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ABSTRACT. In this article, we discuss the existence of positive solution to a
nonlinear p-Laplacian fractional differential equation whose nonlinearity con-
tains a higher-order derivative
D\ bp (DG u(t)) + f(tu(t), o/ (t),...,u" "D () =0, te(0,1),
w(0) = u/(0) = --- = u(""2(0) = 0,

w2 (1) = au"=D(¢) =0, DE, u(0) = DI, u(1) =0,
where n—1 < a<nn>2 1< <2 0<€E<1,0
and 0 < a®™" < 1, gp(s) = [sIP™%s, p > 1, &y = ¢,
D(‘)"Jr, Dg . are the standard Riemann-Liouville fractional derivatives, and
f € C((0,1) x [0,400)"~1,[0,+00)). The Green’s function of the fractional
differential equation mentioned above and its relevant properties are presented,
and some novel results on the existence of positive solution are established by
using the mixed monotone fixed point theorem and the upper and lower so-
lution method. The interesting of this paper is that the nonlinearity involves
the higher-order derivative, and also, two examples are given in this paper to
illustrate our main results from the perspective of application.

a < 1
= 1.

1. INTRODUCTION

In the past decades, there has been a growing interest in the study of the frac-
tional differential equations due to the intensive development of the fractional cal-
culus theory itself and its applications in various sciences such as engineering, con-
trol theory, blood flow phenomena, bode analysis of feedback amplifiers, electro-
analytical chemistry, and aerodynamics, etc., for details, see [T} [7, 5] T4} 15 12] and
references therein. For example, in studying a transfer process in porous material,
Mehaute [20] discussed the following fractional differential equations

oD TN I(t) = LX (1),

where J(t) is the macroscopic flow across the material interface, X (¢) is the local
driving force, L is a constant, and d is the fractal dimension of the material. In
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the meantime, the existence theory of solutions to the fractional boundary-value
problems has attracted the attention of many researchers quite recently, see [2] [3]
6, 18, 19, 211, 23] 26, 28], 29] [34] and their references.

We find that p-Laplacian differential equation has been widely applied in analyz-
ing mechanics, physics, dynamic systems and other related fields of mathematical
modeling. Hence, there have been many published papers which are devoted to the
existence of solutions to the differential equations with p-Laplacian operator, see
8, @, 10, 17, 24, 25 27, B0, 31, [32] and their references. For example, in study-
ing the turbulent flow in a porous medium, Leibenson introduced the p-Laplacian
equation in [I3] as follows

(6p(2'(1))) = f(t,2(t), 2 (1)),

where ¢,(s) is p-Laplacian operator, i.e., ¢,(s) = |s[P"2s for p > 1 and (¢,) ™! = ¢y,
and 1/p+1/q=1.

So, based on the above illustration, it is of significance to make the study of the
nonlinear p-Laplacian fractional differential equation. In order to better explore
the existence of positive solution to the nonlinear p-Laplacian fractional differential
equation, here we briefly review some related results in the existing literature [31]
111, (16, ).

Tian and Li [3T] investigated the existence of positive solution to the following
fractional differential equations with p-Laplacian operator

D\ dp (Dgyu(t)) + f(tu(t)) =0, te(0,1),
u(0) = 0, D, u(1) = ADJ, u(€) = 0, D, u(0) = 0,
+

where ¢p,(s) = [s[P7%s, p > 1, ¢,1 = ¢y, % % =1L afByeR 0<ac<l,
1<pB<2,0<y<landl+y<B0<E<1, A€0,+00) and AP <
1. Dgy, Dg . are the standard Riemann-Liouville fractional derivatives, and f €
C(]0,1] x [0,400), [0,400)). The existence results on positive solution to fractional
differential equations are obtained by using some fixed point theorems in a
cone.

There are very few publications concerning the existence of positive solutions
to fractional differential equations with nonlinear terms involving the derivative
[4, 01l 16]. Cheng et al. [] investigated the positive solutions to the following
fractional differential equations whose nonlinearity contains the one-order derivative
as the form

Dgu(t) + f(tu(t),w'(t)) =0, te(0,1),n—1<a<n,
u(0)=0,i=0,1,2,...,n—2, [DS u(t)m1=0,2<F<n—2,

(1.1)

(1.2)

where u(¥) represents the ith derivative of u, n > 4 (n € N), D¢, is the standard
Riemann-Liouville fractional derivative of order n — 1 < o < n and f(¢,u,u’) :
[0,1] x [0,00) X (—00,+00) — [0, 00) satisfies Carathéodory type conditions. Some
sufficient conditions for the existence of positive solutions to boundary-value prob-
lem are established by using fixed-point theorem.

It is notable that the nonlinear term f(¢,u(¢)) in equation does not involve
the derivative. In [4] 111 [16], attention was mainly focused on the existence of frac-
tional differential equations with nonlinear terms involving the first-order derivative
and the p-Laplacian operator is not involved. Apparently, the nonlinear term which
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is to be studied in this paper
FlEu) ! (@), ™D (@) = 1,2,

contains the higher-derivative, and we believe the study in this paper is theoreti-
cally and practically significant because it will represent a more general case. Nat-
urally, it is interesting and necessary to study the existence of positive solutions
to p-Laplacian fractional differential equations with nonlinear terms involving the
higher-derivative.

In this paper, we mainly study the existence of positive solutions to the follow-
ing p-Laplacian fractional differential equations with nonlinear terms involving the
higher-derivative:

DP, ¢p(Dgyu(t)) + ft,u(t),u'(t),...,u"2D(@) =0, te(0,1),
u(0) = u/(0) = --- = u""2(0) = 0, (1.3)
w2 (1) = au™2(€) =0, D§,u(0) = D u(l) =0,

wheren —1<a<nn>21<0<20<¢<1],0<a<land 0<aé* ™ <1,
bp(s) = |s[P72s, p> 1, ¢," = ¢, %—i—% =1. D§,, Dg+ are the standard Riemann-
Liouville fractional derivatives, and f € C'((0,1) x [0, +00)"~1, [0, +00)).

The Green’s function of the boundary-value problem and the relevant prop-
erties are to be presented later, and because of the nonlinear terms involving the
higher-derivative in fractional differential equations , it’s very difficult or even
impossible to obtain the existence of positive solution of it by using some fixed
point theorem in a cone, such as nonlinear alternative of Leray-Schauder type and
Krasnosel’skii’s fixed point theorem, and it is the same for the methods listed in
[4, [IT], 16, BI]. The reason for that is the nonlinearity is in a high dimensional
space and is not controlled in a cone because of the nonlinear terms involving the
higher-derivative, and so we establish some novel results on the existence of positive
solution by using the mixed monotone fixed point theorem and the upper and lower
solution method.

The first special feature and innovative contribution of our work is that we
present in this paper the Green’s function of the differential equation and its rel-
evant properties, which is very difficult because the differential equation relates
to the standard Riemann-Liouville fractional derivatives and p-Laplacian opera-
tor. The second special feature and innovative contribution of our work is that
the nonlinearity involves the higher-order derivative, which is also not so easy for
the nonlinearity is not controlled in a cone because of the nonlinear terms involv-
ing the higher-derivative. Therefore, we try to deal with this problem by using a
new method which is different from many other works [4} 111, 16, [31]. In addition,
two examples are also given in this paper to illustrate our main results from the
viewpoint of applications.

The structure of our paper is as follows. Section 1 is the introduction of the
paper. In Section 2, some necessary definitions and lemmas which are cited in our
paper are presented. In Section 3, we construct an equivalent fractional differential
equation. The Green’s function of the equivalent fractional differential equation is
constructed, and its properties are presented in Section 4. The existence results on
unique positive solution to the fractional boundary-value problem (L.3)) are obtained
in Section 5. The existence theorem of at least single positive solution to the
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fractional boundary-value problem (1.3)) is proved in Section 6. In Section 7, we
give two examples to illustrate our main results.

2. PRELIMINARIES

To prove our main results, in this section we present some basic definitions and
technical lemmas which can help us to better understand our main results and
proofs. For the basic terminologies, we refer the reader to references [7, 1T, 22} [33].

Definition 2.1 ([II]). The Riemann-Liouville fractional integral of order « > 0 of
a function y: (0, o0) — R is given by
1 t
ISvy(t) = — [ (t—s)*""y(s)d
Feolt) = e [ =9 o)
provided that the right side is pointwise defined on (0, c0).
Definition 2.2 ([II]). The Riemann-Liouville fractional derivative of order oz > 0
of a function y : (0,00) — R is given by
D3yt) = s (o [ = sy gty
o+ YA = I'(n—a) dt’” J, Y ’

where n is the smallest integer greater than or equal to «, provided that the right
side is pointwise defined on (0, 00).

Let P be a normal cone of a Banach space E, and e € P with |le]] <1, e # 6 (¢
is zero element of E). Define

Q. = {x € P : there exist constants m, M > 0 such that me <z < Me}.

Definition 2.3 ([33]). Let T be a operator satisfies T : Q. X Q. — Q.. T is
said to be mixed monotone if T'(x,y) is nondecreasing in = and nonincreasing in
y, e, if 1 < zg (21,22 € Q.) implies T(x1,y) < T(z2,y) for any y € Q., and
y1 > y2 (y1,y2 € Q.) implies T(x,y1) < T(z,y2) for any z € Q.. Element z* € Q.
is called a fixed point of T' if T'(z*,z*) = z*.

Next we give some Lemmas which are used in our main results.

Lemma 2.4 ([I1]). The equality 1], I3, y(t) = Igjéy(t), v >0, 6 >0 holds for
y € C(0,1)NL(0,1).

Lemma 2.5 ([I1]). The equality Dy, I, y(t) = y(t), v > 0 holds for y € C(0,1) N
L(0,1).

Lemma 2.6 ([I1]). Assume that v € C(0,1) N L(0,1) with a fractional derivative
of a > 0 that belongs to C(0,1) N L(0,1). Then the fractional differential equation

Dngy(t) = 07
has a unique solution y(t) = C1t* 1 + Cot*2 + .-+ + Cpt®™", where C; € R,
1=1,2,...,n, n is the smallest integer greater than or equal to «.

Lemma 2.7 ([I1]). Assume that v € C(0,1) N L(0,1) with a fractional derivative
of a > 0 that belongs to C'(0,1) N L(0,1). Then

o D y(t) = y(t) + Crt* 4 Cot* 2 -+ Cpt™ ™™,

for some C; € R, 1 = 1,2,...,n, where n is the smallest integer greater than or
equal to a.
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Lemma 2.8 ([33]). Assume that the operator T : Q. X Q. — Q. is mized monotone
operator and there exists a constant § (0 < § < 1), such that

1
T(tx, Zy) > t‘ST(m,y),x,y €Q.,0<t <.
Then the operator T' has a unique fized point x*(z* € Q).

3. EQUIVALENCE OF FRACTIONAL DIFFERENTIAL EQUATION

In this section, we construct an equivalent fractional differential equation, and
prove that search for the solution of fractional differential equation (|1.3) is equiva-
lent to finding the solution of it.

Lemma 3.1. Let u(t) = IJ'v(t), v € C[0,1], then the fractional boundary-value
problem (|1.3)) is equivalent to the following fractional differential equation

D, (D5 20(0) + £ 15 20(0), 15 P0(0), ... I o(t), (t)) = O,
te(0,1) (3.1)
v(0) =0, v(1)=av(§), Dg;"+zv(0) = Dg;:""'Qv(l) =0,
wheren—1<a<n,n>21<0<2,0<{<1],0<a<land0<al* " <1,
bp =|s[P72s, p>1, ¢, ' = ¢y, %—I—% =1and f € C((0,1) x [0, 4+00)""1, [0, +0)).

Moreover, v € C([0,1],]0,400)) is a positive solution of the differential equation
(3.1) means that u(t) = Igf%(t) is a positive solution of the differential equation

3.

Proof. Let u(t) = I 2u(t), it follow from the definition of Riemann-Liouville frac-
tional derivative, Lemma [2.4 and Lemma [2.5] that

o+ Lo “u(t) = o+IZ}+ CIyTP0(t) = Dy I3 20(t) = Dg (1),
u'(t) = Do+ I720(t) = Doy Lo 2o (t) = 157 5(t),
u'(t) = Do 17 20(t) = D3 IS I o(t) = 107 o (t),

WD () = DRI () = DRI I () = (),
WA (t) = DITPIT () = o(t).
Therefore
DY (@p D5 20(t)) + F(1, 17572 <t>, nS0(), . I (1), 0() = 0,
v(0) = u"72(0) = u"7?(0) = -~ = u(0) =0,
a n+2 (1) —0.
then the differential equation

v(1) = av(€), Dy o(0) =

From above discussions, let u(t) = I} 21}( t),
equivalent to the differential equation (|3
Now, let v € C(]0,1],[0,400)) is a positive solution of the differential equation

(3.1). Then
Dy, 6p(Dg7 " 20(1)) = Dy, (D It~ (1))
—ngp(D o)
—D0+¢p( Iy v(t))
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= Dy, ¢(Dr ult)),
and
FEITT20(t), 10730 (t), . Iyev(t), v(t) = F(tut), o' (E), ..., u" "2 (1),
which implies that u(t) = I~ 2p(t) is a positive solution of the differential equation
(1.3). The proof is complete. |
4. PROPERTIES OF GREEN’S FUNCTION

In this section, we obtain the Green’s function of fractional boundary-value prob-
lem (3.1)) and its some properties.

Lemma 4.1. Assume that y € C[0,1] and n — 1 < a < n, then the following
fractional boundary-value problem

Dy 2o(t) +y(t) =0, te(0,1),

4.1
w(0) =0, o(1) = av(é). b
has a unique solution
1
o) = [ Gleousdes)
0
where
G(t, s)
[t(1=s)]* " —aft(g—s)]* "L (1—ag* ") (g—g)*
(L8]] — (1 ags ) gyt p Ossstshest
t(1—s)]* " —(1—al*™ ™ t—s)@ntl
_ (—ag™ T I a=42) ! ssstsl,
) Ba=s)]* T —aft(6—s)]* !
(—afe " )M(a=nf2) s<&<1,
O i
(I—ago T (a—n+2)’ 0<t<s<1,{< i )
4.2

Lemma 4.2. Letn—1 < a <n,0<&<1,0<a<1. Ify(t) € C[0,1] and
y(t) > 0 hold, then the fractional differential equation (4.1) has a unique solution
v(t) >0, t €10,1].

Lemma 4.3. Assume thaty € C[0,1] andn—-1<a<n, 0<&<1,1<p <2,
0 < a <1, then the following fractional differential equation

DY ¢p(D3T20() = y(t), te (0,1),

(4.3)
v(0) = 0,v(1) = av(§), Dgf”Jer(O) = Dg‘f’”zv(l) =0,
has a unique solution
1 1
v(t) = / G(t,s)qbq(/ H(S,T)y(T)dT)ds,
0 0
where - . -
A1 (1—7)P~1_(s5—71)P~
H@ﬂ)={¢1uqﬁ@> ’ giT<s<1’ (4.4)
G <s<7<1,

and G(t,s) is defined in Lemma[4.1]
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Proof. Tt follows from Lemma [2.7] that
Gp(DSTF2u(t)) = ID, y(t) + C1tP =1 + CotP 72, te (0,1),

where C7,Cy € R. According to the boundary condition DS‘;"HU(O) = 0 and
DS‘:"+2U(1) = 0, one has

1 1
Gy =— g+y(t)|t:1 = — ) /0 (1- T)ﬁ_ly(q—)dT, Cy =0,

IN(E)
this implies
Gp(DGT " 20(t)) = Iy(t) — 77 (1)

t B—1 ol
= L/ (t— T)ﬁ_ly(T)dT t /0 (1- T)B_ly(T)dT

I s
1

—- [ mnyinr
0

i.e.,

1
Dgf"+21)(t) + ¢4 (/0 H(t, T)y(T)dT) =0.
Therefore, the fractional boundary-value problems is equivalent to the follow-
ing fractional boundary-value problems
Dé":"”v(t) + (bq(/l Ht, T)y(T)dT) =0, te(0,1),
v(0) i 0, (1) =av(§).
It follows from Lemma[4.1] that the fractional boundary-value problems exists

a unique solution

(4.5)

v(t) = /01 G(t,s)¢q(/01 H(s,r)y(r)dr)ds.

The proof is complete. U

Lemma 4.4. Assume that 0 < a*~"™ < 1 holds, there exist the functions G(t, s)
and H(t,s) be defined by (4.2) and (4.4]) such that

(i) G(t,s) and H(t,s) are continuous functions on [0,1] x

. a—n+1

(ii) G(t,s) < m for (t,s) € [0,1] x [0,1], H(t,s) < ) for (t,s) € [0,1] x
[0,1];

(iil) G(t,s)

] t, r
t,s) € [0,1] x [0,1], H(t,s) < H(s,s) for (t,s) € [0,1] X

(v) there exist positive functions v(s) € C[0,1] and p(s) € C[0,1] such that

min G(t, s) > v(s) max G(t,s) = v(s)G(s,s) for0<s<1,
tel&,1] t€[0,1]
and

min H(t,s) > p(s) max H(t,s) = p(s)H(s,s) for0<s<1.
tele,1] t€[0,1]
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Proof. From the definition of G(t,s) and H(t,s), it is easy to check that (i) and
(ii) be satisfied. We shall prove that (iii) holds, set

gi(t,s) = [t(1 = )27 —aft(§ = $)]* 7T — (1 —ag* T (t - 5)* T

for0<s<t<1,s<¢
g2(t,s) = [t(1 = )17 = (1 — ag® " Th)(t = 5) 7",
for0<¢<s<t< 1,
g3(t,s) = [t(1 —s)]* " —at(€ —s)|* ", 0<t<s<E<1;;
ga(t,s) = [t(1 —s)]* T, 0<t<s<1,€<s.

To prove that (iii) is true, we need to show that g; > 0 for i = 1,2,3, 4.

(1) Ift < &, since 0 < af* " <1 and 0 < £ < 1, we have

g1(t, s)

= (t—ts)* " —q(te —ts)* M — (t — 5) L pggaT (¢ - g)aT

= [(t — ts)afn+1 _ (t . S)a7n+1] o a€a7n+1 [(t . %s)afnnLl . (t . S)afnJrl}

. tis)ozfnJrl

> (t—ts)* " — (¢ :

> 0.

Moreover, if t > £, then

g1t s) = 27 (1= )7 —a(g — )7 = (1-ag (1 - 2)0

_ tafnJrl{[(l o s)afnJrl o (1 o g)afnJrl]

+agem (1 — g)afnJrl - g)afvrkl]} > 0.
(2) If 0 < £ < s <t <1, according to 0 < a* ™ < 1, there is
g2(t,s) > (1 — S)O‘_”J"lto‘—""‘l —(t— s)a—n+1

_ tafnjtl[(l o 5)a7n+1 o (1 o g)afnjtl] > (.

(3)If0 <t <s<E&<1, we obtain
gs(t,s) = pa—n+l [(1 _ S)a—n-i-l _ afa_n+1(1 _ g)a—n-i-l]

> ta—n-‘,—l[(l _ s)a—n-‘,—l _ (1 _ f)a—n—i—l]

>0, for0<a&® "™<1.

(4) Tt is obvious that g4(t,s) > 0for 0 <t <s<1,¢<s.

Similarly, H(t,s) > 0 for ¢,s € (0,1). From above discussions, we conclude that
G(t,s) > 0 and H(t,s) > 0 for any t,s € (0,1). So property (iii) holds.

Now we prove that (iv) holds. Firstly, we check that g;(¢,s) and g¢o(¢,s) are
nonincreasing with respect to ¢ € [s, 1].

) = o T ()t e
—(1—at "N a-n+1)(t-s)>"

— (a —n4+ 1)[to<—n(1 _ S)a—n—H _ a(f _ S)a—n+1toz—n
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—(1—ag* ")t —s5)*7"]

= (a —n+ ]_)ta—n[(]_ _ s)a—n+1 o aga—n+1(1 _ S

7)a—n+1

£

=(a—n+1t* "1 -5 —(1—a* " Ha-—n+1)(t—s)"

a—n+D[t"(1—s)* T (1 - afa D (- 5)*T"]

( ( —(
= (@—n+ 1)t "1 =) - (1~ ) (1= ag* )
<(a—n+1)t* (1 —s)* " —(1- s) (1 —ag® ")
M=) T (L s) = (- agt )
= (@ —n+ 1)t (1 - 5)* " (at> T — )
<(a—n+ 1)t (1 —8)* "(at* " —¢)

"(1-s)

— )" (o€ — 1)

Then, ¢1(¢, s) and ga(t, s) is non-increasing with respect to ¢ € [s, 1].
Secondly, we show that g3(t,s) and g4(t,s) are nondecreasing with respect to
t €10,s].

893 (tv 8)
o)

a—n+ D1 —s) " (e —5) " (o —n 1)t

= (
= (a—n+ D n[(1 — )7+ — g(g — 5)2n ]
> (a—n+ 1)t "1 —s)* " — (1 —5)* "]
=(a—n+1t*""(1-98)*""(1—-a) >0,
which implies that gs(¢, s) is nondecreasing with respect to ¢ on [0, s]. It is obvious
that g4(¢, s) is nondecreasing with respect to ¢ on [0, s]. Therefore,
G(t,s) < G(s,s) for0<s<t<1,
G(t,s) <G(s,s) for0<t<s<l1.
In conclusion
G(t,s) < G(s,s) for (t,s) €]0,1] x [0,1].
Thirdly, setting
hi(t,s) =tP71(1—s)P" 1 —(t—5)f71, 0<s<t<l,
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ho(t,s) =tP"1(1—s)P7t, 0<t<s<l1,

we have
Ohi(t,s) 9 1 5
o0 B=Dt" 21— 9)" = (B-1)(t - s)°
=(B-D[° 21 —s) 7" = (t—5)"7
= (B — s = (1= 27 <0,

which means that hq(¢, s) is nonincreasing with respect to ¢ for 0 < s <¢ < 1. It
is easily to see that ha(t,s) is nondecreasing with respect to ¢ for 0 < ¢ < s < 1.
Thus

H(t,s) < H(s,s)for0<s<t¢<1
and
H(t,s) < H(s,s) for0<t<s<1.
From the above discussion,
H(t,s) < H(s,s) for (t,s)€][0,1] x [0,1].

So property (iv) holds.

Let’s now show that (v) is true. First, g1(¢,s), g2(t, s) are nonincreasing with
respect to t € [s, 1], and g3(t, s), ga(t, s) are nondecreasing with respect to ¢ € [0, s,
so there is

min G(t,s) =

mine<i<1{g1(%,5),93(t,5)}, 0<s <,
£<t<1

minEStﬁl{QZ(ta 8)794(t7 S)}7 g S s < 1a

_ gl(tas)a 0§5<£a
a )‘1(8)’ §<s<1,

where Ai(s) = min{gz2(1,s),g4(&, 5)}, A1(s) € C(§,1) and Ai(s) > 0. Let

91ts) < g < £
i

Ai(s)
G(ls,s)’ g <s <1,

where

[s(1- )]+
(T—ate—FIT(a—ni2)’ §<s <1,

[s(1—s)]*~ "t —q[s(e—s)]> " *!
G(S, S) = { (1—ag>e—n*tHI'(a—n+2) , 0<s< f,

From above discussions,

in G(t,s) > G(t,s) = G(s,s), 0<s<l1.
in, (S)fvwhggi (t,s) =(s)G(s,5) 5

Second, hi(t,s) is nonincreasing with respect to ¢ on [s,1], and ha(t, s) is nonde-
creasing with respect to t on [0, s], one has
minggtgl{hl(t, S), hg(t, S)}, 0<s <,
minggtﬁl{hl(tvS)ahQ(taS)}v E <s< 17

_ hl(tas)v 0§S<§7
N Aa(s), E<s<,

in H(t,s) =
iy i)
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where A2(s) = min{hi(1,s), h2(&, 8)}, Aa(s) € C(€,1) and Aa(s) > 0. Let

h1(t,s) <
pls) = {fiéifﬁ’ o
H(s,s)?’ f ss<l

where H(s,s) = %[5(1 — 8)]P~1. Therefore, we obtain that
min H(t,s) > p(s) max H(t,s) = p(s)H(s,s), 0<s<]1.
s€[¢,1] t€(0,1]

The proof is complete. O

5. EXISTENCE OF A UNIQUE POSITIVE SOLUTION

In this section, we discuss the existence of a unique positive solution to fractional
boundary-value problem by using the mixed monotone fixed point theorem.
We need the following assumptions:

(H1) Let f(t,x1,22,...,2n—1) = g(t,x1,22,...,2n—1) + h(t,z1,22,...,2pn_1),

where g : (0,1) x [0, +00) x R*™! — [0,4+00) and h : (0,1) x [0, 4+00) x
(R/0)"~2? — [0, +00) are continuous;

(H2) ¢g(t,z1,22,...,2,—1) is nondecreasing in ¢t and z; and h(t,z1,22,...,Tpn_1)
is nonincreasing in ¢ and z;, where ¢,z; € (0,1) x [0, +00) x (R/0)"2,i =
1,2,....n—1;

(H3) There exists a constant b € (0,1) such that
gt kxy, kxo, ... kx, 1) > kPg(t,xy, 20, ..., 20_1), ke (0,1),
h(t,k Yz, k ey, .. ke, y) > KPh(t, 21, 20, ..., 20_1), k € (0,1).
where z; >0 and i=1,2,...,n—1;

(H4) k" : [0,1] — [0,+00) is continuous and fol bq(s7t@")ds < +o0, where
0<r<1.

Let us denote E; = C(0,1) equipped with the norm ||v|| = sup |v(t)], then E;
te[0,1]
is a Banach space. Let P be a normal cone of E; defined by

P={veE  v(t)>0,te0,1]}.
Define
1
Qe = {'U e P: M
where e(t) = t*~ "1 M is a positive constant defined by

e(t) < v(t) < Me(t),t € [0, 1]},

. (9(1,1,..., 1))7" [ &gl sﬁ-l ds
M > min {1, | T(a—n+ D(T(B)
+(§*bh(0,1,1,..., )a- 1] Bq(s°~ lf b= Ddr)ds]ﬁ
I(a—n+1)(T(B))1~ ’

[(h(l, 1,1,...,1)7! /; v(8)G(s, $)dq ( /: p(T)H (T, T)Tb(a—1)>d7-)ds

#0011 0 [ 26160900 [ o8 )as] T,



12 Y.-H. SU, Y. YUN, D. WANG, W. HU EJDE-2018/105

. {) Dla—nt?) Tla—n42)  Lla—n+2)
where 0 < ¢ < min {1, O‘F(Z) , Foéafl) e, F(g)an

e € P and |le] =1, e # 6. The operator T is defined by

T(v,w)(t)= | G(t,s)pq( | H(s,7)(g(r,I57%0(r),,. .., Igsv(r), (7))
0 0

+h(r, I 2w(r), . 7I&+w(7),w(7))d7>ds, te (0,1).

}. It is easy to obtain that

Theorem 5.1. Assume that (H1)-(H4) are satisfied. Then the fractional boundary-
value problem (1.3)) has a unique positive solution.

Proof. By the definition of the operator T" and its properties, it suffices to show
that all conditions of Lemma [2.8] are satisfied with respect to ¢.
Firstly. we show that T': Q. X Qe — Q.. Let z; = 1, Assumption (H3) implies
that
gtk ky ... k) > kPg(t,1,1,...,1), ke (0,1).

Set =21 =29=---=x,_1,and k = %, Z > 1, one has
g(t,z,...,7) < z%g(t,1,...,1), T > 1.
Similarly, from (H3), for x; > 0, if we let k~'z; = y;, i =1,2,...,n — 1, then
Rt yi,. . Yn_1) > kPh(t, kys,. .. kyn_1), ke (0,1), y; >0, i=1,2,...,n— 1.
Now, let y; = 1,7 =1,2,...,n — 1, we obtain
h(t,1,...,1) > kbh(t,k,..., k), ke (0,1).
From the above discussion, we have
h(t, k=Y, ... k7Y > kbh(t,1,...,1),
Wt ky, ... kyn—1) <k Ph(t 1, .. Y1),
h(t k... k) <k °h(t,1,...,1),

where k € (0,1), y; >0,i=1,2,...,n— 1.
Since v € @, and the monotonicity of Riemann-Liouville fractional integral I g+,
we obtain that

1720(t) >0, ID7%0(t) > 0, ..., Ijcv(t) > 0,v(t) > 0,

gt 157200, 57 0(0), - Tu(), v(h))
< g(t,lggzMe(t),Ig;?’Me(t), e ,Ig+Me(t),Me(t)>

< g(t, oML DM, T M, M)
M M

=o(r m=21" =3

< g(t,M,M,...,M,M)

< MPg(t,1,1,...,1,1)

< MPg(1,1,1,...,1,1),

n—2
[

=3 Mt M)

and
h(t, 2 2w(t), I w(t), . I w(t), w(t))
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1 1 1
n—2 n—3 1
h( 710+ -— 710+ M (t), e 7IO+ M@(t), M@(t))
I‘a—n+2) MNa—n+2) ,_
:h<t to—! o2
) 7M1—\(a_1) b b
F —n+ 2) a—n-+2 ita—n-&&)
MT (v —n+3) M
¢ 1 € a1 ¢ anis € o
h(t > o ,704 .”77(1 n+3 S ja n+2)
"M M ’ Mt ’Mt
¢ 1 € a1 ¢ ania C o
<h(t > o ,704 .”77(1 n+4d S ja n+3)
- M M ’ Mt ’Mt
<.
Com1 € a1 C a1 C a1
<h(t = = e, =1 =t )
— ’M 7M ) 7Mt ’Mt
C \—b,—bla—1)
< (=)t Ynt,1,1,...,1,1
< () (b1, )
¢ \—by—bla—1)
< (=)t "*"Ynp0,1,1,...,1,1
—(M) (07 b 77),
where
i Na—n+2) Na—n+2) MNa—n+2)
0< ¢ <min {1, , }
¢ <min T(a) T(a—1) T(a)—n+3

for 0 < %t“‘l < 1. We also obtain
g(t, I720(t), IpPo(t), . Igso(t), v(t))

1 1 1
2 3
(t7]g+ 7‘[ ( )aIg+ I‘[E(t) . 7I(%+ n[@(t), n[e(t)>
_ (t’F(a—n—l—Z) ooy Tla=n+2) 5

MT(a) MT(a—1) @ 7
F(Oé —n+ 2) ta7n+2 itafnﬁd)
MT (o —n+ 3) M

2 g(t, %ta—l’ %fx—% e %toe—n+37 %ta—n—&&)

¢ a—1 ¢ a—1 C —n+d C_jo-
> g(t, >t et e e n+3)
= g< 5 M Pl M b )M b M
> ...
Cram1 € a1 € ja-1 S ja
> t77ta ’7toz 7”'771;06 77ta )
> (%)_btbm—ng(t,L1,...,1,1)
> (%)_btb(a—l)g(o,1,17,..,171),

where 0 < %t“fl < 1, and

(61 20, 15w, Tw(t), i)

> h(t, 7 Me(t), IMT3 Me(t), ..., I8 Me(t), Me(t))
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> h(t, 7ML ITEM, L T M, M)
M M
= h(t, =2,
(n —2)! (n—3)!
> h(t, M, M, ..., M, M)
> M~ h(t,1,1,...,1,1)

> M~%h(1,1,1,...,1,1).

"3, Mt, M)

From the above and Lemma [£.4] it follows that T'(v,w) € C([0,1],[0,400)). Then

/01 G(t, s)¢dq ( /01 H(s,7)g(T, ISL_:ZU(T), e I&+U(T), U(T))d7'> ds

ta—n+1 1 Sﬁ_l 1 - )
Sm/o ¢q(F(6)/O g(r, I}y ’U(T),...,[O+U(T>7U(T))d7)ds

go—n+1 Vo rsPIMbg(1,1,. .., 1)
= F(a—n+2)/0 ¢‘1( T(3) )ds

ta_n+1(Mbg(l,17...,1))(1_1 1 85_1 .
< R DGy 4

and

/01 G(t,8)dq ( /01 H(s,7)h(r, I{ffzw(T), e Ié+w(T)7 w(T))dT) ds
< m/ol %(f“iﬁ; /01 h(r, I 2w(r), . .,15+w(7),w(7))d7)d5

ta—7z+1 1 55_1 1 C ) ,
S s oy N 2 y~bp—bla—l) 1,1,...,1
< anrg J, % J, Qo O )
ta7n+1(C7beh(07 ]_7 1’ , 1))q71

1 1
[A—1 —b(a—1)
S F(a—n—i—l)(r(ﬁ))q_l \/O d)q(S \/0 T dT)dS.
Then

T(v,w)(t) < Mt* "t = Me(t), te(0,1).
From the inequalities

1 1
G(t, s)d)q( H(s,7)g(T, ISL_:ZU(T), . ,I&+U(T), U(T))dT) ds

> /; G(t, s)dq ( /: H(s,7)g(r, ]8’;211(7), R Ié+1)(7')7 v(T))dT) ds

> / ~v(s)G(s, s)%(/ p(T)H (7, 7)g(T, I(’)LJ:QU(T), ol Ié+U(T), ’U(T))dT)dS

3 3

> /;V(S)G(s,s)a;q(/:p(T)H(T, T)(Ai)bTb(“_l)g(Q1,1,...,1)d7’)ds

= (CbM_bg(Ov 1,1,..., 1))‘1_1 /: ~v(s)G(s, s)qbq(/; p(T)H (T, T)Tb(a—l)d7-> ds

> (M g(0,1,1, .., 1)) T
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X /; W(S)G(S7S)¢Q(Ll p(T)H (T, T)Tb(o‘_l)dT)ds.

and

/01 G(t, S)qbq(/o1 H(s, T)h(T, Ig;zw(r), .. Jéer(T), w(r))dT)ds
> /; G(t, s)gbq(/; H(s,7)h(r, ISL;?w(T), ey Ié+w(7), w(7))d7> ds

> /1 v(s)G(s, s)d)q(/l p(T)H (7, 7)h(T, [g:2w(7-), . ,Ié;w(T), w(T))dT)dS

3 13

> /: ~v(s)G(s, s)gbq(/; (1) H (7, 7)M~h(1,1,1,. . ., 1)d7>ds

1 1
“bh(1,1,1,...,1 -t 5)G(s,8)pq T)H (1, 7)dT)ds
> (M ' [ A6 ol [ o))
1 1
amntl(Ar=bp(1,1,1,...,1 -t 5)G(s,8)pq T)H (7, 7)dT )ds,

> 0 (M 0" [ 6 00 [ ot e ir)

we deduce that
T (v, w)(t) > %to""“ = Me(t), t € (0,1).

Therefore, we concluded that T : Q. X Q. — Q..
Secondly, we prove that T : Q. X Q. — Q. is a mixed monotone operator. Let
v1,02 € Q. and vy < vy, we obtain

/01 G(t, s)dq ( /01 H(s,7)g(T, Igf%l (1),... ,Iéﬂ)l (1), Ul(T))dT) ds
< /01 G(t,s)o, ( /01 H(s,m)g(r, I 20a(7), . .., Iva(7), vQ(T))dT) ds,

- T, w)(t) < T(va,w)(), W € Q. (5.1)

Thus T'(v,w)(t) is nondecreasing in v for any w € Q..
Let wy,ws € Q. and wy > wo. Then

/0 G(t, s)¢q(/ H(s,T)h(r, Igfzwl(T), oy Iaew (1), w1 (7))dT)ds
§/0 (t,s)q( / H(s,T)h(7, 1} 2wy (7)), + .+, Iaswo (1), wa(T))dT)ds,

i.e.,

T(v,w1)(t) < T(v,w2)(t), w € Q. (5.2)
Therefore T'(v, w)(t) is nonincreasing in w for any v € Q.. Consequently, according
to (5.1) and (5.2)), we conclude that the operator T : Q. X Q. — Q. is a mixed

monotone operator.
Finally, we show that the operator T" has a fixed point. If v,w € @., it follows
from (H3) that

/G ¢q /Hm T,IO; to(r),. ,Ig+tu(7),tv(7))d7)ds
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/ G(t, s) ¢q / H(s,7)g TtI 29(7), ...,tlé+v(7),tv(7))dT>dS
Z/o (t,5)0q / H(s,7)t g(T, IngU(T),...,I&+U(T),v('r))d7)ds
> tb/o G(t,s)¢dq /0 H(s,T)g(T, ISIQ’U(T),...,I(%JrU(T),U(T))dT)dS,
and
/1 G(t,5)d, / H(s, 7)h(r, I'7 2 w(7), ,Igmlw(T),flw(T))dT)ds
/ G(t, s)dq / H(s,7)h(r,t ' 1)'" 2w(T), ...,t_ll(%er(T),t_lw(T))dT)ds
2/0 G(t,8)dq /0 H (s, 7)t°h(r, I} 2w(r), .. .,Ié+w(7)7w(7))d7)ds
> tb /01 G(t, s)¢dq ( /01 H(s,7)h(r, [6{[2111(7'), . ,Iéﬂu(r), w(7‘))dr) ds,

we obtain

1
T(t:r:7 ;y) > t"T(z,y), x,y€ Q., t€(0,1), be (0,1).

Therefore, from Lemma[2-§]it follows that the operator T has a fixed point. That is
to say, the fractional differential equation has a unique positive solution v(t),
v € .. By Lemma we know that the fractional boundary-value problem
has a unique positive solution u(t), such that

MNa—n+2)

o 1 7.[” 2 < t
MF(O&) M o+ ( ) ’U,( )
MT(a — 2
< MIP ?e(t) = Wta—l, t€(0,1).
The proof is complete. O

Now we introduce the following assumptions:

(H5) f(t,z1,22,...,Tn-1) = g(t, 21,22, ..., Tp_1) X h(t,21,22,...,2Zp_1), where
g:(0,1)x[0,+00) xR*~1 — [0, +00) and A : (0,1) x [0, +00) x (R/0)"~2 —
[0, 4+00) are continuous;

(H6) For x; > 0,i=1,2,...,n—1, there exist constants by, by > 0,0 < by +bs <
1, such that

g(t kxy, ko, ... kx,_1) > kgt xy, 20, ... 20 1),k € (0,1),

h(t, k™ ey, k  ag, .k ) > E2R(t 21, 20, 20 1), k€ (0, 1);

Corollary 5.2. Assume that (H2), (H4), (H5) and (H6) are satisfied, then the
fractional boundary-value problem (1.3) has a unique positive solution.

The proof is done in the same way as the proof of Theorem we omit it.
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6. EXISTENCE OF AT LEAST ONE POSITIVE SOLUTION

In this section, we show the existence of at least one positive solution to the
fractional boundary-value problem by using the upper and lower solution
method.

Let E> = {v: v(t) € C%[0,1] and ¢,(DJ; " ?v(t)) € C2[0,1]} denote the Banach
space endowed with the norm || v ||= ren[ax {sup [v(t)],sup ¢, (D57 "0 (t)|}.

The operator F' is defined by

(t) = /01 G(t,s)o, ( /01 H(s, 7)f (1, I"20(r), . .., I o(7), U(T))dT) ds,

for t € (0,1). Now we have two definitions on the lower and upper solutions of the
fractional differential equation (3.1)).

Definition 6.1. A function m(t) is called a lower solution of the fractional differ-
ential equation (3.1)), if m(t) € Eq, and m(t) satisfies
D (6, DG P mt) > f(t, I m(t), I mit), ... Igem(t), m(t), t € (0,1),
m(0) < 0,m(1) < am(§), Dg " *m(0) = Dgi " *m(1).
(6.1)
Definition 6.2. A function n(t) is called an upper solution of the fractional dif-
ferential equation (3.1), if n(t) € Es, and n(t) satisfies
Dy (¢ DG " 2n(t)) < f(t 13720 (t), I Pn(t), ... Ijen(t),n(t), te (0,1),
n(0) > 0,n(1) > an(&), DS "n(0) < DG n(1).
(6.2)
We introduce the following assumptions:

(H9) f(t,x1,22,...,2n_1) € C((0,1)x(0,+00)""1, [0, +00)) is nonincressing rel-
ative to x;, , and there exists a constant Ly > 0, such that | f(¢, z1,22,...,2n-1) |<
Ly, wherez; >0,:=1,2,...,n—1;
(H10) For any constant p > 0, we have

1
0</ H(t, ) f(t, 172" Lt " ™" dt < o0

(H11) There exists a continuous function p(t),¢ € [0, 1], such that

[ Gt [ H ) 010, Beplo)ptar s = ) 2 900,
/0 (t,5)¢q / H(s,7)f(r, Iy 2q(7), ...,I(%Jrq(T),q(T))dT)dszp(t).

Theorem 6.3. If (H9)—-(H11) are satisfied, then problem (1.3) has at least one
positive solution.

Proof. We divide our proof into four steps.

Step 1. Let My := max G(t,5),Ms ;== max H(t,s). Set Q3 = {v € Ey :
0,1]%[0,1] [0,1]%[0,1]

l|v]| < My¢q(MsLy)}, we prove that F'(Qq) C Q.
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For any v € 1, we obtain that

/ G(t, s)dq / H(s,7)f(T, Ig_:QU(T),...,Ié+U(T),U(T))dT)dS
< Mygg(MaLy).
Consequently F(Qq) C Q.
By computations, we have
1 1
/0 G(t, s)¢p(/0 H(s,T)(Fv)(t)dT)ds = f(t,Igf%(tL . ,Igw(t),v(t)),
for t € (0,1), (6.3)
(Fv)(0) =0, (Fo)(1) = a(Fv)(§),
D57 2(Fu)(0) = DT A (Fu)(1) = 0.
Step 2. Set m(t) = Fq(t),n(t) = Fp(t), in this step, we prove that m(t),n(t) are

lower and upper solutions of the fractional differential equation (3.1, respectively.
From the assumptions (H9) and (H11), we obtain

p(t) <q(t) = Fp(t), Fq(t) <q(t) = Fp(t), tel0,1], (6.4)
th1s means that m(t) < n(t). Since F'(1) C 1, there is m(t), n(t) € 4. According

to ., we have
D3, 0y (DT m(t)) = f (& 1572 mle), 2 mle) .., Iem(t), m(1) )

< D)., (D572 (Fq)(1)) = £(1 157 2a(0), 157 a(0), - Tva(t). a()) =0,
m(0) =0, m(1) =am(§), DI ""*m(0)= DS " m(1) = 0.

(6.5)
and
Dy, 6y (DG 20 ) P (61720, 5000, - Ben(®),n(t))
> DY, 6y (Dg 2 (Fp)(®) — £ (8137 20(0), I p(t), .., Iep(t), p(t)) = 0,
n(0) =0, n(l) =an(¢), Dg=""*n(0) = DgT"n(1) = 0.
(6.6)

Hence, m(t) and n(t) are lower and upper solutions of the fractional differential

equation (3.1)), respectively.
Step 3. Let

o (t, 7 20(t), IM50(t), . I (), v(t))

F( I m (), 15 mit), - Igem(t), m()), v(t) < m(t), (6.7)
= St I 2( )7151311() Il v(t),v(t),  m(t) <o(t) <n(t),
F(t 152 n(), Ig o n(t), Il n(t),n(t)),  v(t) > n(t).

Consider the fractional differential equation
DY, ¢, (DT F2n(t)) + g1 (6, 10720 (1), I3 (t), . .. I o(t), v(t)) = 0,
0<t<l, (6.8)
w(0) =0, v(1)=av(), Dy*u(0) = DG (1) = 0.
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Set Qo = {v € Ey : ||v]| < Mi¢g(MzLs)}, then Qs is a closed, bounder and
convex set, where
L= sup  lgu(t I2720(0), .. I (), 0(0)] + 1.
te[0,1],vEQy
The operator A : Qs — E5 is defined by

1 1
Av(t) = G(t, s)gbq( H(s,7)g1 (7, ISIQU(T), o Ipo(T), v(7’))d7’> ds,
0 0
where G(t, s) and H(s,7) are defined in Lemma[4.1]and Lemma From Lemma
if v € Qo, we have Av(t) > 0, and the fixed point of the operator A is the
solution of the fractional differential equation .

Now, we show that A is a completely continuous operator. Let v € Q, it
follow from the nonnegative and continuity of G(t, s), H(t,s) and Lemma that
A : Qo — Qg is continuous.

For any v € (s,

|(Av)()]
= ’ / G(t, s)dq / H(s,7)g1(T, IS’J:QU(T), ol Ié+v(7),v(7))d7)ds

/G ¢q/ H (s, ) |gu (7. 13 0(). ... T () v(r))dr ) ds

<Ly 1/ G(t, s / Hi(s T)dT)dS
<Ly 1/ G(s,5)q /OH(T,T)dT)dS

< 400,

which means that A is uniformly bounded.

The function G(t,s) is a continuous function for ¢,s € [0,1] x [0,1]; then it is
uniformly continuous for ¢, s € [0, 1] x [0, 1]. Hence for fixed s € [0,1] and any € > 0,
there exists a constant § > 0, such that

G(t1,5) — Glta, 8) < c

— 1 ?
Ll 1¢q(f0 H(r,7)dT)
where t1,t3 € [0,1] and |t — t3] < §. Therefore

|Av(ta) — Av(ty)]

< /01 |G(ta, s) — G(t1, s)qbq(/ol H(s,7)g1(T, ]6l+—2v('r), e Ié+v(7),v(7))d7)ds

< 1o /0 Gk, 5) — Gltr, )|y /0 H(r, 7)dr)ds

1 1

<180, Hm)in) [ 1G(ts) - Gl s)lds
0 0

< ¢ for any v € Qo,

which implies that A is equicontinuous. It follows from the Arzela-Ascoli theorem
that the operator A : Q9 — Qs is completely continuous.
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Similar to Step 1, we have A(Q3) C Qs. According to the Schauder’s fixed point
theorem, the operator A has a fixed point, that is to say, the fractional differential
equation has a positive solution.

Step 4. We prove that the fractional differential equation (1.3) has at least one
positive solution. Suppose that d(t) is a solution of (6.8)), then

d(0) =0, d(1)=ad(§), Dy ""?d(0)= D "*d(1) =0.
From (H9), we know that
f(t, Iy72n(t), 137 (t), ., Igen(t), n(t)

< g1 (8 I72A(0), 173, I d (1), d(1) )
< FIG7Pmt), 1P m(t), . Igem(t),m(t),  t € [0,1].
According to (H11) and (6.4)),

7617200, 1570, va(t), a(t))
< g1 (6 I72d(0), 172, . I d (1), d(1) )

< f(t,lgfzp(t),lgf?’p(t),...,Ié+p(t), p(t)), te0,1].
It follows from p(t) € 2 and that
Dy 6y (DG 2n(t)) = D6 (D5 " (Fp)(1))
= f(t 157 2p(), 15 p(t), . Igep(D), (1)), ¢ € [0,1],
From the above discussions, we obtain
D§+¢p (DG n()) — D§+¢p (DG *2d(t))

— (t, 72p(), I'3p(t), . . ,Ig+p(t),p(t))

o (t, (), 73, ., I d (), d(t))
>0, tel0,1].
and
(n=d)(0) =0, (n—d)(1) = a(n—d)),
D320 = d)(0) = Dg= "2 — d)(1) = 0,
If we let 2(t) = ¢,(DS " ?n(t)) — (Do 2d(t)), then 2(0) = z(1) = 0. By
Lemma [£.2] we have z(t) < 0. Hence,
$p(Dg7 " n(t)) < ¢p(DGT" (1), ¢ € [0,1].
Since ¢, is monotone increasing,
D" F2n(t) < Dy HRd(1),

that is
DS 2 (n—d)(t) < 0.
By Lemma[d.2] we have (n—d)(t) > 0. Thus we conclude that n(t) > d(t),t € [0,1].
In the same way, it is easy to prove that m(t) < d(t),t € [0,1]. Hence d(t) is a
positive solution of the boundary-value problem (3.1, that is, Lemma imolies
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that u(t) = I/, %d(t) is a positive solution of boundary-value problem (L.3). The
proof is complete. ([
7. EXAMPLES
In this section, we give two simple examples to illustrate our main results.
Example 7.1. We consider the boundary-value problem
D2 (D3 2u(t)) + 1 (1) + ()2 (1) + () (1))
+t 1/2(u*1/4(t) + ()2 + ()T E) =0, 0<t<], (7.1)
u(0) = u/(0) = u"(0) = 0,u" (1) = au(€), DY/ *u(0) = DY/ *u(1) = 0.
Proof. Set
gltult), ' (8),u" (1) = (!4 (t) + ()2 (1) + (") 4(2)),

h(t,u(t), o (1), u” (1)) = ¢ 2 (™ 4(8) + () 7V2() + (") A (D).

where 0 < ¢ < 1 and u(t) > 0, w'(t) > 0, v (t) > 0. Obviously, g(t, u(t),u (t),u”(t))
is nondecreasing relative to ¢t and u(t), v (t), v’ (¢t), and h(t, u(t),u (t), u”(¢)) is non-
increasing relative to t and u(t), v’ (¢), u” ().

By k € (0,1) and u(t) > 0,v/(¢) > 0,u”(t) > 0, we have

g(t, ku(t), ku' (£), ku" (£)) = t(k"/ *ul/A(t) + K2 ()2 () + B3/ (a4 (8))
> kA WMA() + ()2 () + ()P A())
= kgt u(t), o (t),u” (1)),

/\v

and
h(t, k~ u(t), k= (1), k= " (1))
:t—1/2(k1/4u—1/4(t) k1/2( ) 1/2(t)—|—k:3/4(u”)_3/4(t))
<tV W) + () TV + () THR))
= E34h(t, u(t), o' (t),u" (t)).

From above discussion, the assumptions (H1)—(H4) are satisfied. It follows from
Theorem [5.1] that the boundary-value problem (7.1)) has a unique positive solution.
The proof is complete. ([

Next we give an example which is difficult to obtain the existence of positive
solution to the fractional boundary-value problem (7.2]) by using Theorem

Example 7.2. We consider the boundary-value problem

D¢, (D 7/2()):t2+?+@+#, 0<t<l, -
7.2
w(0) = u'(0) = u"(0) =0, (1) = %u”(%), DI?u(0) = DY u(1) = 0.

Proof. The function

7/3¢p( 7/2 ()):t2+@+
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is changed into the form of

Dgf’@, (D7/2u(t)) e ut) W) u'(t) _ 0.

0* 2 3 4

Let u(t) = I3, v(t), we have

7 1 1
Di*6,(D0(t) =12 = S13.v(t) - 5
1 1 ]
v(0) = 0,v(1) = §U(§)aD3fU(0) = Dgizv(l) =0,
then the hypotheses (H9) are satisfied. For any p > 0, we obtain

1
Igav(t) — Zv(t) =0, 0<t<l,
(7.3)

1
/ H(T7 T)f(T7 Ing/,LTl/Q,15+MT1/2,M7'1/2)d7’
0
! 1 1 1
= / H(r, T)(t2 + §I§+u71/2 + §Ié+,u71/2 + ZMT1/2)dT < 400,
0
which implies that (H10) holds.

1, 1
f(tv §IO+U(t)7 3

1

3
1

S 7"_1/2 (tQ + §I§+U(t) +

1
Igv(t) + 1v(t)
1

Sloo(t) + iv(t))

1 1 1
_—1/2 Lo k! 1
T f(t, 2IO+v(t), 3[0+v(t), 4v(t)>.

1 1
ILo(t), Zv(t)) =4 SIo(t) +

Let a(t) = t'/2, we obtain

1 1
b(t) :=Ta(t) = / G(t,s)d)p(/ H(r,7)f(r, 12 prt/2, 1L /2, /) dr)ds €
0 0

and Th(t) = T?a(t) € Q. Hence, there exist two positive numbers py, 2, such
that

Ta(t) > pra(t), T?a(t) > poal(t).
Let 0 < po < min{l, pq, u;/?’}, by the monotonicity of T', we obtain
T(poa(t)) = Ta(t) = pa(t) = poa(t),
and
T2(poa(t)) > py *T?a(t) > pg/* paa(t) > poalt).
If we take p(t) = pot'/?, then

q(t) = Tp(t)
1 1
=/ G(tys)ci)p(/ H(T,T)f(T,I§+uTl/27101+Wl/2,u71/2)d7)d8
0 0

> pot'/? = p(t),

and

Tq(t) = T*p(t)
:/ G(t,s)qbp(/ H(T,T)f(T,T(I§+m'1/2),T(I&+,u7'1/2),T(/u'l/z))d7'>ds
0 0

> pot'/? = p(t).
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Therefore, condition (H11) holds. By Theorem the fractional boundary-value
problem has at least one positive solution, that is to say, it follows from Lemma
that the fractional boundary-value problem has at least one positive solu-
tion. The proof is complete. [
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