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STRUCTURAL STABILITY FOR BRINKMAN-FORCHHEIMER
EQUATIONS

YAN LIU, CHANGHAO LIN

ABSTRACT. In this paper, we obtain the continuous dependence and conver-
gence results for the Brinkman and Forchheimer coefficients of a differential
equation that models the flow of fluid in a saturated porous medium.

1. INTRODUCTION

The concept of structural stability in which the study of continuous dependence
(or stability) is on changes in the model itself rather than the initial data, has been
the subject of much recent study. Many references to the work of the nature are
given in the monograph of Ames and Straughan [I], which stress that continuous
dependence on the model itself, or structural stability, is every bit as important
as stability with respect to perturbations of the initial data. In particularly, the
stability of flow in porous media has attracted much more attention in the literature;
see [3 [ 5 [6] [7, 8] and their references.

In this paper, we are interested in the Brinkman-Forchheimer equations govern-
ing the flow of fluid in a saturated porous medium,

867? = Mu; — au; — blulu; —p;
P (1.1)
s -0
&ri

where u; is the average fluid velocity in the porous medium, a is the Darcy coeffi-
cient, A is the Brinkman coefficient, b is the Forchheimer coefficient, and p is the
pressure. A, a and b are positive constants. Here also A is the laplace operator,
and || - || denotes the norm of L2.

We assume that 2 is a bounded, simply connected domain with boundary 0f? in
R3. Associated with , we imposed the boundary condition

u; =0 on 00 x {t >0} (1.2)

and the initial condition

wi(2,0) = fi(a). (13)
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In this paper, the usual summation convection is employed with repeated Latin sub-
scripts summed from 1 to 3. The comma is used to indicated partial differentiation
and the differentiation with respect to the direction x; is denoted as “, k”.

2. CONTINUOUS DEPENDENCE FOR THE BRINKMAN COEFFICIENT

To study the continuous dependence on A, we let (u;,p) and (v;,q) solve the
following boundary initial-value problems for different Brinkman coefficients Aq
and /\27

aa’l;z = MAu; —au; — bluju; —p,; in Qx{t>0}
Ou; .
0z, 0 inQx{t>0} (2.1)
w; =0 on 9 x {t > 0}
ui(z,0) = fi(z), x€Q

and

(%i .

5 = Ao Av; — av; — blv|v; — ¢, in Q x {t >0}
ov; .
Ry =0 inQx {t > 0} (2.2)

v; =0 ondQx{t>0}
vi(x,0) = fi(z), z€Q
We define the difference variables w;, m and A by

W; = U — Vi), T=D— ¢, A=A — Ay (2.3)
and then (w;, ) satisfies the boundary initial-value problem
8811: = MAu; — A Av; — aw; — b(|ufu; — [vjv;) — 7, in Q@ x {t >0}
Ow; .
0z, 0 inQx{t>0} (2.4)

w; =0 ondQx{t>0}
wi(z,0) =0, x€f
Multiplying (2.4); by w; and integrating over €2, we get
1d
2dt
= —/ A Vu; Vw;dx +/ AoV, Vw;dz — al|wl]|* — b/ (Julu; — [vlvi)wide (2.5)
Q Q Q

lwl®

= —/ AVu; Vw,;dx +/ Ao Vw; Vw;dz — aljw||? — b/ (Ju)u; — |v|v;)w;dx
) Q Q

Since
(Jului = |v|vi)w;
1 1 1 1
= 5|u|(uz — v +v)w; — §|v|viwi + §|u|uzw1 + §|v|wz(uz —v; — uy) (2.6)

1 1
= 5 (lul + [ohwiwidz + 5 (Jul = [0))*(Jul + [v])
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Combining (2.5)) and (2.6)), using the Cauchy-Schwarz inequality and dropping some
negative items, we obtain
H 1> < IIVUH2

Integrating from 0 to t, we obtaln
o N[ 2
< — Vul[“d 2.7

Our next step is to bound fg | Vul/?dn. Multiplying (2.1); by u; and integrating
over (), we see that

_2)\

d
%IIUII2 +20[|Vul* <0

Integrating from 0 to t, we obtain

t
[l +2>\1/O [Vul*dn < || £]]? (2.8)
thus )
/ IVulPdn < ”f” (2.9)
Combining (2.7) and (2.9)), we obtain
2< 2 2.10
Jull < 11 (210)

Inequality ([2.10)) shows the continuous dependence on A. However, the convergence
result can’t follow from (2.10) as Ay — 0, A\ = 0.

3. CONVERGENCE AS A1 — 0, Ay =0

Let (u;,p) be a solution of (2.1) with A; — 0, (v;, p) be a solution of (2.1)) with
A1 — 0, w;, m are defined the same as in section 2.

8811;1' = MAu; — aw; — b(|u|u; — |vjv;)) —7; in Q x {t > 0}
8’11}1' .
87331-:0 in Q x {t >0} (3.1)

w; =0 on dQ x {t >0}
wi(z,0) =0, x€N
Multiplying (3.1)1 by w; and integrating over 2, we find

Sl

= —)\1/ Vu; Vwidz — alw|* — b/ (Ju|u; — |v|v;)w;da
o ¢ (3.2)

-\ / Vu;Vu;dz + )\1/ Vu,; Voidz — a|lw|* — b/ (|u|u; — |v|vi)w;da
Q Q Q

IA

A

2L / Vu; Vodr — allwl||*.

4 Ja

The next step is to bound [, v; jv; jdz. We know

/ Ui’j'l}i’jd.’l,' = / Ui,j (Ui,j — Uj’i)dfb . (33)
Q Q
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Using ([2.2); with Ao = 0, we get

t
//”i,j(”i,j—vj,i)dsdn
0o Ja
1 t
:5/ /Q(“%J‘—Uj,i)(—w,ﬁ b(|v|vi) ; — q.ij)dz dn
0

I b [*
= —aA ‘/Q(Ui’j — vj’i)vi,jtds d?? — g/o /Q(vi’j — 'Uj,i)

VeV i 1 [t
( k‘ T’]vi+|v|vi,j)dsdn—|—7/ /vi7ijq,jdsdn

_,/ /vmqudsdn—f/ / v; jq jnidsdn + — / / v;,44,snjdsdn
=5 /v”v”dx|,,  + — /f”f”dx
/ / Ukvk,jvzvl,]d d / /Ui7j|'U|Ui7ded'I7
Q |v] 0 JQ (3.4)

K 1
/ /Ui,jvi,dednﬁ */ fijfijdx (3.5)
2a Q

Combining (3.2] and (3.5), we get
ol < 3 [ Fistisdsdn

This inequality demonstrates the convergence u — v when A\; — 0, Ay = 0.

thus

4. CONTINUOUS DEPENDENCE FOR THE FORCHHEIMER COEFFICIENT B

To study continuous dependence on b, we let (u;, p) and (v;, g) solve the following
boundary initial-value problem for different coefficients b, and bs.

851? = MAu; — au; — bi|ulu; —p; in Qx {t >0}
8ui 3
ga =0 @ (>0} ()
u; =0 on 90 x {t >0}
ui(x,0) = fi(x), z€Q

and

8’[)2' )

ot AAv; — av; — ba|v|v; —q; in Q x {t >0}
51)1- A
g, 0 mxAr=0) (4.2)

v; =0 ondQ x {t >0}
vi(z,0) = fi(z), x€Q
We define the difference variables

Ww; = Ui — Uy, m™T=p-—4¢gq, b:blbe. (43)
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Then (w;, ) satisfy the boundary initial-value problem

8;:' = Mw; — aw; — (b1|u|u; — be|v|v;) — 7, in Q x {t > 0}
dw; .
o, 0 m@xit>0) (4.4)

w; =0 on I x {t>0}
wi(xz,0) =0, z€Q
Multiplying (4.4); by w; and integrating over €2, we get

1d
§£||w|\2 = —)\/Q |Vw|?dz — a||w||* — /Q(b1|u|ul — bo|v|v;)w;dx (4.5)
For we have
b ~
by|ulu; — ba|v|v; = §(|u|ul + |v|vi) + b(Julu; — |v|v;) (4.6)
where b = %. Combining (4.5]), (4.6) and (2.6, we obtain
1d, .,
5@”“’“

b -
= 7)\/ |Vw|?dz — al|w||* — 3 / (|u]u; + |v|vi)widx — b(|u|u; — |v|v; )w;dx
Q Q

b b
< —alwlP =5 [ (ol + folowide = 3 [ (1l + owiwido

(4.7)
We then use the Cauchy-Schwarz and arithmetic geometric mean inequalities as
follows

b b2 1-
= / (Ju|u; + |v|vi)widx] < —~/(|u|3 + |[v)®)dz + fb/ (Ju] + |v])wiw;dz  (4.8)
2 Ja 8b Ja 2 Jo
We now employ (4.8) in (4.7)), after an integration, that
1 t b2 t
sl +a [ ulPdy< = [ [ (quf + pof)ds dy (49)
2 0 8b Jo Ja

From (4.1)1, one deduce that

1 t t t 1
sl [+ [ [ udsdn+x [ [ wsguisdsdn= 317 (110)
0 0 JQ 0 JQ

and so .
1
| [ rapdsdn < g1 (4.11)
0o Ja 2b;
Similarly, from (4.2));, we can also get
t
1
| [ efasan < o012 (4.12)
0 Ja 2by

Inserting (4.11)), (4.12)) in (4.10]), we find
b2
<

t
ol +2a [ folPdn < 112 (113)

This inequality establish continuous dependence on b, we note, however, that con-
vergence as by — 0, by = 0 is not established from (4.13]).
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5. CONVERGENCE AS THE FORCHHEIMER COEFFICIENT b; — 0 AND by =0

Now, let (u;,p) be the solution of (4.1)), and (v;, q) be the solution of (4.2)) with
bs = 0. The object of this section is to demonstrate convergence of the solution w;
to the solution v; as by — 0. We also define the variables w; and 7 by

Wi =U; — Vi, T=pP—(q (5-1)

and then (w;, ) satisfy the boundary initial-value problems

8(;1: = Muw; —aw; —bi|ulu; —7; in Qx {t >0}
ow; .
9z, — 0 inQx{t>0} (5.2)

w; =0 on I x{t>0}
wi(xz,0) =0, z€Q

Multiplying by w; and integrating over €2, we obtain

Ld

JulP? = =N Vwl? = allw]* = by [ Juluswida (5.3
2dt Q

Using the Holder inequality, we get
d 2/3 1/3
—Jlw]? < 251(/ |u\3dz> (/ |w|3d3:) —2)\[|[Vw]||* = 2al|jw]||? (5.4)

For a function F' such that F' = 0 on 0f (see for example [2]), we have the Sobolev

inequality
1/2 3/2
Pl*de < cl(/ |FP2de) (/ Fy;Fjde)
Q Q Q2

Then, we use the Cauchy-Schwarz inequality, to get

/Q|w‘3d17§ (/Q|w|2dx)1/2(/9|w4d$)1/2
Scl(/ wiwidx)3/4(/ wi’jwi’jd:ﬁ)SM
Q Q

Similarly,

/Q|u|3dac < cl(/Quiuidx)3/4(/§2ui’jui’jdaz)SM (5.6)
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In view of (5.4) and (5.5), (5.3) can be rewritten as
t 1/4 1/4 1/2
Hw||2 < 2b101/ [(/ wiwidx> (/ wi,jwiyjdx) (/ uiuid:c)
0 Q Q Q
1/2 t t
X (/ ui,jui,jdx) }dn—Q)\/ ||Vw||2dn—2a/ w?ds dn
Q 0 0
t t t 1/4
< 2)\/ ||Vw||2d77—2a/ ||w||2dn—2blcl/ [({—:1/ wiwidx>
0 0 0 Q
1/4 iy 1/2
X (52/ wi’jwi’jdx) (max/uiuidx-/ (8182) ui’jui’jdx) }dn
Q Q Q
1 ¢ 1 t
S *51/ / wiwids d’f]+ *Eg/ / wi7jwi7jds d??
47 Jo Ja 47 Jo Ja

4 B t
+§(b101)2-(6162) 1/2/ /Ui,jui,dedW
0 Q

t t t
—2amax/ uiuidm/ /wzdsdn—2/\/ |Vw\2d77—2a/ l|w||2dn
Q 0 Ja 0 0

If we choose €1 = 8a, e = 8\, the above expression can be rewritten as

b2 2
w2 < e 1)\)11/2 max/ wsu;de - / /u”u”dsdn (5.7)
From (4.10)), we have

t
1
max/ wiuidr < || f||%, / / u; juq jdsdn < — 1%
Q 0o Jo 77 2)
therefore, from (5.7, we have

(bre1)?
[[w]]* < % 1/2)\3/2||f|\4

which shows the desired result.
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