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POSITIVE SOLUTIONS FOR SECOND-ORDER M-POINT
BOUNDARY-VALUE PROBLEMS WITH NONLINEARITY
DEPENDING ON THE FIRST DERIVATIVE

LIU YANG, XIPING LIU, CHUNFANG SHEN

ABSTRACT. We consider multiplicity of positive solutions for second-order m-
point boundary-value problems, with the first order derivative involved in the
nonlinear term. Using a fixed point theorem, we show the existence of at least
three positive solutions. By giving an example we illustrate the main result of
the article.

1. INTRODUCTION

Multi-point boundary-value problems for ordinary differential equations arise in
different areas of applied mathematics and physics. For example, the vibrations
of a guy wire of uniform cross-section and composed of N parts of different densi-
ties can be set up as a multi-point boundary-value problem,many problems in the
theory of elastic stability can be handled as multi-point boundary-value problems
too.Recently, the existence and multiplicity of positive solutions for nonlinear or-
dinary differential equations and difference equations have received a great deal of
attentions.To identify a few,we refer the reader to [Il [5l 10, 1T, 12] and references
therein. Ma and Wang [I3] obtained the existence of one positive solution for more
general three-point boundary-value problem

' (t) + a(t)u' (t) + b(t)u(t) + h(t) f(u) =0, te (0,1), (1.1)
u(0) =0, wu(l)=cauln), 0<n<l, (1.2)

under the assumption that f is either suplinear or sublinear, and that the following
conditions are satisfied:

(H1) f € C([0,+00), [0, +00))

(H2) h € C([0,1],]0,+00)) and there exists o € (0,1) such that h(zg) > 0
(H3) a € C[0,1], b e C([0, 1], (—00,0])

(H4) 0 < ag1(n) < 1, where ¢y is the unique solution of the linear problem

1(t) +a(t)i(t) + b(t)p1(t) =0, t€(0,1), (1.3)
$1(0) =0, ¢:1(1) =1 (1.4)
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In [13], the authors used a fixed point theorem for a mapping defined on Banach
spaces with cones, by Guo and Krasnosel’skii [6]. However all the above works about
positive solutions were done under the assumption that the first order derivative
7' is not involved in the nonlinear term. On the other hand, to the best of our
knowledge, there are very few work considering the multiplicity of positive solutions
with dependence on derivatives.

In this paper, we consider the existence of at least three positive solutions for
the equation

2" (t) + a(t)x' (t) + b(t)z(t) + f(t,z(t),2'(t)) =0, te€(0,1), (1.5)

subject to the boundary conditions

m—2
2(0) =0, z(1)= Y az(&), (1.6)
=1

or to the boundary conditions

m—2

2'(0) =0, z(1)= Z ;z(&), (1.7)

where &; € (0,1), a; > 0,i=1,2,...,m — 2 are given constants.

The interest in triple solutions evolved from the Leggett-Williams fixed point
theorem [9]. When 2’ does not appear in nonlinear term there are results about
several nonlinear ordinary differential equations, obtained by the Leggett-Williams
fixed point theorem; see [7, [8]. Recently Avery and Peterson [2], Bai and Ge [3]
generalized the fixed point theorem of Leggett-Williams by using theorem of fixed
point index and Dugundji extension theorem. As applications of the results in [3, 4],
it has been obtained the existence of triple positive solutions of the boundary-value
problem

2" (t) +a(t) f(t,z(t),2' () =0, 0<t<1, (1.8)
z(0)=z(1)=0, or z(0)=2'(1)=0. (1.9)

By using the main results of [3] [13], we give some simple criteria for the existence

of multiple positive solutions for problem ([1.5)) subject to (1.6]) or (|1.7).

2. BACKGROUND DEFINITIONS AND PRELIMINARIES

For the convenience of the reader,we present here the necessary definitions from
cone theory in Banach spaces. This definitions can be found in the literature.

Definitions. Let E be a real Banach space over R. A nonempty convex closed set
P C E is said to be a cone provided that (i) au € P, for all uw € P, a > 0, and (ii)
u, —u € P implies u = 0.

Note that every cone P C E induces an ordering in F given by x < y if y—x € P.

An operator is called completely continuous if it is continuous and maps bounded
sets into precompact sets.

The map « is said to be a nonnegative continuous convex functional on cone P
of a real Banach space E provided that a: P — [0, 400) is continuous and

alte + (1 —t)y) <ta(z)+ (1 —-t)aly), Vz,ye Pte]|0,1].
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The map [ is said to be a nonnegative continuous concave functional on cone
P of a real Banach space F provided that § : P — [0,400) is continuous and
Bt + (1 —t)y) > t8(x) + (1 —t)B(y), for all z,y € P and ¢t € [0,1].

Suppose 0,7 : P — [0,+00) are two nonnegative continuous convex functionals
satisfying

lz]| < kmax{6(z),y(x)} for x € P, (2.1)
where k is a positive constant,and
Q={zxePl(z) <rv(x)<L}#0, r>0,L>0. (2.2)

Let r > a > 0,L > 0 be given, 7,0 : P — [0,400) be nonnegative continuous
convex functionals satisfying (2.1)) and (2.2)), & be a nonnegative continuous concave
functional on P. Define the following convex sets:

P(y,L;0,r) ={z € Ply(z) < L,0(x) <r}
P(y,L;0,r) = {z € Ply(z) < L,0(z) < r},
P(y,L;0,r;0,a) = {z € Ply(z) < L,0(z) <r,a(z
P(y,L;0,1;0,a) = {z € Ply(z) < L,0(x) < r,a(x) > a}.
Lemma 2.1. Let F be a Banach space,P C E be a cone andry > ¢ > b > ry >
0, Ly > Ly > 0 be given. Assume that v,0 are nonnegative continuous convex
functionals on P such that (2.1), (2.2)) are satisfied. « is a nonnegative continuous
concave functional on P such that o(z) < 0(x) for all x € P(v, La;60,72) and let

T : P(y,La;0,r2) — P(v,L2;0,73) be a completely continuous operator. Suppose
that

(S1) The set {z € P(v, La;0,c;a,b) : a(x) > b} is not empty, and o(Tx) > b
for x in P(v, La;0,c;a,b);
(S2) v(Tz) < Ly, 0(Tx) <1y for all z € P(v, L1;0,71);
(S3) a(Tx) > b, for all x € P(v, La; 0, r9; o, b) with (Txz) > c.
Then T has at least three fived points x1, T2, x3 in P(vy, La;0,12). Further,
x1 € P(vy,L1;0,7m1); x2 € {P(v,L2;0,72;,b) : a(x) > b},

r3 € ?(77 L27 07 TQ) \ (P(Va L25 0; 25 &, b) Uﬁ(’ya Lla 97T1))'

3. POSITIVE SOLUTIONS OF (|1.5), (1.6

To state the main results of this section,we need the following lemma, which was
established by Ma and Wang [13].

Lemma 3.1. Assume that (H3) holds. Let ¢1, @2 be solutions of , , and
2(t) +a(t)ph(t) + b(t)pa(t) = 0, te(0,1), (3.1)
$2(0) =1, ¢2(1)=0. (3:2)

Then ¢1 is strictly increasing and ¢ is strictly decreasing on [0,1].

Inspired by [13], we state following lemma which can be regard as a natural
extension.

Lemma 3.2. Suppose (H3) and
m—2

0< Z a;ip1(&) < 1. (3.3)

=1
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Then the problem

2"(t) + a(t)a’ (t) + b(t)z(t) + y(t) =0, te(0,1) (3.4)
#(0) =3 il (35)
is equivalent to integral equation
/ G(t, 5)p(s)y(s)ds + A (2), (3.6)
where
m—2 1
- et [ Gt (3.7
o) = e ([ ayis). p= 100 (33)
_ 1] ¢i(t)da(s) s>t
G“’s)‘p{ br()on(t) s <t,

u(t) >0 ify(t) >0
The proof of this lemma is very similar to a proof in [13], so we omit it here. Let
- D1(t) Pa(t)
q(t) = min , , tel0,1
=t el 10
where |y(t)|o = max|y(t)|,t € [0, 1].
The following Lemma was also established by Ma and Wang.
Lemma 3.3. Suppose (H3) and (3.3) are satisfied, y € C[0,1],y > 0, then the

solution of (3.4)-(3.5)) satisfies

u(t) > |ulog(¢),t € [0, 1]. (3.9)
Thus, for any § € [0, 1/2], there exists A such that
u(t) > Mulo,t € [6,1 — 4], (3.10)
where A = min{q(¢) : t € [§,1 — d]}. Let
_max/Gts ds+ ’1% /G&,
0<t<1 1 2 i1 (&)
= max |/ aG ds + Zl — zl(ﬁl() / G (&, s)p(s)ds|;
0sts1 L= aid(&) Jo
m—2 1-06
me min [ Gt s)p(s)ds + —2imt 1(0) / (&, 5)p(s)ds
ost<1-6 Js 1- Zizl az(bl(gz)

To present our main results, we assume there exist constants ro > % >b>r; >0,
Lo > Ly > 0 such that % < min{ 32, %} and the following assumptions hold:
(A1) f(t,u,v) € C([0,1] x [0,400) X R, [0, +00));
(A2) f(t,u,v) <min{ry/M,L1/N}, (t,u,v) € [0,1] x [0,r1] X [-L1, L1];
(A3) f(t,u,v) >b/m, (t,u,v) € [6,1— 0] x [b,b/A] X [—La, La];
(A4) f(t,u,v) <min{ry/M,Ls/N}, (t,u,v) € [0,1] x [0,7r2] X [—La, La].
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Theorem 3.4. Under assumption (A1)-(A4), (H3), (3.3), Problem (L.5)-(1.6) has

at least three positive solutions x1,xs,x3 satisfying

< / < .
Orgdg}i 21(t) < Tl,orél?%(l |21 (¢)| < Lq;

i < < ! < Lo:
b< nin  zo(t) < max za(t) < ra, max [w5(t)] < Lo; (3.11)
b
< = ! < Lo.
Jax, r3(t) < N dnax |z3(t)] < Lo

Proof. Problem (|1.5))-(1.6]) has a solution x = z(t) if and only if  solves the operator
equation

/ G(t,s)p ,x(s),2'(s))ds + Ay (t) = (Tz)(t), 0<t<1.

Let X = C'[0, 1] be endowed with the ordering = < y if x(t) < y(¢) for all ¢ € [0, 1],
and the maximum norm

o] = max { w2 (2)], gmax, Ja' (1)}
Define the cone P C X by
= > i > .
P={ze X|z(t) > O’ggrtngl?faz(t) > MNz(t)]o,t € 0,1]}
Define functionals
(@) = max |o'(t)], 6(z) = max |=(t)],

= mj X.
o(z) = min |z(t)], for z €

Then ~,6 : P — [0,400) are nonnegative continuous convex functionals satisfying
and ; « is nonnegative continuous concave functional with a(z) < 6(z)
for all z € X.

Now we verify that all the conditions of Lemma [2.1] are satisfied. If z €
P(v, La; 0,73), then v(x) < La,0(z) < ro and assumption (A4) implies

f(t (1), 2'(6) < min{22, 12,

N’ M
consequently
— !
o(T 7(}2?2(1/ G(t,s)p ,x(s),2'(s))ds
L ol /Ga, )56,/ (5))ds]
1_ 1 1 aij)l
g—max/Gts()ds+ 211%% /Gfu ds]
M o<t<1 1->0 1 a1¢1
oy
< —[max [ G(t,s)p(s)ds + 21 ‘ /Gz,
M 0<t<1/ 1= Oéz¢1 (&) ¢ ds]
S MM =T9.
Also

(70 = o | [ 20D 4) 6,000, )
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El 1 Pl G( s),2'(s))ds
1- z 1 O‘zﬁb (fz)/ fz, ( ( >’ ( )) |
G(

L2 t7$) Zz 1 Z¢/ /
=2 o | /O i o)+ S S [ Gt oo

z 1
L
SiN L,.

IN

Hence,T : P(v, L2;0,79) — P(7, L2;0,75) and T is completely continuous on [0, 1].

In the same way, if x € P(v, L1;0,71), then assumption (A2) yields

i
t,x(t t

(1 2(1), (1)) < minf 2 L

As in the argument above,we can obtain that T : P(y, L1;6,71) — P(v, L1;0,71).

Therefore, condition (S2) of Lemma satisﬁed.

0<t<I.

To check condition (S1) of Lemma [2.1) we choose x(t)
see z(t) = & € P(v,L2;0,c;0,b) and o(3) > b. So {xEP
b)} # 0. IfxeP('y,Lg,Hcozb) we have b < z(t) < 2, |z
1 — 4. From the assumption (A2), we have

b
t,x(t), 2’ (t) > —.
F(t,2(t),2"(t) > —
By the definition of o and the cone P,

= g = c. It’s easy to
(7, L2; 0, c; a, b)|a() >
(¢

)| < Ly for § <t <

a(Tx) = 6<Itn<1{1 6/ G(t,s)p ,x(s), 2’ (s))ds
Z:n 12 1¢1 ,
e / G(s, )p(3)f (s 2(s), o' (5))ds]
1-6 1-6
> L win ([ Gleoplo)ds + - —Zz “j’fz S ACCRIO
== im1 s
b : =0 Z az¢1( ) =0
b
> —m=b.
m

Then o(Tx) > b, for all x € P(v, La; 0, c;,b). This shows that condition (S1)
of lemma is also satisfied. Finally we show (S3) holds too. Suppose z €
P(v,L2;0,79;,b) with 6(Tz) > 2. Then,by the definition of o and Tz € P, we
have

. b
a(Ta) = min |(Ta)(®) > A- max, |(T2)(t)] = A-0(Tw) =X+ 3 =b,

>

So condition (S3) of lemma is satisfied. Therefore, Lemma yields that
problem ([1.5)-(|1.6) has at least three positive solutions 1, z2,x3 in P(v, Lo; 0,72)
and (3.11]) is satisfied. O

Remark 3.5. In Lemma we need only T : P(v, La;0,12) — P(v, L2;0,12);
therefore, condition (A1) can be substituted with the weaker condition

(C1) feC([0,1] x [0,72] x [=La, La], [0, +00)).
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From the proof of Theorem [3.4] it is easy to see that, if conditions like (A1)-(A4) are
appropriate combined, we can obtained an arbitrary number of positive solutions
for this problem.

Corollary 3.6. Suppose condition (A1) is satisfied and there exist constants 0 <
ry < b <b1/>\§7’2 < by <b2/)\ STH,O<L1 <Ly <--- §Ln,1,n€N, such
that
Tit1 Li-i—l}
M’ N
If the following two conditions are satisfied then problem (1.5)-(1.6) admits at least
2n — 1 positive solutions.
(E1> f(t u ’U) < I’Illl’l{M, N (t u U) € [07 1] X [Oari] X [_Li7L’i]7 1 S ] S n;
(E2) f(t,u,v) > (t u U) [5a1_5]x[b27bf} x[_Li-‘rla_LH-l];lSiSn_l'

Proof. When n = 1, it follows from condition (E1) that
T: ﬁ(,ya Lla 07 7"1) - P(’% L17 07 Tl) g ?(77 L17 9, Tl)'

b;/m < min{

m’

Then by Schauder’s fixed-point theorem, T has at least one fixed point z; in
P(vy,L1;0,71). When n = 2, it is clear that Theorem holds. Then we can
obtain at least three positive solutions xo, x3,x4. Along this way, we can complete
the proof by the induction method. ([

4. POSITIVE SOLUTIONS OF (|1.5), (1.7)

In this section we study problem ([1.5), (1.7). The method and existence results
are remarkable analogous to those in section 3. First, we give some Lemmas.
Suppose ¢3 is the unique solution of the linear boundary-value problem

5(t) 4+ a(t)gs(t) + b(t)¢1(t) =0, te(0,1), (4.1)
$5(0) =0, ¢3(1)=1 4.2

satisfying
m—2
0< Z a2¢3(£z) < 1. (43)
i=1
Then problem
2" (t) + a(t)x’ (t) + b(t)x(t) + y(t) = 0,t € (0,1) (4.4)
m—2
z'(0) = 0, x(l) = Z a;x (&), (4.5)
is equivalent to integral equation
o) = [ Galt.p(s)y()ds + Ara(t), (46)
0
where
A= — 11 o / G (&, 9)p(s)y(s)ds, (47)
pt) = exp( [ a(s)d9), 1 = ~a5(0)6400), (48)
0



8 L. YANG, X. LIU, C. SHEN EJDE-2006/24

p1 | ds(s)d2(t) 0<s<t<1,
() >0 ify(t) > 0.

Let (H3), (4.3) be satisfied, substituting ¢;(t) with ¢3(t), we can obtain a similar
result as in lemma [3.3] Let

Cults) = — {¢3(t)¢’2(5) 1252120

. _
— 1 Qi
M= gax, [, Crlbolp(e)ds+ = 11%%@/7*%
1
N; = max | 5’Gli(t’S)p(s)ds4— iy L azq’)3 / G1(&, s)p(s)ds|;
0<t<1 Jy ot 1— z 1 az¢3 gz
1-5
m; = min G (t, s)p(s)ds + iy Z‘“ﬁg( ) / G1(&, s)p(s)ds
5<t<1-5 Js =370 aigs(&)

Analogous to Theorem using results established above, it is not difficult to
show that problem (|1.5)),(|1.7]) has at least three positive solutions.

Theorem 4.1. Suppose conditions (H3), [£.3), (C1) are satisﬁed and there exist
constants ro > )\— >b>ry >0, Ly > Ly >0 such that -~ < mln{M ’Nl} and
the following assumptions hold:

(A5) f(t,u,v) < min{rl/Ml,Ll/Nl}, (t,u, U) S [0, 1] X [0,7‘1] X [—Ll,Ll];

(A6) f(t,u,v) >b/mq,(t,u,v) € [0,1 — ] X [b,b/A1] X [—La, La];

(A7) f(t,u,v) < min{ry/My, Ly/N1}, (t,u,v) € [0,1] X [0,72] X [—La, La].
Then problem , has at least three positive solutions x1, o, satisfying

< ! < Lq:
Oglgglxl(t) <7, max |21 ()| < Ly;

i < < / < Lo;
b< Klgg{l_gz(ﬂ < mmax zo(t) <72, fax |25(t)| < Lo (4.9)

< — < L.
qoax ws(t) < 5= anax |5 (t)] < Lo

Further we can establish following multiplicity results of problem (1.5)), (L.7]).

Corollary 4.2. Suppose condition (A1) is satisfied and there exist constants 0 <
ry < by <b1/>\§7‘2 < by <b2/)\ <rp, 0< 1 <Lyg<--- <L, 1,nEN, such
that

Ti+1 Li+1}

M’ N

If the following two conditions are satisfied then problem , admits at least
2n — 1 positive solutions:

b;/m < min{

(E3) f(t,u,v)<min{M ’J%h} (t,u,v) € [0,1] x [0,7;] X [-L;, Li], 1 <i < n;
(B4) f(t,u,0) > 2o (t,u,0) € [6,1=0] X [bi, ] x [~ Liy1, —Lita), 1 <i <n—1

5. EXAMPLES

In this section we present an example to illustrate our main results. Consider
the boundary-value problem

2/ (t) —z(t) + f(t,z(t),2'(t)) =0, 0<t<1

5.1
2(0) = 0,2(1) = e/22(1/2), (5.1)
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where

fltu,v) =

1fel+ut+(185)° 0<u<s
5 e +6254 (1g55)° u>5

Considering lemma we obtain

eltt —el-t 2¢
(bl(t): €2 1 ) (bll( ):ﬁ7
o2t _ ot 1 s —e3
t) = tH)y=1, 6=-, A=
¢2() 2_1 3 p() ] 47 62—17

_Orgfé(l/GtSdS—F 1/2¢1 1/2/G1/28

~(e+1—2eY2)(14el/2 +€3/2)
B e+1 '

1/2¢1 1/4
m:iglgi/Gt8d8+1—61/2¢11/2/G1/28

4

L, oo
2 e—1
1 1/2 41 1
_ IG(L, s) el/2¢) (t)
N*o??g’{l'/o o BT —61/2¢1(1/2)/0 G(1/2, 5)ds|
(61/2 —1)(e2+1)
N e—1 '
Choose 1 = 1, ro = 1000, b = 4, L; = 10, Ly = 1000, then mln{M7 )= 1\147

min{?2, 22} = 1800 We can check that conditions (C1), (H3), (3.3) are satisfied
and that f(t,u v) satisfies

1
ft u,v) < i for (t,u,v) € [0,1] x [0,1] x [—10,10];
4 13 4
ft u,v) > g for (t,u,v) € [Z’ Z] x [4, X] x [—=1000, 1000];
1000

ft,u,v) < R for (t,u,v) € [0,1] x [0,1000] x [—1000, 1000].

Then all assumptions of Theorem hold. Thus, (5.1) has at least three positive
solutions x1, xo, x3 satisfying

< < 10;
Joax, z1(t) <1, Joax, |1 (t)] < 10;

i < < S| < ;
4< irgntlg% xa(t) < [ax x2(t) < 1000, fax, |25 (t)] < 10005

(t <4 |5 (¢)] < 1000
Oréltagxlxg ) < 3 Orgtax x4 < .
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Remark 5.1. We see that the nonlinear term involves the first order derivative
and can it change sign. The early results for multiplicity of positive solutions, to
the author’s best knowledge, are not applicable to the problem above. Meanwhile,
as the nonlinear term does not satisfy the suplinear or sublinear condition even if
the nonlinear term is f(¢,u,v) = f(u), we can not obtain even one positive solution
of this problem from [13].
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