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OSCILLATION CRITERIA FOR SECOND-ORDER NEUTRAL
DIFFERENTIAL EQUATIONS WITH DISTRIBUTED
DEVIATING ARGUMENTS

GAIHUA GUI, ZHITING XU

ABSTRACT. Using a class of test functions ®(¢, s, T") defined by Sun [I3| and a
generalized Riccati technique, we establish some new oscillation criteria for the
second-order neutral differential equation with distributed deviating argument

b
(r(OYE)Z (1) + / 9(t,€) Fl(g(t, €)]do(€) =0, ¢ > to,

where Z(t) = z(t) + p(t)x(t — 7). The obtained results are different from most
known ones and can be applied to many cases which are not covered by existing
results.

1. INTRODUCTION AND PRELIMINARIES

Consider the second-order neutral differential equation with distributed deviat-
ing argument

b
(T(t)d)(x(t))z’(t))”r/ q(t, ) fla(g(t,€))]do(€) =0, ¢ > to, (1.1)

where Z(t) = x(t) + p(t)z(t — 7), 7 > 0, and the following conditions are assumed
to hold without further mentioning;:

(A1) r,p € C(I,R) and 0 < p(t) < 1, 7(t) > 0 for t € I, [T 1/r(s)ds = oo,
I = [tg,00);

(A2) ¢ € CY(R,R), () > 0 for x # 0;

(A3) feCR,R), zf(x) > 0 for x # 0;

(Ad) ¢ € C(I % [a,b],]0,00)) and q(t,&) is not eventually zero on any half-line
[tuvoo) [ a, ]7t > lo;

(A5) g € C(I X [a,b],[0,00)), g(t,&) <t for t >ty and & € [a,b], g(t,€) has a
continuous and positive partial derivative on I x [a,b] with respect to the
first variable ¢ and nondecreasing with respect to the second variable &,
respectively, and lim inf; . g(¢,€&) = oo for £ € [a, b];

(A6) o € C([a,b],R) is nondecreasing, and the integral of is in the sense of
Riemann-Stieltijes.
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Let 7*(t) = min{7(t) =t — 7, §(t) = min g(¢,§) for £ € [a,b]} and let T* =
min{7*(t) : ¢ > 0} and 7*,(t) = sup{s > 0 : 7%(s)] < t} for t > T*. Clearly
T*,(t) > tfor t > T*, 7*,(t) is nondecreasing and coincides with the inverse of 7*(t)
when latter exists. By a solution of we means a nontrivial real-valued function
x(t) which has the properties Z(t) € CY([r*,(t0),00),R), and r(t)(z(t)Z'(t) €
Cl([t*1(to),00),R). Our attention is restricted to those solutions z(t) of
which exist on some half-line [t;, 00) with sup{|z(¢)| : ¢ > T} > 0 for any T > t,,
and satisfy (L.I). As usual, a solution z(t) of is called oscillatory if the set
of its zeros is unbounded from above, otherwise, it is called nonoscillatory. is
called oscillatory if all solutions are oscillatory.
We note that second order neutral delay differential equations have various ap-
plications in problems dealing with vibrating masses attached to an elastic bar and
some variational problems, etc. For further applications and questions concerning
existence and uniqueness of solutions of neutral delay differential equations, see [g].
In the last decades, there has been an increasing interest in obtaining sufficient
conditions for the oscillation and/or nonoscillation of solutions of second order
linear and nonlinear neutral delay differential equations with distributed deviating
arguments (see, for example, [4, [10, 14 16, [17] and the references therein). Very
recently, in [16], the results in [5] [I1L [15] for second order differential equations have
been extended to .
For other oscillation results of various neutral functional differential equations
we refer the reader to the monographs [11 2], B] 6 [7].
The purpose of this paper is to establish some new oscillation criteria for
by introducing a class of functions ®(t,s,T) defined in the recent paper [13] and
a generalized Riccati technique. Our results are different from most known ones
in the sense that they are given in the form that limsup,_,.[-] is greater than a
constant, rather than in the form limsup,_, . [] = +o0o0. Thus, our results can be
applied to many cases, which are not covered by existing ones.
Following the idea of Sun [13], we say that a function ® = ®(t,s,T) belongs
to a function class X, denoted by ® € X, if & € C(E,R), where E = {(t,s,T) :
to < T < s <t< oo}, which satisfies ®(¢,¢,T) = ®(t,T,T) = 0, ®(¢,s,T) # 0 for
T < s < t, and has the partial derivative 9®/0s on E such that 0®/0s is locally
integrable with respect to s on F.
We now recall to introduce another class of functions defined by Philos [11] which
is used extensively. Let Dy = {(¢,8) : t > s > to} and D = {(¢,s) : t > s > to}. Say
that H € C(D,R) belongs to a function class Y, denoted by H € Y, if H(¢,t) =0
for t > to, H(t,s) > 0 on Dy, H has continuous partial derivatives on Dy with
respect to t and s.
Let us state three sets of conditions commonly used as in literature; see for
example [12] [16], which we rely on:
(S1) f'(z) exists, f'(x) > k1 and ¥ (z) < L™! for = # 0;
(S2) f'(x) exists, f/(x)/v(x) > ko for x £ 0;
(S3) f(x)/z > ks and ¥(x) < L~ for z # 0,
where ky, ko, k3 and L are positive real numbers.

In addition, we will use the following conditions as in [12] [16]:

(N1) There exists a positive real number M such that +f(+uv) > M f(u)f(v)
for uv > 0;

(N2) wy)’(u) > 0 for u # 0.
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In order to prove our theorems we need the following three Lemmas whose proof
can be found in [16].

Lemma 1.1 ([I6]). Suppose that (S1) and (N1) are satisfied. Let x(t) be an even-
tually positive solution of (1.1). Then there exists a Ty > tog such that
Z(t)>0, Z'(t)>0 (r®)w(z@)Z'(t)) <0, fort>T,. (1.2)

Moreover, fort > Ty,

b
(T(t)w(ﬂf(t))z’(t))’+Mf[Z(g(tva))]/ q(t, ) f[1 = p(g(t,€))ldo(§) < 0. (1.3)

Lemma 1.2 ([I6]). Suppose that (S2), (N1) and (N2) are satisfied. Let z(t) be an
eventually positive solution of (1.1). Then there exists a Ty > to such that (1.2

and (1.3) hold.

Lemma 1.3 ([16]). Suppose that (S3) is satisfied. Let x(t) be an eventually positive
solution of (L.1)). Then there exists a Ty > to such that (1.2)) holds. Moreover,

b

(T(t)zb(it(t))z’(t))’+ksZ[g(t7a)}/ q(t, )1 =p(g(t,£))do(§) <0, ¢=To. (1.4)

a

2. KAMENEV-TYPE OSCILLATION CRITERIA

Theorem 2.1. Let (51) and (N1) hold. If there exist functions p € C*(I,RT),
¢ € CHI,R) and ® € X such that for each T > ty,

lim sup /t {<I>2(t, 5, T)O1(s) — 11 (s)[®L(t, s, T) + %ll(s)cb(t7 s,T)]2}ds >0, (2.1)

where

o) | Lyt aet) o rlatale)

ol(t) rlgta)] 7" kiLg'(t,a) ’
t¢

fI1=p(g(t.€))]do(€) + ]W

Lit)=

b
O1(t) = ¢ {M [

then (1.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (L.1)) on I. Without loss of generality
we assume that z(¢) > 0 for t > to, (The case of z(t) < 0 can be considered
similarly). By Lemma there exists a Ty > to such that (1.2)) and (1.3]) hold.
Define

SA0)

v(t) = ¢(t) [W + ¢(t)} for all t > Ty. (2.2)

Differentiating and using , it follows that
iy < £ ’
vty < Z8u) = oM [ a(t. )11 = a(t. )o@
PR Z0) o
Pz e aZ ol a)lg (ta) - ¢/ (1)]
Since g(t,a) <t and (r(t)y(z(t))Z'(t)) <0, we have
<

r()e((t)Z2'(t) < rlg(t a)lvlz(g(t, )] Z [g(t, a)].

+
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! b
o0 < E o) = o[ [ att. 111 - plate.)ldo(©) - (0]

r(t)y(x(t)Z ’(t)>2
flZ(g(t, a))]

1= p(g(t,€))]do(€) = ¢'(1)]

So that

o (5) < —01(s) + L (s)uls) — %L)“Q(SW (2.3)

Multiplying (2.3) by ®2(¢,s,Tp), and integrating from Ty to t, we get
t
/ d2(t,5,Ty)O1(s)ds
To

o / ¢
< /TO D= (¢, 8, To)[—v'(s) + l1(s)v(s)]ds — /T0

®2(t, 5, Tp)v?(s)ds.
71(s)
Integrating by parts, we obtain

tSTO

</ tSTO

\

"(t,s,To) + ll( )@(t, s, Ty)]v(s)ds

(t, s, Tp)v*(s)ds
:L (s )[q) (t,5,To) + 11( )O(t, 5, To)| ds

t
- /To 71(8) {(I)(t, sToJols) -

which implies

Y1(s) [®%(t, 5, Tp) + %ll(s)q)(t, 5,To)] }2ds

/T (82(t, 5, T0)O1 (5) — 7 () [®L (¢, 5, To) + 21 (5)B(t, 5, Tp)]*}ds < 0

This contradicts (2.1)) and completes the proof

O

Theorem 2.2. Let (52), (N1), (N2) hold. If there exist functions ¢ € C*(I,RT)
¢ € CHI,R) and ® € X such that for each T > t,

lim sup

msu /T{<I>2(t,s,T)@2(s)—72(3)[<I>;(t,s,T)+%lg(S)(I)(us,T)f}ds>0 (2.4)
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where

Q'(t) | 2kag'(t,a)o(t) rlg(t, a)lo(t)

PO= ot el 0 YT Thga
b / a 2
0a(t) = o0){M [ att. 111 - plat. lao(e) + LEDELD 10},

then (1.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of on I, say x(t) > 0 for t >
to. Then, by Lemma there exists a Ty > tp such that and hold.
We consider the function v(t) defined by , and proceeding as in the proof of
Theorem .1] to get

g < €0 b :
() < 200 = 20 [M [ a(t.6) 1 = po(t. ) (€) = 5 0)
e(t)g'(ta)  fZ(g(ta >>]<<> x<t>2'<>>

gt allelg(t )] Pllota)] \ ™ fIZGta)] )

Now, we use z[g(t,a)] < Z[g(t,a)] and (N2) to obtain
f'12(g(t, a))]

f'Z(g(t,a))]
alota)] = Dzt a)] =
Therefore,
/ b
o)< £ o) = o[ [ att. 0111~ plate. )ldo(©) - 50
_ kap(t)g'(t,a) < r(t)y(z(t)Z ())2
r(g(t, a)] f1Z(g(t, a))]
= =6u(1) + bo(1u(1) ~ — ()
The rest of the proof is as in Theorem O

Theorem 2.3. Let (S3) holds. If there exist functions ¢ € C*(I,RT), ¢ € C*(I,R)
and ® € X such that for each T > t,

lim sup /T [92(t,5,T)03(s) — () [,(1..T) + %lg(s)fb(ts,T)]Q}ds >0, (2.5)

t—oo

where
) 2Ly (L a)e() gt el
BO=00 T T 0 YT gt
b / a 2
0s(t) = () {1n [ alt. 011 = platt.)ldo(9) + “LEDEE (),

then (1.1)) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of ([1.1)) on I, say x(t) > 0 for ¢t > .

Then, by Lemma there exists a Ty > to such that (1.2) and (1.4) hold. We
define the function

r(t)(z(t) 2 (t

o) ol [LOLEDZ )

s ¢(t)} for t > Tp. (2.6)
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Differentiating (2.6) and using (1.4)), we obtain

’ b
v < Z800 - o0k [ ate. O - ot )ldo(e) - 00}

p(t)g'(t,a) (T(t)w(w(t))z’(t) > ’
Z(g(t, a))

1
= —O3(t) + l3(t)v(t) — ——=v(t).
3(t) + I3 (t)v( ey (t)
The rest of the proof follows the same lines as that of Theorem O

Let ®(t,s,T) = \/H,(t,s)Ha(s,T), where H;,Hy € Y. By Theorems

we have the following interesting results.

Corollary 2.4. Let (S1), (N1) hold. If there exist functions ¢ € CY(I,RY), ¢ €
CH(I,R), ® € X and Hy,Hy €Y such that for each T > t,

t—oo

lim sup /T Hi(t, ) Ha(s, T) { ©1(s) - ims)[hl@, $) + ha(s,T) + L ()] }ds > 0,

(2.7)
where hy(t,s) and ha(s,T) are defined by
6H187(st75) = hy(t,s)Hy(t,s) and % = hy(s, T)Ha(s,T), (2.8)

then (L.1]) is oscillatory.

Corollary 2.5. Let (S2), (N1), (N2) hold. If there exist functions ¢ € C1(I,RY),
¢ € CHI,R), ® € X and Hy, Hy € Y such that for each T > to,

t
1
limsup/ H,(t, S)HQ(S,T){@Q(S) - Zyg(s)[hl(t, s) + ha(s,T) + 12(3)]2}d3 >0,
t—o0 T
(2.9)
where hy(t,s) and hy(s,T) are defined by ([2.8)), then is oscillatory.

Corollary 2.6. Let (53) hold. If there are functions ¢ € CY(I,R"), ¢ € C*(I,R),
® € X and H1, Hs € Y such that for each T > t,

¢
1
lim sup / Hi(t, ) Ha (s, T){©s(s) = 78(5) [t ) + ha(s.T) + Lo (5)]? }ds > 0,
t—o0o T
(2.10)
where hy(t,s) and hao(s,T) are defined by (2.8)), then (1.1)) is oscillatory.
Let ®(t,s,T) = (t — s)(s — T)* for « > 1/2. By Theorems we can

establish the following important results.

Corollary 2.7. Let (S1) and (N1) hold. If there exist functions ¢ € C*(I,RT),
¢ € CYI,R) and constants o > 1/2, my > 0 such that v1(t) < my and for each
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T 2 t07

. 1 ! 2 2 1 1 / 1 2
timsup gy | (=5 (5-T) [m—l@l(s)—l—ill(s)—ill(s)}ds>

t—o0

«
2a - 1)2a+1)

(2.11)
then (L.1) s oscillatory.

Proof. Suppose that (1.1) has a nonoscillatory solution z(t) > 0. By using the
same arguments as in the proof of Theorem and denoting (t — s)(s — 1p) by
®(t,s,Tp), we have

/t ®2(t,5,Ty)01(s)ds

To

g/ Y1(s) [®4(¢, 5, To) + %ll(s)q)(t,s,To)fds

To
t 1
< m1/ (92t T0) + 90,5, To) (1,5, To)la(s) + {9°(0, 5, To)i3(s) .
To
Noting that

t 1 t
/ CI)/s(tasaTO)(I)(t,S,TO)ll(s)ds = 75/ (I)Q(ta‘S,TO)lll(s)dsv

To TO
we get
ot
— [ ®%(t,s,Ty)O1(s)d
o | 4 T ()i
! /2 1 2 / 1 2 2
< {cp 2(t,8,Tp) — ~®%(t, s, To)l(s) + - (t,s,TO)ll(s)}ds
’ 2 1 / 1 2 i a—1 «l2
= [ ®*t,s,To)[ - 511(8) + 1l1(3)]d3 + [ [at—=s)(s—T0)* " — (s —Tp)|*ds
To To
:/t B2(t,5,T0) | — 24(s) + 213(s)]ds + o (t — Tp)2e+!
YT gn 41 (20— 1)(2a+ 1) 0 '
Therefore,
) 1 t ) ool 1 1 1,
fimsup oy [ (0= (s = T [ 1) + 51 (s) - g7 s
< @ ,
= 2a-1)2a+1)
which contradicts (2.11]) and completest the proof. O

Similar to the proof of Corollary 2.7, by Theorems [2.2] and 23] we can easily
obtain the following results.

Corollary 2.8. Let (52), (N1), (N2) hold. If there exist functions ¢ € C?(I,R"),
¢ € CYI,R) and constants o > 1/2, ma > 0 such that v2(t) < ma and for each
T > tO;

li L[y _rpee[ Lo L e)=22(s)]d
10 SUD So T T(t s)*(s=T) 2(3)+2 2(s) 42(5) 5>

t—oo ma

«
(2o —1)(2a+ 1)’

(2.12)
then (L.1]) is oscillatory.
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Corollary 2.9. Let (S3) holds. If there exist functions ¢ € C?*(I,RT), ¢ €
CY(I,R) and constants o > 1/2, mg > 0 such that v3(t) < ms and for each
T 2 tO}

lims 1 t —5)%(s—T)* L@ ll’ —112 d
msup o | (=)A= T)* @l 555~ 1 ()] ds >

t—o00 T

a
(2a—1)(2a+1)’

(2.13)
then (1.1)) is oscillatory.

3. INTERVAL OSCILLATION CRITERIA

We can easily see that the results in Section 2 involve the integral of the coef-
ficients p, ¢ and 7, and hence, requires the information of the coefficients on the
entire half-line [ty,00). In this section, we will establish several interval oscillation

criteria for (|1.1)).
Theorem 3.1. Let (S1) and (N1) hold. If for each T > tg, there exist functions

o € CHI,RY), ¢ € CY(I,R), ® € X and two constants d > ¢ > T such that
d
1
/ {<I>2(d, 5,0)01(s) =11 (3)[@(d. 5,0) + S () @(d, s,c)]2}ds >0, (3.1
where ©1, 71, l1 are defined as in Theorem then (1.1)) is oscillatory.

Proof. With the proof of Theorem where ¢t and T are replaced by d and c,
respectively, we can easily see that every solution of has at least one zero
in (¢,d); i.e., every solution of has arbitrarily large zeros on [tp,c0). This
completes the proof of Theorem O

Similar to the proof of Theorem we can establish the following theorems.

Theorem 3.2. Let (S2), (N1) and (N2) hold. If for each T > to, there exist
functions ¢ € CY(I,R"), ¢ € CH(I,R), ® € X and two constants d > ¢ > T such
that

d
1
/ {<I>2(d, 5,0)02(s) = 72(3) [@(d, 5,0) + S 1a(s)@(d, s,c)]2}ds >0, (32
where Og, 2, la are defined as in Theorem then (1.1)) is oscillatory.
Theorem 3.3. Let (S3) holds. If for each T > tg, there exist functions ¢ €
CHI,RT), ¢ € CH(I,R), ® € X and two constants d > ¢ > T such that
d
1
/ {@2(d5,003(s) = 13(s)[@L(d. 5,) + 5la(5)0(d,5.0)] " fds >0, (3.3)

where Oz, 73, l3 are defined as in Theorem then (L.1]) is oscillatory.

Corollary 3.4. Let (S1) and (N1) hold. If for each T > to, there exist functions
H,,Hs €Y and two constants d > ¢ > T such that

4
where hy(d, s) and ha(s,c) are defined by (2.8), then (1.1 is oscillatory.

d 1 2
/ Hi(d, S)Hg(s,c){@l(s) — Zy1(8) [l (d, 8) + ha(s, ¢) + 11 (s)] }ds >0, (3.4)
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Corollary 3.5. Let (52), (N1) and (N2) hold. If for each T > to, there exist
functions Hy, Hy € Y and two constants d > ¢ > T such that

d 1
/ﬂ}¥ﬂd,ﬂfﬁ(acj{®2@)—-Zyﬂsﬂhlﬁts)+J@(&c)+igwﬂ2}ds>>Q (3.5)

where hi(d, s) and ha(s,c) are defined by (2.8), then (1.1) is oscillatory.

Corollary 3.6. Let (53) holds. If for each T' > 1y, there exist functions Hy,Hs € Y
and two constants d > ¢ > T such that

d
/zﬁuﬁﬂgwmg@gg—iwgwh@@+wx&@+@@W}M>o,(3@

where hy(d, s) and ha(s,c) are defined by (2.8), then (1.1) is oscillatory.

4. EXAMPLES

Example 4.1. Consider the equation

1 N’
——(2(2 1—e Ha(t—1
(e @0+ (=t = 1))+
where r(t) = e~!, Y(x) = 1/(1+2%), p(t) = 1—e
and g(t,€) = jué/t.
If we take ky = L=M =1, m; =2, ¢(t) =t and ¢(t) = 1, then
K Lo
Gl(t) 242 + Qt ) ll(t) 2 7l(t)

Thus, the left-hand side of (2.11]) takes the following from

Ho 1 ' 2 20 1 M 1

1y [ (=92 (s—T)ds =1 .

4 RSP e /T( =D G4 = TR 1 1)

For any u > 1, there exists a constant a > 1/2 such that u/4 > o2, i.e.,

1
§ﬁ$ghg:a t>2, (4.1)

1
2
—t

s> 1, g(t &) =Intg, f(x) =2

o 1 < «
4a2a—1)2a+1) = 2a—-1)(2a+1)’
i.e., (2.11) holds for p > 1. By Corollary (4.1) is oscillatory for u > 1.
Example 4.2. Consider the equation
1

@%MMO+O—QM%4WY+43%%%@%=& t>2, (4.2)

where r(t) = 1, () = 2%, p(t) = 1= 1/t, g(t,&) = t€, f(x) = 2* and q(t, &) = t*¢>.
If we take p(t) =1, ¢(t) =0, me = 2/3, ko =3 and M = 1, then

t 2
62(t) = 57 72(t) = ga

For any constant T > 2, there exists n € Ng = {1,2,---} such that 2nm > T. Let
d=2n+ 1), c=2nw > T and Hy(t,s)H2(s,T) = |sin(t — s) sin(s — T')|, we have
Hy((2n + 1)7, s)Hy(s, 2nm) = sin®s  for ¢ < s <d.

Thus, the left-hand side of (3.5)) takes the from

(2n+1)m 4 4 1) 72 )
/2 sin2$(§—§cot28)ds:%—g>0.

Is(t) = 0.

nm
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Hence, by Corollary [4.2) is oscillatory.

Example 4.3. Consider the equation

1 1 N 15333( T+ &)+ 3a(VITE) B
(s 0 ) o | e g e
4.3

where 7(t) = 1/t, ¢(z) = 1/(1 + 22), p(t) = 1/2, g(t,&) = vVt + &, f(z) = (23 +
3x)/(1+ ), q(t, &) = p&/t* and p > 2.
If we take ks = L =1, mg =2, ¢(t) = 1, ¢(t) = 1/t, then
0s(0) = L%, B =7, =2

Thus, the left-hand side of ([2.13)) takes the following from

1 K 1 1
%Hﬂsﬁp {2041 /T (= )%(s =)™ Zds = %a(Qa “DR2at 1)
So, for any p > 2, there exists a constant o > 1/2 such that
I 1 «Q
Saa-1)2atl)  Ca-D)Eatl)

Therefore, by Corollary Equation (4.3) is oscillatory for pu > 2.
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manuscript.
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