Electronic Journal of Differential Equations, Vol. 2007(2007), No. 130, pp. 1-20.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

VARIATION OF CONSTANTS FORMULA FOR FUNCTIONAL
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

ALEXANDER CARRASCO, HUGO LEIVA

ABSTRACT. This paper presents a variation of constants formula for the system
of functional parabolic partial differential equations

Ou(t, x)
ot

= DAu+ Lut + f(t,z), t>0, ueR"
Ou(t, x)
On
u(0,z) = ¢(x)
u(s,w):qﬁ(s,x), s € [_7—70)7 €.

=0, t>0, €0

Here Q is a bounded domain in R™, the n X n matrix D is block diagonal
with semi-simple eigenvalues having non negative real part, the operator L is
bounded and linear, the delay in time is bounded, and the standard notation
u(z)(s) = u(t + s, ) is used.

1. INTRODUCTION

In this paper we find a variation of constants formula for the system of functional
parabolic partial differential equations

% = DAu+ Lus + f(t,x), t>0, ueR"
ou(t,z)
Tn_o, t>0, x €0 (1.1)
u(O,x) = (b(x)

U(S,.’L’) = d)(s,l’), S [_Tv O)a x €

where 2 is a bounded domain in RY, the n x n matrix D is non diagonal with
semi-simple eigenvalues having non negative real part, and f : R x Q@ — R” is an
smooth function. The standard notation u,(z) defines a function from [—7, 0] to R™
by us(x)(s) = u(t + s,z), —7 < s < 0 (with z fixed). Here 7 > 0 is the maximum
delay, which is suppose to be finite. We assume the operator L : L*([-7,0]; Z) — Z
is linear and bounded with Z = L?(Q) and ¢y € Z, ¢ € L*([-7,0]; Z).
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The variational constant formula plays an important role in the study of the
stability, existence of bounded solutions and the asymptotic behavior of non linear
ordinary differential equations. The variation of constants formula is well known
for the finite dimensional semi-linear ordinary differential equation

2 (t) = A(t) + f(t,z), xeR" (1.9)
x(0) = xo, ’
and it gives the solution

(1) = B(H)zo + /0 BB () f (5, 2(s))ds

where ®(+) is the fundamental matrix of the system
z'(t) = A(t)z. (1.3)

Due to the importance of this formula, for semi linear ordinary differential equa-
tions, in 1961 the Russian mathematician Alekseev [I] found a formula for the
nonlinear ordinary differential equation

y'(t) = f(t,y) +9(t,y), wy(to) = yo, (1.4)
which is given by

y(t,to, yo) = x(t,to,yo) +/ (t,s,y(s))g(s,y(s))ds,

to

where z(t, to, yo) is the solution of the initial value problem

() = f(t,x), x(to) = o, (1.5)
and oa( )
_ x t7t07y0
(I)(t757£) - ayo .

This formula is used to compare the solutions of with the solutions of .
In fact, it was used in [9].

In infinite dimensional Banach spaces Z, we have the following general situation.
If A is the infinitesimal generator of strongly continuous semigroup {T'(t)};>0 in
Z and f :[0,5] — Z is a suitable function, then the solution of the initial value
problem

2'(t)=Az(t) + f(t), t>0,z€Z

1.6
z(0) = 2o, (1.6)
is given by the variation constant formula
t
z(t) = T(t)z0 +/ T(t—s)f(s)ds, te€][0,00). (1.7)
0

Therefore, any solution of the problem is also solution of the integral equation
(1.7). However, the converse may not be true, since a solution of (1.7) is not
necessarily differentiable. We shall refer to a continuous solution of a mild
solution of problem ; a mild solution is thus a kind of generalized solution.
However, if {T'(t)}:>0 is an analytic semigroup and the function f satisfies the
following Holder condition

1£(s) = FOI < Lls 1%, s,t € 0,5,
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with L > 0, § > 1, then the mild solution (|1.7]) is also solution of the initial value
problem (1.6]).

Our work and many others are motivated by the legendary paper by Borisovic
and Turbabin [3]; there they found a variational constants formula for the system
of nonhomogeneous differential equation with delay

Z(t)=Lz+ f(t), t>0, zeR"

2(0) = 2o, (1.8)

Z(S) = ¢(8)7 s € [_7—7 0)7
where f : Rt — R” is a suitable function. The standard notation z; defines a
function from [—7,0] to R™ by z(s) = z2(t +s),—7 < s < 0. Here 7 > 0 is
the maximum delay, which is suppose to be finite. We assume that the operator
L: LP([-7,0];R™) — R™ is linear and bounded, and zy € R", ¢ € L?([—7,0]; R™).
Under some conditions they prove the existence and the uniqueness of solutions for
this system and associate to it a strongly continuous semigroup {T'(¢)}¢>o in the

Banach space M, ([—7,0];R") = R" & L,([—7,0];R™).
Therefore, system (|1.8)) is equivalent to the following system of ordinary differ-

ential equations, in M,

AW ()
dt

AW +0(t), t>0,
W(0) = Wo = (20, ("))

where A is the infinitesimal generator of the semigroup {7'(t)}:>0 and ®(t) =
(f(t),0).

Hence, the solution of system (|1.8)) is given by the variational constant formula
or mild solution

(1.9)

W(t) = T(t)Wo + /Ot T(t — 5)®(s)ds. (1.10)

Finally, the formula we found here is valid for those system of PDEs that can be
rewritten in the form %u = DAu, like damped nonlinear vibration of a string or a
beam, thermoplastic plate equation, etc. For more information about this, see the
paper by Oliveira [12].

To the best of our knowledge, there are variational constant formulas for re-
action diffusion equations, functional equations and neutral equations [6], but for
functional partial parabolic equations we are not aware of results similar to the one
presented here. At the same time, if we change the Neumann boundary condition
by Dirichlet boundary condition, the result follows trivially.

2. ABSTRACT FORMULATION OF THE PROBLEM

In this section we choose a Hilbert Space where system (L.1)) can be written as
an abstract functional differential equation. To this end, we consider the following
hypothesis.

(H1) The matrix D is semi simple (block diagonal) and the eigenvalues d; € C
of D satisfy Re(d;) > 0. Consequently, if 0 = A; < Ay < -+ <\, — 00 are
the eigenvalues of —A with homogeneous Neumann boundary conditions,
then there exists a constant M > 1 such that :
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HeiATLDt”SMa t207 n:17273a"'
H2). For all I > 0 and z € L2 _([-7,0); Z) we have the following inequality

loc

t
/ |Lzs|d3 < MO(t)|Z|L2([—7—,t),Z)7 Vit € [O,I],
0

where My(-) is a positive continuous function on [0, co).

Consider H = L?(Q,R) and 0 = \; < \p < -+ < \,, — 00 the eigenvalues of —A,
each one with finite multiplicity -, equal to the dimension of the corresponding
eigenspace. Then

(i) There exists a complete orthonormal set {¢,, 1} of eigenvectors of —A.
(ii) For all £ € D(—A) we have

o0 Tn oo
—AE= MY A€ D) bng = D Ankné, (2.1)
n=1 k=1 n=1

where (-, -) is the inner product in H and

Tn

E,x = Z<§a ¢n,k>¢n,k' (22)

k=1

So, {E,} is a family of complete orthogonal projections in H and £ =

Yo Ené £ € H.
(iii) A generates an analytic semigroup {Ta(t)} given by

Ta(t)E = i e MUELE. (2.3)
n=1

Now, we denote by Z the Hilbert space L?(€2, R") and define the following operator
A:DA)CZ—Z, Ap=-DAvy

with D(A) = H2(Q,R™) N H}(Q,R™).
Therefore, for all z € D(A) we obtain

o0 o0 o0
Az =" NDPyz, 2= Puz, 2= |Puz|®, z€Z
n=1 n=1 n=1
where P, = diag(E,,, Ey, ..., E,) is a family of complete orthogonal proyections in

Z. Consequently, system (1.1) can be written as an abstract functional differential
equation in Z:
dz(t)
dt

=—Az(t)+ Lz + f(t), t>0
2(0) = ¢o (24)
z(s) = ¢(s), se€[-1,0)

Here f€:(0,00) — Z is a function defined as follows:

fe(x) = f(t,z), t>0, ze.
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3. PRELIMINARIES RESULTS

For the rest of this article, we will use the following generalization of lemma 2.1
from [g].

Lemma 3.1. Let Z be a separable Hilbert space, {Sn(t)}n>1 a family of strongly
continuous semigroups and { Py }n>1 a family of complete orthogonal projection in
Z such that

AP, =P,A,, n>12,...

where A, is the infinitesimal generator of S,,. Define the family of linear operators
oo
St)z=>_ Su(t)Puz, t=>0.
n=1

Then:

(a) S(t) is a linear and bounded operator if ||S,(t)|| < g(t), n=1,2,..., with
g(t) > 0, continuous for t > 0.

(b) {S(t)}t>0 is an strongly continuous semigroup in the Hilbert space Z whose
infinitesimal generator A is given by

Az=Y AnPnz, z€D(A)
n=1

with
DA ={z€Z/ Z A Ppz|? < oo}
n=1
(c) the spectrum o(A) of A is given by
o(A) = U2 0(A,), (3.1)
where Ay, = Ay Py : R(P) — R(Py).

Proof. First, from Hille-Yosida Theorem, S, ()P, = P, S, (t) since A, P, = P,A,,.
So that {5y (t)Pnz}n>1 is a family of orthogonal vectors in Z. Then

151217 = (S(t)2, 5(1)2)

( i S (t)Pz, i Sm(t)Prn)

m=1

D 1S (t)Paz?
n=1

< (9(0)* Y 1Pzl
n=1
= (g(®)]1=I)?

Therefore, S(t) is a bounded linear operator.
Second, we have the following relations: (i)

S(t)S(s)z =Y Su(t)PuS(s)z
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- i Su(t)Pu( i Sn(5) P2 )
n=1 m=1

i Sp(t+ s)Pnz

n=1

=S(t+s)z

S(0)z = i Sn(0) P,z = i P,z==z
(ii)
ISz = 21 = | Y Sn(t)Puz — Y Puzll?

n=1

(S () = 1) Pz

M

v -
= 1S = DPRIP+ Y 1(Salt) = ) Pz|?
n=1 n=N+1

N 0o

< sup [[(Su(t) = DPazl* Y +K Y ||Pazl?
1snsN n=1 n=N-+1

where K = supgc;<i, n>1 [(Su(t) = DII* < (g(t) + 1)%. Since {S,(t)}i>0 (n =

1,2,...) is an strongly continuous semigroup and {P, },>1 is a complete orthogonal

projections, given an arbitrary € > 0 we have, for some natural number N and

0 <t < 1, the following estimates:

= € €
P.z|* < —, sup Sy (t) = DPyz|]? < —,
30 IR < s NS0 - DRI < 5

N
€ €
S(t)z — z|? —E K—
15(®)z = 2| <2anlJr oK <€

Hence, S(t) is an strongly continuous semigroup.
Let A be the infinitesimal generator of this semigroup. By definition, for all
z € D(A), we have

AZ:ﬁmm . mw

t—0t+ t t—0t+
n=

P Az = Pm( im 3 WP,LZ) — lim %anz — Ay Pz
t
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and -
D) c{z€ 2/ |AnPuz|? < oo}

n=1

On the other hand, if we assume that z € {z € Z/> " | [|[AnPyz||? < 0o}, then

oo

Z ANPoz=yeZ

n=1
Next, making z, = > ,_, Pxz, we obtain

. S(t)zn — Zn .
tim SIS <o
k=1
Therefore, z, € D(A) and Az, = Y.;_; PyAyz. Finally, if z, — 2z when n — oo
and lim;_,g+ Az, = y, then, since A is closed, we obtain that z € D(A) and Az = y.
To complete the proof of the lemma, we shall prove part (c¢). It is equivalent to

prove that

U 0(A,) Co(A) and o(A) C U 0(A,).

n=1
To prove the first part, We shall show that p(A) C (o2, p(A,). In fact, let A be in
p(A). Then (A —A)~t: Z — D(A) is a bounded linear operator. We need to prove
that
A=A i R(Py) — R(P)
exists and is bounded for m > 1. Suppose that (A — A,,) "1 P,z = 0. Then

o0

A=M)Ppz=> (A=A))PiPrz=(\—Ap)Prnz= (A~ Ap)Ppnz=0.
n=1
Which implies that, P,z = 0. So, (A — A,,) is one to one. B
Now, given y in R(P,,) we want to solve the equation (A — A,;,)w = y. In fact,
since A € p(A) there exists z € Z such that

oo

A=N)z=Y (A=Ay)Pz=1y.

n=1
Then, applying P,, to the both side of this equation we obtain
Po(A=MNz=AN=Ap)Ppz=A=Ay)Pnz=Py=uy.
Therefore, (A — A,,) : R(Py,) — R(Py) is a bijection. Since A,, is close, then, by
the closed-graph theorem, we get
A€ p(Ay,) ={\€C: (A, —\) is bijective } = {\ € C: (A,,, —AI)"'is bounded }
for all m > 1. We have proved that

oo

p(A) C () p(An) = |Jo(An) Ca(A).

n=1
Now, we shall prove the other part of (c), that is to say:
o(A) € U yo(An)-
In fact, if A € o(A), then
(1) Xeop(A) ={X e C: (A — Al is not injective }
(2) A€o (V)={A e C: (A — ) is injective , but R(A — \I) # Z}
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(3) A € g.(A) = {\ € C: (A— A) is injective, R(A — X\I) = Z, but R(A —
M) # Z}.
(1) If (AA — AI) is not injective, then there exists z € Z non zero such that:
(A — M)z = 0. This implies that for some ng we have

(Ang = M)Poyz =0, Ppyz #0.
;From here we obtain that A € o(A,,), and therefore A € UX_;0(A,,).
(2) If R(A — AI) # Z, then there exists zp € Z non zero such that
(20, (A —=AI)z) =0, Vze D(A).
But, z =32, P,z, so

oo

(20, Y (A = AI)Py2) = 0.
n=1
Now, if zg # 0, then there is ng € N such that P,,zy # 0. Hence,
0= (20,3 (R = AD)Puz) = (20, Ry = M) Prg2) = (Pay 20, Ry — A1) Pry2)
n=1

So, R(A,, — M) # P,,Z. Therefore, A € o(A,,) C UZ ,0(A,).
(3) Assume that (A — \I) is injective, R(A — AI) = Z and R(A — AI) C Z. For the

—\C
purpose of getting a contradiction, we suppose that A € (Uzozlcr(/\n)) .
However,

- ___\C > \C __c _
(e @) < (Ue@n) =N (@) = N pEa).
n=1 n>1 n>1
which implies that, A € p(A,), for all n > 1. Then we get that
(A, — M) : R(P,) — R(P,)
is invertible, with (A, — AI)~! bounded. Hence, for all z € D(A) we obtain
Pi(A=X)z=(A; — APz, j=1,2,...;
i.e.,
(A; = A)'Pj(A=X)z=Pjz, j=1,2,...

Now, since D(A) is dense in Z, we may extend the operator (A; — ) "1 P;(A— )
to a bounded operator T} defined on Z. Therefore, it follows that

Tiz=Pjz, VzeZ, j=12,...,

and
175 = 1Pl <1, j=1,2,....

Since R(A — XI) = Z, we get

1A =ADTY <1, j=1,2,.... (3.2)
Now we shall see that R(A — A\I) = Z. In fact, given z € Z we define y as
(Aj — AI)"'Pj2.

Jj=1
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(From (3.2) we get that y is well defined. We shall see now that y € D(A) and
(A = M)y = z. In fact, we know that

oo
y € D(A) < > [IA;Py|* < oo.
j=1
On the other hand, we have

DI PylP =Y A (A = AT Pz = ) T+ ARy — AD TP,
j=1

j=1 j=1

So,
DA Pyl < DN+ ADIP27 = (1 + AD?[|2]* < oo
j=1 j=1

Then, y € D(A) and (A — M) = z. Therefore R(A — AI) = Z, which is a contra-

diction that came from the assumption: A € (U;”Zla(rn))c O

Lemma 3.2. Let Z be a separable Hilbert space, {Sy(t)}i>0 a family of strongly
continuous semigroups with generators Ay, and {P,}n>1 a family of complete or-
thogonal projections such that

AP, =P,\,, nm=12,... (3.3)
If the operator

Az=Y AyPnz, z€ D(A)
n=1

with -
DA ={z€Z: Z |AnPrz|? < o0}

n=1

generates a strongly continuous semigroup {S(t)}1>0, then
o0
S(t)z = Z Sn(t)Pnz, z€Z.
n=1

Proof. If zy € Z, then P,,zp € D(A) and the mild solution of the problem
2'(t) = Az(t)
2(0) = Pr2
is given by z,(t) = S(t)P,zo and it is a classic solution. Using and the
Hille-Yosida Theorem, we get P, S(t) = S(t)P,, which implies
S(t)z0 =Y PuS(t)zo = Y _ S(t)Puzo. (3.5)
n=1 n=1

On the other hand, since z,(t) is a classic solution of (3.4), we obtain
2 () = Az (t)

(3.4)

= A PuS(t)Pazo

m=1

= AP, S(t) Pz
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= A, S(t)Przo = Apzn(t)
So that, z,(t) = Sp(t)Pnzo = S(t) Pz and from (3.5) we get

Sn(t)z0 =Y _ Su(t)Pozo.
n=1

Now, applying Lemma we can prove the following result.

Theorem 3.3. The operator —A is the infinitesimal generator of a strongly con-
tinuous semigroup {T4(t)}i>0 in the space Z, given by

Ta(t)z =Y e PPz z€Z t>0. (3.6)
n=1

3.1. Existence and Uniqueness of Solutions. In this part we study the exis-
tence and the uniqueness of the solutions for system (2.4]) in case f¢ = 0. That is,
we analyze the homogeneous system
dz(t)
dt

= 7AZ(t)+LZt, t>0
2(0) = ¢o = 2 : (37)
Z(S) = ¢(S)7 s € [77-7 0)
Definition 3.4. A function z(-) define on [—7, @) is called a Mild Solution of (3.7)
if
| Tat)zo + fot Ta(t — s)Lzsds, t€]0,a)
Theorem 3.5. Problem admits only one mild solution defined on [—T,00).

Proof. Consider the initial function

o(s) = {(b(s), —-7<s5<0

Ta(s)zg s>0

which belongs to L% ([-7,00),Z). For a moment we shall set the problem on

[—7,1], I > 0 and denote by G the set
G:{w:w€L2[[—T,O{],Z] and |¢_¢|L2 <p, p>0}7

where o > 0 is a number to be determine. It is clear that G endowed with the
norm of L?([—~7,a]; Z) is a complete metric space.
Now, we consider the application S : G — Z, for z € G, given by

o(t), —r<t<0

(S2)(t) = Sz(t) = {TA(L‘)ZO + fot Ta(t — s)Lzsds, te[0,q]

Claim 1. There exists « > 0 such that

(i) Sz € G, for all z € G.
(ii) S is a contraction mapping.
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In fact, we prove (i) as follows:

t a
|Sz(t) — p(t)| < / |Ta(t — s)Lzglds < / M|Lzs|ds < M Mo()|2|p2([=r,a),2)-
0 0

Integrating, we have
1Sz — |2 < Ka'/?|z| 2
where K = max{M My(a)/a € [0,1]}. (From here we get

1Sz — ¢lre < Ka'?(l¢|2 +p), z€G.
Taking

p 2
< (o)
K(lglz2 +p)
we obtain that Sz € G, for all z € G.
To prove (ii), we use the linearity of L to obtain:

1Sz — Sw|z2 < Ka'/?|z —w|p2, Vz,we G.

Next, to prove that S it is a contraction and S(G) C G it is sufficient to choose o
so that

(%) (groes) )
w<min{(L)) ()
K/ "\NK([elp2 + p)
Therefore, S is a contraction mapping. So, if we apply the contraction mapping
Theorem, there exists a unique point z € G such that Sz = z. i.e.,

B(t), —7<t<0

Z(t) = Sz(t) = {TA(t>ZO + f(;t TA(t — S)Lzsds7 te [0,0Z],

which proves the existence and the uniqueness of the mild solution of the initial
value problem on [—7,al.

Claim 2. a could be equal to co. In fact, let z be the unique mild solution define
in a maximal interval [—7,6)(0 > ).

By contradiction, let us suppose that 6 < co. Since z is a mild solution of , we
have that

2(t) =Ta(t)z0 + /0 Ta(t— s)Lzsds, t€]0,9).

Consider the sequence {t,} such that ¢, — d~. Let us prove that {z(¢,)} is a
Cauchy sequence. In fact,

|2(tn) = 2(tm)]|

tn
= |Ta(tn)zo — Ta(tm)zo + / Ta(t, — 8)Lzsds — / Ta(tm — $)Lzsds]|
0

0
tn tm
< |(TA(tn)—TA(tm))z0|+|/ TA(tn—s)Lzsds—/ T (b — 8)L2ods]
0 0

But,
tn tm
| / Ta(tn — s)Lzsds — / Ta(tm — s)Lzsds|
0 0

tm tm
<| / (Ta(ty — 8) — Ta(ty, — s))Lzsds| + | / Ta(ty, — s)Lzsds|
0 tn
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Now, for z € L?([—7,6]) we obtain

tm §
/ [(Ta(tn —8) — Ta(tm — 8))Lzs|ds < / [(Ta(tn —8) — Ta(tm — s))Lzs|ds
0 0
We know that
lm |[(Ta(tn —s) — Ta(tm — s))Lzs| =0,

n,m— o0

(Ta(tn —8) — Ta(tm — 8))Lzs| < 2M|Lz|
But, from the hypothesis (H1), we obtain

é
/ 2M|Lzs|ds S QMMO((S)‘Z|L2([—7—,6);Z)
0

Therefore, applying the Lebesgue Dominated Convergence Theorem, we obtain
5
lim (Ta(tn —8) — Ta(tm — 8))Lzslds =0

n,m—oo |

Then, since the family {T4(¢)}:>0 is strongly continuous and t,,¢, — ¢~ when
n,m — 0o, the sequence {z(t,)} is a Cauchy sequence and therefore there exists
B € Z such that

lim z(t,) = B.

n—oo

Now, for ¢t € [0,) we obtain that
|2(t) — B| < |2(t) — z(tn)| + |2(tn) — B
< (Ta(®) = Taltn))zo| + |2(tn) — B

tn t
+] / Ta(tn, — s)Lzsds — / Ta(t — s)Lzsds|
0 0

However,

tn t
| / Ta(ty, — s)Lzsds — / Ta(t— s)Lzsds|
0 0

t

t"r n
g/ |(TA(t—s)—TA(tn—s))Lzs|ds+/ (Ta(t — 8)L2s|ds.
0 t

On the other hand, for 2z € L?([—7,d]) we get the estimate

tn )
/ (Ta(t — ) — Ta(tn — 8))Las|ds < / (Ta(t — 8) — Talty — $))Lzs|ds
0 0

Therefore, applying the Lebesgue Dominated Convergence Theorem, we obtain

1)
lim [(Ta(t —s) = Ta(tn —s))Lzs| =0

n—oo 0

Then, since the family {T'4(¢) }+>0 is strongly continuous and ¢,, — §~ when n — oo,
it follows that z(t) — B as t — §~. The function

) 2(s), 0—7<s<9
@(8)_{TA(5)B, s>0
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belongs to L2 ([0 — 7,00),7Z). So, if we apply again the contraction mapping

loc

Theorem to the Cauchy problem

dyt) _ —Ay(t)+ Ly, t>36

dt
y(9) = B (3:8)
y(s) = 2(s), se€o—10)
where z(+) is the unique solution of the system (3.7)), then we get that (3.8)) admits
only one solution y(-) on the interval [0 —7, +¢] with € > 0. Therefore, the function
3(s) = z(s) —-1<s<d
y(s), 0<s<d+e
is also a mild solution of (3.7]) which is a contradiction. So, § = co. ([

4. THE VARIATION OF CONSTANTS FORMULA

Now we are ready to find the formula announced in the title of this paper for
the system , but first we need to write this system as an abstract ordinary
differential equation in an appropriate Hilbert space. In fact, we consider the
Hilbert space My ([—7,0]; Z) = Z@® La([—7,0]; Z) with the usual innerproduct given

by
do1 o2\ \ _
< <¢1> ; (¢2> > = (¢o1,P02)z + (D1, P2) L,
Define the operators T'(t) in the space My for ¢ > 0 by

do \ _ (=)
T(t) (gf)(.)) = ( . ) (4.1)
where z(+) is the only mild solution of the system ({3.7)).

Theorem 4.1. The family of operators {T'(t)}>0 defined by is an strongly
continuous semigroup on My such that

TOW =Y To(t)QuW, W €My, t >0, (4.2)
n=1

P, 0
@n = < 0 15n> ’
with (}Sngb)(s) = P,¢(s), ¢ € L*([-7,0];2), s € [-7,0], and H{Tn (@) 10, n =

1,2.3,...} is a family of strongly continuous semigroups on My = Q,My given in
the same way as in [B, Theorem 2.4.4] and defined by

o ()= () () e

where W™(-) is the unique solution of the initial value problem

dw(t
% = A Dw(t) + Lyw;, >0

where

w(0) = w? (4.3)

w(s) = wp(s), se€[-7,0)
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and L, = Lﬁn = P,L, as it is in most the case practical problems.

Proof of Theorem[{.1 First, we shall prove that

(oo}
T(HOW = T,(t)QuW, W €My, t > 0.

n=1

In fact, let W = <w1> € M.
%)

> Tu(t)QnW
n=1
- > Pn 0 w1
-xno (i ) ()
o - inl
= Tu(t) <ﬁnw2)
n=1
- = 2"(t) ney . .
= nz::l (z”(t v )> 2" (+) is the only mild solution of
_ i eAnt Py + fot efv;(t—s)Ln(ﬁnzn(s +-))ds
2 (Puz(t +-))

S0l (Paz(t+ )

Ta(t)wy + fot Ta(t—s)Lz(s + -)ds>

<ZZO_1 et Ppwy + f(f P eArt=9) p, (L Zﬁﬂ(ﬁmz(s + )))d5>
( 2(t+)

= (Z((t))> ,  z(+) is the only mild solution of (3.7))
)

In the same way as in [5, Theorem 2.4.4] we can prove that the infinitesimal gen-
erator of {T},(t)}+>0 is given by

wn()

Os
with
_ ¢ wh o Own () . -
D(A,) = {(wn()> € M3 : w, is a.c., —5s € Ly([-7,01; QnZ), w,(0) = w, }.
Furthermore, the spectrum of A,, is discrete and given by
o(Ap) = op(Ay) = {X € C: det(4,(N)) =0}, (4.4)

where A, () is given by
ANz =Az+ MDDz — Le*Vz, 2z € Z, =P, 2,

which can be considered a matrix since dim(Z,) < cc.

On the other hand, {Qn},>1 is a family of complete orthogonal projection on
M, and
AnQn :QnAn; n=1273,...
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In fact,

AQ wh \ _ (P _ —A DPywd + Ly Py, ()
T \wa () T \Pawn () it

i (—AHDin% + LPan);Lwn()>
= D Ow, ()

P" Js
<AnDin?, + Pnann(-))

D Ow,(+)
P" s

Py 0\ (~AaDuwd + Lywa ()
“\o B, un()

o ds
= Qnln (u}:?))

Now, we shall check condition (a) of Lemma To this end we need to prove the
following claim.

Claim. If W"(t) is the solution of (4.3)), then the following inequalities hold
W™ (0)llz < coe*[lwpll, ¢ >0, (4.5)

t
/ W ()| pdu < ke |ul], ¢ > 0. (4.6)
0
In fact, if we put M; = max{M, ||L||}, then we get
t
Wt +0)7 < Mifluwl] + Mf/ W 2ds; 6 € [~r,0],
0

this implies

t 2
W+ 0 < (M jul + 227 [ W2 )

Next,
0 0 t 2
[ ozao< [ (sl [ iwzizeas) as
—T —T 0
0 t 2
< [ (Mt ([ 1w leds) )
—T 0
t 2 0
=2 a4 3t ([ W2 seds)” [ as
0 —T
t 2
= Gl + ([ W)
t 2
< (callwlll+ea [ 12 lzeds))
0
So that

t
W7 e < collall + en(( [ W2 10ds)

0

Therefore, applying Gronwall’s lemma we obtain

W e < czeflunll, =0
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On the other hand, we obtain the estimate

t
Wz < WTa, 0+ [ T = LW s s
t
< M) + 02 [ W (s 4]
0

t
< My [l + M? / 16 ) ds
0

M?3ec
= (M + S e |
2

< ce!flu |,

2
where ¢ = M; + Mc%;l, t > 0. Finally, we get
t
c
/ W™ ()l zdu < ke wyll, k= —,t>0.
0 C2
This completes the proof of the claim.
Now, we use the above inequalities:

7.0 (50) I = 190l + [ e+ nigar

—T

— W@+ [ I

t—7

t
< ||Wn(t)||2Z+/0 W™ ()| Zdu + [lwnl|Z

< (e + ke wn|* + [lwa 17>
< g®2(lwpl® + llwnllZz), n>12,....
Hence,
IT.)] <g(t), n>12,....
Therefore, applying Lemma[3.1] we obtain that T'(t) is bounded and {T'(t)};>0 is a

strongly continuous semigroup on the Hilbert space My, whose generator A is given
by

AW =" A,Q.W, W e D(A),

n=1
with -
D(A) = {W € Ma/ > [AnQuW|* < o0}
and the spectrum o(A) of A is given by =
o(A) =U2,0(Ay), (4.7)
where A,, = A, Q, - R(Qn) — R(Qn)- O

Lemma 4.2. Let A be the infinitesimal generator of the semi-group {T(t)}i>0.

Then
(—A@(O) + Lo(s)

Ap(s) 98 (s) ) , —T<s<0,
ds
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9¢(s)

g5 €L (=m0 2)

D(A) = { (f(o)) €Ms : ¢o € D(A), d is a.c.,

and $(0) = o},

and

5 TNEC: det(A,(N) = 0}

Proof. Consider < (0> in My. Then

AW = A < ) ZAnQn

Wi D)) -Em ()

(—AnDang( )+ Lnanb)

e 1

6Pn¢(')
n=1 a(s)
T Zzozl AnDPnd)(Ol—"_ L Zzozl Pn¢
2 (S Paot)
_ (—A¢(0) + L¢(-))
- 0¢() :
Os
The other part of the lemma follows from (4.7) a

Therefore, the systems (3.7)) and (2.4)) are equivalent to the following two systems
of ordinary di-fferential equations in My respectively:

AW (t)

o =AW, t>0 (4.8)
W(0) = Wo = (¢, 4(-))
and dw (1)
o = AW() +2(), t>0 (4.9)

W(O) = WO = (¢07¢())7
where A is the infinitesimal generator of the semigroup {T'(t)}:>0 and ®(¢) =
(F(2),0).
The steps we have taken to arrive here allow us to conclude the proof of the
main result of this work: The Variation of Constants Formula for Functional Partial
Parabolic Equations. This result is presented as the final Theorem of the this work.

Theorem 4.3. The abstract Cauchy problem in the Hilbert space M,
dW (t)
dt

—AW()+®(t), t>0
W(0) = Wo

where A is the infinitesimal generator of the semigroup {T(t)}1>0 and ®(t) =
(f€(¢),0) is a function taking values in My, admits one and only one mild solu-
tion given by

W(t) = T(t)Wp + /O tT(t — 5)®(s)ds (4.10)
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Corollary 4.4. If z(t) is a solution of (2.4)), then the function W (t) := (2(t), z¢)
is solution of the equation (4.9))

5. CONCLUSION
As one can see, this work can be generalized to a broad class of functional reaction
diffusion equation in a Hilbert space Z of the form

dz(t)
dt

=Az(t)+ Lz + F(t), t>0
2(0) = ¢o (5.1)
Z(S) = ¢(5)7 s € [77—7 O)a

where

Az = Z AnP,z, z€ D(A), (5.2)

n=1

where L : L?([-7,0]; Z) — Z is linear and bounded F : [—7,00) — Z is a suitable
function. Some examples of this class are the following well known systems of
partial differential equations with delay:

The equation modelling a damped flexible beam:

0%z 03z 03z
- - - _7 - — > <zx<

92 83x+2a8t82x+2(t T,x)+ f(t,x) t>0,0<z<1
02z 02z

z(t,1) = 2(t,0) = %(O,t) = @(1715) =0, (53)

20,0) = dola), P (0.2) = wole), 0<w<1

0
2(s,0) = d(s,2), 5-(s,2) =h(s,x), s€[-7.0),0<a <]
where @ > 0, f : R x [0,1] — R is a smooth function, ¢g,v € L?[0,1] and
¢7 ¢ € L2([_T7 0]7 L2[0a 1])
The strongly damped wave equation with Dirichlet boundary conditions

0w 1720w B
S A2 (A = Luy + f(ta), 20, 0EQ,
w(t,z) =0, t>0, ze€ .
9 (5.4)
w(0,2) = o(z), 8%(0,9;) = Polz), x€Q,
w(sa) = 6(5,2), oo(s,a) = v(s,a), s [-7.0), 2D

where Q is a sufficiently smooth bounded domain in RY, f : R x Q — R is a
smooth function, ¢g,19 € L?(2) and ¢,¢ € L*([—7,0]; L?(Q)) and 7 > 0 is the
maximum delay, which is supposed to be finite. We assume that the operators
L: L*([-7,0]; Z) — Z is linear and bounded and Z = L?(12).
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The thermoelastic plate equation with Dirichlet boundary conditions

%—i—AQw—l—aAG:Llwt—i—fl(tm) t>0, x €,
00 0
5 —ﬁAe—aAai: = Lo, + folt,z) t>0, z€Q,
d=w=Aw=0, t>0, ze€d,
0
w(0,2) = do(a),  F-(0.2) = wo(w), 0(0.2) =Gx) @ e,
w(s,a) = 9ls.2), Pols,x) = ls,x), 00,2) =E(s,2), s€[-n.0), xR,

(5.5)

where Q is a sufficiently smooth bounded domain in RY, fi, fo : R x Q@ — R are
smooth functions, ¢o,0,& € L?() and ¢,1, & € L*([—7,0]; L?(2)) and 7 > 0 is
the maximum delay, which is supposed to be finite. We assume that the operators

Ly

1
2

3

[9
[10
[11
[12
[13
[14

[15

UN
DE

, Ly : L?([-7,0]; Z) — Z are linear and bounded and Z = L?(Q).
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