of both sides of (2.7) with u,
1
— (™2 Vu)u = —Jul* (1= [uf*) = [ul*y
where u = ul,1 = ¢7. This and

2
Vi =——u-Vu
epb
—div(v®D2Vu)u = — div(vP2/ 2y - Vu) + vP~D/2|Vy|?

give
P
lulyp = v®P=2/2|Vu|? 4 % div(v®P=2/2vy).

Using Proposition 2.1 we obtain
Ly < 0@=2/217ul? + & div(v®-2)/2
51/} <P [Vul® + 5 div(v'? V), Ve, € (0,m).
Since at the point where ¥ achieves its maximum, V¢ = 0, Ay < 0, and
div(v®=2/2vy) = P22 Ay + ]9;2@(17*4)/2va¢ <0
9 =Y,

we derive (5.1) from (5.2) by using Proposition 4.1.

To complete the proof of Theorem 1.1, we apply a theorem in [12] (Page
244 Line 19-23). Now according to Proposition 5.1 the right hand side of (2.7)
is bounded on every compact subset K C G uniformly in ¢,7 € (0,n). Thus
applying the theorem in [12] (Page 244) yields

ulllersxy < C = C(K) (5.1)

for some 3 € (0, 1), where the constant C' does not depend on &, 7 € (0,7). From
this it follows that there exist a function u. and a subsequence u* (e, 7 — 0,
as k — oo) of uZ, such that

lim ul* =u,, inC (K, R?),a € (0,0).

k—o0

By an argument similar to that in the proof of (1.1) and (1.2), we obtain

. . 1, 2

E}irgoug =up, in WHP(K,R?).
Certainly u, = u,. From the fact that any subsequence of u] contains a sub-
sequence convergent in C1*(K,R?) and the limit is the same function u,, we

may assert
lim ul =wu,, in CY*(K,R?). (5.2)

e, 7—0

On the other hand, for any € € (0,7), as a regularizable minimizer of F.(u,G),
@i is the limit of some subsequence uZ* of u7 in WHP(G, R?). For large k, uT*
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satisfies (5.3) and hence it contains a subsequence, for simplicity we suppose it
is ul* itself, such that

lim v =w, in CY*(K,R?)

k—o0

where the function w must be @.. Combining this with (5.4) we finally obtain
o~ . o 2
l%ugzup, in CV(K,R?)
and complete the proof of Theorem 1.1.

Remark Using Proposition 2.4 instead of Proposition 2.1 we may also prove
our theorem. In this way, we may obtain (3.1), (4.1) and (5.1) for € € (0,7),7 €
(0,1) instead of those for £,7 € (0,1). The remainder of the proof is just the
same as above.

6 Extension of the argument

Our argument can be extended to the higher dimensional case. Let n > 2 G C
R™ be a bounded and simply connected domain with smooth boundary 0G, and
g:0G — S"! = {z € R";|z| = 1} be a smooth map with d = deg(g,dG) = 0.
Consider the functional

1 1
_ P 232
Ee(u,G)fp/G|Vu| tim [a-mPE >0

and its regularized functional
. 1 1
P26 == [ (vap o+ [ - lR (e >0)

on

W, = {v e WHP(G,R");v|ac = g}
Similar to the case n = 2, we may prove that if p > 1, then E.(u,G) and
E7(u,G) achieve their minimum on Wy by some u. and ul; u. and u] satisfy

—div(|Vu[P2Vu) = Eipu(l —|u]?), inG

and

1
—div(? P/2Vu) = —u(l ~[u]?), inG
€
respectively where v = |Vu|? + 7, and
luel, luz] <1, inG.

It can also be proved that if p > 1, then there exists a subsequence u., of
u, with €, — 0 such that

lim u., =up, in W'P(G,R™)

er—0
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where u, is a p-harmonic map with boundary value g. However, differ to the

case n = 2, here we can only prove the convergence for a subsequence because

of the lack of uniqueness result for p-harmonic map with given boundary value.
Similarly, for some subsequence we have u™ (73, — 0) of ul

lim ul* = 4., inWhP(G,R™)

T —0

and the limit 4. is a minimizer of E.(u, G), called regularizable minimizer. The
main result is the following

Theorem 6.1 Assume that p > 2n — 2 and d = deg(g,0G) = 0. Let 4. be a
reqularizable minimizer of E.(u,G). Then there exists a subsequence U, of U,
with e, — 0 such that for some o € (0,1)

. ~ . 1, n
lim 4., =u m CY(G,R™).
Ekﬁo €k y 2 loc ( I )

The proof is similar to the case n = 2. First we have

lim0|ug| =1 in C(G,R™)

£,T—

and also .
lim |ul|=1 in C(G,R")
e—0

uniformly for 7 € (0, 1).
Next we prove
IVulllpigrmy < C = C(K,1)

where K C G is an arbitrary compact subset and [ > 1.

For this purpose, we proceed as in section 3: first differentiate (6.1) with
respect to x;, take the inner product of the both sides with C%buxj b >0),
where ¢ € C§°(G, R) with 0 < ¢ < 1, and integrate over G. Then as in (3.5)
and in (4.5), we obtain

/CQU(p+2b—4)/2|VU|2 SC/ CQU(p+2b+2)/2+C/ ’U<p+2b)/2|VC|Q. (61)
G G G
Using the interpolation inequality

¢l < OVl 9l a€ (Ln/(n—1)), a=n(g—1)/q

for ¢ = ¢2/9y(P+2042)/24 t estimate the last term of (6.3) yields
/ C2v(p+2b—4)/2|vv|2
G
< C/ |V¢|2oPt2h)/2
G
—|—C(/ €2/qv(p+2b+2)/2q)q(1—6)(/ €2/q—1|Vc|v(p+2b+2)/2q)qﬁ
G G

Lo / 2/ 26+2) /200 / A2 (0 2042) [a— (4 26) /2) s
G G
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where the constants A1, Ay > 0 depend on p, ¢, b, @ only. Set w = v(P+20)/4,
Since p > 2n — 2, we may choose g € (1 —2/p,n/(n — 1)) such that

p+264+2 p+2b p+204+2 p+2b p+2b
< and - < .
2q 2 q 2 2

Then use the Holder inequality to obtain

Jemvup <o [ vepur o[ (v,

where the constants C' and A > 0 are independent of £ and .
Now we choose ¢ such that ( = 1 on Gy, where G1, Gy are sub-domains of
G satisfying K € G1 CC Gy CC G, ¢ =00n G\ Gy, |V¢| < ConGandb=0.
From
BT (ul,G) < EZ(u,,G) < C

we have
[ evur<c
G
and hence ||(wl|z2(grr) < C. By the embedding theorem,
(- /G ()" < Clcuwllpazn <C, (62)
where r < =% Clearly r = 2 + > 2_”2. Choosing r = 2 + n% in (6.5) and

noticing that ( =1 on G; we see that Vu € L (Gy)and
/ [Vul** < C, (6.3)
G1

where s1 = p+ %. In the present case n > 2, we can not derive (6.2) directly by
using the embedding theorem once. To prove (6.2) we choose G3, a sub-domain
of Gy, such that K C G CC Gy and ( =1 on Ga,{ =0 on G\ G1,|V¢| < C
on G. Set b= 2, w = v®+4/"/4 Then from (6.6)

/ w2:/ v(p+4/n)/2:/ Vul* < C,
G4 G1 G1

ClVu|* < C

and from (6.4),

G1
Thus ||Cw||z2(q,rr) < C. Applying the embedding theorem to (w, we obtain

/|Vu|82§0
G2
where
4(n+2) 4  4(n+2) 8 8
so=s1+———=p+—-—+—5—=p+-—+—
n n n n o n
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For a given I > 1, proceeding inductively, we find an s; for some i such that

s; > 1 and
/ [Vu
G;

where G; is a sub-domain of G;_; such that K ¢ G; cCC G;_1 CC ... CC G.
Thus (6.2) is proved.

The remainder of the proof is just the same as in sections 4 and 5. However,
we are not able to establish the convergence for the full 4. because of the lack
of uniqueness result for the p-harmonic map with the given boundary value.

s,;§07
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