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POSITIVE SOLUTIONS OF NONLINEAR M-POINT
BOUNDARY-VALUE PROBLEM FOR P-LAPLACIAN DYNAMIC
EQUATIONS ON TIME SCALES

YANBIN SANG, HUILING XI

ABSTRACT. In this paper, we study the existence of positive solutions to non-
linear m-point boundary-value problems for a p-Laplacian dynamic equation
on time scales. We use fixed point theorems in cones and obtain criteria that
generalize and improve known results.

1. INTRODUCTION

Recently, there is much attention paid to the existence of positive solutions
for three-point boundary-value problems on time scales, see [2, 4, [ [10, 12] and
references therein. However, there are not many results concerning the p-Laplacian
problems on time scales.

A time scale T is a nonempty closed subset of R. We make the blanket as-
sumption that (0,7) are points in T. By an interval (0,7), we always mean the
intersection of the real interval (0,7") with the given time scale; that is (0,7) N T.

Anderson [2] discussed the dynamic equation on time scales:

uV (t) +a(t) f(u(t)) =0, te(0,T), (1.1)
w(0) =0, au(n)=u(T). (1.2)

He obtained some results for the existence of one positive solution of the problem
and based on the limits fo = lim,_ o+ @ and foo = limy_ oo @ as
well as existence of at least three positive solutions.

Kaufmann [§] studied the problem and and obtained existence results
of finitely many positive solutions and countably many positive solutions.

Sun and Li [12] considered the existence of positive solutions of the following
dynamic equations on time scales

WAV (1) + alt) f(t u(t)) = 0, te (0,T), (13)
Bu(0) — 7u™(0) = 0, au(n) = u(T). (L4)
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They obtained the existence of single and multiple positive solutions of the problem
and by using a fixed point theorem and Leggett-Williams fixed point
theorem, respectively.

In this paper concerns the existence of positive solutions of the p-Laplacian
dynamic equations on time scales

(6(u))¥ +al®)f(t,u(t) =0, te(O.T) (15)
Bp(u(0)) = 3 aidy(u(§)). w(T) = Y biu(s) (16)

where ¢, (s) is p-Laplacian operator, i.e., ¢,(s) = [s[P7%s, p > 1, qb;l = ¢q, %—I—% =
1,0< & < < &pa < p(T), and a;, by, a, f satisfy:

(H1) a;, b; € [0,+00) satisfy 0 < 37" % a; <1, and 37 % b, <1, TS 7% b; >

S bikss
(H2) a(t) € Ca((0,T),[0,400)) and there exists tg € ({m—2,T), such that
a(to) > 0;

(H3) f e C(]0,T] x [0,+00), [0, 4+00)).

We point out that when T =R and p = 2, , becomes a boundary-value
problem of differential equations and is the problem considered in [T1I]. Our main
results extend and include the main results of [11].

The rest of the paper is arranged as follows. We state some basic time scale
definitions and prove several preliminary results in Section 2. Section 3 is devoted
to the existence of positive solutions of , , the main tool being a fixed
point theorem for cone-preserving operators.

2. PRELIMINARIES

For convenience, we list the following definitions which can be found in [T}, 3] 4}
ol [7].

Definition 2.1. A time scale T is a nonempty closed subset of real numbers R.
For t < supT and r > inf T, define the forward jump operator ¢ and backward
jump operator p, respectively, by

ot)=inf{reT| 7>t} eT,
piry=sup{reT|7<r}eT.
for all t,r € T. If o(t) > ¢, ¢ is said to be right scattered, and if p(r) < r, r is said
to be left scattered; if o(t) = ¢, t is said to be right dense, and if p(r) = r, r is
said to be left dense. If T has a right scattered minimum m, define Ty, =T — {m};

otherwise set Ty = T. If T has a left scattered maximum M, define T = T — {M};
otherwise set T* = T.

Definition 2.2. For f: T — R and t € T*, the delta derivative of f at the point ¢
is defined to be the number f%(t), (provided it exists), with the property that for
each € > 0, there is a neighborhood U of ¢ such that

F(a(t)) = f(s) = f2()(a(t) = 8)| < elo(t) — s,
for all s € U.
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For f : T — R and t € Ty, the nabla derivative of f at t is the number fV(t),
(provided it exists), with the property that for each ¢ > 0, there is a neighborhood
U of t such that

[f(p(1)) = f(s) = FY()(p(t) = 5)| < elp(t) — s,
for all s € U.
Definition 2.3. A function f is left-dense continuous (i.e. ld-continuous), if f
is continuous at each left-dense point in T and its right-sided limit exists at each

right-dense point in T. It is well-known that if f is ld-continuous, then there is a
function F(t) such that FV () = f(¢). In this case, it is defined that

b
/ F(H)Vt = F(b) — F(a).

If u”V(t) <0 on [0, 7], then we say u is concave on [0, T].

By a positive solution of (L.5)), (1.6), we understand a function wu(t) which is
positive on (0,T), and satisfies (1.5)), (1.6]).

To prove the main results in this paper, we will employ several lemmas. These
lemmas are based on the linear boundary-value problem

(Pp(u™)Y +h(t) =0, te(0,T), (2.1)
m—2 m—2
Gp(u™(0)) = Y aidp(u®(&)), u(T biu(&;) (2:2)

i=1 i=1
Lemma 2.4. For h € C4[0,T] the BVP (2.1)—(2.2)) has the unique solution

ut) = — /Ot ¢q(/05 h()VT — A)As + B, (2.3)

where
— z 1 a’l f07
1-— 2?1_12 a; ’
) fOT bq ( fOS h(r)VT — A) As — ZZ’;Q b; foi ¢q(f05 hMT)VT — A) As
- (I S

Proof. Let u be as in (2.3). By [3, Theorem 2.10(iii)], taking the delta derivative

of (2.3), we have
t
At) = —¢q(/0 h(r)Vr — A

on(u) ==( [ hir)vr - 4),

taking the nabla derivative of this expression yields (¢,(u®))Y = —h(t). And
routine calculation Verify that u satisﬁes the boundary value conditions in (2.2)), So

that u given in is a solution of and ( .

It is easy to see that the BVP

moreover, we get

m—2 m—2

(Gp ()Y =0, ¢pu(0)) = Y aigp(u®(&)), w(T Zbu&

i=1
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has only the trivial solution. Thus u in (2.3]) is the unique solution of (2.1)), (2.2)).
The proof is complete. ([

Lemma 2.5. Assume (H1) holds, For h € C4[0,T] and h > 0, then the unique
solution u of . . satisfies u(t) > 0, fort € [0,T).

Proof. Let .
vo(s) = ¢q(/0 h(T)VT — A).

/( h(T)VT—A:/k h(T)VT + Licy alfo 207
0 0 _Zz 1 al

it follows that ¢g(s) > 0. According to Lemma [2.4] we get

Since

u(0) =B
fo vo(s)As — S0 [
1— 22112 bi

Iy eo(9)As = 1 b fy wols)As = [ wols)As)

N L%,
T S0 [T o(s)As

:/ wo(s)As + = fi;d > 0.

0 1=257bi

and

U(T)Z—/OTWO(S)AS‘FB
= [ ot

s)As — b;
SAS—FfO(pO S m2f0900
1—Zi:1 bi
S b [ wo(s)As
- m—2 =
17214:1 b;

If t € (0,T), we have

u(t)z—/ot@o(s)As—kl_le{/ngoo AS—Zb/ As}

=1
T 1 T
> — A $)As — b;
- /o%(s) S+1-2:’1—12bi[/o #ols) s Z /‘po As|
1 m—2 T T
- -, / A +/ A
1—2?;21)1[ ( — ) 0 Pols)as 0 #ole)
m—2 &
_ Z bi/ wo(s)As}
=1 0

T
= b; s)As > 0.
o
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So u(t) > 0, t € [0,T]. The proof is complete. O
Lemma 2.6. Assume (H1) holds, if h € C\q[0,T] and h > 0, then the unique

solution u of (2.1)—(2.2) satisfies

inf w(t) >
tel[rol,T]u( ) > llull,

where

2imy bi(T = &)
s m—z, > llul = sup fu(t)].
T—52 bi& t€[0,T)
Proof. Tt is easy to check that u®(t) = —p(t) < 0, this implies
=u(0 i t) =u(T).
lull = u(0),  min u(t) = u(T)

)

’y:

It is easy to see that u®(t2) < u®(t;) for any t1,ts € [0,7] with ¢; < t5. Hence
u®(t) is a decreasing function on [0,7]. This means that the graph of u®(t) is

concave down on (0,T). For each i € {1,2,...,m — 2}, we have
uT) —u(0) _ u(T) —u(&)
T—0 — T-& 7

i.e., Tu(€) — &u(T) > (T — &)u(0), so that

m—2

m—2 m—2
T Z bzu Z blfl Z bz T — fz )
=1 i=1 i=1
With the boundary condition u(T") = ZT;Q biu(&;), we have

T—¢

U(T) Z Zz 1 WE 5 5)

T - Zi:l bifi

This completes the proof. O

u(0).

Let the norm on C1q[0,T] be the sup norm. Then Ci4[0,7] is a Banach space.
It is easy to see that (1.5)—(1.6) has a solution u = u(t) if and only if u is a fixed
point of the operator

(Au)(t) = — /Ot ¢q(/os a(7) f(r,u(T))VT — A) As + B, (2.4)

where
Ao 1 a7 fol u(T))Vr
1721.112(11 ’
T
/0 ¢q< | a(t f(T,u(T))VT—fl)As
m—2 : s
0 / o[ a1 ur) 7 = 2)as 1_21?_12 -
Denote

K= {u cu € Cq[0,T],u(t) >0, I[IéfT] u(t) > 7||u||}7

where  is the same as in Lemma[2.6] It is obvious that K is a cone in C4[0,T]. By
Lemma A(K) C K. It is easy to see that A : K — K is completely continuous.
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Lemma 2.7. Let
p(s) = ¢q(/0 a(7) f(r,u(r))Vr — [1).
For &, (i=1,...,m— 2), then

/ Y pas< & / " p(s)as.

Proof. Since

SaT u(r))Vr — A = SaT T, u(T))VT Zglfaifoia(T)f(T’u(T))VT
| artram)vr=d= [ am)seutr)er+ e,

which greater than or equal to zero, we have ¢(s) > 0. Now, for all ¢ € (0,T], we
have

(fot Lp(S)AS)A _tot) = Jy e(s)As 0

t to(t) -
In fact, Let ¢ (t) = tp(t) — fot ©(s)As, taking the delta derivative of the above
expression, we have

PA(t) = te™(t) > 0.
Hence, 9(t) is a nondecreasing function on [0, 7. i.e. ¥(t) > 0. For all t € (0,77,

fot o(s)As - fOT @(S)AS.

; T (2.5)
By (2.4), for &, (i=1,...,m — 2), we have
& & T
/ p(s)As < i/ o(s)As.
0 T Jo
The proof is complete. O

The following well-known result of the fixed point theorems is needed in our
arguments.

Lemma 2.8 ([6]). Let K be a cone in a Banach space X. Let D be an open bounded
subset of X with D = DN K # ¢ and Dx # K. Assume that A: Dx — K is a
compact map such that © # AK for x € 0Dk . Then the following results hold:
(1) If |Az|| < ||z|| for x € 0Dk, then i(A, Dk, K) =1;
(2) If there exists xg € K\{0} such that x # Ax + Axg, for all x € Dk and
all x > 0, then i(A, Dk, K) = 0;
(3) Let U be an open set in X such that U C Dg. If i(A,U,K) = 1 and
i(A,Dg,K) = 0, then A has a fived point in Dg\Ug. The same results
holds, if i(A,U,K) =0 and i(A, Dk, K) = 1.

We define

Ky = {ult) € K+ Jull <p}, @ ={u() € Kz _min__u(t) <7p}.

Lemma 2.9 ([9]). The set Q, defined above has the following properties:
(a) K, CQ, CK,;
(b) Q, is open relative to K;
(c) X € 09, if and only if ming, ,<i<7 z(t) = vp;
(d) If x € 09, then vp < x(t) < p fort € [§n_2,T].
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For our convenience, we introduce the following notation:

o it

L mln{ 22<T 60() -UG[’Y/),P]},
18 —max{0<t<T J;(pt(u)) Tu € [O,P]}7
f(t,u)

. f(t,u) - N
f% = lim sup max o ()’ Jo = lim inf max o () (a:= 00 or 07),

m_{l—zllm/o ¢>q[/s (r)VT + > 1_%{0 = ]As}_l, (2.6)

T Yoy b — oy b ° S a [Falr -1
:{ T(i _22112 b) / %[/O a(T)VT + 1_20 : 7y }As}

Lemma 2.10. If f satisfies the conditions

15 < ¢p(m) and u+# Au (2.8)
foru e 0K,, then i(A,K,,K)=1

Proof. By (2.6) and (2.8)), for all uw € 0K, we have
/ a(T) f(r,u(r))Vr — A
0

= Sa7' 7,u(7))VT zlazfol
= [ s um)ve+ 1—2%%i

< @, ()om)| [ ar)vr+ 1j§51az 7.

so that

o(s) = qu(/os a(7)f(r,u(r))V7 — /1)

Spméq{/o a(T)VT—l— i1 ai:fo 7 ]
- =1 ?

Therefore, by (2.4), we have

||Au||<B:1_21m26i(/0 As—Zb/ As)

i=1
1 T
S ——m= ¢(s)As
1—223@A )

T s i
< Pm%/ ¢>q[/ a(T)VT+ Sy }As
1= biJo 0 _211‘11

— p=lul.
This implies ||Au|| < |lu|| for v € 0 K,. By Lemma (1), we have i(4, K,, K) =
1. O



8 Y. SANG, H. XI EJDE-2007/34

Lemma 2.11. If f satisfies the conditions
fr,>®,(My) and u# Au (2.9)
foru e 09Q,, then i(A,Q,, K)=0.

Proof. Let e(t) = 1, for t € [0,T]; then e € 0K;. We claim that u # Au + Xe for
u € 08, and XA > 0. In fact, if not, there exist ug € 99, and A9 > 0 such that
ug = Aug + Age. By (2.7) and (2.9), for ¢ € [0,T], we have

/0S a(t)f(r,u(r))VT — A

= SCLT 7,u(T))VT Lt alfol ur))Vr
= [ et um)ve+ 1{712%

® z 1 a1f07
el A i )

so that

o) =, [ a7t - )

> patr, | [ aln)vr+ Zl“lzfo sk
0 - 1 3

Applying (2.4) and Lemma it follows that
ug(t) = Aug(t) + Aoe(t)

T 1 T m—2 &
> — $)As + ———— / s)As — bi/ S)As ) + N\
|, e85+ gy (09 D0 [ els) +20
m—2 T m 2
b; b;
= iz ST / ©(s)As — fm 2 +)‘0
1_2 bl 1_21;:1 b'L
m—2 T
1 bi&
> S5 Z—lm_i/ o(5)As + Ao
b T(1->"7b) Jo

= Zl:l szzQ_l ¢ / ©(s)As+ Ao
T =322 b) 0

TS 20— S b

> ~oM
T S
T s S f& a(T)Vr
X a(r)Vr + &=L 200 As+ A
/0¢q[/0 ") 11— 2, } 0
=P+ Ao

This implies vp > vp + Ao, a contradiction. Hence, by Lemma (2), it follows
that i(A,Q,, K) = 0. O
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3. EXISTENCE OF POSITIVE SOLUTIONS
We now present our results on the existence of positive solutions for (|1.5)—(L.6)
under the assumptions:
(H4) There exist p1, p2 € (0,400) with p; < yp2 such that

)
o< dp(m), f12, > ¢p(My);
(H5) There exist p1, p2 € (0,+00) with p; < p2 such that
2 < By(m). 123, > 6,(Mn).
Theorem 3.1. Assume that (H1)-(H3) and either (H4) or (H5) hold. Then (1.5]) -
(1.6) has a positive solution.

Proof. Assume that (H4) holds. We show that A has a fixed point u; in Q,,\K,,.
By Lemma we have
(A K, K)=1.
By Lemma we have
(A, Ky, K) =
By Lemma (a) and p; < yp2, we have Kp1 C Ky,, C Q,,. It follows from

Lemma 3) that A has a fixed point u; in ©,,\K,,, The proof is similar when
Hp holds, and we omit it here. The proof is complete. ([l

As a special case of Theorem we obtain the following result, under assump-
tions

(H6) 0 < [ < ¢p(m) and ¢,(M) < foo < 00;
(H7) 0 < > < ¢p(m) and ¢(M) < fo < oo.

Corollary 3.2. Assume that (H1)-(H3) and either (H6) or (H7) hold. Then (1.5])—
(1.6) has a positive solution.
For the next result we use the following assumptions:

(H8) There exist p1, p2, p3 € (0,400) with p; < yp2 and pa < ps3 such that

0" < gp(m), 12, > ¢p(My),u # Au,¥Y u € 09Q,, and  fi* < ¢p(m);
(H9) There exist p1, p2, p3 € (0,400) with p; < pa < yp3 such that
0> < gp(m), L1 > ¢p(My),u# Au,¥ u € OK,,, and f3 > ¢,(M~).

YP1

Theorem 3.3. Assume that (H1)-(H3) and either (H8) 07’ (H9) hold. Then (1.5)—
. has two posztwe solutwns Moreover, if in (HS), f{' < ¢p(m) is replaced by
L < gp(m), then (LE)—~(L.6) has a third positive solutwn usz € K, .

Pmof. Assume that (H8) holds. We show that either A has a fixed point u; in
0K,, orin Q,,\K,,. If u # Au for v € 0K,, UOK,,, then by Lemmas and

[2:17] we have

i(A Ky, K) =1, (A Ky, K) =1, (A, Kp,, K) = 0.
By Lemma [2.9) E (a) and p; < yp2, we have Kp1 C Ky,, C Q,,. It follows from
Lemma (3) that A has a fixed point u; in ,,\K,,. Similarly, A has a fixed

point in K,,\Q,,. The proof is similar when (H9) holds and we omit it here. The
proof is complete. O
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As a special case of Theorem [3:3] we obtain the following result, using the as-
sumptions:

(H10) 0 < f9 < ¢,(m), fL, > ¢p(M7), u # Au, for all u € 09, and 0 < f* <

¢p(m);
(H11) (bi(m) < fo < 00, f§ < ¢p(m), u # Au, for all u € 0K, and ¢,(M) <
foo < 00.

Corollary 3.4. Assume (H1)-(H3). If there exist p > 0 such that either (H10) or
(H11) hold, then (L.5)—(1.6) has two positive solutions.

Note that when T = R, (0,7) = (0,1), and p = 2, Theorems and here
improve [I1, Theorem 3.1].
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