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EXISTENCE OF LARGE SOLUTIONS FOR A SEMILINEAR
ELLIPTIC PROBLEM VIA EXPLOSIVE SUB- SUPERSOLUTIONS

ZHIJUN ZHANG

ABSTRACT. We consider the boundary blow-up nonlinear elliptic problems
Au £ A|Vu|? = k(z)g(u) in a bounded domain with boundary condition
ulpq = +oo, where ¢ € [0,2] and A > 0. Under suitable growth assump-
tions on k near the boundary and on g both at zero and at infinity, we show
the existence of at least one solution in C?(Q). Our proof is based on the
method of explosive sub-supersolutions, which permits positive weights k()
which are unbounded and/or oscillatory near the boundary. Also, we show the
global optimal asymptotic behaviour of the solution in some special cases.

1. INTRODUCTION

The purpose of this paper is to investigate existence and global optimal asymp-
totic behaviour of solutions to the problems

Au+ ANVul? = k(z)g(u), z€Q, ulog =400, (1.1)
Au — ANVul? = k(z)g(u), =€, ulsgq=—+o0, (1.2)

where the boundary condition means u(x) — 400 as d(z) = dist(z,0Q) — 0, Qis a
bounded domain with smooth boundary in RY (N > 1), ¢ € [0,2] and A > 0. The
solutions to the above problems are called ‘large solutions’ or ‘explosive solutions’.
Our assumptions on the function g are as follows:

(G1) g € C(]0,00)) is non-decreasing on [0, 0), g(s) < CysP1, for all s € (0, 00)
and g(s) > CqsP2 for large s, with p; > po > 1 and Cq,Cs are positive
constants.

(G2) g € CY(R) is non-decreasing on R, g(s) < CyePr*, for all s € R and g(s) >
CyeP2® for large |s| with p; > pa > 0 and Cy, C5 are positive constants.

We assume that k € Cf () for some « € (0,1), is positive in €2, and satisfies

(K1) There exist constants Cy,Cy such that Ci(d(x))”? < k(z) < Ca(d(x))™",
for all x € Q with —2 < 1 < 7s.

When A = 0, problems (|1.1)), (1.2) become
Au=k(z)g(u), x€Q, ulsgg=4+o0. (1.3)
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For k(z) = 1 on Q, f(u) = e* and N = 2, problem was first considered
by Bieberbach [21I] in 1916. In this case, problem plays an important role
in the theory of Riemannian surfaces of constant negative curvatures and in the
theory of automorphic functions. Rademacher [21], using the ideas of Bieberbach,
showed that if  is a bounded domain in R? with C? boundary, then problem
has a unique solution u € C?(f2) such that |u(x) + 2Ind(z)| is bounded
on 2. In this case, this problem arises in the study of an electric potential in a
glowing hollow metal body. For general increasing nonlinearities f(u), k(xz) = 1
on 2 and a bounded smooth domain 2, Keller [18] and Osserman [27] supplied a
necessary and sufficient condition [~ 1/1/G(s)ds < oo where G'(s) = g(s) for the
existence of large solutions to problem . Later, Loewner and Nirenberg [23]
showed that if g(u) = uP° with pg = (N +2)/(N —2), N > 2, then problem
has a unique positive solution u satisfying limg(,)_o u(z)(d(z)) ¥ =2/2 = (N(N —
2)/4)(N=2)/4 In this case, the problem arises in the differential geometry. The
asymptotic behaviour and uniqueness of solutions to have been established in
L, 13, 4L B (6, 7, 18, 9, 10, 1), 12 14} 17, 22) 24) 25| 26, 29], where the uniqueness
was derived through an analysis of the asymptotic behaviour of solutions near the
boundary.

For A # 0 and k(x) = 1 on 2, Bandle and Giarrusso [2] and Giarrusso [15], [16]
established the asymptotic behaviour and uniqueness of solutions of and .
For more investigations of explosive problems for elliptic equations, we refer the
reader to [Bl [19] 20} 28| B0, 31, 32 [33].

Recently, the author [32] established an explosive sub-supersolution method for
the existence of solutions to general elliptic problems with nonlinear gradient terms.
Garcia-Melian [13] also established an explosive sub-supersolution method for the
existence of solutions to (|1.3). By constructing explosive subsolutions and explosive
supersolutions, he showed the following results.

(I) If (K1) and (G1) are satisfied, then (|1.3)) has at least one positive solution
u € C%(2) and satisfies

mld(x)]~ /=) <y (z) < Md(x)] "2/ (2= wp € (1.4)

where m, M are positive constants with m < M.
(IT) If (K1) and (G2) are satisfied, then ((1.3]) has at least one solution u € C?(Q)
and satisfies

-m—(2+m)/pInd(z)) <u(z) <M — (24 v2)/p2Ind(z), VreQ. (1.5)

In this paper, we extended the above results to problems (1.1)) and (1.2]). Let
w € C?T(Q) (N CH(Q) be the unique solution of the problem

—Au=1, u>0, z€Q 0. (1.6)

“|aﬂ =

As is well known, Vw(z) # 0, for all z € 9Q and C1d(z) < w(z) < Cod(z), for all
x € Q, where C1, Cs are positive constants. Thus (K1) is equivalent to

(K2) c1(w(x))”? < k(z) < ca(w(x))™, for z € Q with —2 < 41 < 7.



EJDE-2006/02 EXISTENCE OF LARGE SOLUTIONS 3

For convenience in the following, we denote

fuloo = maxju(@)l; weCQ); b= ;f_vf P2 = 12);_7?
co = min[|Vw(z)* +w(z)];  Co = max[|[Vw(z)|* + w(@)};
e €
cp = min[(1 + B)IVw (@) +w(z)l; Cs= max[(1 + B)IVw()[* +w(z)]
re e

for g > 0.

Our main results are summarized in the following theorems.

Theorem 1.1. Under assumptions (G1) and (K2), if 0 < ¢ < min{ps, pilf;fl}’
then problem (1.1) has at least one positive solution uy € C%(Y) for each X > 0,

and satisfies
mw(z)]” /1= <y (2) < Mw(z)] G2/ vz e (1.7)
where m, M are positive constants with m < M.

Theorem 1.2. Under assumptions (G1) and (K2), if 1 < q < pzlilj;jrll, then

problem (1.2)) has at least one positive solution uy € C?(Q) for each X > 0, and
satisfies (|1.7)

Theorem 1.3. Under assumptions (G2) and (K2), if 0 < q < 2, then problem
(L.1)) has at least one solution uy € C*(Q) for each X\ > 0, and satisfies

—m — (24 7)/pr w(@) < us(@) < M — (24 72) /2 lnw(z), Ve, (L8)

Theorem 1.4. Assume (G2) and (K2).

(I) If 1 < q < 2, then problem (1.2)) has at least one solution uy € C%(Q) for
each A\ > 0, and satisfies

—m — Blnd(x) <u(r) <M — (24 ) /p2Ind(x), Vze; (1.9)
where 3 € (0, (24 7v2)/p2) is small enough.

(I1) If 0 < q < 1, then problem (1.2) has at least one solution uy € C?(Q) for
each A € [0, Ao|, and satisfies (1.8]), where

Mo = (24 71) /p1) I —gmrd

jw|z ! Vlk”
with ¢ € (0,1).

The outline of this article is as follows. In section 2, we prove Theorems|[I.1
In the final section, we give two examples.

2. PROOFS OF THEOREMS
First we introduce an explosive sub - supersolution method. We consider the
following general problem
—Au = f(z,u,Vu), z€§, u|pg=+00, (2.1)
where f(x,s,n) satisfies the following conditions:

(F1) f(x,s,n) is locally Holder continuous in © x I x RY and continuously dif-
ferentiable with respect to the variables s and 7
(F2) There exists increasing function h € C1([0, ), [0, 00)) such that

@, s,m)] < h(IsDL+n*), V(z,s,m) € 2x I xRY
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(F3) f is nondecreasing in s for each (z,7) € QxRY; where I = [0,00) or I = R.
Definition. A function u € C?(1) is called an explosive subsolution of (2.1]) if

Au > f(z,u,Vu), v € Q, = +o0. (2.2)

ul 50
Definition. A function w € C?(1) is called an explosive supersolution of (2.1]) if
AU < f(x,u, V), € Q, ul,,=+oo. (2.3)

Lemma 2.1 ([32], Theorem 4.1]). Suppose that (2.1 has an explosive supersolution
7w and an explosive subsolution u such that uw < on ), then (2.1) has at least one
solution u € C?(Q) satisfying u < u < u on .

For proving our main results, we use the above lemma; i.e., we construct an
explosive supersolution @ and an explosive subsolution u such that v < on €.

Proof of Theorem[I.1. For 0 < q < min{po, pizf;;fl}, let u = m(w(z))~"1, where

m is a positive constant satisfying C;ComP*~! < B1cg,. Then
Au=mp[(1+ 1) Vw(@)]® +w())(w(z) >
> mpBres, (w(x)) 27
> C1CymP (w(x)) ™ (w(x)) =
> k(z)g(u(x)), =z

i.e, u = m(w(z))~?" is an explosive subsolution of (1.1).
Let @ = M (w(x))~"2, where M is a positive constant satisfying

C10MP2 ™1 > 3,05, + AMI71 3y |w] o T2~ 4529 gy
We see that
AT+ A\Val? < Cr(w(z)?Cou?? < k(x)g(u) + AVal|?, Ve Q;

€., & = M(w(x))™? is an explosive subsolution of (1.1), Clearly M > m, i.e.,
>

—-

u on 2. Hence the desired conclusion follows by Lemma [2.1 ]
Proof of Theorem[I.3 For 1 < ¢ < p?ﬁ_lm_ll. Let @ = M (w(x))~"2, where M is a
positive constant satisfying MP2—1 > %. Then

AT = MB[(1+ B2) | Veo(a)| + w(a)](w(z)) >~
< C1CyMP? ('w(x))'Y? (w(x))—ﬁzpz
< k(aﬁ)g(ﬂ(m))’ x € Q;

ie., = M(w(x))~? is an explosive supersolution of (1.2). Let u = m(w(x))~?,
where m is a positive constant satisfying

C1ComP 1 — A1 39 || 2= (1481 7|2 < Bicg, .
We see that
Au~+ A Vul? > Co(w(z) CruPlt > k(z)g(u), Ve

= m(w(z))~P is an explosive subsolution of (1.2). Clearly M > m, i.e.,
on ). Hence the desired conclusion follows by Lemma [2.1 (Il
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Proof of Theorem[I.3 For 0 < ¢ <2. Let u=—m — (24 71)/p1 Inw(z), where m
is a positive constant satlsfylng

e~ Mt < Cxme 71)60.
- CiCypy
Then
Au= (2+m)/p1([Vw(@)]? + w())(w(z))
> Cy(w(x)) " Cre™ ™ (w(a)) ™
> k(z)g(u(x)), Ve

ie, u=—-m— (24 v1)/p1 Inw(x) is an explosive subsolution of (1.1). Let @ =
M — (2+ 72)/p2 Inw(z), where M is a positive constant satisfying

C1C2eMP2 > Co(2 + 72) /D2 + A((2 + 72) /p2) w35 1| V.
Then
At < k(z)g(u(z)) + A|Val?, Vze
ie., w =M — (2+ 72)/p2 Inw(z) is an explosive superbsolution of (L.I). Clearly,
w > wu on ). Hence the desired conclusion follows by Lemma O

Proof of Theorem[I] For 0 < g <2. Let u =M — (2 + v2)/p2 Inw(z), where M
is a positive constant satisfying

C1C2eMP2 > Co(2 4 72) /pa-
Then
AT = ([Vw(@)]? + w(@))(2 +72) /p2(w(x) 7
< Cr(w(2)) " Coe? (w(z)) 727
< k(x)g(u(x)), Ve ;
e, u=M—(2+ 'yg)/pg Inw(z) is an explosive supersolution of (L.2)).

We need to construct an explosive subpersolution of (1.2]).
Case (I) 1 < ¢ < 2. Let u = —m — Blnw(x), where 8 € (0,(24 71)/p1) is small
enough such that
coB3/2 > A3l 7| Vuwll
and m is a positive constant satisfying
Coﬁ/2 > (4 Che™™P1 |w|§j’“_p15.
Then
Au > B(|Vw(z)|? +w(z))(w(z) ™

> C1(w(@))" Cae™ ™ (w(x)) P27 + ABTw ™| Vw|?

> k(z)g(u(z)), Ve
ie,u=—M — Blnw(z) is an explosive subsolution of (1.2). Clearly, @ > u on .

Case (II) 0 < ¢ <1 and X € [0, Ao]. Let u =—m — (24 v)/p1 Inw(x), where m is
a positive constant satisfying

(1—c)eo(24+71)/p1 > C1Cae™™
Since A € [0, Ag], 1.e
ceo(2+71)/p1 = M(2 + 1) /p1) 1 |w]3 ! Vw|d;
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we see that
Au > B(|Vuw(z)? +w(z))(w(z)) ™
> C1(w(z)) Coe ™™ (w(x)) 728 + A\plw ™| Vw|?
> k(z)g(u(z)), Ve

ie, u=—m—(24+y)/p1Inw(z) is an explosive subsolution of (1.2). Hence the
desired conclusion follows by Lemma O

3. EXAMPLES
As an applications of Lemma [2.1] we give the following two examples.
Example 3.1. Consider the problem
Au = Co(R?* —r*)°uP, u >0, z¢€ Bp, u’aBR = 400, (3.1)

where p > 1, C is a positive constant, —2 < o and Br = {x € RV : ||z|| < R}
with N > 2.

Note that in the case of Q = Bg, w(z) = w(r) = (R* — r?)/2N. We sece
that @ = M(R? — r2)~(2+9)/(=1) is an explosive supersolution to and u =
m(R? — r?)~(2+2)/(P=1) is an explosive subsolution to , where

2(2 R2 2 1
CoMP~1 = 7( +01) maX{N, 7@4_0;_ )}7
p— p—
and
2(2 2 2 1
Comp—t = 2EFO oy 2o Dy
p—1 p—1

Thus has at least one positive solution u satisfying
m(R? — ¢?) =)/ (=) < y(z) < M(R? — r2)~(3+0)/(p=1),
In particular, if N = 72(p;'f;r1)7 ie, p= 7N+]\27(f;1) with N > 3, M = m, then
u = m(R? — r?)=(+9)/(P=1) ig an exact solution to (3.1)).
We remark that u(z) is radially symmetric, as shown in [4].
Example 3.2. Consider the problem

Au = Co(R* —r%)°e", 1z € Bp, = 400, (3.2)

u|6BR

where Cj is a positive constant, —2 < o and Br = {z € RN : |z| < R} with
N > 2.

We see that @ = M — (2 + o) In(R? — r?) is an explosive supersolution to (3.2)
and u =m — (2 + o) In(R? — r?) is an explosive subsolution to (3.2). Where

CoeM =2N(2+0)R* and Coe™ =4(2+ o)R%.
Thus has at least one solution u satisfying
m < u(z) + (24 0)In(R* —r?) < M.
In particular, if N = 2, M = m, then u = m — (2 + o) In(R? — r?) is an exact

solution to (3.2).
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