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LOCALIZED NODAL SOLUTIONS FOR PARAMETER-
DEPENDENT QUASILINEAR SCHRODINGER EQUATIONS

RUI HE, XIANGQING LIU

ABSTRACT. In this article, we apply a new variational perturbation method
to study the existence of localized nodal solutions for parameter-dependent
semiclassical quasilinear Schrédinger equations, under a certain parametric
conditions.

1. INTRODUCTION

In this article, we study the existence of localized nodal solutions for the param-
eter-dependent semiclassical quasilinear Schrédinger equation

1
D (Dylb0)Div) = 5 Dabig(0) DiwDye) = Vo + Ml 0 =0,
i,j=1 .

v(z) >0 as |z| — oo,
where z € RV, ¢ > 0 is a small parameter, D;v = (% , D2bij(z) = 4Lby;(2)

2<qg<4, N>3,A>0,and V is the potential function.
We assume the following conditions on b;; and V:

(A1) b;; € CYY(R,R), bij = bji, i,j =1,..., N and there exists ¢o > 0 such that
|D.bi;(2) — D.bij(w)] < colz —w| for z,w € R;
(A2) there exist c+, c_ > 0 such that

c (14222 < Zb” )6& < cp(1+22)|E)2 for 2 €R, €= (&) € RY;
,j=1

(A3) there exists 0 > 0 such that

N
1
) Z sz fzfj < Z( ij ZD bz]( ))flé] S Q<§ _5> Z bij(z)gigj
i,j=1 i,j=1
for z € R, £ = (&) € RY;
(A4) bij(z) is even in z;
(A5) V € CHRY,R) and there exists ¢y > 0 such that
co < V(x) §cal, for z € RY;
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(A6) there exists a bounded domain M C R”Y with smooth boundary OM such
that
(VV(z),n(x)) >0, forx e dM,
where n(z) is the outer normal of OM at the point x € OM.
Without loss of generality we assume 0 € M. Under assumption (A6), the
critical set A of V' contained M is a nonempty closed set:

A={x e M|VV(z)=0}.
For a set B C RY and § > 0 we denote
B® = {2z e RY : dist(z,B) = inf |z —y| <
{z ist(e, B) = inf [o —y| <4},

Bs = {z € R" : 6z € B}.
Our main result reads as follows.

Theorem 1.1. Assume 2 < q¢ < 4, (A1)—(A6). Then for any positive integer k
there exist A, > 0 and e, > 0 such that if A > Ap, 0 < ¢ < g, then has k
pairs of sign-changing solutions *v;.,j = 1,..., k. Moreover, for any 6 > 0 there
exist o > 0, ¢ = ¢ > 0 and €x(5) > 0 such that if 0 < & < gx(9), then

|vje(x)] < cexp{ - gdist(:z:,./él‘s)}, forzeRN j=1,... k.
€

For small € and 4 < ¢ < 2-2*, the authors in [0] established the existence of a se-
quence of localized nodal solutions concentrating near a given local minimum point
of the potential function V', by developing new variational perturbation method to
treat this class of non-smooth variational problems. There are few results for the
case 2 < q < 4. Motivated by their work, we will use the variational perturba-
tion developed in [6] to deal with the existence and multiplicity of localized nodal
solutions of , for the case 2 < ¢ < 4. Next we outline the approach.

First, we denote u(x) = v(ex). Then equation is equivalent to

ol 1
Z (Dj (bij(w)Dyu) — iDzbij(u)DiuDju) — V(ex)u + Mu|T%u =0,
i,j=1 (1.2)
u(z) =0 as|z| — oo.

We are looking for weak solutions to (1.2)), namely a function v € H*(RY)NL*>(RY)
satisfying

N
1
/]RN Z (bij(u)Diungo—i— iDzbij(u)DiuDjucp) dw—i—/ V(ex)updx

i.j=1 Y

:)\/ |u|9 % up dx
RN

for p € C5°(RY). Formally problem ([1.2) has a variational structure, given by the
functional

N
1 1 A
I.(u) = f/ Z b;j(u)DyuDjudx + f/ V(ex)u? do — f/ lulfdz, uweY,
2 RN =1 2 RN q JrN
where
Y:{u:uEHl(RN),/ u?|Vul? do < 400}
RN
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Now we define a truncation function and a perturbed functional. Let ¢ €
Cs°(RY) be such that ¢(s) = 1 for |s| < 1;0(s) = 0 for |s| > 2;|¢/(s)] < 2,9
is even and decreasing in the interval [1,2]. For u € (0,1],2 € RY, 2 € R define

bu(z,z) = p(pexp{dist(uz, M)}z), m,(z,z) = /OZ bu(x, T)dr. (1.3)

Assume z =0 € M. For x = 0 we simply use the notation

bu(2) = 0u(0,2) = p(2),  mu(z) = my (0,2) = / bundr. (14

Let

Bij(z):bij(z)—a(l—i—zg)éij, i,jzl,...,N,
where o > 0 is a fixed small positive constant so that 8;5,4,7 = 1,..., N also satisfy
the assumptions (A1)-(A3) (with possibly different constants ¢y and §). Now we
define the perturbed functional I,, . by

1 |Vl m=2 2 1 |Vl m=4 2
Tuelu) =50 /RN (W) Vul o+ 30 /R (m) wVul® dz

1 al 1
+ i/RN Z ﬁij(u)DiuDjudx—&- 5/

i.j=1 By

for p € (0,1], u € X = WH™RN) N HY(RY), where m > 4. Here we introduce
one additional coercive term for perturbation because the problem on unbounded
domain RY and the imbedding from W™ (RY) to LI(RY) is not compact. More-
over, we use the penalization method due to[} 2] 3] to localize the solutions. For
more results on standing waves, sign-changing solutions, ground state solutions and
asymptotic behavior of solutions to quasilinear Schrédinger equations, we refer the
reader to [T}, Bl [T0) [IT].

Let ¢ € C§°(R) be such that {(t) = 0 for t < 0, {(t) = 1 for ¢t > 1, and
0 < {'(t) < 2. We define

V(ex)u? dx — 2/ |u|? dx

RN

Xe(7) = 576<(diSt(xv M)).
Let E(z) = V(z) — o and define
Lye(u)

|VU| m—2 5 1 / U m—2 5
O'/RN (m#(\Vu\)) |Vul® dx + 59 » <m5(x,u)) u” dx
N
1 [Vul m—4 9 1/
_’_,0/ _ u*|Vul|*dx + = Bii(u)DjuD v dx
37 Joo Gray) VP g [ 2 Pulw)Daub;

1 1 B
+ = E 2d +f3 / e 2dr—1 —f/ 1d
5 . (ex)u” dx 5 ( X (x)u” dx ) 7 ) |u|? dx

for u € X, = WHmRN)n HYRY), 2 < B < ¢, and
W (RY) = whm(RY) 0 LT (RY),
where L™ (RY) is a weighted L™-spaces

LTRY) ={ue Lm(RNL/R

™

s

N

exp{(m — 2) dist(ez, M) }|u|™ dz < +o0}
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endowed with the norm
1

||uHL?L(RN) = (/ exp{(m — 2) dist(ex, M) }|u|™ dw) "
]RN

with a coercive weight. Then we know the space W2™(R¥) is compactly imbedded
to LP(RY) for m < p < m* = £ in particular the imbedding into L¢(RY) is
compact. If

lu(z)| < %exp{—dist(ax,M)} for z € RY and / Xe(z)u? dz < 1,
RN
then I'), o (u) = I, - (w). And if [Vu(z)| < = for z € RN, then I, .(u) = I.(u). Here
no limit process p — 0 is needed for the ex1stence of critical point of the original
problem, and for small p and €, I';, . shares critical points with I, resulting in
solutions of original equation for small p and e.

The article is organized as follows. In Section 2 we collect elementary properties
of the auxiliary functions involved in the perturbed functionals and prove some
technical results. In Section 3 we construct critical values of I', . by the method
of invariant sets with respect to the descending flow. In Section 4 we prove the
uniform bound for the gradient of the approximate sign-changing solutions obtained
in Section 3 and complete the proof of Theorem

Also we fix some notations c,cg,c1,... denote possibly different positive con-
stants, and ¢(u), if necessary, denotes constants depending on . In a given Banach
space, — and — denote the strong convergence and the weak convergence, respec-
tively.

2. PROPERTIES OF AUXILIARY FUNCTIONS

In this section,we first recall some elementary properties and some estimates on
the auxiliary functions involved in the perturbations of the functionals, and the
following three lemmas whose proofs are quite the same as that of the results in [6]
and omit it here.

Lemma 2.1. For s >0, z € R, z € RN, p = (p;) € RN, ¢ = (&) € RY, the
following statements hold:
(1) 0 < by (z,s) < Teld) < q,
(2) my(z,8) = s, if s < = exp {—dist(uz, M)};
ptexp{—dist(uz, M)} < my(z,s) < cp”texp{— dist(pa, M)},
if ptexp{—dist(ux, M)} < s < 2u~ ! exp{—dist(uz, M)};
my(z,s) = cp™? exp{fdist(px M)},
if s > 2u~ "t exp{— dist(ux, M)}, wher@ c= [ e(r)dr.
(3) We define f,.(p) = §a(mygl‘p| )" ’Ipl2. Then

(3.1) er(1+ pm2[p™ ) |pl? < fulp) < ea(1 + p™2[p|™=2)|p|?;

(32) 2/,(p) < Vo ulp) -» < [VIp(o)| - 1ol < I, (0);

(3.3) Z” s o fu )& > o (58 ) " IR = o1 + 2|2 ¢
(3.

)

m—2
) |6p18pj fM( )| = ( ‘p\ |)) < C(l +Mm—2|p|m—2)'
(4) We define ke(w,2) = 30 ( 2 )22 Then

me(z,2)
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(4.1)
c1(1+ ™ 2 exp{(m — 2) dist(ex, M) }|2|™2)2% < ke(x, 2)
< co(1 4™ 2 exp{(m — 2) dist(ex, M)}|2|™?)2?;

(4.2) 2ke(z,2) < Lke(w,2)2 < mke(z, 2);

82 P m—2

= > _c

022 ke(@,2) 2 0 (mu(x,z)>

c(1 4™ 2 exp{(m — 2) dist(ez, M)}|z|™?);

Y

2

9 P m—2
S )
< (14 ™ 2 exp{(m — 2) dist(ex, M)}|z|™ ).

(5) We define hy,(z,p) = 20( p| )m74 2|p|?. Then
4

mu(|1’|)
(5.1) ex(14 p™p|™ )22 p|* < hu(z,p) < ca(1 4 ™ 4p|™*)2%[p|*;

(5.2)
)
4h#(zvp) S Vph#(Z,p)er %h#(zvp)z
)
< | Vphu(z,p)l p| + |&hu(zm)| |2|
<mh,(z,p);
(5.3)
|p| m—4 9, .2
w(2,0)&&5 > 27§
lea apj 68 2o (o) =l
> L+ p™Hp™ 22 |¢P2,
62 '4 m— m— m—
Seat(eon) = o (i) "l = (14
m—4 m— m—
(5.4 \apap u(z,p)] < ( p) 22 < (1 4+ pm A p|m )2
| & hu(z,p)| < ( L) p2 < e(1+ pmpme 4)Ipl2,

8 0
| 67 (Z p)| = |&Vphu(2,p)|

lpl  \m—a
mu(|PD)

< (L +pm ™) 2 [l

< |2l [p|

Lemma 2.2. Forz € RN, p,p € RN, and z,Z € RN, the following three properties
hold:
(1)
(Vofup) = Vo fu®).p =) = c(L+p™2(Ip|™ > = ™)) lp - B
> clp—p|* + e 2|p — p|™,
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Vo fu(p) = Vplu®) < (1 + 1™ *(|Ip™ % = [pI™)lp — Bl-

(2)
13} 0 _ _
(akg(x, z) — akg(z,z)) (z—%)
> c(1+e™ Zexp{(m — 2) dist(ez, M)}(|2|" 2 + [2]™ %)) |2 — 2|?
> clz — Z|? + ce™ 2 exp{(m — 2) dist(ex, M)}|z — Z|™ 2,
|%ke(x,z) - %ke(x,iﬂ
<c(l+e™ ?exp{(m — 2) dist(ex, M)}(|2|"2 + [2|™)) |z — Z|.
3)

(Vohy(2.0) = Vyhu(E.5). 0~ )+ (ehulzo) — oh(Z,7)) (2 )
> c(Ip® + [P + 1 (Pl 4 B 2) |2 2
—v L+ um (" ) o= B = con (2" 4 M) - 2P,
|Vphu(z,p) - Vphu(zaﬁ”
<L+ (I + B ) (22 + )l — B + (121 + =) (1pl + [B])]2 —=1) ,

|5 hu(z,p) = bz )
< oL+ (Bl 4 B4) (el + EDpl-+ D)o — 31+ (of? + B%) = ~ 31

where v > 0 is any small constant, and c, depends on v.

Lemma 2.3. Let J, . be the functional defined on X, by

1 [Vu| ™2 9 1 / u m-2
S(u) == A do + > S d
Jue(u) QJ/RN (mu(WUD) |Vul“dz + 57 - <m6(m,u)> u“dx

1 [Vu[ \m= 2
+ QU/RN (mu(|VU|)> u”|Vu|“dx (2.1)
+1/ EN: ﬁ--(u)D-uD-udqul/ E(ex)udx

2 RN * ! J 2 RN c '

i,j=1
Then for u,v,p € X, we have:
(1)
(DJpue(u) = DJpe(v), u—v)

> cum_z/ |[Vu — Vo|™dx + cam_Q/ exp{(m — 2) dist(ez, M) }u — v|" dx
RN RN

+ c/ |Vu — Vv|? dz — c;fQ/ (Ju|™2 + [0|™ ) (u — v)* dx
RN RN

- cu_z/ (u —v)? dz
RN

> C,u,‘e”u - UHTVTIL/;,m(RN) + CHU - UH?‘II(RN)

o [l o de - e [ (w0,
]RN

RN
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(2)
|<DJ,u,a(u) - DJM,E(U)?SOH

< cllu — vl g @myllell g @y
e (Il oy + 172 ) = Vllgom oy e yaim vy
3. CONSTRUCTION OF CRITICAL POINTS OF '), .

In this section, we will adopt the method of invariant sets of descending flow
developed in [4] to obtain multiple sign-changing critical points of the perturbed
functional I, .. For the reader’s convenience, we first give an abstract critical point
theorem, which has been proved in [9].

Let X be a Banach space, f be an even C'-functional on X. Let P;,Q,, j =
1,...,k be a family of open convex sets of X,Q; = —P;,j=1,...,k. Set

W = U?zl(PjUQj>, E:ﬂle(anﬁan).
Assume

(A7) f satisfies the Palais-Smale condition,

(A8) ¢* =infyeyx f(z) > 0,
and assume there exists an odd continuous map A : X — X satisfying

(A9) For cg,bg > 0, there exists b = b(cg, bp) > 0 such that if ||Df(z)]]
bOa |f(£l?)| < Co, then

(Df(x), x — Azx) > bljlx — Az|| > 0.
(A10) A(OP;) C Pj, A(0Q;) C Qj,j=1,...,k.
We define
Ij={ECX:FEiscompact, — E=E,y(Enn (X)) >jforne A},

A= {77 e C(X, X):nisodd, n(P;) C P;,n(Q;) CQj,j=1,...,k,
n(x) =xif f(z) < O}
where +y is the genus of symmetric sets,

v(E) =inf {n: there exists an odd map n: E — R™\{0}}.

We define the assumption

Y

(A11) T'; is nonempty,
and the notation

6=l sw @ j=12e

K.={z:Df(x)=0, f()=c}, K=K \W.

Theorem 3.1. Assume (A7)—(A11) hold. Then
(1) ¢g=c*, K #0.
(2) ¢j — o0, as j — oo.
(3) If¢j =cjy1 =" =cCjtr—1 =c, then v(K}) > k.
In the following we verify that the functional I', . satisfies all the assumptions

of Theorem [.1} First we prove that the functional T, . satisfies the Palais-Smale
condition, i.e. assumption (AT).
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Lemma 3.2. I, . is differentiable and satisfies the Palais-Smale condition.
Proof. For u,p € X, we have

(DT p,c(u), )

:/R foﬂ(Vu)Vgod:ch/RN %ks(az,u)godx

0 —h (u,Vu)(p) dz

(u, Vu)Vep + 9

N
/ Z 6” )D;uD;p + DZB”( )DiuDjwp)dx—i— E(ex)updx

RN

p—1
(/ z)u® dr — 1) / Xe(2)up da — )\/ lu|T?up da.
+ JRWV RN

Since the imbedding from W™ (RY) to L4(RY) is compact, there exists ¢ > 0 such
that

[ullLa@yy < cllullyyrm g

Let {u,} C X. be a Palais-Smale sequence of I',, ., namely, there exists L > 0 such
that [y (up)| < L and DTy, o (up) — 0 as n — oo. By Lemma[2.1]and assumption
(A3), we deduce

F/«&(un)
:/ f“(Vun)dx—i—/N ks(x,un)daﬂ—l—/RN hy(tn, Vuy,) do

/ Z Bij(un)Diuyp Djuy, dz + = / E(sx)ui dx

1,7=1

1 , 8
= c@pddr —1) =2 [ fu,|td
+26(/RNX<x>unz ) q/w'“' .

Zc{umfz/ |Vun\mdz+sm*2/ exp{(m — 2) dist(ex, M) }|u,|™ dx
RN RN
+H’m74/ |vun|m*2uidz}+c</ (1+ui)|Vun‘2dz+/ u? dz) (3.1)
RN RN RN

B
+C(/ XE(x)uidm—l) —c/ ul dx
RN + RN

> c{umfz/ |Vun\mdx+sm*2/ exp{(m — 2) dist(ex, M) }|u,|™ dx
RN RN

+Mm74\/ |Vun|m4uidx}+c</ (1 +u2)|Vuy,| dm+/ uidw)
RN RN
B
+c(/ Xs(x)uidl’*l)
RN +

/m
- c{ / |V, |™ dz + / exp{(m — 2) dist(ez, M) }{u,|™ dx}q
RN RN

which implies that {u,} is bounded in X. and ( [un xe(2)u2dz — 1)?_ is bounded.
Assume u,, — v in X, and u, — u in L*(RY),2 < s < 2-2*. By Lemma [2.3} we
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have

+ (/ Xe(z)ul do — 1>ﬁ_1/ Xe ()t (U — Uy da

RN + RN
B—1
- (/ Xs(x)u?n dr — 1) / Xe (@) up, (un, — Up,) dx
RN + RN

- / (| |7 %ty — [T % Um ) (U — U, ) da
RN
> c(,um_2/ [Vun, — Vg, |™ de

RN

+em2 / exp{(m — 2) dist(ex, M) }|un, — tpm|™ dm)
RN

+ c/ |V, — Vg, |* de — c,u_z(/ (Jun ™2 + ] ™2) [ur, — wm|* da

RN RN

—|—/ U, — U |* das) +0o(1)
RN
> cfjun — um||€é;,m(RN) + cllup — um”?ﬂll(RN) +o(1).
So {uy} is a Cauchy sequence in X,, hence a convergent sequence. O

We define the operator A : X, — X.. Given u € X,, for a suitable constant
¢y > 0, we define v = Au € X,:

(DJy.e(v), ) + (/RN Xe(z)u? dx — 1>i_1 /RN Xe () v da
+cu /RN(\v|m_2v+v)godx (3.2)

= )\/ |u|9 % up dx + c#/ (Jul™2u+u)pdr, for p € X,
RN RN
and

Jye(u) :/ (fu(Vu) + ke(x, Vu) + hy(u, Vu)) do
- (3.3)

N
1 1
+ */ Z Bij(uw)DyuDjudx + 7/ E(ex)u*dz, forue€ X..
2 RN i j:]. 2 RN
In view of [0, Lemma 4.1], we know that for sufficiently large ¢, > 0 the operator
A is well-defined and continuous. And similar to [6], we can prove the following
lemmas [3.3H3.6

Lemma 3.3. There exist constants D > 0 and o € (%, 1) such that

E(ex)u? do > D(/ [ul? dac)a.

RN RN

N
/]RN ‘;1 <5ij (u) + %uDZﬂij(u))DiuDju dz +

)
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Now we define

Q:Q[;:{ueXE:%D(/

RN

1
"‘5%/ uidm<6},
RN
1 q « m—1 m
P:—Q:{UEX‘E:*D( U_dﬂ?) + Cu u™ dx
2 RN m RN

—i—%cH/RNUQ_dx<5}.
Lemma 3.4. There exists 0o = do(p) such that for § < dg
A(OP) C P, A(0Q) C Q.
Lemma 3.5. There exist 6o = do(u), c* = ¢*(d, u) such that
Iu-(u)>c* foruedPNoQ.
Lemma 3.6. Let u € X, v = Au, then it holds

o m—1
uidm) +mTCM/]RN ull' dx

(1)
(DT (), w = v) > el = 0l sm gy + 1 = 0l ) )-
2)
(DTye (), ) < ¢ (Jull722, oy + 101772 vy ) 1= 0llgm oy Il oy

B-1
et ([ xeteids = 1) 7 Yhu= ollm ol
RN +

for all p € X..

Lemma 3.7. Letu € X, v = Au. Assume [T, -(u)| < co, |DTyc(u)|| > bo. Then
there exists b = b(co, bo) such that

(DT (), = v) 2 bl — ollx, > 0.
Proof. By Lemma we have

Lye(u) — %q<DJw~:(u) = DJpe(v)u)

1

= pel) = 5 (D)) + %wm(w,w

- /RN (fH(Vu) - %qvpf,L(Vu)Vu) dr + /RN (ke(l”,u) _ %q%ks(x’u)lo da

1
—I—/ (hu(u, Vu) — —(Vphy(u, Vu)Vu +
RN 2q

P hy(u, Vu)u)) dx

N 1 - 1 N 1 D5 DouDowd
+AN igz:l (55%](“)_%(523(’&)4-511, p Z](u))) suDjudz
1 1

_ 1 2
—|—(§ 2q) - E(ex)u” dx

+ %(/}RN Xe (z)u? do — 1)i - 2iq(/RN Xe (2)u? d — l)i_l /]RN Xe(@)uv dx
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1 1 A
+ %Cu /RN (Ju|™?u — o™ 2v)udx + %Cu /RN (u — v)udx — 2% |u|? dx

]RN
el oy + il vy ) = e+ a2 dz —1)"
e llullgym g llwllzr vy c+ec RNXE(xu T — .
N |
_C(/ Xg(x)(u—v)de) +*CM/ (Ju|"2u — |o|™*v)uda
RN +  2q " Jpn

42 / (u—v)ud
—C u—vjuaxr.
2q“ RN

The above estimate holds since

%(/RN Xe (z)u? da — 1)i - %(/RN Xe (z)u? da — 1):3__1 /]RN Xe(z)uv dx
- %(/RN Xe(w)u? da — 1) + 2%](/ Xe(2)u? do — 1)?:1 /]RN Xe (2)u? dx

_ 2iq(/]RN Xe (2)u? dz — 1)_;1 /]RN Xe(T)u(u — v) dx

—eof [ - 0P
> c(/RN Xe(z)u? do — 1)i —c— c,,(/RN Xe () (u — v)? dx)f_,

where 0 < n < 1, ¢, is a constant. By Lemma (2), we obtain

B
Iy + sy + ([ xelutda =1

e(1+ [Ty e (W)]) + (D e () = DI (v), u)| + | / (a7 = o™ 20) uda|
R
B

+ | (u—v)udx|+c(/ xg(x)(u—v)de)

RN RN +
1+ Pe (@) + e(Jull72 oy + Il 72 oy )l = llyaom o el
el — vl sl ars vy + el — ]2 gy

2

(14 ITpe ()] + = 0l gy + I = 0130 oy + e = 072 )
7 ([l 1m vy + 1l )

for 7 € (0,1). Therefore

B
||u||7v?,51m(RN) + ||u||§_11(]RN) + (/]RN Xg(f)Ude — 1)+ (3 4)
< (14 Puc (@)l + = 0l gy + 1t = 0l ) )
By Lemma (2), we obtain

[1DT e (w)l
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(Ilu\ lm(RN) + oI lm(RN)) e = vl yy2om vy

+ c(l + (/]RN Xe(z)u?dz — 1)+_1) | — vl g vy

B—1
< c(Jlullz2 v, + 01 M(RN)+1+(/RNXE<x>u2dx—1)+ Yl = ollx,

2
< el oy Iy + 14 ([ xelohude = 1)) fu=vilx,

A

N

< (14 Duc @)+ = vl vy + = 0l )

o llu = ol v )l = vl
(14 Ty + [lu —vll%,) llu = vllx.
(14 Tpe ()] + [lu = vllx) [lu — vllx.
for & = max{m,2,20}. Lemma follows from the above inequality and Lemma
(1). O
Now we consider the assumption (A11).

Lemma 3.8. Assume B = {x € RN : |z < r} C M. Let {ex}32, be a family
of linearly independent functions in C§°(B). There exist Ry, d, > 0 such that for
A > dy,

<c
<c

Jo(u) <0 forué€ Ey, |lull =R
where Ey, = span{ey,...,e;} and

Jo(u) = a/ (|vu|m +em=Dleljym 4 |u|m’2|Vu|2> do
RN

N
1 1 A
+ = / g bij(u)DjuDjudr + — Voou? dx — 7/ |ul? dz
2 RN =1 2 RN q JrN

and Voo = sup,cpn V(2).

Proof. Since E is finite-dimensional, all norms are equivalent, there exist constants

¢k, d > 0 such that
1
f/ |u|? dx = e,
q JrRN

A
JO(U) + */ |U|qdl' < by,
q JrN
for u € Hy, ||ul]| = Rg. It is easy to see that dj = b /cy satisfies the condition. O
We define ¢y, € C’(Bk, C§°(B)) as

RtheZ, = (t,...,tx) € B, = {t|t e RN |t| < 1}.

Let
I, ={FECX.:Eiscompact — E=E,v(Enn (X)) >j fornec A}
A={neC(X., X.):nisodd n(p) C P, n(Q) C Q, n(u) =uif ', - (u) <0}.

Moreover, we define Ay, = maxi<;<g+1{d;}. Then we have the following result.
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Lemma 3.9. For A\ > Ay, E; = ¢j11(Bjt1) CTy,5=1,...,k, soT; is nonempty.
Proof. Tt is obviously that
@i+1(—t) = —pjs1(t), »j41(0)=0€W.
Fort € Bji1, u=¢j1(t), (fgn Xe(x)u? dz — l)ﬁ =0, we have
Lue(u) < Jo(u),  we @jta(Bjta), me€(0,1].
By Lemmas [3.6] and we obtain
o) & W, iftedB;,

sup Iy c(pj41(2)) <0.
t€dBj 11

By [5, Lemma 4.2], we have v(E; Un~! (X)) > j for all n € A, hence E; CT;. O

All the assumptions of Theorem [3.1] are satisfied, and we have the following
existence theorem.

Theorem 3.10. Assume (A1)—-(A6). Then for any positive integer k, the functional
L, e(n,e € (0,1]) has k sign-changing critical points, the corresponding critical
values are defined as

cj(p,e) = inf sup Ty.(u), j=1,...,k (3.5)
E€l; yem\M

Moreover
(1) there exist m;,j =1,...,k, independent of u,e such that

¢, e) <my, j=1,... k. (3.6)
(2) If cj(p,e) = -+ = cjru—1(p,€) = ¢, then v(K*(c)) = k.

Proof. By Theorem we know that I',, . (i, € € (0, 1]) has k sign-changing critical
points, so we only need to prove estimate (3.6). Since E; = ;11(Bjy1) € I'; and
I'ye(u) < Jo(u) for u € pj1(Bjq1) and p,e € (0,1], , we have

cj(p,e) <my = sup Jo(u).

uck;

The second part of the theorem is the direct result of the Theorem a

4. PROOF OF THEOREM [I.1]

In this section, we prove that the perturbed functionals shares critical points with
the original problem for small parameters. Therefore, we first prove the uniform
bound for the gradient of the sign-changing solutions obtained in Section 3. In
order to prove the following Theorem we need some propositions and lemmas.

Proposition 4.1. AssumeT', .(u) < L,DT',, .(u) =0. Then

(1) There exists K = K(L) such that |u(z)| < K for x € RV,
(2) For any & > 0 there exists ¢ = c(6,L) such that |u(x)| < ce3 for x €
RY\(M, )’
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Proof. We apply Moser’s iteration to obtain the L*>°-bound.
(1) For T' > 0, let ur(z) = u(z) if [u(z)| < T; ur(r) = £7T"if u(x) > T. Take
¢ = |ur|**~2u as test function in (DT, c(u),p) = 0 where k > 1, we have

/ fo#(Vu)chd:er/ 2ks(yg,u)godyc
RN RN 82

—|—/ (Vphu(u, Vu)Ve + ghg(u,Vu)go) dac—l—/ E(ex)updx
RN 0z RN

8-1
+ (/ Xe(z)u® dx — 1) / Xe(x)updzr > 0.
RN RN

+
Since (DT, - (u), p) = 0, we have

N
1
/ Z (»Bij (u)DiuDjp + *Dzﬁij(U)DiUDju<,0> dx + E(ex)updx
RN 7 2 RN
L=t (4.1)
< )\/ |u|9%up da.
RN
For the right-hand side of (4.1, for any v > 0 there exists ¢, > 0 such that
/ lu|9%up dx < l// u?lup|?* 2 do + cl,/ (u?|up|F~1)? da. (4.2)
RN RN RN

For the left-hand side of (4.1)), by the conditions (A5) and (A3), we have

N

N
1
/ E (51-]- (uw)D;juDjp + iDzﬂij(u)DiuDjugo> dx + / E(ex)updx
RY =1 R

S 1
> /IRN Z (Bij(u)—F 5’&Dzﬂij(u)>DiuDju|uT|2k72 de

ij=1

2 2k—2
+ ¢ /RNU lur ™" da (4.3)

zc/ |Vu|2u2|uT|2k*2dx+cl/ w?|up |2 da
RN RN

c
> / |V(u2|uT|k’1)|2dx+cl/ u?ur |2 de
RN

- k? RN

. 2/2
> £(/ (u?|up|F~1)? dz) +Cl/ w?ur |2 da.
kQ RN RN
By (4.1)—(4.3), with Av < ¢1, we have

. 2/2"
(/ (u?urp|F~1)? dw) Sckg/ (u?|ur|*~1)? da. (4.4)
RN RN
Assume [,y (u?|up|*~1)? dz < 400. Let T — oo in ([4.4) we obtain
. 2/2"
( / || (F+1)-2 d:c) < ck? / u|2*+D) g, (4.5)
RN RN

Denote d = 2* /2, then

1
([t aa) ™ <y (g
RN RN

d
2% (k+1) 3 dx) ¥ (k+1) '
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Let 2°(1 4+ k1)3 = 2%, ie., k1 = 252 > 0. Starting from k = &y, by iteration we
have

ull L@y < cllullpe @y <

</RN ul? dx)l/y < C<-/]RN |Vul|? dw)1/2

and by (3.1) we know that [, [Vu|? dz is bounded.
(2) For zp € RN, 0 < p < R < 1. Let n € C§°(RY,[0,1]) such that n(z) = 1
for # € B, = By(20), n(x) = 0 for x ¢ Br = Br(w) and |Vn| < 5. Take

since

R
¢ = ulu|?~2n™ k > 1 as test function in (DI, .(u),¢) = 0, we have

/ foﬂ(Vu)Vgodx—l—/ 3ks(ac,u)godm
RN RN 0z

0
+ /]RN (Vphu(u,Vu)Vgo—F Ehu(u,Vu)go) dx

N
+ /]RN Z (Bij(u)Diungo—&— %Dzﬁij(u)DiuDjwp) dx + E(ex)updx (4.6)

i.j=1 BY

- (/RN Xe (2)u? do — 1)i71 /RN Xe(x)uep dx

= )\/ |u|9"%up d.
RN

By the definition of ¢, we have

0
e T h(u,V E
v B2 ke(z,u)pdx + /RN % hy(u, Vu)p dr + - (ex)up dz

B—1
+ (/ Xe(x)u? do — 1) / Xe(z)updx > 0.
RN RN

+

(4.7)

And by Lemma [2.1] we obtain
/RN Vo fu(Vu)Vede
= k=) [ (V4. V2 do
+ m/RN Vo (V) [u 2~ 2un™ = Vinda
2o [ 0w TV Py do (48)
—o [ Sl da

> e / 2|2 i — e / a2 | d
RN RN

c 2k
> - ul“® dx.
(R—p)m /BR o
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Similarly, we estimate the integral [, Vph,(u, Vu)Vpdz and obtain
c
Vphu(u, Vu Vgpdxz—i/ ul?* da . (4.9)
RN p M( ) (R _ ,D)m B | |

Also, we have

N
/RN Z (ﬂij(u)Diungp + %Dzﬁij(u)DiuDjwp) dx

ij=1

> c/ (1+ u2)|Vu\2|u|2k7277md17
RN

- c/ (1 + u?)|Vu||Vyl|u/* g™t de (4.10)
RN

(&
k2 RN

c . \2/2T c
> —(/ |u| "2 daj) - 7/ |u|?* da.
K2\ Jpg, (R—=p)™ JBg
For the right-hand side of (4.6)) we have
)\/ |u|9™2up do = )\/ |92 u*Py™ do < c/ |u|?* dz. (4.11)
RN RN Br
By (0)-@TI), we have

N 2/2* k2
(/ |ul? 'kdx) < 67/ lu[**dx  for k > 1.
B, (R=p)" JBg

Applying iteration we obtain

>z [ IV E e —c [ Vo da

lull g, 2y < ellullzz )-

Because

/ wdr < 6566,
RN\ (M¢)S

we have |u(z)| < cse? for x € RV\(M,)°. O

Lemma 4.2 (Profile decomposition). Fiz p and let €, — 0. Assume u, € X, ,
DT, (un) = 0, Tyc, (un) < L. Then there exist Ug,m, € X = WE(RY) U
HYRN), ynr € RN such that

T SR .
k

(1) Un (- + yn,k) — U, in X as n — oo.
(2) |Ynk — Yn,i|l = 00 as n— oo for k # 1.
B3) NlunllF @vy = 2k lullip @ny + Irallm @y + o(1),

[t l[Fp1m vy 2 225 NURI 1 ey + 17011 m vy 4 0(1).
(4) [Irnl Ls@yy 0 asn —00,2<s<2-2%,

HunHSLs(RN) =k ||Uk||SLs(RN) +0(1) as n — oo.

Proof. By Lemma we know that {u,} is bounded in X, so the result of the
lemma follows from [§]. O
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By Proposition (2) limy,— 0 dist(yn k, Me, ) < +00. We denote
yr = lim e yn k-
n— o0
Since dist(ynk, M:) = e, dist(enYn.k, M), we have

dist(y;, ., M) =0, yj € M. (4.13)

Similar to the proof of [0, Lemma 3.2 and Corollary 3.1 ], we can obtain that the
summation in the profile decomposition has only finitely many terms and
there exists m > 0 such that [, [Un|?dz > m. Assume that the sequence {u,}
has the profile decomposition . We denote

O = RN\ { Uy, Br(ynx) U Br(0)}.
Proposition 4.3. There exist ¢, «, independent of n, such that

/Q(n) F,c, (x,un, Vu,) de < cexp{—aR}, )\/Q(m |un|?dx < cexp{—aR}
R

R

where
N
1
FH,!:‘n (SC, Z7p) = f,U«(p) + ken (‘T7 Z) + hH(Z,p) + 5 Z Bij(z)pipj
ij=1

1 1
+ §E(anx)z2 + §anan ()22,

En = (/IRN Xe, (2)udr — l)i_l.

Proposition 4.4. Assume the profile decomposition (4.12)) holds, and denote y;: =
lim, o0 €nYnk- Then y; € A, i.e., y; s a critical point of V in M.

The proofs of Propostions [£.3] and [I.4] are similar to the corresponding results in
[6], and we omit them.

Lemma 4.5. Assume T',.(u) < L, DT, .(u) = 0. Then there exist constants
a=alu, L) and ¢ = c(p, L) such that

lu(z)| < cexp{—a dist(z, M.)}, forzc RN,

Proof. Assume u,, € X, , DT, . (u,) =0,T, . (u,) < L. By Lemma {un} is
bounded in X = WL™(RN) N H'(RY). Suppose the profile decomposition (4.12))
holds,

ko
Unp = Z Uk:( - yn,k) + 7.
k=1
By Proposition [£.3] there exist «, ¢ such that

/ u? dr < cexp{—aR}.
EN\{U}2, B (yn,#)UBR(0)}

By Moser’s iteration,
lun ()| < cexp{—aR} for z € RN\ {U{° Br(ynx)UBr(0)}.
Let R, (x) = min{|z|, |* — ynkl,k=1,...,ko}. Then
jn(2)] < cexp{—aRn(z)} .
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Since epyni = yi € A, k =1,..., ko, for any § > 0 there exists € such that for
e < E, dist(€nyn .k, A) < &; hence R, (z) > dist(z, (A%).,) and

lun(2)] < cexp{—a dist(z, (A°).,)} < cexp{—adist(z, M. )}. (4.14)

O

To prove Lemma to apply the regularity theory for elliptic equations (see
[7]), and write down the divergence form of the equation, which is satisfied by the
critical points of the functional I, .,

Qu = div A(u, Vu) + B(z,u, Vu) =0, (4.15)

where

, , P o o
A(e) = A4e00) = 5 u0) + () + Y (eI,
K3 1 ]:1

:%g( [p| )m72(m—(m—2)‘p|b“<|p|))pi

mu(|pl) my(|pl) (4.16)
1 | \m plbu(lp)Y - '
+ o m—2)—(m—4 2 Pi
o o) I G L bwyy
N
+> Bij(2)ps
j=1
and
B(z, z,p)
0 1 <
= Bu(w,2,p) = —5-hu(zp) = 5 Y D.Bij(2)pips — View)z + Alz[17%2
z i,j=1 (4.17)
()™ e LS~ D ()i — Viea)z + A2
= —0 zZlp|” — = 2Pii(2)pips — EXT)z + Alz|T %2,
mu(|pl) 2,427 !
For p € (0, 1], we define
gu(t) = ™2™ bt > 0. (4.18)
Then
' (t) -t
gg“() <m-1. (4.19)
9u(t)

We apply the regularity theory for elliptic equations ([7]) to prove Lemma [4.8] and
the theory needs the following two propositions, which are similar to the proof in
[6].

Proposition 4.6. It holds that

(1) p- A(z,p) = ¢(K)gyu(lpl)lpl,

(2) |A(z,p)| < 2(K)gu(lpl),

(3) [B(z, z,p)| < ®(K)(1 + gu(lpl)Ipl)
forz e RN, 2 €R, |2| < K, p € RN, where ¢, ® are two functions from RT to R
such that ¢ is decreasing and ® is increasing.
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Proposition 4.7. Let

g i i
a’ =a;] = 5iju(Z’p)'
Then
(1) SN aigg; > oK) 2],
(2) | (z,p)| < ®(K) -"H,‘p'f"%
(3) |A(z,p) — A(w,p)| < B(K)|z — w| g, (Ip]);
(4) [B(x, 2,p)| < ®(K)(1 + gu(lp])lp])-

Lemma 4.8. Assume I, .(u) < L, DI, .(u) = 0. Then there exists a constant
H = H(L) such that
|Vu(z)| < H forxzecRY.

Proof. By Proposition there exists K = K (L) such that if DI, .(u) = 0 and
I,,c(u) < L, then u is bounded, |u(z)] < K for € RY. By [1, Corollary 1.5 and
Theorem 1.7], Propositions and we have

llullcr.e@yy < H (4.20)
where = 8(K) € (0,1), H= H(K), 8, H are independent of p, €. O

Theorem 4.9. Assume T, .(u) < L,DT,, .(u) =0. Then there exists € =&(u, L),
I =[(L) such that T, o(u) = I.(u) and DI.(u) =0 4if0<e <Zand 0 < u <.

Proof. Assume DT, .(u) =0, ', -(u) < L. By Lemma [4.5| there exist ¢ = ¢(4, L),
a = «(d, L) such that

lu(z)| < cexp{—a dist(z, (A°).)} < cexp{—a dist(z, M.)}. (4.21)
Then for € < e(u), we have

1 1
lu(z)] < - exp{—edist(z, M)} = - exp{— dist(cz, M)} for z € RY.

> me(z,u(x)) = u(z) forz € RV. (4.22)
Also, if we denote d = dist(.A%, 9M), then for 2 ¢ M., we obtain

dist(z, (A°%).) > dist(x, M) + de~!. (4.23)
Therefore,

/ Xe(2)u? dx < 676/ u? dx
RN RN\ M,

<o / exp{~2adist(z, (A).)} da
RN\ M,

< 05_6/ exp{—alz|} dz
|z||>de—1

—N-5

<ce exp{—ads™'} -0 ase—0.

Moreover, for € < (), we have

(/ Xe(z)u? do — 1) =0. (4.24)
RN +
By (4.22) and (#.24), I, -(u) = T}, (u) and DI, .(u) = DT, (u) = 0. By Propo-

81t10n there exists K = K(L) such that |u(x)] < K for z € RY. By Lemma
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there exist 3 = B(K) € (0,1), H = H(K) such that [jul|c1s@~y) < H. For
1< w(K) = 4, we have |Vu(z)| < H < i for z € RN. Hence m,,(|Vu|) = |Vul,
I.(u) =1I,.(u) =T, c(u) and DI.(u) = DI, .(u) = DT, . (u) = 0. O

Proof of Theorem[I-1. Given an integer k, for A > Ay, by Theorem [3.10] the func-
tional T', .(u,e € (0,1]) has k pairs of sign-changing critical points £u;(u,¢),
j=1,...,k, the corresponding critical values satisfy

0<cr(pe) < o <eplpe) < myg. (4.25)

By Theorem there exist ux = prp(my) and e, = ep(@, my) > 0 such that if
0 <7< p, 0 <e<ep, I'ge(u) <my, and DIy (u) = 0, then I'y (u) = I.(u),
and DI (u) = 0.

For 0 < ¢ < ey, uj. = u;(@,€), j =1,...,k are critical points of the functional
I.. Also, by ([@.14), for any ¢ > 0 there exists £4(8) such that for 0 < & < g4(6) it
holds

luje(x)] < cexp{—adist(z, (A%).)}, zcRY,
S0 o
[vj.e(@)] < cexp{ — - dist(z,4%)}, =z eRY,

where ¢ = ¢ (@, my). O
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