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C H A P T E R I

INTRODUCTION

The purpose of this paper is to examine some of the proper

ties of chain sequences. According to Dr. H. S. Wall [2, p. 79], 

chain sequences play a fundamental role in the study of continued frac

tions.

First some general properties of chain sequences will he 

stated and proved. Properties of constant chain sequences will also 

he examined. The existence of maximal and minimal parameter sequences 

for a chain sequence will he established and these parameter sequences 

will he used to determine the existence of other parameter sequences.

Although the theorems in this paper have heen proven in other 

papers, the proofs given here are original with the author.
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C H A P T E R

DEFINITIONS, AXIOMS AND PRELIMINARY THEOREMS

In this paper the following grouping symbols [ ], ( ), ( ], 

and [ ) will be used to indicate closed, open, open on the left, and 

open on the right intervals, respectively. In proving theorems, it 

will be assumed that functions are from real numbers to real numbers. 

Symbols such as A, B, x, y, etc., will represent numbers unless indi

cated otherwise. Subscripts will denote nonnegative integers.

Definition 2.1: The number set S has a least upper bound means there

is a number M such that

(1) if x e S, then x £ M, and

(2) if p < M, then there exists x e S such that x > p.

Notation 2.1: The symbol "l.u.b." means "least upper bound."

Definition 2.2: The number set S has a greatest lower bound means

there is a number M such that

I I
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3

(1) if x e S then x > M, and

(2) if p > M, then there exists x e S such that x < p.

Notation 2.2: The symbol "g.l.b." means "greatest lower bound."

Notation 2.5: The symbol "iff" means "if, and only if."

Definition 2.3: fc }°° _ is a chain sequence iff there exists a number -------------  n n=l

sequence (Sn)^_Q such that

(1) if n is a positive integer, then cn = (1 - and

(2) if n = 0 or a positive integer, then 0 ̂  gJQ £ 1.

The sequence Csn)^_Q *s call®d a parameter sequence for {cn}“_̂ . It 

follows from the definition that if {cn}n_i is a c^ain sequence, then 

for each positive integer n, 0 £ cn < 1.

Definition 2.4: Suppose {cn)“_^ is a chain sequence: (mn}“_Q and

{^}“_0 are minimal and maximal parameter sequences for (cn}“_^ means

(1) (mn}n-0 an<* ^n^n-0 are Parame^er sequences for {cn}“_^ and
00 QQ(2) if {^Jn-o is a parameter sequence for £cn}n_^, then



4
m < g < M for n s 1. 2. 3, . . . . n n n 7 7

Definition 2.5: The sequence fa )“ is a dense set in the interval-------------  n n=l

[0,1] means, if p € [0,1] and 5 > 0, then there exists a number

a e (a }°° , such that la - p| < 5. n n n=l 1 n 1

Axiom 2.1: Every non-empty set which is bounded above has a least

upper bound.

Theorem 2.1: Every non-empty set which is bounded below has a greatest

lower bound.

Theorem 2.2: If fa }°° is a non-decreasing sequence which is boundedn n=l

above, then lim a exists and is the least upper bound of fa }°° .n-*co n n n=l

Theorem 2.3? If fa )°° _ is a non-increasing sequence which is boundedn n=l

below, then lim a exists and is the greatest lower bound of fa }“ .n-*» n n n=l

Theorem 2.4? If A and B are numbers, the following statements are

equivalent:
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(1) A = B, and

(2) if e > 0, then |A - B) < e.

Theorem 2.5: (Cauchy criterion) If fx }°° is a sequence^then the" n n=l

following statements are equivalent:

(1) lim x exists, and n-K» n

(2) if s > 0, there exists a N > 0 such that if n > N and m > N,

then lx - x I < e.1 n m‘

Theorem 2.6: If S is a subset of ra.bl. then the least upper bound

and greatest lower bound of belong to [a,b].

Theorem 2.7: (Intermediate Value Theorem) Suppose f is continuous on

the closed interval [a,b], f(a) = A, f(b) = B, and A ^ B, then if 

A < C < B, there is a point p e [a,b] such that f(p) = C.

Theorem 2.8: If fx }“ and fy }°° are sequences such that lim xn n=l n n=l rw» n

exists and lim y exists and x < y for each n, then lim x < lim y .n-*co n n n n*.» n n-*co n

The preceding theorems will be used without proof in this paper. 

Proof of these theorems can be found in elementary or advanced calculus books.



C H A P T E R I I I

BASIC PROPERTIES OF CHAIN SEQUENCES

Properties of general chain sequences, constant chain se

quences, and special chain sequences of the form c^, c^, c^, c^, c ,̂

are examined in this chapter.

Theorem 5.1:

Given: fc }“ is a chain sequence and for each n, 0 < b < c .n n=l n n

Conclusion: fb )°° is a chain sequence,n n=l

Proof:

Suppose that (g }°° is a parameter sequence for [c }" and n n=0 n n=l

define fq }°° as the sequence of numbers such that q = 0  and if n n=0 0

n / 0  then,

fO, if b = 0  n
q = j  n 5

i-_£-— , if bn ft o. 
1 " Qn-l

6
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A proof by induction will be used to show that q < g forn n

each n. Since q = 0 < g , then q < g . If m > 0, and q < g , it 0 0 0 0 m m

will be shown that q < g . Suppose b =0, then q = 0 < gm+1 m+1 m+1 m+1 m+1

Suppose b 0 and assume that q < g is false; thereforem+1 m+1 m+1

q , > g and since we will assume that q < g . then it follows m+1 m+1 m m

that

bm+1 (1 • S.’V l

> ( 1 - g )q .m m+1

> a gm)gm+l

= cm+l’

Hence b > c which contradicts the hypothesis; therefore, m+1 m+1

q < g and by induction q < g for n = 0, 1, 2, 3, . . . . m+1 m+1 n n .

Since q < g <1, then q < 1 for each n. It will be shown n n “ n “

by induction that 0 < q for n = 0, 1. 2, 3, . . . . By definitionn

0 — <|q . Assume that 0 < q^ for k > 1. Now, if b^^ = 0, then

then since q^ > 0, it follows thatqk+l = °5 a M  if \+l ^ °*
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0 < b = (1 - q ) qk+1 k k+1

< (1 - 0) qk+1

= qk+1

Therefore 0 < q and by induction 0 < q for n = 0, 1. 2, 3, . . k+1 “ n

Since 0 < q < 1  and b = (1 - q )q for n - 1, 2, 3, “ n-1 — n n-1 n

. . , then {b }°° is a chain sequence, n n=l

Corollaxy 5.1;

Given: fc }" _ and fd }" . are chain sequences.' n n=l n n=l

Conclusion: fc d }w is a chain sequence,n n n=l

Proof:

It follows from Definition 2.3, that 0 < d <1; therefore,

0 < c d < c . Since (c }“ is a chain sequence and since for each “ n n — n n n=l

n, 0 < c d < c . then from Theorem 3.1, [c d }°° , is a chain sequence. - n n _ n n n n=l

Theorem 3.2: Suppose c is a number and fc }w is a sequence such that----------  n n=l

c = c for n ss 1, 2, 3, . . . . The following two statements axe n

equivalent:
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(1) fc }“ is a chain sequence, and nn=l ’

(2) 0 < c and c <“ “ 4

Proof: 1 -* 2

Assume the conclusion is falsej then either c < 0 or c > ¿.

Since fc }°° is the constant chain sequence c, c, c. . . . n n=l 7 7 7

follows from Definition 2.3, that c > 0. Therefore, c ^ 0.

then it

Assume c > =, and let fg }“ be a parameter sequence for 4* nn=Q

fc }°° . An indirect proof will be used to show that g > g forn n=l n n-1

each n. Suppose there exists a positive integer n such that g < g ,.n n-1

Since 0 < i < c  = (1- g )g , then (1 - g ) ^ 0 and - c—  = g <  g ;4 n-1 n n-1 "̂_®n-l n n-J"
2 2 1 therefore c < g „ - g , and g , - g , + c < 0. Since c > =•,- n-1 n-1 n-1 n-1 - 4

it follows that 0 > g 2 , - g — =(g , -¿)2 > 0, which is an-1 n-1 4 n-1 2 “

contradiction. Therefore the assumption that g < g _ is false, and itn — n-1

follows that g > g for each n. n n-1

An indirect proof will be used to show that g - g > 2Vc 1n n-1 ~

for n = 1, 2, 3, . . . . Suppose there exists a positive integer n

such that
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(1) g - g < 2t/c - 1 n n-1

(2) g - g + 1 < 2Vc = 27(1 - g )g .n n-l n-1 n

Since g > g for each n, and since c > ¿, both sides of inequality n n-1 7 4

2 are nonnegative. Thus,

(3) g2 + g2 + 1 - 2g + 2g g - 2g < 0.n n-l n n n-1 n-1

However, from inequality 3,

(4) 0 < (g +g - l)2 = g2 +g2 + 1 - 2g + 2g g -2g <0,n n-1 n n-1 n n n-1 n-1

This gives the contradiction 0 < 0$ hence the assumption in inequality 

1 is false and therefore for each n,

(5) g - g . > 2-fc -1. n n-1

Since 0 < g < 1  and g > g for n = 1, 2, 3, . . . , then ~ n-1 ~ n n-1

fg }“ is a non-decreasing sequence which is hounded above; therefore, n n=0

by Theorem 2.2, lim g exists and is the least upper bound of [g }°°n-*x> n n n=0

Since lim g exists and since 27c -1 > 0, then there exists n-*» n

a number N > 0 such that if (n-l) > N, then Ig - g I < 27c: -1,
’ 1 n n-l1 ’

(Theorem 2.5). Let (n-3) > N. Since g > g ,, thenn n-1

(5) g - g ^ |g - g | < 2i/c - 1.n n-1 1 n n-1
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Inequalities 4 and 5 give the contradiction 2i/c - 1 < 2i/c - 1. There

fore, the original assumption is false, and c < i. Hence, 0 < c and

c < i, and Statement 1 implies Statement 2.4

Proof: 2 -*• 1

First we will show that {c }°° is a chain sequence ifn n=l

c = i for each n. Suppose that c =A for each n and define {g }°° n 4 n 4 n n=0

as the sequence of numbers such that for each n, g = i. Sincen-1 2

C as i s fl - i = (l - g )gn 4 \ 2J 2 ën-l n

then c = (1 - g )g for each n. Also 0 < i = g = ¿ < 1  for each n n-1 n 2 n-1 2

n, hence 0 < g <1. Therefore the constant sequence i i, . , . ~ n-1 — 4 4 4

is a chain sequence. Since {c }“ is a chain sequence when c = in n=l n 4

for each n and since 0 < c < i, then, from Theorem 3.1, c, c, c, . . , 

is a chain sequence.

Theorem 5.3:

Given: {x }°° is a sequence such that lim x exists.----  n n=l n-«» n

Conclusion; lim (x . - x ) « 0 ---------  nnw n+1 n



Proof:

Let € > 0. Since lim x exists, then there exists a N > 0nico n

such that if n > N and m > N then lx - x | < e. (Theorem 2.4). Let1 n m1

n > N, then

|(x - x ) - Oj - |x - x | < ej 1 n+1 n ' ' n+1 n1

therefore lim (x - x ) = 0. 
n»oo n+1 n

Theorem 3.4:

Given: Suppose c is a positive number and f is a function such that

f(x) . x - -S-.

Conclusion A: The following statements are equivalent:

(1) there exists a real number a such that f (a) = 0 , and

(2) 1 - 4c > 0 and a = .u

Conclusion B: If 1 - 4c > 0 and — A l 4?- < x < ¿tA.~4£ then f (x) > 0.
-------------------------  2 2

If 1-A~4? < x < 1+A-4C then > 0<

Conclusion C: If 1 - 4c > 0 and x < .V A ~ A c. or x > ~̂tA " 4c. then----------- - 2 2

f(x) <0. If x < l l A E H  or x > it S i , then f(x) < 0.2 2
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Proof of Conclusion A, 1 ■* 2:

Since f(a) = 0, then

0 = f(a) = a - v2- and 1-a

0 = or - a + c. Therefore,

a = Since a is a real number, then 1 - 4c > 0.
2

2 -» 1

f(a) - a - r^- -1-a 1 - 1±/P4c

_ 1*t/i-4c
2

2c
It Vi-4c

_ l*Vl-4c _ liVl-4c
2 2

= 0.

Proof of Conclusion B:

Suppose (1) 1 - 4c > 0, and

(2) < x <2 2

An indirect proof will be used. Suppose that f(x) <0. It follows

that
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x - -2— = f(x) < 0; therefore,1-x - ’ ’

(3) 0 < x2 -  x + c s  ^ x - - ^~ ^~ 4C| j.

From inequality 2, ̂ x - W * ' 4? j< 0 and ̂ x - 1-^~4C j > 0, Urns,

( 4 ) (x - i a E S ^ x  - ¿ z V p E j <  o.

Inequality 3 contradicts inequality 4) therefore the original assumption

is false and f(x) >0. Similarly, if V ,A ~ 4c < x < l+^l-4c  ̂-then2 2

f(x) > 0.

Proof of Conclusion C:

Using an indirect proof, we will assume that 1 - 4c > 0 and 

< and that f(x) > 0. Since c > 0 and 1 - 4c > 0 then

c < —; therefore,- 4> »

(5) lWi-4c > 1—/l-4c > x-
2 2

Since 0 < f(x) = x - —2_, then “ 1-x

(6) 0 > x2 - x + c = ̂ x - ,1+^1~4c j ̂ x _

However, from inequality 5, x̂ - < o and ^x - j < 0$

therefore the product
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(7)  ̂x - l+Vj-4c^ x  - l-Vl-4c ̂  > 0.

Inequality 6 contradicts inequality 7; hence the original assumption

is false and f(x) < 0. Similarly, if x < 1-Vl"4c, then f(x) < 0.2
If 1 - 4c > 0 and x > a similar indirect argument2

can be used to show that f(x) < 0. Suppose f(x) > 0, and inequality 6

con-

can be obtained. Since 0 < c < i, then, .VAAff. < < x, and- 4» * 2 - 2  *

therefore ̂ x - j > o and ̂  x - j > 0. Since both factors

are positive, the product x - 2-.±A-4£ x - .̂.zAAc' j > 0 which 

tradicts inequality 6. Therefore, the assumption that f(x) > 0 is 

false and f(x) < 0. Similarly, if x > i±A3i, then f(x) < 0.

Theorem 5.5:

Given: The number sequence fg }“ . is a parameter sequence for the' n n=0

chain sequence c, c, c, . . . .

Conclusion A: g <--------------  Q -  2

Conclusion B: if c > 0 and g = lVl~4c t then g = g for n = 1, 2,-----------  0 2 n 0

3, . . . , and

Conclusion C: if g < then lim g = -~A~.̂ C,-----------  0 2 ' n-«> n 2
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Proof:

Since c, c, c,. . . is a chain sequence, it follows from

Theorem 3.2 that 0 < c < =.~ “ 4

Proof for Conclusion A:

An indirect argument will be used to prove Conclusion A,

Assume

di go > W E E .

Since 0 < c < ¿, then from inequality 1, “ 4

(2) g > l+ZEjc > 1-/1-49.
0 2 2

Induction will be used to show that g > g for each n.n n-1

Define f to be the function such that for each x e (0,1), f(x) = x 1-x

From inequality 1 and the fact that 1 > ĝ , we can show that c > 0. 

Therefore, from Theorem 3.4, since g > lWl-4c -¿hen 0 > f(g ) =
7 ' 0 2  0

g - J;—  = g - g, J hence g > g . Assume g > g for k an integer0 1-gQ 0 1 1 0  k k-1

greater than one and show g^ ^ > ĝ . Since 1 > g^ > g^ ^ > 0, then 

(1-g^ 1) > 0, and since g^ > g^ then

(3) = = (1-^) < (1 - g ^ )  ^
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It follows from inequality 3 that

(4) (1 ' gk-l)gk - C < (1 ‘

Since (1 - g, „) > 0, then from 4. g < g . Hence, for each n,k-1 ’ ' k k+1 '

g > g n n-1

Since {g }°° is an increasing sequence which is bounded n n=0

above by 1, then by Theorem 2.2, lim exists. Since g > J-+/l-4ĉ0 2n-ie» n

there exists a number a > 0 such that

(S) ^ . ¿ d a E E  + c.

Since lim g exists and > 0, then there exists a number N > 0 such nHbo n

that if n > N, then |g - g I < a**, (Theorem 2.5). Let n > N  and' n+1 n1

let

(6) e « gn+1 n

From equation 6

c = (1 - 8 ) g . = (1 - g )  (e + g )n nti-i n n

■ 6 (1 - g ) + 8 - g ‘n n n

Therefore

g z - g  = e (1 - g ) - c and n n n
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Sn2 " Sn + 4 = 6 (1 “ gn} ‘ C + 4* Hence’

g - — = ± y.lir.4:.9.-t..̂ g.(.lr.SnI. However, g > > i andn 2 2 ' 0 2 “ 2

{g )°° - is increasing; hence g > g > i and it follows that ( g n n=0 n 0 ~ 2 \ n

Therefore, since (1 - g ) < 1, thenn ~

(7) (gn - |)= + + Ml-fa)

^ ^l-4c + 4e
S  2 •

It follows from equation 4 and inequality 7 that

+ a = gft 
2 0

^ l+Vl-4c + 4e< —  .

Since € = g  „ - g =|g , - g I < 0̂ , then from inequality 7, wen+1 n ' n +1 n1

obtain

(8) lWl-4c + a < lWl-4c + 4e
2 2

l+~/l-4c + 4a^. Therefore,

{ E E  + a < . 4 - ^ , 1 . ^  and22 + 2

DO|
H
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-■~^c + a^l-4c + + a^: and since c < ¿,4 4 * “ 4'

0 < a^l-4c <  c ?  -  a ?

0 < a - 1

a > 1

Now, 1 > g = l+'/l~4c + a > i. This is a contradiction; thus “ 0 2

assumption in inequality 1 is false and g < lWl-4c.
0 “  2

Proof of Conclusion B by induction:

Let c > 0 and let g = 1-^1 ~4.c. Since c, c, c, .0 2 > > >

chain sequence and c > 0, then (1 - g^) ^ 0; therefore,

(9) e = -J£- 1 1-gQ

l±Vl-4c1- 2
2c

1 + i/i-4c
2c + 2cVl-4c 

4c

1 t  Vl-4c

the

. is a

= So-
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Assume g = g for k > 1. Therefore, k 0 '

g.k+1 1 - g.

1 - 8 0

gn = g0 =

= g^, from equation 9. Hence, for n = 1, 2, 3, . . . , 

1 ± A-4c

Proof of Conclusion C:

Suppose that c = 0 and g < 1 + A-4c. then, g <1. There-
0 2 0

fore, for n = 1, 2, 3, . . . , g =0. Hence, lim g = 0 = ~ ,-A"4Ç,n n-*w n 2

Three cases will he used in order to prove Conclusion C for

c > 0.

(1) 1 £i;.7â2. < g < and c < ì,2 0 2 ’ 4*

(2) g < ì— and c < —, and 0 2 “ 4*

(3) g = ljl..Æ 5 i  and c < I. 0 2 “ 4'-

Case 1:

Let Ü--1./1-.1Ç < g < .1 + A "*0 and let 0 < c < ¿. A proof by 
2 0 2 42
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induction will be used to show that g < g for n ; 1, 2, 3, . .n n-1

Define f to be the function such that for each x e (0,1), f(x) = x

Since < g < then by Theorem 3.4,
2 0 2

0 < f(g ) = g - — 2— = g - g , and therefore g < g . Assume 0 0 l-gn O r  1 0

g < g for k > 1. Now, k k-1

(10) (1 - gv J  gv = c = (1 - g ) gk-1 k k k+1

> (1 ■ W  V

C
1-X*

Since c > 0, then (1 - g ) ^ Oj therefore it follows from inequalityk-1

10 that g > g . Hence by induction, g < g for each n. k k+1 n n-1

Since 0 < g and g < g for each n, then (g }“ is a ~ n n n-1 n n=0

decreasing sequence which is bounded below; therefore, by Theorem 2.2,

lim g exists and is the greatest lower bound of {g }" n-*» n n n=0

In order to show that the g.l.b. of {g )°° is ~n n=0 2

let p = the g.l.b. of {g }“ . Since lim g = p,it follows from Theoremn n=0 n-*oo n

3.3, that

0 = lim (g - g ) n-*oo n n+1
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limn-»oo (Sn " l-gn )

= P 1-P’

Therefore p = - -,^l~4c ̂ since g„ < — and g < g , and g.l.b. 2 0 2 n n-1

°f iSn C o  iS P' th6n P -  gn < g0 < ~ " F ^ - Hence P *

and thus p = 1 - VT^ic

Case 2:

Let gQ < apd let 0 < c < — . An induction proof 2 - 4

will be used to show that g > g , for each n. Define f to be then n-1

function such that for each x e (0,1), f(x) = x - — . SinceJL"X

go < ^ and since c > 0, then (1 - go) ^ 0, therefore, by

Theorem 3.4,

0 > f(gJ = gA -O' °0 l-gr

- s0 - gr

Hence g, > g_. Assume that g, > g, . fpr k > 1. Now, 1 0 k k-1 ’

(11) (1 - 6 ^ )  gk = c = (1 - gfc) g ^
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< (1 - \ - i >  < W

Since c > 0, then (1 - ^ 0 and therefore, from inequality 11,

g, < g, ,. Hence, by induction, g < g , for each n. k k+1 7 n n+1

Since g < 1 and g < g for each n, then (g }" is an n ~ n n+1 ’ n n=0

increasing sequence which is bounded above; therefore by Theorem 2.1,

lim g exists and is the least upper bound of fg,, n-*» n n n=u
1 - /t-acWe will show that -— is the least upper bound of

(g }°°  ̂and then use this fact to show lim g = ... . An indirectn n=0 n-*oo n 2

proof will be used to show that if x e fg }“ then x < - ■ ~ .n n=(r ~ 2

Suppose there exists a number x e fg ]°° „ such that x > — A~4£,n n=0 2

Since fĝ }” q is an increasing sequence, and since there exists a

number x e fg }“ „ such that x > - ■~^c. then there exists a firstnn=Q 2

number g , (where n > 1) such that g > and g < ■"Ta' - n 2 Bn-1 “ 2

Since c > 0, then (1 - g^^) ^ 0 and therefore,

Sn-l

l - l-ZI^ic
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_ 1 - V1-4C

2

< g • n

Hence the contradiction gn < gn is obtained. Thus, the original as

sumption must be false and it follows that if x e (gn)” q , then

1 - Vl~4c x <  ô--- .

_ . , „ , ..oo „ 1- t/1-4cLet p = l.u.b. of IgnJ^o* Suppose p > ---jj--- j from

Definition 2.1, there exists a number g„ e {g n such that g„> 7 a n n =0 a
1 - V1-4C

However, this contradicts the statement in the preceding paragraph that

„ , , ,» . 1 - -/l-4c „ j  1 - i/l-4cfor each x e (g^n-o' x ----- 2--- ' Therefore P r ----jj--- ‘

Suppose p < 1 - Vl-4c Since Jjim gn exists, from Theorem 3.3,

0 - iiS (En+1 - 6„>

’ lis( 1-s ■ ^n)

■ ( î % - p )

- - ( p - 1% )
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7̂ 0 by Theorem 3.4, since p < 1 ~ ,/l-4c ^ 1, + A-4c ^2 2

then p ^ This gives a contradiction and it follows that
M

p = I ..": > S i . hence lim g = p =2 n-«oo n 2

Case 3:

Let g„ a .-I„1 .A t.42.. it follows, from Conclusion B of this 
0 2 '

theorem, that g = g„ = 1 - Vl-4c for ^  n> Therefore lim g =' n 0 2 n-*» n 2

Theorem 3.6: If lim a = A > B. then there exists a number N > 0 such----------  n-«o n
A+Bthat if n > N then a > _n 2

Proof:

A-BSince lim a = A and since > 0, then there exists a n-«» n 2

number N > 0 such that if n > N, then la - A| < Let n > N, then
’ 1 n 1 2 ’

A = A - a + a = (A - a ) + (a ) n n n n

< A - a + a “ 1 n1 n

< + a .2 n

Therefore, A < + a and2 n
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A - à lR  < a ; hence 2 n’

a .2 n

Lemma 3.1:

Given: (1) (cn)n ^ is a chain sequence, and

(2) fh }°° . is a sequence such that for each n, h = c, where ' ' 1 n7n=l  ̂ 7 n k+n

k is a positive integer.

Conclusion: {hn)“_^ is a chain sequence.

Proof:

Since fc }°° is a chain sequence, there exists a sequence n n=l

{g }°° such that if n is a positive integer then c = (1 - g )g n n=0 n n-1 n

and 0 < g . <1. For each n, h = c = (1 - g )e ,~ n-1 “ n k+n (k+n)-l k+n and

0 < g, . , < 1; therefore, there exists a sequence fq }°° such that ~ (k+n)-l ~ 7 n n=0

for each n, q = g. . Since 0 < q , < 1 and h = (1 - q _)q, then 7 n Bk+n - n-1 ~ n v n-1 n7

{h }°° , is a chain sequence. 1 n n=l

Theorem 5.7:

Given: fc . is a chain sequence and lim c = c.— ---- n n=l n-*oo n



Conclusion: c < i.---------  ~ 4

Assume the conclusion is false: then c > ¿. Since lim c = c > —,4 n-*eo n 4

then by Theorem 3.6 there exists a number b and N > 0, such that if 

p > N then

27

«  =P > ^ - * > r

Let p > N. From Lemma 3.1, fc }" is a chain sequence.’ nn=p

Define fb , as a sequence of numbers such that for n n=l

n = 1, 2, 3, . . . , b = b. Since 0 < — < b < c then for ' ' 7 ’ n 4 p

n = p, p + 1, p + 2, . . . , 0 < b  < c , It follows from Theorem 3.1 ’ ’ ’ - n — n

that {b̂ }“ is a chain sequencej therefore from Theorem 3.2, b <

which contradicts inequality 1, ̂  b > ¿j. Hence, the original assumption

is false and c <— 4

Lemma 5.2: If 0 < a < 1, then a < Va.

Proof:

An indirect proof will be used. Assume a > Va where 0 < a < 1.

Therefore,

iM
H



a2 - a = a(a-l) > 0.

Since a > 0, then (a-l) > o and a > 1 which contradicts the hypothesis 

a < 1. Therefore the assumption that a > Va is false and a < ■/&.

28
a2 > a

Theorem 3.8: If c and c are numbers such that 0 < c < c <1, then----------  1 2  1 2 “ '

the following two statements are equivalent:

(1)

( 2)

c , c t c , c , c , c , . . . , i s a  chain sequence, and1* 2 1 2' 1 2 '

c, < i and (1 + c - c )2 - 4c > 0.1 4 1 2  1 “

Proof: 1 -* 2

Since c , c , c , c , . . . i s a  chain sequence and c < c 1' 2' 1' 2' 1 - n

for each n, then from Theorem 3.1, c^, c , c^, c^, . . . is a chain

sequence. From Theorem 3.2, since the constant sequence c^, c^, c^, c ,

. . . is a chain sequence,then c^ < i.

An indirect proof will be used to show that c 4- i. Suppose1 4

c * i and “let fg }°° be a parameter sequence for the chain sequence 1 4  n n=0
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C a O . C a C ml' Z* l' z *

. Induction will be used to show that g > gn n-1

for each n. Suppose that g < g . Then1 0

t  - ci ■ (1 - 8o)gi

< (1 - g0)80

* go ' so

It follows that 0 > g ^  - g^+ i = (g^ - ¿)^ > 0. This is a contra

diction; therefore, g > ĝ . Now assume that g > g for k > 1. If ’ ' 1 - 0  k “ k-1 “

k is an odd integer, then

(1 ■ - =1 <  °2 “  (1 '

^ ( 1 ' \ - i K +v

and since c >0, then ( l - c  ) ^ O  and g < g , In order to show 1 k k+X

that g^ i > g^ for each even integer k, we assume an even integer k exists 

such that ^ < ĝ . It follows that

\ - - (1 - « A + l
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< a  - g ^ i

therefore 0 > g 2 - g + i = ( g  -i)2 > g. Since this contradictionk k 4 k 2

is obtained, then g, > g, , and it follows by induction that g > gk+1 “ k n — n-1

for each n.

For each positive integer n, ¿ < e  = (1 g )g; therefore4 ~ n n-1 n

g , 4 1 and g ^ 0 for n » 1, 2, 3, . . , and 0 < g < 1  for each n. n-1 n ’ n-1

Since fg }°° is a non-decreasing sequence which is bounded n n=0

above, then lim g exists, (Theorem 2.2). Since lim g exists and since n-*» n n-*t» n

(c - c ) > 0, then there exists a number N > 0 such that if n > N 2 1

and m > N, then |g - g | < (c - c ), (Theorem 2.5). Let r be ann m ' 2 1

even integer such that (r - 1) > Nj it follows that

(1) g - g . * |s “ 8 ,| < co ” cr r-1 1 r r-11 2 1

However, since g < 1 for each n, then (1 - g ) ^ 0 and since n-1 n»l

gr-2 ~ sr-i* and ^  ~ ®r-l^ < 1' then

c2 C1g " g . ■ -- *-r- - -- +—r r-1 i-a i-esr-l ®r-J
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” 1-g*.,! 1-Sr-i

c2 - C1
1-®r-l

> °2 - C1‘

Therefore, g - g > c - c which contradicts inequality 1. Hence r r-1 2 1

the assumption that c = i is false* and since c < ¿, then c <1 4  1 “ 4" 1 4

An indirect proof will be used to show that (1 + c - c )£ - 4c > 0.1 2  1

Suppose (1 + c - c )2 - 4c <0, and define h to be the function such 1 2  1

that

h(x) « x - ---§- : then h(x) » 0 iff
l-x

X as
1-^ + Cg ± t/(1+c-l-c2)2-4c1

2Since (1 + c^ - Cg) - 4<^< 0, then if x is a real number, h(x) ^ 0. 

From the Intermediate Value Theorem, Theorem 2.7, since h is continuous 

on [0,1-c.) and h(x) ^ 0, then for all x e [0,1-c.), either h(x) < 0

n
or h(x) > 0. Therefore, since h(0) = - z--- < 0, then for each±-cl

x e [0,1-c.), h(x) < 0.
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Since {SjjjJ ^ q i8 a parameter sequence for (cn)”_^ and since

0 < gQ < 1, for each n, then,

32n+2 “ 1 - g2n+l

1- C1
1-g2n

and for each n such that g e [0,1-c ), then2n L ' 1 '

0 >h(g2n) = B 2n ' 1 . J i _ ' 82n - W

Therefore g > g making {g }“ an increasing sequence which is 2n+2 2n 2n n=0

bounded above; hence lim g exists and is the least upper bound p ofn-x» 2n

In order to show that the least upper bound p of {g }°°2n n=0

belongs to [0,1-c^), an indirect proof will be used. Suppose p  ̂ [0,1-c^), 

then p > 1-c . Assume p > 1-c , then from the definition of l.u.b.,JL «Lf

Definition 2.1, there exists a number g e (g )" such that2n 2n n=0

g > 1-c . Therefore,2n 1

c > 1 - g 1 2n
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>  (1 ' g2n )g2n+l

= c

Therefore the contradiction c > c is obtained. Hence p i> 1-c .1 1  1
ciSuppose p = (1-c ). Since 1 - — —  < 1-c = p = l.u.b. of1 l-02 1

(g }°° > then from Definition 2.1, there exists a number g e ig }2n n=0 2a 2n n=0

such that g > 1 - — —  2a ' 1-c,.. It follows that

g2a+2 ” 1 - C1
1-i'2a

= l.
Therefore, g > 1  which contradicts the fact that g < 1  since 

’ 2a+2 2a+2 “

g. „ e {g_ }“ n. Hence, p f  1-c . Since p ¿1-c , then p e [0,1-c )¿a+d c*n n=u x x x

and therefore h(p) < 0.

From Theorem 3.3, since lim g exists, then lim (g - g ) = 0.n-ta> 2n n-to 2n+2 2n

However,
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0 = lim (g n-*oo 2n+2 g2n)

= lim n-to
1

c2
1 - J l

1-P

= - [h(p)]

7̂ 0 >

since h(p) < 0. Therefore, since the original assumption that

(1 + c - c )2 - 4c < 0  leads to the contradiction 0 ^ 0. then 1 2  1 r  ’

(1 + c - c ) 2 - 4 c > 0 .1 2  1 -

2 - 1

Define g = l-c^ + c2 + ■/(l+Ci'-c2)2-4c-]_, and
2

S2n+1 " 1+C1 ' C2 + A 1+ci-c2)2-4ci7  for n = 0, 1, 2, ,
2

g2n l-Cj + c2 + -/(1+Ci-c2)2-4c^ 
2

Since
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> + ® + , since < i and c > 0,

2 1 4 2

3 o
> 4 + 0 , since (l + c ^ - c 2) “ 4ci > 0>

Z ~

« 3
8

> 0, then g > 0. ' 2n

An indirect proof will be used to show that g <1. Suppose2n

32n
. + c2 + ',(1«=1-=2)2-4c1 > , ;— rnrTm' ‘ 11 " 11 " ' ’ '* " ■'  ' ■' ) then

1-c1 + e2 + Al+c^-dg^2"1̂0! ^ 2 an^ therefore

(1) Al-w^Cg)2“̂  > 1 + ci “ c2*

However, since c^ > Q

1+cl ~ c 2 ~ Al+c^-Cg)2 > ^(1+c;l-c2)2-4c1

> l+c1 - c from inequality 1.

This is a contradiction and therefore the assumption that ggn > 1 is 

false and g < 1.
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Since g2n+l
1+C1 " C2 + v/F(1+c1-c2)2-4c1

pose

1+c-i “ 1 + 0  p> -- i-------  , since c < 1 and (l+c-c ) -4c, > o,- 2 2 “ 1 2 1 —

_ C1

> 0, then g > 0. 2n+l

An indirect proof will be used to show that g <1. Sup-2n+l -

1+Cn - Cp + -J{ l+Cn-Cp) -4Cn
< W  - .. 1... "— S ..-------- i > 1 - then

(2) V(1+ci-c 2)2-4ci > l-cx + cg.

However, since (1+c - c ) > 0 and 4c > 0, then1 2  1

1+c - c ss ■/(l+c -c )2 > t/(1+c -c )2-4c1 2  1 2  1 2 1

> l-c + c , from inequality 2.1 2
It follows that 1+c^ - c2 > 1-c^ + and 0 > c^ - Cg > - c^ + Cg > 0.

This is a contradiction and therefore ggn+^ > 1 is false and ggn+^ g  1.
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The following will show that c = (1 - g )g for each n:n n-1 n

^  " s2n^s2n+l

+ c2 + Al+c1-02)S401 \ - c2 +

= C-

^  “ S2n+l^g2n+2

^  ‘ g2n+l^s2(n+l)

/ _ 14C1 - c2 + A1-hc1-c2)2-4c1\ / l-c1 + c2 + Al+c^c^Z-^

= c . 
2

Since 0 < g < 1 for n = 1, 2, — "n-l — 7 7

c = (1 - g ,)g for each n, then {g }°° 0 n v &n-l n ’ '■BnJn=0

for c^, Cg, c^, Cg, . . . and therefore, c 

chain sequence.

3, . . . , and since

is a parameter sequence

°2> C2} ’ ' * a

Theorem 5.9:

Given: icn)n-i *s 8111 increasing chain sequence and t8n>
00

n=0 is a
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parameter sequence for {cn)“_̂ .

Conclusion: (A) cn < 4 ?or n * 1, 2, 3, ,

1 + ■/l-4cn
(B) gn_2 ̂  g for n = 1, 2; 3, . . . ,

1 - t/1- 4ct
(C) If g ^  < ----g--- 2 , then gn <

1 + -/l-4cn for

n * 1, 2, 3, . . .  ,

1 - i/l-4c
(D) If gn_1 < ----g--- then Sn < -------- 2" ''"" for

1 - l̂~4=cn+2

n = 1, 2, 5 ,

1 - V1-4C-L
(E) If gQ < ---^ , then {gn)n_0 is a non-decreasing

1 - Vl-4csequence and lim e exists and lim g < lim----—M n-*» ti n-«o °n — n-*>o 2
n

(F) If lim c = c and if -  " / 1~- < gn < 1 +. ^1~4c, then n-*» n u ¿j

1 - Vl-4cnlim ĝ  s lim-----r--- , andn-*» n-*»

j 1 a /->
(G) If lim c = c and if for some n, 0 < g < ---r---- ,x / n-*x> n 9 °n 2 9ti

then lim a = lim n-*» °n n-*»
1 - t/i-4cn

2
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Proof:

Since {cn)n_j_ *s 8111 increasing chain sequence and since

c < 1 for each n, then by Theorem 2.2, lim c exists and is the leastn - 7 7 n-*oo n

upper bound c of {cn)*_̂ .

Proof of Conclusion A:

Since lim c = c, as shown above, then by Theorem 3.7, c <n-*oo n 7 7 7 —

Also, c is the l.u.b. of fc }°° , and therefore for each c e fc }°° ,, -7 1 nJn=l U 1 n-’nsl7

c < c < 7. Hence c < ~ for n = 1, 2, 3, . . . . n — — 4 n — 4 7 7 7

Proof of Conclusion B:

1 + -/l-4cAn indirect proof will be used to show that g^^ < -

for n = 1, 2, 3, . . . . Assume there exists an integer k > 1 such 

1 + Vl-4c^
that gk-l -

if n > k - 1. Since

ck
®k-l -

It will be shown by induction that g^ < gn+ ,̂l 
1 + -/ï-4ĉ

-, then by Theorem 3.4C,

0 * «k-l - - ®k-l ■ «k- Henoe’ ®k-l s , Assume that

gm_i < gfn for m > k. In order to show that g^ < suppose it is

false; then g^ > It follows that

n

^  " ^-l^m+l - ^  " ^m^m+l

iH
H
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~ cm+l

> c,m

’ (1 • * w r l K

Therefore (1 - Sta-i^Sm+i > (1 - wW-ch *s a contradiction;

hence gm < g^^ and by induction gn < gn+^ for n > k - 1.

Since ^  < 1 and gR < ^  ^ for each n > k - 1, then

is a non-decreasing sequence which is bounded above; therefore by

Theorem 2.2, lim g exists and is the least upper bound p of [g }“ , n.’ n-*oo °n "  <-BnJn=k-l

Since lim c = c and lim g_ = p and from Theorem 3.3»it n-*oo n n-*bo n

follows that

c
" l^i" P'

and p = 1 t Tj^ic
2
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1  “  00 Now we will show that p > ----g "" . Since p = l.u.b. of {6n}n_k_i>

then

1 + Vl-4C]£

1 4. yT-Zc . ôo> ----g--- , since c = l.u.b. of

1 4» t/T-Tc 1 “ i/1 -dP.Therefore p > .2----> ---- 2~... which contradicts the statement

that p = 1 ± /T-4c . Therefore the original assumption that there

1 + ■/l-4Cjc 1 + 4cnexists a — g----- f’a-l-se and %-i < --- ’“ jj---  i>or each n-

Proof of Conclusion C:

1 - vT-4cnAn indirect proof will be used to show that if gn_i < jj > 1

1 + Vl-4cnthen gn < ----g . Suppose the statement is false, then there

exists a number m such that
1 - -/l-4c

®W-1
m and 1 + Vi-4cm > -----g-- then

(1) cm * ^  - ®m-l

/ 1 + -/l-4cm \
*  h  - V i > ( — — V
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1 “Solving inequality 1 for g , we obtain g > -------- Sì. This is am-1 m-1 “ 2

1 - Vl-4ccontradiction of Conclusion B of this theorem; hence, if g < -------- -,n-1

then gn < 1 + ■/l-4cn for n = 1, 2, 3,

Proof of Conclusion D:

1 - v/l-4cn
An indirect proof will be used to show that if gn_^ < --------- ,

1 - t/1-4c
then gQ < 'n+1. Assume Conclusion D is false, then there

exists an integer n such that

1 - i/l-4c
gn-l ' 2

n and

(3) g n > l ^ E 5 5 .

It follows that

(4) cn - (! - gn^) gn

. /, _ J 1 " yi~4cn+l \
- ^  “ sn-l ( 2 J
= 1 ~ ^ “^n+l _ ~ l/l"4cn+l j

Solving inequality 4 for g^ , we obtain
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2c.ng , > 1 - - 

“-1 1 - n+1

- X - Cn + °n ^~^cn+l _  ^
n+1

> 1 cn + cn ^l"4cn
2cn ”, since cn < cn+1,

= 1 - i/X-4cn

> g from inequaXity 2. n-1

This is a contradiction and therefore the assumption in inequaXity 3

X - Vx-4c„is faise and g < n
'n+1 for each n.

Proof of ConcXusion E:

1- Vx-4c-iLet g < ------- = and by induction show that g < g ,0 “ 2 n ~ n+1
1 - VX-4Cnfor n = 0, 1, 2, 3, . , . . Since g < -------- ±, then by Theorem 3.4C,

0 2

0 > g C-.— --- = g - g . Therefore g > g . Assume that g > g 0 1-g. O X  1 ~ 0 k ~ k-X

where the integer k > X, and suppose that g < g . It foXXows thatk+X k

(1 “ g, _)g. , > (1 " 6, )g, , k-1 k+1 k k+1
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= Ck+1

> c.

(1 - h - i K

> ( 1 '

Therefore, (1 - g, , )g > (1 - g )g . a contradiction: hence 7 k-1 k+1 1 -1 1 + 1  7

g > g and by induction, g > g for each n. Thus fg }°° is aK+1 ~ k 7 n+1 ~ n n n=0

non-decreasing sequence which is bounded above and by Theorem 2.2,

lim g exists and is the least upper bound, p, of (g }°° .
n-*oo n n n=0

1 - ■/l~4cThe following will show that g < —  -- — - for each n.n ~ 2
1 - ■/l-4cn

First an indirect proof will be used to show that g , < — —<—----  forn~i 1 u

each n. Suppose the preceding statement is false, then there exists

an integer n such that

1 - /l-4cn
(5) * n - l > ----2---- ' Slnoe «n 2 then

:n = ^  " ®n-]

> (1 - and therefore,
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(6) 0 < g - ,2 - g T + cn-1 n-1 n

* g 1 + i/l-4cn\ / 1 - Vl-4Cj
n-1 g.n-1

Prom Conclusion B of this theorem g < 1 + /l-4cn; therefore
n-1 2

1 + i/l-4c,
fti-1

'n 1 - V.1-4C
< 0 and from inequality 5, I gn-1------ g- n > 0.

Hence, the product g 1 + Vl-4cnl
n-1 |g.

1 - Vl-4c
n-1 — I < 0 which

contradicts inequality 6. Therefore the assumption in inequality 5 is

false and

1 - A-4cn(7) g < -------  for each n.n-1 “ 2

1 - Vl-4cnSuppose there exists an integer n such that g > ■■ 1 ---- $n ¿M

then using this and inequality 7,

Ì1 - /l-4cl, 
----2---

è  1 -
1 - vT-4cTÌ /1 - t/1-4c."n n

* cn*
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Therefore c > c which is a contradiction and hence, for each n, n n f

g <Bn —
1 - Vl-4cn

1 ,/l-4cnSince lim g exists and lim.........  exists, and since°n n-fco 9 *n-wo
1 - Vl-4cn 1 - Vl-4cng < --------- for each n, then lim g < lim — — -— ---, (Theorem 2.8),en — 2 * n-*oo en — n-*o 2 ’ s

Proof of Conclusion F:

It has been shown that lim c = c <n-*° n “ 4
1 - Vl-4c < g < 1 + ~/l-4cLet —-- < g < jt. T TX From Conclusion B of this theorem,

2 0 2 '

1 + ■/l-4c
gn-l<

n for each n. Therefore, either

1 - Vl-4c
(8) ----g--- “ < Sjj.! < ---- g---” for each n > or

1 + i/l-4cn

(9) there exists an integer k such that

Sk-1 ^
1 - VT-4c^

Suppose that inequality 8 is true. From Theorem 3.4B,

Cn
0 < sn-l ■ 1 ^  = Sn -1 ■ V  Therefore Sn.! > gn for n . 1, 2, 3, . . . , 

and {gn)“_Q is a decreasing sequence which is bounded below and by

Theorem 2.3, lim g exists and is the greatest lower bound, p, of (g )°°’ n-«o n ° ’ ’ LOnJn=0
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Since lim g exists, then from Theorem 3.3, ri-*» n 7 7

0 -  f â

- W s  K - i  ■ T-
n
^n-l]

= p - -, Therefore p1-P
1 t Vl-4c

th6n P - ®n-l < " '± .g1"^0' for ea,ch n> hence P ^ '*i"t g
1 - VÏ-4C

. Since p = g.l.h. of

1 + Vl-4c 
2

1 - A-4c1 - V1-4Cand therefore p a — -— — , and lim g = -------- - = lim* ? > n-*oo ° n
n

n-»oo
1- A-4c,

Suppose the statement made in 9 is true. Since gk-1 < ---g---- >

then from Conclusion E of this theorem lim g exists. Therefore, let
n -»o  ° n  7

a = lim s and from Theorem 3.3,n-*» °n >

° ~ ¿ %  ( V l  - «B»

rfim (8*1-n~>oo
n

1 l-Sn-l

c i V 1 “ VT-4c>= a - It follows that a = -, Since gfc_1 < -------- -,

“ A-4cn+i i _ A - 4c
then from Conclusion D of this theorem gn < 1 g < g

1 - A-4c . „for n > k - 1. Therefore jT is an upper bound of (gn }^_Q, sind

since < - "+ then the least upper bound a = i—2 “  2 ' 2
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Therefore,

lim g 
n -to  Bn

1 - Vl-4c ,, 1 " '̂1“4cn
2 “  2

Proof of Conclusion G;

1 4- vT-4cLet m he an integer such that 0 < g^_^ < ----r;--- • If for
1 -I -/l-4cn 1 + Vl-4cn

n > m, — ------- - < gn_j_ < ----—1— > ‘then by a proof similar to that

1 - Vi-4cfollowing from inequality 8 in Conclusion F, lim g = — -z---- . Butn-**> n u

1 — V1— 4^if 0 < < “*1— g---, then it follows from a proof similar to that

1 - Vl-4cfollowing from statement 9 of Conclusion F that lim g = -------- .n-*» I], ¿j

Theorem 5.10:

Given: (cn)~_^ is a decreasing sequence and {§n}”_Q is a parameter

sequence for (cn }”_;]_•
, x l - 1 + Vi-4enConclusion: (A) If g^^ < --------- , then gn < --- —---- for n

1, 2, 3,

1 - vT-4C]l 1 + V1-4C2 œ
(B) If -- ------ < gQ < ----g---- > then ĝn^n=0 iS a n0n‘

1 - Vl'-4cn
increasing sequence and lim gn = lim---— ---- .
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( C)  I f g n _ x >
X - Vx-4en 1 - A-4c

, then & > n+1 for

n = 0, 1, 2, 3, . ,

Proof:

Since {cn}” ^ is a decreasing sequence which is bounded below

by zero, then lim c exists (Theorem 2.3). Let c = lim c .J ’ n-»to n ' ' n-*o> n

Proof of Conclusion A:

Using an indirect proof, we will assume there exists an 

1“ Vl-4cm 1 + Vl-4Cjjjinteger m such that gm_^ < -------- ■ and g^ > —--- ---- j then

(1) cm - (! “ Sm-l^m

/l + Vl-4c\
^ “ Sm-1) I' 2 *)’

Solving inequality 1 for g^ we obtain

^m-l - 1
1 - Vl-4c.m

1 + 7l-4c.m

^ 1 - Vl-4cffi

> g . This is a contradiction: hence the assumption that m-1



1 + Vl-4~
!m-l ̂

m is false and if g . < n-1
1 - i/i-4cn, then g < n

50 
1+ t/1-4c___ n

2 '

for each n.

Proof of Conclusion B: 

1 - V1-4C-,
Let (2) ^ So S

1 + Vl-4CjL. It will be shown by-

induction that gn < ■for ®ach n- From Theorem 3.4,

0 < gQ - = gQ - g-jj therefore g1 < gQ. Assume that g^ < gk-1

for k > 1. Since {cn)“_^ i® a decreasing sequence, then for each n, 

cn ^ 0 for 0 = cn > cn+1 > 0. Since g^ < gk_^ it follows that

(3) (1 - Sk)sk ^ (i ®k~l^®k

= ck

> ck+1

- (1 ■ % )sk+i-

Since cn 7̂ 0 for each n, then (1 - g^) ^ 0 and from inequality 3,

Therefore, by induction, for each n, g < g ,.7 7 7 n — n-lSk > < W
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From the preceding paragraph, i®nin_o a non-increasin6

sequence which is bounded below and therefore lim gn exists and is the

greatest lower bound, p, of (gn)” q , (Theorem 2.3). From Theorem 3.3,

since lim g exists then n-wo n

0 = lim (g - g ,) n-«o °n n+1

= W 5  S,'n 1-g
'n+1
’n+li

C 1 1= p - Therefore, p = -------- . However, since p = g.l.b.

of {gn)“_Q, by Definition 2.2,

p <  S„

< So

i + VSh EJ< --------- , from inequality 1,

_ 1 + i/l-ic< o >

for c < c. since lim c = c = g.l.b. of (c }°° -,. Therefore p = x 11—̂0 n n n=i 1
1 - Vl-4cn

and it follows that ^im gn = ^im ■—   ̂-- .
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Proof of Conclusion C, indirectly:

Assume that Conclusion C is false} then there exists an

integer t such that

(4) gt_1 > 1 - Vl-4ct and

. 1 ~ ^ ' 4ct+l 
St - 2

It follows that

(5) ct - (1 - gt_1)gt

1 - Vl-4c+ ,-i
< a  - ------f - * * .

Solving inequality 5 for we obtain

2cg-u-, < 1 --- ---------
t x  1 - vl-4ct+1

c. + c. A-4c, .2 . _t____t t+1
2c. , t+1

< 1 - ct + ct A-4ct 
2c.

_ 1 - ■/l-4ĉ  - -
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< gt-l' from inequality 4.

Therefore g < g , a contradiction. Hence, for each n, if t-l t-l
1- Vl-4cn 1 - vT-4c7~Tg > ------— then g > -------- S±i.n-1 2 ' n 2

Theorem 3.11i There exists a chain sequence and a parameter

sequence such that Cgn}”=Q has uncountably many cluster points.

Proof:

Define the sequence {g }" as follows: g = 0, g = 1,n n=0 0 1

• — — rr — ¿ o r  _ ,5 rr — ¿ C P  _ .2 rp _ 3 j _ 4
10 ~ 5" S11 " 6' S12 " 6' g13 “ V  g14 " V  S15 " 7' g16 7' ' ' ' *

Continuing this process yields a sequence such that

(1) {g }°° contains all the rational numbers between 0 and 1, and

(2) 0 < g < for each n.“ n-1 ""

Define {c }“ as the sequence obtained by usipg {g }“ as follows: n n=l n n=0

c = (1 - gJg., c = (1 - g )g , . . . , c = (1 - g )g . There- 1 0 1 2  1 2  n n-1 n

fore {c }“ is a chain sequence, n n=l
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Since the set [g }“ „ is dense in the interval [0,1], then n n =0 L ’ s ’

each number of [0,1] is a cluster point of (Sn)”_Q and therefore the 

set of cluster points is uncountable.



C H A P T E R I V

MINIMAL AND MAXIMAL PARAMETER SEQUENCES

The existence of minimal and maximal parameter sequences 

will be established. Then these sequences will be used to determine 

Other properties of chain sequences.

Lemma 4.1:

Given; a, b, c, and d are numbers such that 0 < a < 1, 0 < b < 1,

0 < c < 1, 0 < d < 1 and (l-a)b = (l-c)d.

Conclusion: If b > d, then a > c.

Proof;

An indirect proof will be used. Suppose that b > d and that 

a < c Since a < c, then

(l-a)b > (l-c)b

> (l-c)d.

Therefore, (l-a)b > (l-c)d, a contradiction of the hypothesis which
55
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states that (l-a)b = (l-c)d. Hence, if b > d, then a > c.

Theorem 4.1:

Given; [c }“ . is a chain sequence. ----  n n =0

Conclusion: There exist minimal and maximal parameter sequences

(m }" and {M }°° respectively for {c }°° .n n=0 n n=0 n n=l

Proof:

Define S to be the set of numbers such that x e S iff x is n n

the n^k element of some parameter sequence for {c }" . Since {c }"n n=l n n=l

is a chain sequence, there exists a parameter sequence {g }“ of {c }°°n n=0 , n n=l

and for n = 1, 2, 3, . . . , g e S ; therefore S is non-empty forn-1 n n

n = 1, 2, 3, . . . . Furthermore, S is bounded above by 1 and belown

by 0. Therefore, by Axiom 2.1, S has a l.u.b. (t ) and by Theorem

2.1, a g.l.b. (s ). Since S is a subset of [0,1], then , n-1 n

0 < s < t <1, (Theorem 2.5). - n-1 “ n-1 ""

The following will show that c = (1 - t )t for each n.n n-1 n

Let 0 < e < 1. Since t = l.u.b. of S for each n, there is ann n-1
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element g„ e S„ - such that g„ > t - ■=. Likewise, there is an element a a-l a a 3 7

h n e So „ such that h ,  > t , - f\ There exist numbers g a-l a-2 a-l a-l 3 a-l and

ha such that (1 - g ^ ^  = c& and (1 - ha_1)ha = c &. Either c& > 0

or c =0. Suppose c > 0. Then 0 < g„ , <1, 0 < go < 1, 0 < h < 1 a a — a-i a “■ —■ a—i

and 0 < h_ < 1. Either g > h , g_ < h , or g = h . For convenience, a — a a 7 a a 7 a a 7

we will arbitrarily assume that g > h . Since (1- g - )g = cl = (1- h - )ha — a a-i a a a—i £

then by Lemma 4.1, ga-1 > h&_1. Therefore, g ^  > h^ 1 > t&-1 - 

Let B > ta-1 - and since ga_x > ta_1 - |, then

B - V l  " ga-l < *a-l * V l  + S* hence

(1) B < f.

Let a  = ta - ga and since g& > tR - J, then a  = tft - gft < tft - tft + |;

hence

(2) a <  Since ta_1 = B + g ^  and t& = a + g&, then

(1 ■ V l 1*» - cal = I p- - + B)](ga + a) - cj

’ H 1 " ga-l>6a ‘ Bga + i1 - ®a-l)o ’ °® ‘ cal
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< |(1 - ga-l)ga ' cal + lBSal + I d  " ga-l)al + M

= 0 + |BgJ + |(1 - + |aB|

< B + a + aB, since g < 1 and (1 - g ,) < 1

€ €< T + 7 + 7T"j from inequalities 1 and 2, o o y

< ~  + -|, since 0 < e < 1, then €2 < e,

= e.

Since (1 - t .)t_ and c axe numbers, and since I(1 - t _)t - cl < e,a** 1 a a * a—i a a *

then by Theorem 2.4, (l - t ,)t = c .’ ' a-1 a a

Suppose that c = 0: then since c = (1 - g ,)g , one of the a a a-i a7

following statements is true:

(A) ga = 0 and ga-1 = 1 or

(B) ga_x = 1 and ga ji 0, pr

(C) ga_1 ^ 1 and ga = 0.

Suppose A is true. Since t . = l.u.b. of S , thena-i a7 1

1 > t i > g , = 1. Therefore, t . *"" a—i *— a—i a—i 1 and ( l - V i > V  ° = (1‘ V A =  ca’
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This same argument holds when g ^ 0 and g = 1, (B),a a-1

Suppose C is true. Either all elements belonging to Sa-1

are zero or at least ope element belonging to S ^ 0. If all ele-a-1

ments in S are zero, then the l.u.b. of S = t = 0 and a-1 7 a-1 a

( 1 - t  )t = 0 = c . Suppose there exists one element x e Sa-1 a a a a-1

such that x ^ 0. Since ( 1 - x  )x = c =0, then x = 1  and a a-1 a a a-1

therefore t =1. Hence c = (1 - t )t =0. a-1 a a-1 a

Since c = (1 - t )t for c > 0 or c =0, then for each a a-1 a a a

n, c = (1 - t )t , and since 0 < t < 1  for each n, then {t }°° n n-1 n — n-1 — n n=0

is a parameter sequence for (c }°° . Also, for each n, t = l.u.b.n n=l n

of S ; therefore, t > b , where b e fb }°° , (any parameter sequencen-1 n “ n n n n=0

for {c }” ). Therefore {t }°° is the maximum parameter sequence forn n=l n n=0

(c r ..n n=l

Using the g.l.b. Theorem 2.1, and similar steps, we can show

that c = (1 - s )s and 0 < s < 1  for each n. Therefore fs }“n n-1 n — n-1 - n n=0

is a parameter sequence for {c }°° . Also, since s ?= g.l.b of Sn n=l n n



60

for each n, then sn < gn where gn e (Sn)“_0J

for {c }°° .),1 nJn=l'

(any parameter sequence

Theorem 4.2;

Given: {cn}“_Q *s a c^a^n secluence with minimal and maximal parameter

sequences (mn}“=Q and (Mn}”=Q.

Conclusion: If m^ < b < Mq , then (cn)“_^ has a parameter sequence

such that gg = h.

Proof:

Let m_ < b < Mr, and let {g }“ _ tie the sequence of numbers 0 — — 0 n n=0

such that gp = b and if n ^ 0 then

«n * {

if °n = °>

A proof by induction will be used to show that 0 < < Mn

for each n. Since 0 < mQ < gQ s= b < Mq , then 0 < g^ < Mq . , Suppose

0 < gk < Mĵ. for k > 1. If c^+1 = 0, then gk+^ = 0 and since
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\ +1 2 0 - Sktl 0 - V l  s Mk+1- If V l  * 0, then

(D (1 - - =k+1 « (1 - V « W .

< (I - Sk))*k4i'

Therefore, since c^ ^ ^ 0, then (1 - g^) ^ 0 and it follows from in

equality 1 that g^+2 < ^k+i* Also; since Cj^ ^ 0, then ^ > 0; 

therefore 0 < g^ ^ and by induction 0 < gn < Mn for each n.

Since is a parameter sequence for [cn}”_^, then for

each n, M < 1 and therefore 0 < g < M <1. Hence the sequence

fg }°° r. satisfies the conditions that for each n, c = (1 - g n)g lBnJn=0 * n v Bn-1/Bn

and 0 < gn_j_ < lj therefore (gn)~_Q is a parameter sequence for (cn}”_2*

Lemma 4.2:

Given: icn^n-l a P°si ü ve ierm chain sequence; both (gn}^_g an(i

{hn)“_Q are parameter sequences for {cn)̂ _j_ and h^ = ĝ .

Conclusion: If n is a positive integer, then h^ = gn>

Proof:
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An induction proof will be used. From the hypothesis h^ = ĝ .

Assume h^ = for k > 1. It follows that

W - V hk+1 -  V l  -  f1 - O s'k/ek+l

- (1 • V ^ r

Since £cn)n_i a positive term chain sequence, then (1 - h^) ^ 0 

and from equation 1, h^ ^ = g^+ .̂ It follows by induction that

hR = gQ for each n.

Theorem 4.5: If (cn)^_i is a positive term chain sequence, the follow

ing two statements are equivalent:

(1) the maximal parameter is zero, and

(2) (cn}“_i has exactly one parameter sequence.

Proof: 1 -► 2

Since {cn}“_1 is a chain sequence, by Theorem 4.1, there 

exists a parameter sequence and a parameter sequence {M̂ }“

such that if is a parameter sequence for {cn}' then
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m < g < M for each n. Let fg } - be a parameter sequence for n — °n — n ton n=0

{cn)“_^; then 0 < m^ < g^ < = 0, and therefore g^ = 0. It follows

that for any parameter sequence (hn)“_Q of h^ = 0$ therefore,

from Lemma 4.3, if n is a positive integer, then hn = gn; hence (cn)“_^ 

has exactly one parameter sequence.

2 1

An indirect proof will be used to show that Statement 2

implies 1. Suppose that ^ 0$ then > 0.

Define as the sequence of numbers such that g^ = 0
c

and if n / 0, then g, = — ----• (Since c >0, then (1 - g ^ 0).ii l—S]̂,̂.i ^ n-±

A proof by induction will be used to show that for

each n. By definition, ĝ  = 0 and from the denial 0 < therefore, 

gp < Asstime that for the integer k > 1. Then

t1 - h .K * i - Vi - (1 - V*W

< (1 ■ * k ) \ +i>
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therefore, since c^ ^ > 0, then (1 - g^) ^ 0 and g^+^ < M^+ .̂ ® 1US

by induction, ĝ  ̂< Mn for each n.

Since 0 < e  = (1 - g , )g , then g > 0  for each n. There-n ' °n-l ’̂n* °n

fore, for each n, 0 < g < M <1, and c = (1 - g . )g ; hence (g }°° _’ ’ °n n — ’ n °n-l n’ tonJn=0

is a parameter sequence for (cn)n_j_>

Since (M }°° n and {g }°° are parameter sequences for (c }°° ., ii ii—u n n=u n n=j.

then icn)n_2 has at least two parameter sequences,which contradicts

the statement in the hypothesis that (cn)̂ _j_ has exactly one parameter.

Therefore the assumption that ^ 0 is false arjd = 0.
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